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ABSTRACT

The analytical approximate technique developed by Wu et al for conservative oscillators
with odd non-linearity is used to construct approximate frequency-amplitude relations and
periodic solutions to the relativistic oscillator. By combining Newton’s method with the
method of harmonic balance, analytical approximations to the oscillation period and
periodic solutions are constructed for this oscillator. The approximate periods obtained are
valid for the complete range of oscillation amplitudes, A, and the discrepancy between the
second approximate period and the exact one never exceeds 1.24% and it tends to 1.09%
when A tends to infinity. Excellent agreement of the approximate periods and periodic
solutions with the exact ones are demonstrated and discussed.
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1. Introduction

The study of nonlinear problems is of crucial importance not only in mathematics
but also in a lot of areas of physics, engineering and other disciplines, since most
phenomena in our world are essentially nonlinear and are described by nonlinear
differential equations. It is very difficult to solve nonlinear problems and, in general, it is
often more difficult to get an analytic approximation than a numerical one for a given
nonlinear problem. In particular, physical and mechanical oscillatory systems are often
governed by second order nonlinear differential equations and their study is of great
interest to many researchers. There are several methods used to find approximate solutions
to nonlinear oscillators, such as perturbation [1,2], variational [3,4], homotopy
perturbation [5-11], standard and modified Lindstedt-Poincaré [2,12-18], harmonic
balance [2,19-25], bookkeeping parameter [26], iteration perturbation [27], parameter
expanding [28], parametrized perturbation [29], artificial parameter [30], linearized and
quasilinearized harmonic balance [31-34] methods, etc. Surveys of the literature with
numerous references and useful bibliographies may be found in [2,35-37].
As Moreau et al have pointed out [38], a particle undergoing constant
acceleration and the simple harmonic oscillator are two elementary topics in classical
mechanics that are thoroughly discussed in all of the standard expositions of the subject
[39]. But while the relativistic generalization of constant acceleration, defined with respect
to instantaneously commoving inertial frames, has received a complete treatment in the
literature the relativistic extension of simple harmonic motion, by comparison, is
somewhat incomplete. Moreau et al [38] showed that the effect of time dilation along the
world line is to cause simple harmonic motion at low energy to become anharmonic at
high energy: when the energy of a simple harmonic oscillator is such that the velocities
become relativistic, the simple harmonic motion (linear oscillations) at low energy
becomes anharmonic (nonlinear oscillations) at high energy [38,40]. Mickens [41] has
shown that all the solutions to the relativistic oscillator are periodic and he has determined
a method for calculating analytical approximations to its solutions. The purpose of this
paper is to determine the high order periodic solutions to the relativistic oscillator by
applying the harmonic balance method, which is a procedure for determining analytical
2
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approximations to the periodic solutions of differential equations by using a truncated
Fourier series. This method, which requires neither a small parameter nor a linear term in
the differential equation, yields a very rapid convergence of the solutions series; in most
cases only one iteration leads to high accuracy of the solution. This method provides an
effective and convenient mathematical tool for nonlinear differential equations.
To applied the harmonic balance method to the relativistic oscillator, we use the
analytical approach developed Wu et al [42] which incorporates salient features of both
Newton’s method and the harmonic balance method. Wu et al’s approach is established by
successfully linearizing the governing equation and, subsequently, appropriately imposing
the harmonic balance method in order to obtain linear algebraic equations, which can be
easily solved. Doing this, the complexity of the harmonic balance method is greatly
simplified.

2. The relativistic oscillator

We consider the relativistic motion of a particle of rest mass m in a onedimensional harmonic oscillator force, F = !kx , where k is de elastic constant and x is
the displacement (dimensional variable). Newton’s equation of motion can be written in
the form
F=

dp
dt

(1)

where t is the coordinate time (dimensional variable) and p is the relativistic momentum
which can be written as follows

p=

mv
2

1! v / c

2

(2)

where v = dx / dt is the speed of the particle and c is the speed of light. Substituting Eq. (2)
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into Eq. (1) we obtain

F=

d
dt

"
%
mv
m
dv
m
d2 x
$$
'' =
(3)
=
2
2 3 /2
2
2 3 /2
2
# 1! v 2 / c2 & (1! v / c ) dt [1! (1/ c )(dx / dt ) ] dt

Substituting Eq. (3) into Newton’s equation of motion in the form

dp
+ kx = 0
dt

(4)

3 /2
2+
(
k * 1 " dx % + 1! $ '
x =0
dt 2 m *) c2 # dt & -,

(5)

we obtain
d2 x

From Eq. (5), we can write the governing non-dimensional nonlinear differential
equation of motion for the relativistic oscillator as follows

( " %2 +3 /2
*1! $ dx ' - x = 0
+
dt 2 *) # dt & -,

d2 x

(6)

where x and t are dimensionless variables defined as follows

x=

!0 x
c

and

t = !0t

(7)

where !0 = k m is the angular frequency for the non-relativistic oscillator (linear
oscillator).
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The even power term in Eq. (6), (d x / dt )2 , acts like the powers of coordinates in
that it does not cause a damping of the amplitude of oscillations with time. Therefore, Eq.
(6) is an example of a generalized conservative system [2]. At the limit when
(d x / dt )2 << 1, Eq. (1) becomes (d 2 x / dt 2 ) + x = 0 the oscillator is linear and the proper

time ! becomes equivalent to the coordinate time t to this order.
Introducing the phase space variable (x,y), Eq. (1) can be written in the system
form
dx
= y,
dt

dy
= !(1! y 2 ) 3/ 2 x
dt

(8)

and the trajectories in phase space are given by solutions to the first order, ordinary
differential equation

dy
(1! y 2 ) 3/ 2 x
=!
dx
y

(9)

As Mickens pointed out, since the physical solutions of both Eq. (6) and Eq. (9)
are real, the phase space has a “strip” structure [41], i.e., !" < x < +" and !1 < y < +1 .
Then unlike the usual non-relativistic harmonic oscillator, the relativistic
oscillator is bounded in the y variable. This is due to the fact that the dimensionless
variable y is related with the relativistic parameter ! = v /c , where v is the velocity of the
particle and c the velocity of light. In the relativistic case, the condition !c < v < +c must
be met, and so we obtain !1 < y < +1 . Mickens has proved that all the trajectories to Eq.
(9) are closed in the open region of phase space given by !" < x < +" and !1 < y < +1 ,
and then all the physical solutions to Eq. (1) are periodic. However, unlike the usual (nonrelativistic) harmonic oscillator, the relativistic oscillator contains higher-order multiples
of the fundamental frequency.
The harmonic balance method can now be applied to obtain analytic
approximations to the periodic solutions of Eq. (6), we make a change of variable, y ! u ,
such that !" < u < +" . The required transformation is [35,40]
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u

y=

(10)

1+ u 2

Introducing a new independent variable ! = " t , the corresponding second order
differential equation for u is

u

! 2 u "" +

1+ u

2

=0

(11)

where (´) denote differentiation with respect to τ . The new independent variable is chosen
such that the solution of Eq. (11) is a periodic function of τ of period 2π. Eq. (11) is an
example of a conservative nonlinear oscillatory system in which the dimensionless
restoring force has an irrational form.
We consider the following initial conditions in Eq. (11)

u(0) = B and

u !(0) = 0

(12)

All the motions corresponding to Eq. (5) are periodic [41]; the system will oscillate within
symmetric bounds [-B, B], and the angular frequency and corresponding periodic solution
of the nonlinear oscillator are dependent on the amplitude B.
For small u, Eq. (11) approximates that of a linear harmonic oscillator

! 2 u "" + u # 0 ,

for

u << 1

(13)

so, for small B, the period is T ! 2" . For large u we can consider the following
approximation in Eq. (11)
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u
1+ u

2

u

!

u

2

= sgn(u)

(14)

where
sgn(u) = +1, for u > 0

and

sgn(u) = !1, for u < 0

(15)

Then Eq. (11) approximates to the nonlinear oscillator

! 2 u "" + sgn(u) # 0 ,

for

u >> 1

(16)

Note that the force corresponding to this system is antisymmetric but piecewise constant.
The period for Eq. (16) is T ! 4 2B ! 5.6569 B for large B [2]. Consequently the period T
increases from 2π to 4 2B as the initial value of u(0) = B increases (between 2π to 4A as
the oscillation amplitude A for Eq. (11) increases, where A will be related to B in Eq. (46)).

3. Solution approach

Eq. (11) is not amenable to exact treatment and, therefore, approximate
techniques must be resorted to. There exists no small parameter in Eq. (11), so the usual
perturbation methods, i.e. expansion with reference to a centre in a small parameter,
cannot be applied. However, we can solve Eq. (11) approximately using the harmonic
balance method. To do this, we first write this equation in a form that does not contain the
square-root expression

! 2 (1+ u 2 )( u "")2 = u 2

(17)

Eq. (17) can be rewritten as

(1+ u 2 )(!u"") 2 # u 2 = 0
7

(18)
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where ! = " 2 . The corresponding period of the nonlinear oscillator is given by

T = 2! / " . Since the restoring force !u / 1+ u 2 is an odd function of u, the periodic
solution u(τ) has the following Fourier series representation
"

u(! ) =

#h

2n+1 cos[(2n

+ 1)! ]

(19)

n=0

which contains only odd multiples of τ.
Following the lowest order harmonic balance method, a reasonable and simple
initial approximation satisfying the conditions in Eq. (12) would be

u1 (! ) = Bcos !

(20)

Substituting Eq. (20) into Eq. (18), and expanding the resulting expression in a
trigonometric series gives

(1+ B2 cos2 ! )"2 B2 cos2 ! = B2 cos2 !

(21)

Expanding and simplifying the above expression gives

"1 2 3 2 2%
1 "1 2 2 1%
1 2 2
$ ! + ! B ' cos(0( ) ) + $ ! B ) ' cos2( + ! B cos4( = 0
8
2 #6
2&
8
#2
&

(22)

and setting the coefficient of the resulting term cos(0! ) (the lowest harmonic) equal to
zero gives the first analytical approximate value for ! 1 as a function of B
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" 3 %(1/ 2
!1 (B) = $1+ B 2 '
# 4 &

(23)

Therefore, the first analytical approximate period and corresponding periodic
solution are

! = "1 (B) t

u1 (! ) = Bcos !

T1 (B) =2! / "1 (B)

(24)

The corresponding approximation to y is gotten from Eq. (10)

y1 (t ) =

u1 (t )
1+

u12 (t )

=

Bcos !1 t
2

2

1+ B cos

!1 t

(25)

Likewise, x1 (t) can be calculated by integrating equation y = dx /dt subject to the
restrictions

x1 (0) = 0,

y1 (0) =

B
1+ B 2

(26)

which can be easily obtain from Eqs. (9) and (10). This integration gives [41]

) B
,
! 3 $1/ 4
x1 (t) = #1+ B 2 & sin'1+
sin[ (1 (B) t].
" 4 %
* 1+ B 2
-

(27)

The harmonic balance method is very difficult to construct higher-order analytical
approximations because it requires analytical solutions of sets of complicated nonlinear
algebraic equations. To improve this method, Wu et al [42] presented an approach
obtained by combining Newton’s method with the harmonic balance method. This method
is established by successfully linearizing the governing equation and, subsequently,
appropriately imposing the harmonic balance method in order to obtain linear algebraic

9
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equations instead of non-linear algebraic equations.
We use u1 (! ) and !1 (B) as initial approximations to the solution of Eq. (18), and
following Wu et al’s method, the first step is the Newton procedure. The periodic solution
and the square of frequency of Eq. (18) can be expressed as

u = u1 + !u1

! = !1 + "!1

(28)

Substituting Eq. (28) into Eq. (18) and linearizing with respect to the correction terms !u1
and !"1 lead to
!u12 ! 2u1"u1 + 2#1u1$$2"#1 + #12 u1$$2 + 2#1u12 u1$$2"#1 +
+ #12 u12 u1$$2 + 2#12 u1u1$$2"u1 + 2#12 u1$$" u1$$ + 2#12 u12 u1$$" u1$$ = 0

(29)

and
! u1" (0) = 0

!u1 (0) = 0,

(30)

where !u1 is a periodic function of τ of period 2π, and both !u1 and !"1 are to be
determined.
The second approximation to Eq. (29), which must satisfy the initial conditions in
Eq. (30), takes de form

!u1 ( " ) = c1 (cos " # cos3" )

(31)

where c1 is a constant to be determined.
Substituting Eqs. (20) and (31) into Eq. (29), expanding the resulting expression in
a trigonometric series and setting the coefficients of the resulting items cos(0! ) and
cos(2! ) equal to zero, respectively, yield

!
3 3$
1
1 ! 3 3$ 2
2
2 2
# B + B &'1('1 + (B'1 ) B '1 )1)c1 ) B + #1+ B &'1 = 0
"
4 %
2
2" 4 %

and

10
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$ 11 '
1
1
(B ! B 3 )"1#"1 + &8 + B 2 )"12c1 + B 2 ! (B + B 3 )"12 = 0
%
2 (
2
2

(33)

From Eq. (32) we can obtain c1 as follows

c1 =

!4B + (8B + 6B 3 )"1#"1 + 4B"12 + 3"12
8(1! "12 + B 2"12 )

(34)

Substituting Eq. (34) into Eq. (33), solving for the !"1 and taking into account Eq.
(23) we obtain
!"1 (B) =

7B 4

(35)

(128 + 156B 2 + 38B 4 ) 4 + 3B 2

Furthermore, c1 (B) can be obtained by substituting Eq. (35) into Eq. (34) and the
result is

c1 (B) =

(4 + 3B2 )B3

(36)

256 + 312B2 + 76B 4

The corresponding second analytical approximate periodic solution is given by

T2 (B) =2! / "2 (B) ,

u2 (! ) =(B + c1 (B))cos ! " c1 (B)cos 3! ,

! = "2 (B) t

(37)

The corresponding second approximate frequency is

! 2 (B) = "2 (B)= "1 (B) + #"1 (B) =

The corresponding approximation to y is

11

(256 + 312B 2 + 83B 4 ) 4 + 3B 2
(38)
512 + 1008B 2 + 620B 4 + 114B 6
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u2 (t )

y2 (t ) =

1+

u22 (t )

=

Bcos!2t + c1 (cos!2t " cos3!2t )
2

1+ [Bcos !2t + c1 (cos!2t " cos3!2t )]

(39)

However, the analytical integration of Eq. (39) to obtain x 2 (t) is not possible. To obtain
an analytical expression to x 2 (t) , Eq. (39) is written as follows

y2 (t ) =

Bcos !2t + 4c1 (cos!2t " cos3 !2t )
1+ [Bcos!2t + 4c1 (cos!2t " cos3 !2t )]2

=

Bcos!2t + 4c1 cos!2t sin 2 !2t
1+ (Bcos !2t + 4c1 cos !2t sin 2 !2t ) 2
(40)

The above equation could be easily integrable if 4c1 cos !2t sin 2 !2t << Bcos!2t .
Then Eq. (40) would have the same functional form than Eq. (25). From Eq. (36) we can
obtain the following limits
4c1 (B)
=0
B!0
B

(41)

4c1 (B)
4B2 + 3B 4
3
=
= = 0.1579
2
4
B!"
B
19
64 + 78B + 19B

(42)

lim

lim

Then, 4c1 (B) / B takes values between 0 to 0.1579 when B varies between 0 and ! . For
example, for B = 1, 4c1 (B) / B takes the value 1/23 = 0.04348, while for B = 10, 4c1 (B) / B
= 0.1536. We can write

4c1
cos!2t sin 2 !2t " 0.1579cos !2t sin 2 !2t " 0.06078
B

(43)

where we have taken into account that the maximum value of cos !2t sin 2 !2t is 0.3849.
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In Figure 1 we have plotted cos z and cos z sin 2 z as a function of z = !2t . From Eqs. (41)(43) and Figure 1 we can conclude that Eq. (39) can be approximately written as follows

y2 (t ) !

Bcos"2t
2

2

1+ B cos "2t

(44)

Later we will verify that such a simple approximation gives very good results for x(t).
Likewise, x 2 (t) can be calculated by integrating equation y = dx /dt subject to the
restrictions

x 2 (0) = 0,

y 2 (0) =

B
1+ B 2

(45)

and this integration gives

x2 (t ) =

# B
&
1
sin "1%
sin[!2 (B)t](
!2 (B)
%$ 1+ B2
('

(46)

We will show Eq. (46) gives good results for x 2 (t) .
However, we should not forget that we are really looking for is an approximate
analytical solution to Eq. (6), that is, x(t). Moreover, it is convenient to express the
approximate angular frequency and the solution in terms of oscillation amplitude A or the
amplitude of the dimensionless velocity rather than as a function of B. From Eq. (10) we
can see that the amplitude of the dimensionless velocity is

y(0) =

v(0)
B
= !0 =
c
1+ B2

(47)

where v(0) and c are the velocities of the particle and the light, respectively. From Eq. (45)
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we can express B as a function of !0 as follows

B=

!0
1" !02

(48)

Now we can find a relation between oscillation amplitude A and parameter B used
to solve Eq. (11) approximately. By integrating Eq. (9) and taking into account Eq. (47)
we arrive at
1
1
+ x 2 = (1+ B 2 )1/ 2
2 1/ 2
2
(1! y )

(49)

In addition, when x = A, the dimensionless velocity y = dx /dt is zero and taking
this into account in Eq. (49), it follows that

1+

1 2
A = (1+ B2 )1/2
2

(50)

From Eq. (50), we obtain the following relation between amplitude A and
parameter B

B = A 1+

1 2
A
4

(51)

Substituting Eq. (51) in Eqs. (24) and (37) we obtain

" 3 2 3 4 %1/ 4
T1 ( A) = 2!$1+ A + A '
16 &
# 4

14

(52)
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" 16384 + 32256 A2 + 27904 A4 + 13568 A6 + 3976 A8 + 684 A10 + 57 A10 %1/2
T2 ( A) = 2!$$
' (53)
2
4
6
8
2
4 1/2 '
# (4096 + 4992 A + 2576 A + 664 A + 83A )(16 + 12 A + 3A )
&

Taking into account Eq. (48), the first analytical approximate periodic solution for
the relativistic oscillator as a function of !0 is given by

1/ 4
$
3!02 '
T1 ( !0 ) = 2"&&1+
)
2 )
% 4(1# !0 ) (

x1 (t ) =

*
$ 2!t '1
T1 ( "0 )sin #1,"0 sin&
)/
2!
% T1 ( "0 ) (.
+

(54)

(55)

Taking into account Eq. (48), the second analytical approximate periodic solution
for the relativistic oscillator as a function of !0 is given by

$ (10! 6 #140! 4 + 528! 2 # 512)(1# ! 2 )1/2 '1/2
0
0
0
0
T2 ( !0 ) = 2"&
)
6
4
2
2 1/2
%(27!0 # 227!0 + 456!0 # 256)(4 # !0 ) (

x2 (t ) =

*
$ 2!t '1
T2 ( "0 )sin #1,"0 sin&
)/
2!
% T2 ( "0 ) (.
+

(56)

(57)

4. Results and discussion

In order to illustrate the accuracy and effectiveness of the approach used, we
compare the approximate analytical periodic solutions obtained in this paper with the
exact ones. For calculating the exact period, Tex ( A) , we substitute Eq. (51) into Eq. (49)
and we obtain
15
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1
2 1/2

(1! y )

1
= ( A2 ! x 2 )
2

(58)

From the representation above, we have

Tex ( A) = 4

!

1 + 12 ( A2 - x 2 )

A
0

A2 - x 2 + 14 ( A2 - x 2 )2

dx

(59)

which can be written in terms of elliptical integrals as follows

! A2 $
! A2 $
8
Tex ( A) = 4 4 + A2 E##
&
'
K
##
&
2&
2&
"4 + A %
4 + A2 " 4 + A %

(60)

where K(q) and E(q) are the complete elliptic integrals of the first and second kind,
respectively, defined as follows [43]

K(q) =

"

dz

1
0

E(q) =

2

2

(1! z )(1! qz )

"

1

1! qz2

0

1! z2

dz

(61)

(62)

For small values of the amplitude A it is possible to take into account the following
power series expansion of the exact and approximate periods

$
'
3
15 4
Tex ( A) ! 2" &1# A2 #
A #…)
1024
% 16
(

16

(63)
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$
'
3
6
T1 ( A) ! 2" &1# A2 #
A4 #…)
1024
% 16
(

(64)

$
'
3
20 4
T2 ( A) ! 2" &1# A2 #
A #…)
1024
% 16
(

(65)

These series expansions were carried out using MATHEMATICA. As can be seen,
in the expansions of the periods Τ1 and Τ2 in powers of A, the first two terms are the same
as the first two terms of the equation obtained in the power-series expansion of the exact
angular frequency, Τex. By comparing the third terms in Eqs. (64) and (65) with the third
term in the series expansion of the exact period Tex (Eq. (63)), we can see that the third
term in the series expansions of T2 is more accurate than the third term in the expansion of
T1. For very large values of the amplitude A it is possible to take into account the
following power series expansion of the exact angular frequency

Tex ( A) ! 4 A + …

(66)

T1 ( A) ! 31/ 4 " A + … = 4.1346 A + …

(67)

T2 ( A) ! 2

19 1/ 4
3 " A + … = 3.9564 A + …
83

(68)

Once again we can also see than T2 ( A) provides excellent approximations to the exact
period Tex ( A) for very large values of oscillation amplitude. Furthermore, we have the
following equations
lim Tex ( A) = lim T1 ( A) = lim T2 ( A) = 2"
A!0

A!0

A!0
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lim Tex ( A) = lim T1 ( A) = lim T2 ( A) = "
A!"

A!"

lim
A!"

lim
A!"

(70)

A!"

T1 ( A)
= 1.03364
Tex ( A)

(71)

T2 ( A)
= 0.98910
Tex ( A)

(72)

Eqs. (69)-(72) illustrate very good agreement of the approximate period T2 ( A) with the
exact period Tex ( A) for small as well as large values of oscillation amplitude. In Figure 2
we have plotted the percentage error of approximate periods T1 and T2, as a function of A.
As we can see from Figure 2, the relative errors for T2 ( A) are lower than 1.24% for all the
range of values of amplitude of oscillation A, and this relative errors tend to 1.09% when A
tends to infinity (see Eq. (72)).
The exact periodic solutions x(t) achieved by numerically integrating Eq. (1), and
the proposed approximate periodic solutions x1(t) in Eq. (27) and x2(t) in Eq. (46) are
plotted in Figures 3, 4 and 5 for A = 0.1, 1 and 10 (B = 0.10050, 1.11803 and 50.99; !0 =
0.0996268, 0.745356 and 0.999808), respectively. In these figures parameter h is defined
as follows

h=

t
Tex ( A)

(73)

Figures 3-5 show that Eq. (49) provides a good approximation to the exact periodic
solutions and that the approximation considered in Eq. (44) is adequate to obtain the
approximate analytical expression of x2(t). As we can see, for small values of A (Figure 3)
x(t) is very close to the sine function form of non-relativistic simple harmonic motion. For
higher values of A the curvature becomes more concentrated at the turning points
(x = ± A) . For these values of A, x(t) becomes markedly an-harmonic and is almost straight

between the turning points. Only in the vicinity of the turning points, where the magnitude
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of the Hooke’s law force is maximum and the velocity becomes relativistic, is the force
effective in changing the velocity [38]. Figure 5 is a typical example of the motion in the
ultra-relativistic region where ! 0 "1.

5. Conclusions

A linearized harmonic balance method proposed by Wu et al [42] was used to
obtain two approximate frequencies for the relativistic oscillator. To do this we rewrite the
nonlinear differential equation in a form that does not contain an irrational expression. We
can conclude that the approximate frequencies obtained are valid for the complete range of
oscillation amplitude, including the limiting cases of amplitude approaching zero and
infinity. Excellent agreement of the approximate periods with the exact one was
demonstrated and discussed and the discrepancy between the second approximate period,
T2, and the exact one never exceeds 1.24% and tends to 1.09% when A tends to infinity.
Some examples have been presented to illustrate excellent accuracy of the approximate
analytical solutions. Finally, we can see that the method proposed by Wu et al is very
simple in its principle, and is very easy to be applied and it provides very accurate results
for the relativistic oscillator.
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FIGURE CAPTIONS
Figure 1. cos z and cos z sin 2 z as a function of z = !2t .
Figure 2. Relative error for approximate periods T1 (dashed line) and T 2 (continuous
line).
Figure 3. Comparison of the normalized approximate analytical solutions x 1/ A () and
x 2 / A (❍) with the exact solution (continuous line) for A = 0.1
(! 0 = v 0 /c = 0.09963) .
Figure 4. Comparison of the normalized approximate analytical solutions x 1/ A () and
x 2 / A (❍) with the exact solution (continuous line) for A = 1
(! 0 = v 0 /c = 0.74536) .
Figure 5. Comparison of the normalized approximate analytical solutions x 1/ A () and
x 2 / A (❍) with the exact solution (continuous line) A = 10
(! 0 = v 0 /c = 0.99981) .
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