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The authors wish to draw the attention to a mistake which appears in the
proof of Proposition 3 of the above quoted paper [4]. Specifically, after label
(17), the statement “we can also construct a vector x0 ∈ R♯GΛ such that, by
taking into account Remarks 1 and 2, verifies

aj = a1,je
i<rj ,x0>, j = 1, 2 . . . , with λj ∈ Λ”

is correct when it is possible to obtain an integral basis for the set of exponents
or frequencies Λ, but it is not correct in the general case. We next define the
concept of integral basis.

Let GΛ = {g1, g2, . . . , gk, . . .} be a basis of the Q-vector space generated
by a set Λ = {λ1, λ2, . . .} of exponents, (by abuse of notation, it is said that
GΛ is a basis for Λ), which implies that GΛ is linearly independent over the
rational numbers and each λj is expressible as a finite linear combination of
terms of GΛ, say

λj =

ij
∑

k=1

rj,kgk, for some rj,k ∈ Q, ij ∈ N. (2)

We will say that GΛ is an integral basis for Λ when rj,k ∈ Z for any j, k.
By taking into account this situation, in order to maintain the validity of

Proposition 3 (not only for the case when it is possible to obtain an integral
basis for the set of exponents) and some other subsequent results of our paper,
the equivalence relation which is inspired by that of Bohr is now revised to
adapt correctly the situation in the general case. In this way, Definition 3 of
the above quoted paper is now modified in the following terms.
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Definition 3’ Given Λ = {λ1, λ2, . . . , λj , . . .} a set of exponents, consider
A1(p) and A2(p) two exponential sums in the class SΛ, sayA1(p) =

∑

j≥1 aje
λjp

and A2(p) =
∑

j≥1 bje
λjp. We will say that A1 is equivalent to A2 if for each

integer value n ≥ 1, with n ≤ ♯Λ, it is satisfied a∗n ∼ b∗n, where a∗n, b
∗
n :

{λ1, λ2, . . . , λn} → C are the functions given by a∗n(λj) := aj y b∗n(λj) := bj ,
j = 1, 2, . . . , n and ∼ is in Definition 1.

It is clear that the relation defined in the foregoing definition is an equiv-
alence relation. That is, it is reflective, symmetric and transitive. By abuse of
notation, we will use ∼ for both equivalence relations introduced in definitions
1 and 3’.

Analogously, Definition 5 must be rewritten in the following terms.

Definition 5’ Given Λ = {λ1, λ2, . . . , λj , . . .} a set of exponents, let f1 and
f2 denote two equivalence classes of B(R,C)/ ≃ (resp. B(U,C)/ ≃) whose
associated Fourier series (resp. Dirichlet series) are given by

∑

j≥1

aje
iλjt and

∑

j≥1

bje
iλjt, aj , bj ∈ C, λj ∈ Λ.)

(resp.
∑

j≥1

aje
λjs and

∑

j≥1

bje
λjs, aj , bj ∈ C, λj ∈ Λ.

We will say that f1 is equivalent to f2 if for each integer value n ≥ 1, with
n ≤ ♯Λ, it is satisfied a∗n ∼ b∗n, where a

∗
n, b

∗
n : {λ1, . . . , λn} → C are the

functions given by a∗n(λj) := aj and b∗n(λj) := bj , j = 1, 2, . . . , n, and ∼ is in
Definition 1.

Under the modification of Definition 3, Proposition 1 must now be rewrit-
ten in the following way.

Proposition 1’ Given Λ = {λ1, λ2, . . . , λj , . . .} a set of exponents, con-
sider A1(p) and A2(p) two exponential sums in the class SΛ, say A1(p) =
∑

j≥1 aje
λjp and A2(p) =

∑

j≥1 bje
λjp. Fixed a basis GΛ for Λ, for each

j ≥ 1 let rj ∈ R♯GΛ be the vector of rational components verifying (2). Then
A1 ∼ A2 if and only if for any integer value n ≥ 1, with n ≤ ♯Λ, there
exists xn = (xn,1, xn,2, . . . , xn,k, . . .) ∈ R♯GΛ such that bj = aje

<rj,xn>i for
j = 1, 2, . . . , n.

Furthermore, if GΛ is an integral basis for Λ then A1 ∼ A2 if and only if
there exists x0 = (x0,1, x0,2, . . . , x0,k, . . .) ∈ R♯GΛ such that bj = aje

<rj ,x0>i

for every j ≥ 1.

Proof For each integer value n ≥ 1, let Vn be the Q-vector space generated by
{λ1, . . . , λn}, V theQ-vector space generated by Λ, andGΛ = {g1, g2, . . . , gk, . . .}
a basis of V . If A1 ∼ A2, by Definition 3’ for any integer value n ≥ 1, with
n ≤ ♯Λ, there exists a Q-linear map ψn : Vn → R such that

bj = aje
iψn(λj), j = 1, 2 . . . , n.
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Hence bj = aje
i
∑ij

k=1 rj,kψn(gk), j = 1, 2 . . . , n or, equivalently,

bj = aje
i<rj ,xn>, j = 1, 2 . . . , n,

with xn := (ψn(g1), ψn(g2), . . .). Conversely, suppose the existence, for any
integer value n ≥ 1 with n ≤ ♯Λ, of a vector xn = (xn,1, xn,2, . . . , xn,k, . . .) ∈
R♯GΛ such that bj = aje

<rj,xn>i, j = 1, 2 . . . , n. Thus a Q-linear map ψn :
Vn → R can be defined from ψn(gk) := xn,k, k ≥ 1. Therefore

ψn(λj) =

ij
∑

k=1

rj,kψ(gk) =< rj ,xn >, j = 1, 2 . . . , n,

and the result follows.

Now, suppose that GΛ is an integral basis for Λ and A1 ∼ A2. Thus, by
above, for each fixed integer value n ≥ 1, let xn = (xn,1, xn,2, . . .) ∈ R♯GΛ be
a vector such that

bj = aje
i<rj ,xn>, j = 1, 2 . . . , n.

Since each component of rj is an integer number, without loss of generality,
we can take xn ∈ [0, 2π)♯GΛ as the unique vector in [0, 2π)♯GΛ satisfying the
above equalities, where we assume xn,k = 0 for any k such that rj,k = 0 for
j = 1, . . . , n. Therefore, under this assumption, if m > n then xm,k = xn,k
for any k so that xn,k 6= 0. In this way, we can construct a vector x0 =
(x0,1, x0,2, . . . , x0,k, . . .) ∈ [0, 2π)♯GΛ such that bj = aje

<rj ,x0>i for every j ≥ 1.
Indeed, if r1,k 6= 0 then the component x0,k is chosen as x1,k, and if r1,k = 0
then each component x0,k is defined as xn+1,k where rj,k = 0 for j = 1, . . . , n
and rn+1,k 6= 0. Conversely, if there exists x0 = (x0,1, x0,2, . . . , x0,k, . . .) ∈
R♯GΛ such that bj = aje

<rj ,x0>i for every j ≥ 1, then it is clear that A1 ∼ A2

under Definition 3’. ⊓⊔

From Proposition 1’, it is worth noting that old Definition 3 and Definition
3’ are equivalent in the case that it is possible to obtain an integral basis for
the set of exponents Λ. Consequently, all the results of the quoted above paper
which can me formulated in terms of an integral basis are also valid under old
Definition 3’ (in particular, the mistake above does not concern the results
on the finite exponential sums in Section 3 and the Riemann zeta function in
Section 5). Moreover, in this case, the set of all exponential sums A(p) in an
equivalence class G in SΛ/ ∼ can be determined by a function EG : R♯GΛ → SΛ
of the form

EG(x) :=
∑

j≥1

aje
<rj ,x>ieλjp, x = (x1, x2, . . . , xk, . . .) ∈ R♯GΛ ,

where a1, a2, . . . , aj , . . . are the coefficients of an exponential sum in G and the
rj ’s are the vectors associated with a prefixed integral basis GΛ for Λ.



4 J.M. Sepulcre, T. Vidal

However, both definitions 3 and 3’ are not equivalent in the general case.
For example, consider the set of exponents Λ0 = {λ1, λ2, . . . , λj , . . .} given by

λj = 2j − 1 +
1

2(2j − 1)
∈ Q, j = 1, 2, . . . ,

then GΛ0 = {1} is a basis for Λ0 but it is not an integral basis for Λ0. In fact,
it is not possible to get an integral basis for Λ0. Now, consider the exponential
sums B1(p) =

∑

j≥1 e
−λjp and B2(p) = −B1(p) =

∑

j≥1 −e
−λjp. Then B1(p)

and B2(p) are equivalent according to Definition 3’. Indeed, take aj = 1 and
bj = −1 for each j = 1, 2, . . ., GΛ0 = {1}, rj = λj for each j = 1, 2, . . .
and xn = 2π

∏n
k=1(2k − 1), n = 1, 2, . . .. Fixed n ≥ 1, then it is clear that

bj = aje
<rj ,xn>i for every j = 1, 2, . . . , n, i.e.

−1 = ei(2j−1+ 1
2(2j−1) )2π

∏n
k=1(2k−1), j = 1, 2, . . . , n.

Nevertheless, as it is deduced from Bohr’s paper [2], B1(p) and B2(p) are not
equivalent according to old Definition 3.

Now, mutatis mutandi, the proofs of Lemma 1, Lemma 2 and Proposition
3 can be rewritten. Specifically, the modifications are as follows.

– In the proof of Lemma 1: “taking x0 = τg” must be changed by “taking
xn = τg for any integer value n ≥ 1”.

– In the proof of Lemma 2: “there exists x0 ∈ R♯Λ such that bj = aje
<rj ,x0>i

for each j ≥ 1” must be changed by “for any integer value n ≥ 1, with
n ≤ ♯Λ, there exists xn ∈ R♯Λ such that bj = aje

<rj ,xn>i for each j =
1, . . . , n”.

– In the proof of Lemma 2: “define the sequence of trigonometric polynomials

Qk(t) :=
∑

j≥1

pj,kaje
<rj ,x0>ieiλjt, k = 1, 2, . . .”

must be changed by “define the sequence of trigonometric polynomials

Qk(t) :=
∑

j≥1

pj,kbje
iλj t, k = 1, 2, . . . ,

where, fixed k, we can take bj = aje
<rj,xnk

>i with nk the greatest integer
value j such that pj,k 6= 0.”

– In the proof of Lemma 2: “However, note that

M{|Qk1(t)−Qk2(t)|
2} =

∑

j≥1

(pj,k1 − pj,k2)
2
∣

∣e<rj ,x0>i
∣

∣

2
|aj |

2 =

M{|Pk1(t)− Pk2(t)|
2}}, ”

must be changed by “However, note that

M{|Qk1(t)−Qk2(t)|
2} =

∑

j≥1

(pj,k1 − pj,k2)
2
∣

∣

∣
e
<rj ,xnk2

>i
∣

∣

∣

2

|aj |
2 =

M{|Pk1(t)− Pk2(t)|
2},

where we suppose that nk2 ≥ nk1 .”



Corrigendum: Almost periodic functions in terms of Bohr’s equivalence relation 5

– In the proof of Lemma 2: “we have f2(t) ∈ AP (R,C). Moreover, {Qk(t)}k≥1

also converges formally to the series
∑

j≥1 aje
<rj ,x0>ieiλj t, which, by [1,

p. 21], represents the Fourier series of f2(t). Finally, by taking into account
Definition 5 (in terms of Proposition 1) we have f1 ∼ f2.” must be changed
by “we have f2(t) ∈ AP (R,C) and, by [1, p. 21],

∑

j≥1 bje
iλjt represents

its Fourier series. Finally, by taking into account Definition 5 (in terms of
Proposition 1’) we have f1 ∼ f2.”

– In the proof of Proposition 3: “Since f1 ∼ fl for each l = 1, 2, . . ., we deduce
from Proposition 1 that there exists xl = (xl,1, xl,2, . . .) ∈ R♯GΛ such that

al,j = a1,je
i<rj ,xl>, j = 1, 2 . . . , with λj ∈ Λ.” (15)

must be changed by “Since f1 ∼ fl for each l = 1, 2, . . ., we deduce from
Proposition 1’ that for any integer value n ≥ 1, with n ≤ ♯Λ, there exists
xl,n = (xl,n,1, xl,n,2, . . .) ∈ R♯GΛ such that

al,j = a1,je
i<rj ,xl,n>, j = 1, 2 . . . , n with λj ∈ Λ.” (15)

– In the proof of Proposition 3: “and, since (16) is satisfied for any k =
1, 2, . . ., we can also construct a vector x0 ∈ R♯GΛ such that, by taking into
account remarks 1 and 2, verifies

aj = a1,je
i<rj ,x0>, j = 1, 2 . . . , with λj ∈ Λ.”

must be changed by “and, since (16) is satisfied for any k = 1, 2, . . ., we can
construct, for any integer value n ≥ 1 with n ≤ ♯Λ, a vector x0,n ∈ R♯GΛ

such that, by taking into account remarks 1 and 2, verifies

aj = a1,je
i<rj ,x0,n>, j = 1, 2 . . . , n with λj ∈ Λ.”

The rest of the article remains unchanged.

Finally, the authors wish to thank Mattia Righetti for his quote to Bohr’s
example given by the set of exponents Λ0 considered above [2,3].
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