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Abstract: In recent works, we demonstrated the accuracy and physical relevance of a highly 
simplified reverse-engineering analytical model for a parallel-aligned liquid crystal on silicon 
devices (PA-LCoS). Both experimental measurements and computational simulations 
applying the rigorous split-field finite difference time domain (SF-FDTD) technique led to 
this conclusion in the low applied voltages range. In this paper, we develop a complete 
rigorous validation covering the full range of possible applied voltages, including highly non-
linear liquid crystal (LC) tilt angle profiles. We demonstrate the applicability of the model for 
spectral and angular retardation calculations, of interest in spatial light modulation 
applications. We also show that our analytical model enables the calculation of the retardance 
for novel PA-LC devices as a function of the LC compound and cell gap, becoming an 
appealing alternative to the usual numerical approaches for PA-LC devices design. 
© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 
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1. Introduction 

Widespread use of electrically tunable liquid crystal (LC) devices is a constant in many areas 
in optics and photonics. Initially developed for intensity transmission modulation in display 
applications [1,2], they are nowadays very common in a very wide range of non-display 
applications [3], enabling amplitude, phase or state of polarization modulation. A very 
appealing LC cell geometry for non-display applications is the parallel-aligned liquid crystal 
(PA-LC) device since it enables the more energetic efficient phase-only operation without 
amplitude coupling [4,5]. Parallel-aligned geometry is used in many of the liquid crystal on 
silicon (LCoS) displays, which are pixelated devices with millions of pixels, widely used as 
spatial light modulator (SLM) [6], and one of the more technologically advanced liquid 
crystal devices. 

In principle, parallel-aligned geometry is simple to analyze since it is equivalent to a 
linear variable retarder, therefore its calibration is based on the measurement of only one 
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parameter: its linear retardance. However, tunable devices exhibit a series of degradation 
effects, such as flicker, due to the time variations in the electrical signal addressing as found 
in LCoS displays [7–9]. Cross-talk effects are also a possibility, especially in pixelated 
devices where the pixel pitch to thickness ratio of the LC cell decreases, as it is the case in 
novel LCoS devices with pixel pitch smaller than 8 µm [10]. With these degradation effects 
in mind, we demonstrated a novel method based on time-average Stokes polarimetry [11], 
able to provide robust and precise measurement of the linear retardance value even in the 
presence of flicker. The acquisition of these precise linear retardance measurements is an 
important step to optimize the performance of the PA-LC devices for applications, such as in 
diffractive optics [12] or holographic data storage [13]. Additionally, reliable measurements 
facilitate precise reverse-engineering calibration of the parameters in semi-physical models, 
directly connected to the inner properties of the LC material and the cell. Recently, we 
demonstrated a semi-physical model for PA-LCoS devices [14] able to provide the retardance 
for a very wide range of incidence angles and any wavelength in the visible. The proposed 
simplified model is based on only three physical parameters whose values are obtained 
without ambiguities by fitting a limited amount of calibration measurements. These 
parameters are directly related with the birefringence, cell gap and director profile. 

When applying the experimental retardance measurements we do not have any knowledge 
of the internal properties of the device, since the manufacturer does usually not disclose them. 
However, to test if a semi-physical model is providing physically meaningful values for its 
parameters we need to know these internal properties. A non-exhaustive list [1–3] comprises 
the ordinary and extraordinary refractive indices, cell gap, pre-tilt angle, index of refraction of 
the glass window, viscosity and elastic coefficients, electrode structure, among others. An 
alternative yet rigorous approach must be followed. What we actually need is a computational 
procedure to generate realistic retardance measurements, to be used as the experimental input 
in the fitting procedure for our semi-physical model. In general, the simulation of the 
performance of LC devices is divided in two steps. In a first step, accurate calculation of the 
actual orientation of the LC director across the LC layer as a function of applied voltage is 
performed by minimizing the total free-energy of the LC cell [1–3]. In a second step, precise 
numerical methods are used to calculate the electromagnetic propagation of radiation across 
the cell. This is the procedure followed by commercial packages [15] used by LC device 
designers and manufacturers. We partially considered such a computational procedure in 
recent publications [16,17], where we have evaluated the physical significance of the 
parameters in the model. We approximated the first step, calculation of the LC director profile 
across the LC layer, using sine-like analytical expressions. This is a reasonable approximation 
to the realistic non-homogeneous voltage dependent tilt angle profiles [1,18], easy to apply 
and whose accuracy is good enough as long as the applied voltage is not very large. For the 
second step, we used the Split-Field Finite Difference Time Domain (SF-FDTD) technique 
[19,20]. This is an efficient variation of the general FDTD [21], which is a rigorous 
electromagnetic approach for calculation of light-matter interaction, applied in many areas of 
Electromagnetism and recently also in Photonics in anisotropic media [19,22]. The Split-Field 
version economizes in memory resources, thus enabling the increase in the spatial and time 
resolution of the discrete grid describing the device under test. We have used SF-FDTD in 
various problems in Photonics [22,23]. However, both in our previous paper [17] and in this 
work, it is the first time that SF-FDTD is being applied to PA-LC devices for phase-shift and 
retardance calculations and under oblique incidence. 

In contrast with the previous paper [17], now we want to generate the realistic retardance 
measurements without any limitation on the degree of non-linearity of the voltage dependent 
tilt angle profiles. We will consider the values for the physical parameters of the well-known 
E7 LC-compound found in the literature [24] and a cell gap of 2 µm, which is within the 
range of actual PA-LCoS devices. Once we have generated the LC-director orientation 
profiles, then we use the SF-FDTD technique to calculate the realistic retardance 
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measurements. This enables a rigorous validation of the proposed simplified model 
considering highly non-linear tilt angle profiles as well. This is also useful to show the range 
of validity of the sine-like profiles previously used [17]. In this work we further demonstrate 
the versatility and applicability of the model for spectral and angular retardation calculations, 
and also as a means to simulate the retardance for novel PA-LC devices as a function of the 
LC compound and cell gap. These applications make our proposed simplified model an 
analytical alternative to the usual numerical approaches. 

In the next Section we introduce the proposed simplified model for PA-LC devices, and 
also the details dealing with the construction of the virtual PA-LC cell together with the SF-
FDTD computed retardance results. In Section 3, we apply the simplified model to fit the SF-
FDTD experimental measurements to obtain the values for the parameters, whose physical 
relevance is demonstrated. We also demonstrate an efficient approach to calculate the sine-
like equivalent tilt profile as a function of the applied voltage. This approach is then applied 
to the experimental data that we measured in [14]. In Section 4 we use the model for spectral 
and angular retardation calculations. We further show the potential of the model to simulate 
the retardance as a function of the LC compound and cell gap. We believe that this is a very 
important result in the paper. It shows that this is not only a reverse-engineering model but it 
also constitutes an analytical alternative to the usual numerical approaches for PA-LC devices 
design and construction. Eventually, in Section 5 we expose the main conclusions. 

2. Simplified model and SF-FDTD experiment 

2.1. Proposed simplified model 

 

Fig. 1. Diagram for the PA-LC cell considered in the model proposed. 

Next we introduce our proposed simplified model for PA-LC devices, whose agreement with 
experimental measurements was already verified for a commercial reflective PA-LCoS device 
[14]. In Fig. 1 we show its general diagram for a reflective cell with a cell gap d . Incidence 
plane and LC director are along the XZ plane. LC molecules have their director axis (optical 
axis) aligned at an angle φ  with respect to the traversing light beam direction. LCθ  is the 

refraction angle in the LC medium. The director axis tilts an angle α  with respect to the 
entrance face as a function of the applied voltage V. This is the only voltage dependent 
magnitude, i.e. ( )Vα . At the backplane the light beam is reflected and a second passage is 

produced across the LC layer whose effect is equivalent to a forward propagation at an angle 

incθ− . In the model we define two off-state parameters, combination of the LC indices 

ordinary and extraordinary, no and ne, together with the cell gap d . They are oOPL dn=  and 

OPD d n= Δ , which correspond respectively to the magnitudes of the optical path length for 
the ordinary component and the optical path difference between extraordinary and ordinary 
components. Proper derivation leads to the following analytical expression for retardance 
[14]: 
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cos 1 cosLC

OPD OPLOPL

OPD OPL

π
λ θ φ

 +
Γ = − +  

 (1) 

According to Fig. 1, angle φ  is given by 

 ( ) ( ) ( ), ,
2inc LC incV V
πφ θ α θ θ= +   (2) 

where the minus (plus) sign applies for the forward (backward) passage. The total retardance 
in the PA-LCoS is given by the addition of the forward and backward retardances. In the case 
of normal incidence and LC director axis parallel to the entrance face, then Eq. (1) simplifies 
into the well-known expression 2 d nπ λΓ = Δ . Our model produces a much simpler 

expression and reduces the number of parameters when compared with the exact expressions 
for a homogeneous uniaxial anisotropic plate, as we demonstrated with experimental data 
[14]. 

The voltage dependent tilt angle ( )Vα  does not depend on the wavelength. However, 

OPD and OPL values depend on the illumination wavelength considered. Once they are fitted 
at the specific wavelengths used in the experiments for calibration, then we can interpolate 
them at other wavelengths. The extended Cauchy relation provides a good fit for OPD [14] 
whereas for OPL values we have to use the basic linear interpolation. As a whole, we are able 
to obtain the retardance not only for a wide range of incidences (until 45°) but also across the 
wavelengths in the visible region of the spectrum. 

2.2. Nonlinear tilt angle profiles and SF-FDTD computational experiment 

In order to produce realistic retardance measurements we consider a PA-LC cell with a cell 
gap of 2 µm and filled with the nematic LC E7 at room temperature (20°C). The LC mixture 
E7 is one of the classical compounds found in the literature dealing with LC devices [1]. In 
contrast with the previous paper [17], where we applied the sine-like analytical profile, now 
we want to generate the realistic retardance measurements without any limitation on the 
degree of non-linearity of the voltage dependent tilt angle profiles. 

Table 1. Values for the parameters used to simulate the performance of the PA-LC cell. 

λ (nm) ne no ε ||  ε⊥  k1(pN) k2(pN) k3(pN) d(µm) 

633 1.7371 1.5189 19.6 5.1 12 9 19.5 2 
532 1.7646 1.5289       
473 1.7935 1.5384       

In Table 1 we summarize the values of the different physical parameters that are necessary 
to simulate the performance of the LC cell. They are the ordinary no and the extraordinary ne 
refractive index as a function of the wavelength, the dielectric constants parallel ||ε  and 

perpendicular ε⊥  to the optical axis, the splay k1, twist k2 and bend k3 elastic constants and 

the cell gap. For the refractive indices we use the tabulated values provided in the paper by Li 
et al. [24] and interpolate them using the Cauchy relation to produce additional values at other 
wavelengths. In Table 1 we show specifically the values for the ordinary and the 
extraordinary refractive index at wavelengths 633, 532 and 473 nm, which are the ones 
selected to compare with the results provided by the simplified model. However, actually we 
calculate the retardance of the PA-LC cell across the whole visible spectrum for 18 different 
equidistant wavelengths running from 473 to 634 nm, as we show below. 

To generate the LC-director tilt profiles as a function of the applied voltage we consider 
the case of strong anchoring [1], which describes very closely the situation found in LCoS 
devices. This means that LC molecules near the front and rear surfaces of the LC layer are 
highly attracted by the alignment layer and do not reorient with the applied electric field. The 

                                                                                                  Vol. 26, No. 10 | 14 May 2018 | OPTICS EXPRESS 12727 



general procedure to calculate the profiles can be found for example in Appendix B by Yeh 
and Gu [1]. In Fig. 2 we show the LC director profiles as a function of the normalized 
thickness resulting from this calculation for a small subset (indicated in the legend) of the 61 
different applied voltages considered. We clearly appreciate how the LC layers next to the 
surfaces are not free to tilt and the largest tilt is produced in the midlayer. We also note that 
for voltages smaller than 3 Volts the curves are smooth and with a sine-like shape. For higher 
voltages then they tend to a saturation plateau. 

 

Fig. 2. LC director tilt angle profiles across the thickness of the cell and for various voltages. 

Once we generate the LC director profiles, then we apply the SF-FDTD to simulate the 
propagation of the incident electromagnetic field across the PA-LC cell, following the scheme 
that we recently presented [17]. The LC cell is composed of the LC layer with a perfectly 
conducting mirror at the rear surface. The glass window at the entrance is not necessary to be 
considered, as we discussed in [17]. To the entrance interface air-LC layer we add an 
antireflection (AR) thin film structure for the visible spectrum [25,26], mimicking the usual 
AR coating found in PA-LCoS devices. Results with no AR coating have also been produced 
but are not shown in the paper: the effect of the multiple interferences was very noticeable 
and were not representative of the experimental results obtained with usual LCoS devices 
[14] even though in some cases it might be important or even interesting [27,28]. 

In Fig. 3 we plot the retardance measurements obtained in the simulated experiment and 
for 4 of the 5 incidence angles: since results for normal and 3° incidences are basically equal, 
we only show the ones for the latter. The retardance values are presented in a two 
dimensional contour plot, where the vertical and horizontal axis correspond respectively to 
the wavelength and the applied voltage. If we do a vertical cut (fixed voltage) we see that 
retardance decreases with the increase in wavelength, even though some small amplitude 
oscillations arise at lower voltages. These oscillations are probably due to residual multiple 
beam interference effects not fully eliminated by the AR coating. If we do a horizontal cut 
(fixed wavelength) we see the monotonous decrease in retardance as the voltage increases. 

From the whole set of wavelengths we chose to analyze the results for the 633, 532 and 
473 nm, which sample the visible spectrum in the red, green and blue regions. In Figs. 4(a)-
4(c) we show these retardances as a function of voltage respectively for the commented red, 
green and blue wavelengths. In each of the figures we overlap the curves for the various 
incidence angles. We clearly appreciate the non-linear monotonous decrease of retardance 
with voltage. The threshold voltage is about 0.9 V below which LC molecules do not tilt. This 
is within the typical values in the literature [24]. It is also noticeable that the retardance 
dynamic range becomes shorter for larger angles of incidence, which was also found in the 
experimental measurements in previous papers [29,30]. 
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Fig. 3. Retardance measurements obtained in the SF-FDTD simulated experiment for 18 
wavelengths and 61 voltages and the incidence angles: (a) 3°, (b) 25°, (c) 35°, and (d) 45°. 

 

Fig. 4. Retardance simulated measurements for the various incidence angles (in the legend) 
and for the wavelengths: (a) 633 nm, (b) 532 nm, and (c) 473 nm. 

We also produce the values for the situation when no voltage is applied to the device, 
what it is called the off-state. To this goal we directly consider the results produced by the 
homogeneous uniaxial anisotropic plate expressions, developed by Yeh and Gu [1, pp. 326-
328] or also by Lien [31]. We have already used these expressions in our previous works [14, 
17]. In this specific situation, the LC device has a uniform LC director distribution and the 
exact expression can be used with a higher accuracy. In Table 2 we show the retardance for 
the 5 angles of incidence and for the three wavelengths for the off-state. 

Table 2. Values for the retardance in the off-state. 

λ (nm) Incidence angle (deg) 
 0 3 25 35 45 

633 496.4 496.1 476.8 459.6 439.3 
532 638.0 637.6 613.1 591.4 565.7 
473 776.6 776.2 746.7 720.6 689.7 

3. Calibration and discussion 

The procedure to obtain the parameters in the model involves fitting the analytical expression 
to the experimental results. In a first step we fit the off-state parameters, OPD and OPL, using 
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the off-state retardance values in Table 2. These off-state parameters are wavelength 
dependent but do not depend on the angle of incidence. Once obtained, we fit the tilt angle, 
which depends on the applied voltage. As we did in our initial paper [14] we use the 
measurements taken at 3° and 35° for calibration of the model parameters, and the other two 
measurements, at 25° and 45°, to validate and analyze its predictive capability. 

3.1. Off-state parameters analysis 

We fit the theoretical expression in the model with the retardance measurements to obtain the 
values for the parameters OPD and OPL when the PA-LC is in the off-state. To serve as a 
reference, in Table 3 we give the values for OPD and OPL calculated according to the 
refractive indices and cell gap value in Table 1. 

Table 3. True OPD and OPL parameters calculated from the cell gap and the indices of 
refraction in Table 1. 

λ (nm) 633 532 473 
OPD(µm) 0.4364 0.4714 0.5102 
OPL(µm) 3.0378 3.0578 3.0768 

As explained in previous works [14,17], the figure of merit χ2 to be minimized combines 
two squared differences: on one hand between theoretical and simulated retardance values 
normalized by the simulated value, and on the other hand between the theoretical and 
simulated ratios of the retardance values for the pair of incidence angles considered (3° and 
35°) normalized by the simulated ratio. These two normalized squared differences are added 
up for the three wavelengths. This minimized value for χ2 is given for each set of fitted 
parameters in Table 4. The theoretical expressions are nonlinear and to start the iterative 
optimization process we have to assign initial values to the parameters OPD and OPL. In our 
previous work [14,17] we remarked that our model provides the same resulting OPD and 
OPL values for a very wide range of starting values, thus not showing multiple, i.e. 
ambiguous, solutions. For example, we get the same OPD and OPL values when we apply as 
initial the values in Table 3 or when we consider initial OPD and OPL as equal to 1 meter: 
thus, through six orders of magnitude the initial values lead to the same unique result. 

As we recently discussed [17], something that we have found when playing against the 
FDTD data is that the resulting OPD and OPL values depend on the index of refraction 
considered for the liquid crystal, parameter LCn  in Fig. 1. In Table 4 we show the results 

obtained for OPD and OPL for the three wavelengths and for different values of nLC (first 
row). We have chosen nLC values ranging from 1.5 to 1.7, which fall within the typical range 
of values for liquid crystals. Specifically if we take into account the refractive indices for E7 
in Table 1, the average refractive index, calculated as ( )2 3e on n+ , is 1.59, 1.61 and 1.62 

respectively for the wavelengths 633, 532 and 473 nm. The average of the three values is 
1.61. 

Table 4. Fitted OPD and OPL values for different values for nLC, and values for the 
figures of merit for the off-state χ2 and for the on-state MSE comparison between 

theoretical and experimental results. 

nLC 1.50 1.60 1.61 1.62 1.65 1.70 
χ2 Off-State 4.8x10−5 7.1x10−28 2.2x10−18 2.8x10−20 3.7x10−26 2.5x10−20 

MSE On-State 0.0244 0.0147 0.0141 0.0135 0.0124 0.0124 
 (µm) (µm) (µm) (µm) (µm) (µm) 

OPD(633 nm) 0.4369 0.4364 0.4364 0.4364 0.4364 0.4364 
OPL(633 nm) 24.02x106 6.8456 6.0775 5.4614 4.1772 2.9829 
OPD(532 nm) 0.4722 0.4714 0.4714 0.4714 0.4714 0.4714 
OPL(532 nm) 39.89x106 8.5336 7.4609 6.6237 4.9421 3.4506 
OPD(473 nm) 0.5113 0.5102 0.5102 0.5102 0.5102 0.5102 
OPL(473 nm) 49.53x106 10.7767 9.2462 8.0910 5.8679 3.9977 
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As quality parameters to compare the agreement between theoretical and experimental 
results for the off-state and for the on-state we show respectively χ2 (2nd row), already 
defined, and the mean square difference (MSE) (3rd row). The parameter MSE corresponds 
to the square difference at each voltage between the theoretical and simulated retardance 
values normalized by the simulated value. These squared values are added up for the whole 
range of voltages and for both incidences at 3° and 35°, and then divided by the total number 
of samples to produce a mean value. The on-state results will be shown in the next Section. 
We note that only in the case of nLC = 1.50 the figures of merit are clearly worse, but in the 
rest of the cases they are very similar, with the best MSE for refractive index 1.65 and 1.70, 
and best χ2 for refractive index 1.60 and 1.65. If we take a look at the OPD values for the 
three wavelengths, we see that they are similar to the four decimal number with respect to the 
ones shown in Table 3, except for nLC = 1.50 where it is similar to the third decimal number, 
which is still a very good agreement. In the case of OPL, its values are different for all the 
nLC, diminishing as we increase nLC. They do not coincide with the OPL values in Table 3 
even though they are in the same order of magnitude, except for nLC = 1.50. Further analysis 
on OPL is done in Section 4.2. We conclude that the OPD parameter is physically meaningful 
and it does not depend on the value considered for nLC, thus it is very robust. Intuitively, since 
the magnitude we calculate with the model is the retardance, then OPD, which includes the 
birefringence, must have a much stronger impact than OPL on the fitted retardance result. If 
we knew the value for the cell gap by some other means, then our model is able to provide 
reliable birefringence values as a function of wavelength. 

Now, we want to compare the results for the MSE in Table 4 with the ones that we 
presented in Table 5 in our previous paper [17] for the sine-like profile. We note that for the 
sine-like profile MSE obtained was about 0.0005 whereas for the realistic profiles is about 
0.012, i.e. two orders of magnitude worse. As we will see in next Section, this is because in 
the present paper we consider highly non-linear tilt angle profiles, at which the simplified 
model loses accuracy. 

3.2. On-state parameters analysis 

The only on-state parameter is the tilt angle ( )Vα , in Eq. (2). To apply the expression in Eq. 

(1) we consider the off-state solution in Table 4 for OPD and OPL obtained when nLC = 1.65. 
The same figure of merit χ2 is now used for the on-state fitting procedure, and the 
optimization is run voltage by voltage independently. The experimental values applied 
correspond to the voltage dependent retardance SF-FDTD values for incidence angles at 3° 
and 35°. In Fig. 5(a) and 5(b) we show the retardance versus voltage plots for the theoretical 
fitting using the model (continuous line) and the experimental SF-FDTD data (dots) 
respectively for the incidence angles at 3° and 35°, and for the three wavelengths. We note 
that theoretical and SF-FDTD results agree very well with each other at both incidences and 
also for the three wavelengths. 

 

Fig. 5. SF-FDTD experiment (dots) and theoretical fitting with the proposed simplified model 
(continuous line) for the wavelengths 633, 532 and 473 nm and for incidence at: (a) 3°; (b) 
35°. 
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In Fig. 6 we show the tilt angle versus voltage obtained from the on-state fitting in Fig. 5 
with the proposed simplified model, labeled as “Proposed Model”, and the “Average Tilt” 
corresponding to the mean tilt value across the cell gap for the realistic tilt profiles, shown in 
Fig. 2. We also plot the difference between these two curves (“Average” minus “Proposed”), 
that we call “Tilt Difference” in the legend. The tilt difference before 2.2 V is about −5° and 
after 2.2 V increases to about + 5° and stays almost constant around this value from 4 V till 
the end. The fitted angle associated with the proposed simplified model can be thought as the 
tilt angle for an equivalent homogeneous PA-LC layer providing the same retardance as the 
one given by the non-homogeneous realistic profiles. We see that this equivalent 
homogeneous tilt is about ± 5° when compared with the average tilt. Thus, we might think of 
the fitted model angle as a corrected average tilt able to provide correct values for the 
retardance of the non-homogeneous realistic profiles. If we now look at the “Proposed 
Model” curve we observe that the monotonic increase of the tilt angle with the voltage shows 
a highly nonlinear variation with a steep increase before ~2.5 V and a saturation behavior 
after this voltage. If we look at the retardance curves in Fig. 4 we see that most of the 
retardance variation occurs before 2.5 V. If we look at the results presented in Fig. 4 in our 
previous paper [14], the tilt angle range associated with a commercial PA-LCoS device was 
between 0°-50°, which corresponds to a maximum voltage of ~2V in Fig. 6, thus avoiding the 
saturation regime. This is actually the tilt angle range simulated in [17] using the sine-like 
profile. Since there is no saturation in the realistic profile curve within this voltage range, the 
profile can be reasonably approximated by a sine-like profile as done in [17]. 

 

Fig. 6. Tilt angle as a function of voltage. 

To make more visible the accuracy of the proposed model we use the results in Fig. 5 and 
calculate the difference between the theoretical and the FDTD-experimental retardance values 
normalized by the theoretical ones. In Figs. 7(a) and 7(b) we show, respectively for incidence 
at 3° and 35°, this normalized retardance difference for the three wavelengths. Deviation is 
very small, less than ± 0.05 (i.e. ± 5%,) for voltages smaller than 2.5 V: that is, deviation only 
becomes larger for such tilt angles as 60° and above. We see that deviations are larger for 
quasi-normal incidence at 3° when compared with incidence at 35°: in the latter deviation 
never exceeds ± 10%. 
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Fig. 7. Difference between theoretical and SF-FDTD-experimental retardance normalized by 
the theoretical value for wavelengths 633, 532 and 473 nm and for incidence at: (a) 3°, and (b) 
35°. 

Now, using the fitted tilt angle in Fig. 6 we test the predictive capability of the model: we 
calculate the retardances at the other two incidence angles. In Figs. 8(a) and 8(b), respectively 
for incidence at 25° and 45°, we show both the theoretical values calculated with the model 
(continuous line) and the SF-FDTD experimental values (dots). Retardance values are plotted 
as a function of the model-fitted tilt angle instead of the applied voltage. Remember that tilt 
angle 60° is associated with an applied voltage of 2.5 V, where the saturation regime of the 
tilt angle versus voltage starts (Fig. 6). When representing retardance versus tilt angle the 
curve becomes smoother than in Fig. 5, where X-axis corresponds to applied voltage. We 
note the good agreement between model and SF-FDTD experiment. 

 

Fig. 8. SF-FDTD experiment (dots) and prediction with the proposed simplified model 
(continuous line) for the wavelengths 633, 532 and 473 nm and for incidence at: (a) 25°; (b) 
45°. 

Once again, to assess the predictive capability is more useful to represent the normalized 
retardance difference as we did in Fig. 7. This is done respectively for incidence at 25° and 
45° in Figs. 9(a) and 9(b). We see that the model proposed predicts the retardance with 
relative uncertainties that in most of the tilt angle range is about 5% or less. In the case of 
incidence at 45° and for the red wavelength this range is exceeded to 7% at about 40° tilt 
angle but then after 60° it becomes smaller than 5%. In general, both from Figs. 7 and 9, 
deviations become larger at very large tilt angles (larger than 60°). We see from the results in 
this Section that when the tilt angle profile is highly non-linear, including saturation plateaus, 
the simplified model shows larger deviation. In [14], experimental data, and in [17], sine-like 
computed profile, it is clear that we are not in this highly non-linear regime and accuracy of 
the model stayed within 5%. 
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Fig. 9. Difference between predicted and SF-FDTD experimental retardance normalized by the 
predicted value for wavelengths 633, 532 and 473 nm and for incidence at: (a) 25°, and (b) 
45°. 

3.3. Non-homogeneous sine profile approximation 

In the following, we use the realistic tilt profiles to fully exploit the possibilities of the 
proposed simplified model. In most of phenomena, availability of analytical expressions [18] 
usually eases the mathematics and it also provides deeper physical insight. In principle, when 
applied voltages are smaller than the ones producing a saturation in the tilt angle, the sine tilt 
profile might work as a good first approximation to the more complex nonlinear tilt angle 
profiles across the LC cell thickness. Actually, in [16,17] we considered sine-like profiles for 
the tilt angle as a function of the applied voltage. From the derivation in the present Section 
we can conclude within which limits this is actually a good approximation to the functioning 
of PA-LC devices. At the end of this Section we will apply these results to fit the 
experimental data in [14] to its equivalent sine-like tilt angle profile. 

In the sine profile, the tilt angle sinα  across the cell thickness z  varies as 

 ( )sin max sin / ,z dα α π=  (3) 

where d  is the cell gap, and maxα  is the maximum tilt angle, which occurs in the midlayer of 

the cell. For numerical calculations, the LC cell can be considered as decomposed into a large 
number of sublayers so that within each of them the tilt angle is constant. Using the model, 
from Eq. (1), the contribution ΔΓ  to the retardance from a sublayer of thickness zΔ  is 

 
( ) ( )

( ) 2

12
1 .

cos 1 cosLC

OPL d OPD OPL
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OPD OPL

π
λ θ φ

 +
ΔΓ = − Δ  + 

 (4) 

What we propose is to fit the nonlinear sine profile to the equivalent homogeneous tilt 
providing the same retardance. Both for the nonlinear sine profile and for the homogeneous 
tilt we apply the proposed simplified model and we use the OPD and OPL calibration 
obtained previously for 1.65LCn = . The total retardance is given by the addition of the 

forward and backward paths, which in the case of a homogeneous tilt homα  and taking into 

account Eqs. (1) and (2) is given by 
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 (5) 

Let us substitute the layer thickness by its normalized parameter z/d = z’. Then Eq. (3) 
becomes ( )sin max sin 'zα α π=  and the integration of the sublayers, described in Eq. (4), with 

the sine profile is described by 
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(6) 

where we observe that the result does not depend on the cell thickness d. We give values to 
the maxα  and for each of the values we solve numerically the equation 

 ( ) ( )sin hom
max hom, , ,total inc total incθ α θ αΓ = Γ  (7) 

where the only unknown parameter is the tilt angle homα  for the equivalent homogenous slab, 

and we obtain the relation ( )hom hom maxα α α= . In Fig. 10(a) we plot the inverse of this 

relation, where we see that for a maximum maxα  value of 90° the corresponding 

homogeneous equivalent tilt angle is about 55°. The curve in Fig. 10(a) is obtained 
substituting OPD and OPL values for the red wavelength and at incidence 45ºincθ = . We 

have applied the same procedure at other wavelengths, i.e. using other OPD and OPL values 
from Table 4, and for other angles of incidence incθ  and the resulting relations 

( )hom hom maxα α α=  are the same with deviations smaller than ± 1° between them. Thus, we 

can consider that it is basically invariant to the wavelength and to the angle of incidence. If 
we combine ( )hom hom maxα α α=  with the fitted tilt versus voltage in Fig. 6, then we obtain the 

relation ( )max max Vα α=  for the specific LC cell simulated in the paper. We show this relation 

in Fig. 10(b), where we see that the sine profile fit is only valid for voltage values smaller 
than 2.2 V, since for larger voltage values the maxα  parameter becomes larger than 90°, which 

is not possible. 

 

Fig. 10. Relation for maxα  (sine profile), (a) vs. tilt angle of an equivalent homogenous slab 

and, (b) vs. voltage. 

In Fig. 11 we compare for some voltage values the realistic and the sine tilt profiles. Let 
us remind that the realistic tilt profile involves the numerical solution of complex equations 
where the knowledge of the specific values for a number of LC material and cell parameters 
must be known in advance. To obtain the equivalent sine profile providing the same 
retardance this is not necessary, as we have just shown. In Fig. 11 we see that as the voltage 
increases the realistic profile loses its sine-like features. However, the retardance provided by 
both curves is still the same for any angle of incidence within 0°-45° and for any wavelength 
in the visible. In the case when an approximation to the nonlinear tilt profile is necessary, then 
the procedure just described to obtain the best-fitted sine-like profile is a very efficient 
approach. For the specific cell simulated in this work, the voltage range from 0 to 2.2 V 
covers a very significant amount of the retardance dynamic range, as we have seen in Fig. 4. 
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Fig. 11. Comparison between the realistic and the sine tilt profiles for a series of voltages. 

The analysis in this Section helps to understand that the application of analytical sine-like 
profiles for the tilt angle in previous works [16,17] is a good approximation to the functioning 
of commercial PA-LC devices where the equivalent tilt angle is within the range 0°-50°, as 
we saw in [14], thus avoiding the saturation regime. As an application of this sine tilt angle 
profile fitting procedure to a real device, we will apply it to the experimental measurements 
obtained for the commercial PA-LCoS in [14]. The calibrated values for its parameters 
obtained in this paper are shown in Table 5, OPD and OPL, and in Fig. 12, tilt angle versus 
gray level (gray level is related to the applied voltage). We substitute in Eq. (7) the OPD and 
OPL values for the red wavelength and we consider and angle of incidence incθ  of 45°. 

Substituting other values for OPD, OPL and incθ  produce deviations smaller than ± 1° in the 

fitted curve ( )hom hom maxα α α= , i.e. not significant. In Fig. 13(a) we plot the inverse of this 

curve, i.e. ( )max max homα α α= , and from the combination of the two previous plots we obtain 

in Fig. 13(b) the curve ( )max max grayα α= . 

Table 5. OPD and OPL parameters obtained for the commercial PA-LCoS in [14]. 

λ (nm) 633 532 473 
OPD(µm) 0.528 0.594 0.649 
OPL(µm) 2.576 2.606 6.893 

 

Fig. 12. Tilt angle as a function of gray level for the commercial PA-LCoS in [14]. 

 

Fig. 13. From the experimental data for the commercial PA-LCoS in [14]. Relation between 

maxα  (sine profile), (a) vs. tilt angle of an equivalent homogenous slab and, (b) vs. gray level 
(applied voltage). 
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In Fig. 14 we show the resultant tilt angle profiles at some selected gray levels, where we 
see how the midlayer tilt angle increases with the increase in gray level. We also see that for 
the maximum gray level, the midlayer tilt angle is still smaller than 80°, thus the sine-like 
profile is a good approximation to the realistic tilt angle profile. 

 

Fig. 14. Sine tilt profiles as a function of the gray level. 

4. Applications of the physical simplified model 

4.1. Spectral and angular retardation 

As demonstrated, our model is able to produce accurate values of the retardance with 
uncertainties smaller than 5%, especially within the range of applied voltages in commercial 
devices. Using the SF-FDTD realistic retardances let us explore the accuracy when 
calculating spectral retardance across the whole visible spectrum and for a series of incidence 
angles ranging from 0° to 45°. This is important if we plan to use the model for spectral 
retardance control in applications such as the one reported by Moreno et al. [32], where they 
show a system that acts as an optical retarder where the retardance spectral characteristics can 
be defined at will, and it can be reprogrammed in real time. 

For the PA-LC described in the SF-FDTD simulation, in Fig. 15 we show the comparative 
of the retardance across the whole visible spectrum calculated with the proposed simplified 
model and the SF-FDTD computed experimental data. We show this comparative at three 
different incidence angles (see legend), and for the minimum and maximum applied voltage, 
respectively in Figs. 15(a) and 15(b). For the minimum applied voltage (maximum retardance 
values) the agreement across the visible is very good for both the model and the SF-FDTD 
values. In the latter, we appreciate some oscillations which are probably due to the residual 
interference effects not eliminated by the antireflection (AR) coating considered in the SF-
FDTD calculation. We see that the change in retardance across the whole visible spectrum is 
larger than 200° for any incidence angle. In Fig. 15(b), for the maximum applied voltage 
(minimum retardance) the agreement between model and SF-FDTD experimental data is also 
good and we also see the oscillations in the SF-FDTD values. Now the change in retardance 
across the whole visible spectrum is much smaller than in plot (a), especially when inciding at 
0° (normal incidence) where the change in retardance is about 10°. Choosing the appropriate 
voltage values we could design specific spectral retardance curves as it was done by Moreno 
et al. [32] but now from a more physical and analytical perspective. 
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Fig. 15. Proposed simplified model (continuous line) and SF-FDTD experimental (dots) 
retardance versus wavelength and for three incidences. (a) Maximum and (b) minimum 
retardance values. 

In Fig. 16 we plot the retardance dynamic range for each of the wavelengths across the 
visible spectrum and for the three incidence angles. This is done by subtracting the maximum 
and minimum retardance spectral curves in Figs. 15(a) and 15(b). This is useful if we plan to 
use the PA-LC device for phase-only applications, where we usually need a 360° phase-shift 
dynamic range. In Fig. 16 we see that our simulated PA-LC device is able to provide the 
required 360° phase-shift dynamic range for any wavelength in the visible and for incidences 
at 0° and 25°. At 45° incidence angle, the range is larger than 360° for wavelengths smaller 
than 575 nm. Once again, we see that the agreement between the predictions with our 
simplified model and the SF-FDTD values is very good. 

 

Fig. 16. Retardance dynamic range. Proposed simplified model (continuous line) and SF-
FDTD experimental (dots) retardance versus wavelength and for three incidences. 

4.2. Analytical design of PA-LC devices 

When we compared in Section 3.1 the fitted OPD and OPL values (Table 4) with their true 
values (Table 3) we found out that OPD converged into its true value. However, OPL was 
clearly different from its true value and it varied with nLC. The question now is to which 
extent deviations in OPL actually affect the resultant retardance calculated value. In the 
following, as refractive index for LC E7 we consider its average value nLC = 1.61, discussed 
in relation with Table 4. If we substitute the true OPD and OPL values in the expression for 
the off-state figure of merit we obtain χ2 = 0.0008. Furthermore, if the true OPD and OPL 
values are used in the on-state optimization, the value obtained for the on-state figure of merit 
is MSE = 0.012. In principle, the χ2 off-state figure of merit has worsen with respect to the 
optimized OPL value expressed in Table 4, however it is still a very good value. For the on-
state MSE figure of merit, the value obtained is very similar to the other ones expressed in 
Table 4. Therefore, in principle we find that using the true OPL value instead of the fitted one 
is not affecting the predictive capability of the simplified model. This opens a new range of 
applications to the simplified model: it can be used to calculate the performance of PA-LC 

                                                                                                  Vol. 26, No. 10 | 14 May 2018 | OPTICS EXPRESS 12738 



cells as a function of the LC compound and the cell gap. It is then an alternative to more 
complex, sophisticated and computing intensive approaches [1–3,15]. 

 

Fig. 17. With the simplified model, usage of the true OPL to calculate the retardance. 
Normalized retardance difference in the: (a) Off-state, against the true off-state retardance, and 
(b) On-state, for an angle of incidence of 45°, against the calculation using the fitted OPL. 

To learn about the level of uncertainty produced by the simplified model when applying 
the true OPD and OPL values, let us compare its results against the exact ones provided by, in 
principle, more accurate and complex approaches. We consider the same PA-LC cell with 
nematic LC E7 and cell gap of 2 µm. In Fig. 17(a) we show this comparison in the off-state. 
We represent the difference between the exact off-state retardance values in Table 2 and the 
ones from the simplified model using the true OPD and OPL values, normalized by the exact 
retardances. This is done for the three wavelengths and as a function of the incidence angle. 
We see that deviation from the exact value increases with the angle of incidence. In any case 
it is smaller than 2%. A different representation is established for the on-state, i.e. as a 
function of the tilt angle, in Fig. 17(b). Now the comparison is between the retardance 
calculated with the simplified model applying respectively the fitted and the true OPL values, 
and normalized by the retardance using the fitted OPL. In both cases OPD value is the same 
since, as already shown, the fitted value is equal to the true one. This normalized retardance 
difference is shown at an angle of incidence of 45°. We see that differences increase with the 
tilt angle reaching values close to 8%. However, in the range of tilt angle found in 
commercial devices, from 0 to about 50°, deviation is smaller than 4%, which is accurate 
enough for most of the applications. 

 

Fig. 18. Values for OPD, in (a), and OPL, in (b), for two LC compounds and two temperatures, 
for a cell gap of 2 µm. Data points in the plots are the sample values use to fit the extended 
Cauchy relation across the visible. 

We have checked that the true OPL provides satisfactory retardance calculations with the 
simplified model. Therefore, a novel area of application of the simplified model arises: it is 
not only a reverse-engineering model useful to calibrate and predict the retardance of 
commercial devices, but it is also useful as a direct model to calculate which results can be 
expected in the construction of PA-LC cells. This means that, when choosing the LC 
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compound and the cell gap, it can be used to design these PA-LC cells. As an example of 
application, in Fig. 18(a) and 18(b) we show respectively the OPD and OPL values as a 
function of wavelength for two different LC mixtures, E7 and TL-216. The latter, TL-216, is 
a high birefringence LC mixture used in color-sequential liquid-crystal-on-silicon (LCoS) 
projection displays. In the case of E7 we show the values at temperature 20°C, used in the SF-
FDTD calculations in the paper, and at 40°C. These OPD and OPL values are calculated from 
the tabulated data for the ordinary no and the extraordinary ne refractive index given in the 
paper by Li et al. [24] and for a cell gap of 2 µm. We use the tabulated data at three 
wavelengths (points in the plots) to fit the extended Cauchy relation (curves in the plots) 
across the visible spectrum. 

 

Fig. 19. Using the proposed simplified model, simulated retardance at 633 nm, at incidence 
angles: (a) 0°; (b) 45°. 

From the extended Cauchy relations in Fig. 18 and using Eqs. (1) and (2) for the 
simplified model, we calculate the retardance as a function of the tilt angle, i.e. on-state. In 
Fig. 19(a) and (b) we show the results for the wavelength 633 nm respectively for incidence 
at 0° and 45°, and in Figs. 20(a) and 20(b) for 473 nm, also for incidence at 0° and 45°. These 
kind of calculations, with an expected uncertainty of less than 4% for tilt angles smaller than 
50°, enable to anticipate temperature, incidence angle, spectral and applied voltage 
dependence of the retardance. This might prove very helpful approach, very fast and easy to 
use in the design of PA-LC devices. 

 

Fig. 20. Using the proposed simplified model, simulated retardance at 473 nm, at incidence 
angles: (a) 0°; (b) 45°. 

5. Conclusions 

The construction of a virtual PA-LC cell has been a useful approach to obtain a deeper insight 
into the physical significance of the parameters of the PA-LC model recently proposed. We 
have applied the values for the physical parameters of the E7 LC compound and for a cell gap 
of 2 µm. Realistic non-linear tilt profiles and application of efficient SF-FDTD methodology 
has produced experimentally-like retardance values. We have obtained that two of the three 
parameters, the OPD and the tilt angle, are physically meaningful and are useful to probe into 
internal characteristics of the PA-LC devices. We have also demonstrated an efficient 
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reverse-engineering approach to calculate the sine-like equivalent tilt profile, which is a 
useful approximation for the non-linear tilt angle across the cell as a function of the applied 
voltage. The model shows a high degree of predictive capability, what makes it very useful to 
characterize the possibilities of PA-LC devices in novel applications such as in the 
experiments dealing with unconventional polarization states [33,34]. In addition, we have 
demonstrated the versatility and applicability of the model for spectral and angular retardation 
calculations. We have also shown how the model has the potential to simulate the retardance 
for novel PA-LC devices as a function of the LC compound and cell gap. Therefore, it is not 
only a reverse-engineering model but it also constitutes an analytical alternative to the usual 
numerical approaches for PA-LC devices design and construction. 
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