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1
Introduction

1.1 Two dimensional crystals: Graphene

Graphene was the first example of a truly two dimensional (2D) crystal. This sort of mate-
rials were unexpected because it was believed that long range order due to the spontaneous
breaking of a continuous symmetry in two dimensions was destroyed by long-wavelength
fluctuations[1]. Since its discovery, many other 2D crystals have been created, and several
techniques to fabricate these crystals have been developed. These new type of crystals has
shown remarkable properties which can be used to develop new technologies, specially for
mechanical and electronic applications. But among all these new materials, graphene, has
been the one that has drawn attention in the scientific community. In this section we realize
a brief introduction to graphene.

1.1.1 Allotropic forms of Carbon

Graphene is made of carbon atoms. The diversity of compounds that carbon can form have
given rise a huge branch in chemistry called organic chemistry. The origin of this versatility
is its electronic configuration, 1s22s22p2, having 4 electrons in the valence shell to form
covalent bonds. The atomic orbital of carbon can be combined to form different hybridized
orbitals, sp3, sp2 and sp illustrated in Fig. 1.1.

One of the most important features of carbon is the ability to form several allotropes,
i.e.,the atoms can be arranged in different geometries ranging from 3D to 0D. Each allotrope
has different physical and chemical properties even though it is made from the same element.
In three dimensions (3D), the most common are the diamond and graphite, showed in
Fig. 1.2 in the panels (a) and (b), respectively. The former have a tetrahedral structure
combined with the other carbon atoms forming sp3 hybrid orbitals. On the other hand,
graphite is a layered material. Each atom in a layer is coordinated to other three atoms
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Figure 1.1: Different hybridizations of a carbon atom expressed as linear combination of
atomic orbitals. The blue orbitals remain unchanged and are not contributing to the new ones.
(Image courtesy of David Soriano)

of the same layer forming a honeycomb lattice with an sp2 hybridization. These planes,
that are weakly coupled by Van der Waals interactions, can be piled in different stacking
geometries. Graphene, a single atomic plane of graphite, is the only 2D allotrope form of
carbon[2–5]. A graphene layer can be rolled in a given direction to form a carbon nanotube
forming 1D structures, Fig. 1.2. Finally, there are also 0D structures called fullerenes [6],
created by a piece of graphene folded to form icosahedral shapes, Fig. 1.2.

1.1.2 Brief description of graphene

Crystal structure

The crystal structure of graphene, shown in Fig. 1.3, is a triangular lattice with a basis of
two equivalent atoms per unit cell. The symmetry operation are of 5 rotations of π

3
and 6

reflexion planes, σ, and the identity, thus its point group is C6v. The distance between the
carbon atoms is acc = 1.42Åand the lattice vectors are:

~a1 = a

(√
3

3
,
1

2

)
~a2 = a

(√
3

3
,−1

2

)
(1.1)
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Figure 1.2: a) Diamond. The hybridization of the carbon atoms in this structure is sp3. b)
In this allotrope the carbon atoms are arranged in layers where each atom has a sp2 hybridization.
c) Single wall carbon nanotube obtained by rolling up a graphene sheet d) C60-Fullerene, also
obtained from graphene.

Where a =
√

3acc ≈ 2.46Å is the lattice constant. In order to distinguish the atoms in
the unit cell, we label them with the letter A and B, defining the sublattice or pseudospin
degree of freedom. A triangular lattice with a basis of two atoms can also be viewed as two
interpenetrating triangular sublattices. Each carbon atom of a given sublattice have three
first neighbours of the opposite sublattice, defining a bipartite lattice. The vectors pointing
to the neighbour sites connecting both sublattices are:

~d1 = acc (1, 0) ~d2 = acc

(
−1

2
,−
√

3

2

)
~d3 = acc

(
−1

2
,

√
3

2

)
(1.2)

In the reciprocal lattice, the first Brillouin zone is also an hexagon ( see Fig. 1.3.(b)),
with reciprocal lattices vectors:

~b1 =
2π

a

(
1√
3
, 1

)
~b2 =

2π

a

(
1√
3
,−1

)
(1.3)

The corners of the hexagon form two in equivalent points, call K =
(
0, 2π

3a

)
and K ′ =(

2π√
3a
, 2π
3a

)
.



4 1. Introduction

Figure 1.3: a) Graphene crystal structure with lattice vectors are ~a1 and ~a2. The honeycomb
lattice is formed by two triangular sublattices, A and B. Each carbon atom have three first
neighbours at ~δ1, ~δ2 and ~δ3. b) First Brillouin zone of graphene with reciprocal lattice vectors ~b1
and ~b2. The high symmetric point Γ and M and K and K ′ are shown. Figure extracted from
reference [7]

Production and characterization

The isolation of a single graphene plane by mechanical exfoliation was first reported by A.
K. Geim and K. Novoselov in 2004. After several attempts[8], they found a very simple but
effective technique to isolate a single layer of graphite, known as micromechanical cleavage
[2, 3]. It is based in the easy exfoliation of layered materials like graphite. It is possible to
remove the top layers of highly oriented pyrolytic graphite (HOPG) by attaching an adhesive
tape. Afterwards, the tape with the removed graphite material is transferred to the desired
substrate pressing the tape against to its surface. Thus, if the interaction between the
substrate and the first graphite layer is strong, it will remain attached to the substrate
once the tape is removed. To characterize the result of this process originally was used
Si/SiO2 as substrate, where a single monolayer of graphene can be observed with optical
microscopes (see Fig.1.4.(a))[5, 9]. Furthermore, Raman spectroscopy is other technique
that can discern between a single layer graphene and multilayered graphitic structures[10].

Other common characterization techniques that have been used to explore the prop-
erties of graphene are: Transmision Electron Microscopy (TEM) and Scanning tunnelling
microscopy and spectroscopy (STM/STS). Both are able to reach atomic resolution and
can be use to study structural properties on graphene. The former technique has been used
to study: grain boundaries[11, 12] and edge reconstruction in graphene[13]. The STM has
been used also to identify the geometry structure, both in the bulk [14] or in the edges
[15, 16], but also to study the electronic properties of graphene in different aspects: effect
of vacancies and impurities[17] , curvature and strain effects[18]. Some example of these
techniques are shown in Fig.1.4.

Since the discovery of graphene, new methods have been developed in order to obtain
industrial quantities of defect-free graphene[20]. The most populars are: the chemical
exfoliation by acids [21, 22] and organic solvents[23, 24], epitaxial grow in different surfaces
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Figure 1.4: Graphene characterization by different means. a) Optical image of graphene
where a single layer of graphene can be appreciated by the contrast difference, from ref. [9]. b)
SEM image of a flake of graphene extracted from ref. [19] c) AFM image of a flake extracted from
ref. [3] c) HRTEM of graphene where it is possible to appreciate a grain boundary. Extracted
from ref. [12]. e) HRSTM showing the honeycomb lattice of graphene. Extracted from ref. [14]

mainly SiC[25] or the grow of few layers graphene with chemical vapour deposition (CVD)
and, subsequently, deposited on any other substrate [26].

The micromechanical cleavage method have been also applied to other layered materials
successfully, creating all sort of new 2D materials. We would like to highlight three of them:
1) Boron nitride, with an identical geometry to graphene but with two inequivalent atoms
in the unit cell[3]. 2) Bismuth telluride , Bi2Te3[27] and, 3), dichalcogenides, specially,
MoS2, with a small band gap that change with the number of layers, being suitable for
electronic application [3, 28].

Electronic structure

The band structure of graphene, first studied by P. R. Wallace in 1947 [29], reveals that
it is a zero gap semiconductor. The band structure along the high symmetric point in the
Brillouin zone is shown in Fig. 1.5.(a). It is computed with a multi-orbital tight binding
model considering only interactions to first neighbours. Below we explain the tight-binding
methodology in detail. In this band structure, the Fermi surface at the neutrality point
is reduced to two inequivalent points situated at the corners of the first Brillouin zone.
At this point, the valence band and the conduction band touch each other with a lineal
dispersion relation. The physics in the low energy spectrum is described by the π orbitals
of the graphene, while the high energy part of the spectrum correspond to the π orbitals.
Frequently, the graphene electronic structure is described with single orbital tight-binding
model considering only the π orbitals[30]

The linear dispersion with the momentum of the electrons in the lower part of the
energy spectrum is analogous to the relativistic relation between energy an momentum for
massless particle. In addition, the energy spectrum is electron-hole symmetric, analogous
to the charge-conjugation symmetry in quantum electro dynamics (QED). This is due to
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the bipartite character of graphene and the interaction only to first neighbours. Thus,
the low energy spectrum of the electron in graphene can be described by the Dirac-like
Hamiltonian[31].

HK,K′(~k) = ~vF~σ · ~k = ~vF
(

0 kx ∓ iky
kx ± iky 0

)
(1.4)

where ~σ are the Pauli matrices for the pseudospin degree of freedom, vF =
√

3at/2 ≈
106m/s the Fermi velocity and the momentum ~k is the distance to the points K or K ′.
Notice, that the Dirac-like description of the electrons in graphene, is not owing to the
relativistic behaviour (vF ≈ c/300), but to the particular symmetry of graphene lattice.
According to this description, K and K ′ are called Dirac points and the linear band structure
at that points are called Dirac cones, they are shown in Fig. 1.5.(b).

Figure 1.5: Graphene band structure around high symmetric points computed with the
multi-orbital tight-binding method. Notice the crossing of the bands at the K points. b) Energy
dispersion for a single orbital tight-binding. The inset shows that near the corners of the Brilloin
zone the dispersion is linear which is typical of Dirac fermions. Image extracted from ref. [7]. c)
Illustration of the mechanism of Klein tunneling through a potential barrier. From M.I. Katsnelson
et al. [32].

In analogy with particle physics, the concept of helicity for the electrons close to the
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Dirac points can be defined as the projection of the pseudospin ~σ along the momentum ~p

ĥ =
1

2
~σ · ~p
|~p|

(1.5)

By construction, the eigenstate of the k · p Hamiltonian , ψK(~k) and ψK′(~k), are also
eigenstates of ĥ

ĥψK(~k) = ±1

2
ψK(~k) (1.6)

ĥψK′(~k) = ±1

2
ψK′(~k) (1.7)

This property of the electrons is responsible for a lot of interesting phenomena in
graphene, specially the Klein paradox.

Properties of graphene

It is difficult to enumerate all the properties that graphene has [19, 20, 33], here are highlight
only some of the more relevant electronic properties[7].

One of them is that the electronic transport in graphene is remarkably more efficient
than in any other semiconductor. The electron mobilities in graphene at ambient condi-
tions range from 20000 cm2/Vs [2, 3], in strong doped regime, up to 200000 cm2/Vs being
limited by the interactions with flexural phonons [34]. These numbers are orders of magni-
tude bigger than the typical values of semiconductors like Si or GaAs, whose mobilities at
room temperature are 1900 and 8800 cm2/Vs, respectively. Besides, at low temperatures
and eliminating possible scattering sources(mainly impurities and defects concentration),
mobilities of 106cm2/Vs has been achieved[20]. Consequently, the mean-free path of the
electrons in graphene is on the order of one micrometre.

One of the main reason of these exceptional transport properties, are close related
to the Dirac-like electron dispersion in graphene due to chiral tunnelling, which stablish
that relativistic particles are insensitive to a potential barrier (see Fig. 1.5.(c)), because
the pseudospin is preserved[32]. An incoming electron into the barrier with a well defined
pseudospin only could be scattered to an state of the same branch and with the same
pseudospin. Preserving the energy and momentum, the only possible scattering is to the
left-moving holes inside the barrier. Notice that the relation between the velocity and the
momentum are reversed for electron and holes, in this manner, in order to preserve the
momentum in the frontier, the velocity of the carrier has to be inverted. In this way, owing
to this perfect match between electron and hole in the boundary, the transmission is the
unit.

Other fundamental electronic property is that the quantum hall effect has been observed
in graphene[4, 5], even at room temperatures[35]. Indeed, like the electron in graphene
behaves as relativistic massless fermions, the quantized value of the Hall conductance are
shifted by 1

2
.
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1.1.3 Graphene based structures

Carbon Nanotubes

A carbon nanotube (CNT)[36], as we mentioned at the beginning of the chapter, is an
1D allotropic form of carbon, that can be thought as a folded graphene layer in a given
direction. First evidences where found in the 70’s and 80’s but with a lack of characterization
[36]. It was in 1991 when S. Ijima sensitized and fully characterized these structures by
HRTEM[37].

Carbon nanotubes can be prepared using different techniques, originally by the arc
discharge in graphitic electrodes. Furthermore others efficient and defect-free techniques
have been developed. The chemical vapour deposition (CVD)[38] is the most widely used,
it consist in the growth of the carbon nanotubes in a reactor chamber, where two gases are
blended: a process gas and a carbon-containing gas. The reaction is catalysed by metallic
particles, typically, nickel or cobalt.

Figure 1.6: a) Diagram of the crystallographic directions that define a carbon nanotube, the
chiral vector ~Ch and the translation vector ~T . (extracted from Wikipedia) b) Representation of
a (n,0)-CNT with n=20. This type of CNT is known as armchair. c) Representation of a (n,n)
CNT with n = 15, these family of CNT are called zigzag.

The unit cell of a carbon nanotube is described by two vectors: ~Ch, the chiral vector
and ~T , the translation vector. The chiral vector, ~Ch = n~a1 +m~a2, is a lattice vector of the
graphene plane that connects two equivalent points corresponding to the circumference of
the nanotube. The translation vector, ~T = t1~a1 + t2~a2, is the lattice vector in the plane of
graphene that defines the periodic grow direction of the nanotube. These two vectors are
illustrates in Fig. 1.6.(a). The vector ~T is constructed as the minimal lattice vector that
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joins the origin point with an equivalent atom in the crystal and it is perpendicular to ~Ch.
The coefficient t1 and t2 can be written in terms of n and m as

t1 =
2m+ n

dR
t2 = −2n+m

dR
(1.8)

with, dR = gcm {2n+m, 2m+ n}. Thus, the unit cell of a carbon nanotube is fully
determined by the pair of indexes (n,m).

The electronic properties of these materials are very sensitive to the way they are fold.
Carbon nanotubes can be classified as metallic if n = m, small gap semiconductor if
n−m = 3j, with j an integer, and the rest of possibilities as semiconductors. Furthermore,
the semiconductor gap is inversely proportional to the radius of the nanotube. We illustrate
this behaviour in Fig. 1.7, showing the band structure for an armchair nanotube (n = m),
a zigzag nanotube (m = 0) and a chiral nanotube (n 6= m).

Figure 1.7: Band structure for different carbon nanotubes computed with multi-orbital tight-
binding. It is possible to appreciate the different electronic properties depending on the chiral
vector ~Ch. a) metallic (15,15)-CNT. b) Semiconducting (23,0) CNT and c) Metallic (24,0)-CNT.

The band structure of carbon nanotubes can be obtained by band-folding from the
graphene band structure. The crystal momentum in that direction is quantized because
of the finite size of the system, along the chiral direction. So, each band of the carbon
nanotube corresponds to the projection of all the subbands in the quantized momentum
direction. The small band gap semiconductor nanotubes do not follow completely this
picture. As consequence of the curvature, the π and σ orbitals interact originating the
small energy gap[39]. This coupling is particularly important when we consider the spin-
orbit interaction, that produces an enhancement of its effects on the band structure.

Graphene nanoribbons

Graphene nanoribbons[40] are 1D nanostructures made cutting 2D graphene in a given
direction. They are desired objects for nanoelectronics due to their capability to tune its
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electronic properties, and also its magnetic ordering of the edges[41]. Depending on the

crystallographic direction ~T = n~a1 +m~ae in which the graphene is cut, it will have different
kind of edges, that have been illustrated in Fig. 1.8. It is possible to classify the edges
in three types: zigzag (ZZ), if n or m is equal to zero, armchair (AC), if n = m, and
the rest of combination are called chiral. The chemistry of the edges is not simple, they
have dangling bonds that have to be saturated. In certain conditions, the edges undergo
reconstructions to saturate the dangling bonds of carbon[13, 42, 43]. All these phenomena
alter the electronic structure at the Fermi level.

Figure 1.8: a) Diagram illustrating the classification of the three different graphene edges:
Armchair, with ~T = ~a1 + ~a2, zigzag with ~T = ~a1 and chiral, been the translation vector in this
case ~T = ~a1+5 ~a2. b) STM image of a graphene ribbon obtained by unzipping a CNT and etched
with hydrogen plasma, where is possible to observe the three types of edges. Image extracted
from Ref. [44]

Several routes have been proven to build graphene nanoribbons, such as, plasma etching
[45], nanolithography[46] and sonochemical[47], but none of them are able to achieve
perfect crystalline structures with well-defined edges. The breakthrough came when it was
possible to create nanoribbons from carbon nanotubes by chemically unzipping[48] or by
electron plasma etching[49], with these methods, it became possible to produce ribbons with
different widths (10-20nm) and well defined edges. These unzipped carbon nanotubes were
characterized by scanning tunneling microscopy showing the smoothness of their edges[50].
It was impossible to properly determine the edge termination that it is suspected to be
contaminated by functional groups used in the unzipping procedure. In order to eliminate
this possible contamination and be able to control the edge termination, Xiaowei Zhang et
al.[44] treated the chemically unzipped carbon nanotube by hydrogen plasma etching. The
result of this treatment, was a ribbon without a well defined long crystal orientation but
hydrogen terminated. Nevertheless, there is a promising alternative route from the bottom-
up approach[51], based on the surface-assisted polymerization of a molecular precursor,
treated for the graphenitization which create thin ribbons of few atoms width.

As well as the carbon nanotubes, the energy spectrum of graphene ribbons depends on
the crystallographic direction in which it is cut. However, the band structure of graphene
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ribbons can not be fully deducted from the band folding, because of the presence of edge
states. Instead, it is necessary to use a single tight-binding model[40] or k · p theory[52]
solving the Dirac equation in a ribbon geometry to obtain the general trends of the band
structure.

Moreover, in the case of a zigzag and chiral edges, non-trivial zero energy states appears
for wavevectors in the region 2π

3
< |k| < π. They correspond to states localized in the

edges that decay exponentially into the bulk. This edge states also exist in chiral ribbon
but in smaller region of the Brillouin zone[53]. Finally, for the armchair edges, the band
folding can be applied, thus, we have metallic behaviour if the width is N = 3m−1, where
m is an integer, otherwise are semiconducting.

Graphane

A different method to create 2D crystals is modify chemically those that already exist.
This alternative route was proposed by Jorge O. Sofo et al. in 2007[54]. They studied
the stability of hydrogenated graphene, where the atoms are covalently bonded to the
carbon atoms of graphene, they called to this new material graphane. The most stable
configuration consists in one hydrogen atom per carbon site, alternating its position in the
graphene plane, as it is shown Fig. 1.9. (a) and (b). The hydrogen pulls the carbon atoms
creating a buckled structure, because the covalent bonds of the carbon atoms change the
hybridization from sp2 to sp3. Thus, the π bands disappear giving rise to a large band gap
at the Γ point of 3eV approximately. Fig. 1.9.(c) shows the band structure computed with
a multi-orbital tight-binding method. It can be shown that the conduction band at the Γ
point is made of the pz orbital of carbon and s orbital of the hydrogen. While the valence
band is double degenerate and are made of the px and py orbitals of carbon.

Figure 1.9: a) Lateral and top view of the atomic structure of graphene. The carbon atoms
are pulled out of the graphene plane due to the sp3 hybridization with the Hydrogen. This crystal
preserves the hexagonal symmetry. b) Band structure of graphene computed with four orbital
tight-binding. Notice that the presence of hydrogen opens an energy at the K point.
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Some years later, D. C. Elias et al. were able to hydrogenate graphene[55]. They
found that exposing graphene to a cold hydrogen plasma, the electronic properties change
drastically to those of an insulator. Furthermore, they characterized the system by Raman
spectroscopy and TEM, finding the presence of hydrogen in the graphene sample, and the
preservation of the hexagonal symmetry with a small change in the lattice parameter. All
the changes, electronic and structural, are reversible by annealing the sample.

1.2 Topological Insulators

Matter can be organized by phases that shares some common properties. We can un-
derstand the phases in terms of broken symmetries, within the Landau theory of second
order transitions[56], where a disordered phase with high symmetry pass continuously to a
ordered phase with a lower symmetry state. Both phases are described by an order param-
eter, which quantify the strength and character of the spontaneous broken symmetry. One
example of these transitions is a Heisenberg ferromagnet, whose order parameter is the net
magnetization, ~M . In the disordered paramagnetic phase, where the net magnetization is
zero, the system have an spin rotational O(3) symmetry, but in the ordered ferromagnetic
phase this symmetry is reduced to rotational O(2) symmetry around the magnetization
axis.

This paradigm changed in the 80’s with the discovery of the Quantum Hall phase
(QH)[57]. This quantum state could not be explained with any spontaneous broken sym-
metry, and it was necessary a different classification which introduced the concept of topo-
logical ordered phases[58]. These phases are characterized by its insulating nature, but
with presence of metallic states in the boundary with other non-topological phase. In these
topological phases, some fundamental properties are robust under a continuous change in
the material parameters without going trough a quantum phase transition. In the case of
the QH phase, this property is the quantized Hall conductivity.

In this context, the topological insulators have emerge as a new quantum phase of
matter, characterized by Z2 topological numbers[59–62]. Unlike Quantum Hall phase,
topological insulators can be found in both 2D and 3D systems [63]. Normally, the two
dimensional version is know as quantum spin hall insulators (QSHI). In general, topological
insulators are systems with an energy gap strongly influenced by the spin-orbit interaction,
but have metallic helical edge or surface states. The metallic states are Kramers’ pairs
protected against backscattering by time reversal symmetry. This new phase of matter
was first propose in two dimensional materials, in graphene by C.L. Kane and E. Mele in
2005 [59, 60], and HgTe− CdTe quantum wells B.A. Bernevig and S.C Zhang in 2006[62].
The experimental observation was in the quantum well systems in 2007 by konig et al.[64]
Shortly after, in 2007, Fu,Kane and Mele [63] and Moore and Balents [61] independently,
generalized the concept of TI to 3D systems. Since then, several system has been observed
such as Bi1−xSbX [65, 66], and the Bi2Te3, Bi2Se3[67, 68], and the search goes on[69, 70].
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1.2.1 The Quantum Hall phase

The Hall effects are a set of phenomena of different origins that share in common that all
of them are manifested in the edges of the materials. The name came from Edwin Hall,
who in 1879 discovered the Hall effect. This effect consist in the charge accumulation at
each edges of a thin metallic plate, when a charge current I is flowing in presence of a
perpendicular magnetic field ~B. It is possible to understand this phenomena considering
the Lorentz force, which deflects the electrons from the straight path into one edge and
leaves positive charged the opposite edge. Therefore, appears a voltage difference across
the width of the plate VH . Using the Drude model of diffusive transport we can obtain the
relation between current density flowing inside the system, ~j, with the electric field:

Ex = σxxjx (1.9)

Ey = −B
ne
jx (1.10)

where, σxy = B
ne

, is the hall conductivity, with n the charge electron density and e
the electron charge. The induced electric field, Ey, produces a Hall voltage difference
VH = I

σxyt
, where t is the width of the metallic plate. Thus, in this picture, the transversal

Hall conductivity is proportional to the perpendicular magnetic field B.
A different behaviour was observed at low temperature (≈ 4K) and hight magnetic

fields (≈ 10 T). In this regime, the Hall conductivity of electrons confined into a two
dimensions is quantized. This effect, know as Integer Quantum Hall Effect (IQHE), was
discovered by K. von Klitzing, G. Dorda and M. Pepper in 1980[57]. They measured the
electronic transport of a 2 dimensional electron gas, formed in a silicon MOS (metal-oxide-
semiconductor) device, at helium temperature and strong magnetic fields of 15T. They
observed, on one hand, the Shubnikov-deHass oscillation in the longitudinal voltage, on the
other hand the found plateaus in the Hall voltage corresponding with the minimum of the
longitudinal voltage (see Fig.1.10.(a) and (b)). Recently, this effect has been also shown
at room temperatures in graphene[35].

This effect can be explained considering a two dimensional noninteracting electron gas,
in a strip geometry of size Lx and Ly (with Lx > Ly) in presence of a strong perpendicular
magnetic field. The Hamiltonian for this system reads:

H =
1

2m

(
~p+

e

c
~A
)

+ V (y) (1.11)

where ~A is the potential vector in the Landau gauge, ~A = (0, Bx, 0), and V (y) a
confining potential that takes into account the edges of the strip. If the sample is big
enough, we can neglect this potential, but it become necessary to understand the physics
of the edges. This Hamiltonian can be rewritten in the form of the quantum harmonic
oscillator

H =
p2x
2m

+
1

2
mω2

c

(
x− ~ky

mωc

)2

(1.12)
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where ωc = e| ~B|
mc

is the cyclotron frequency of the electron. The solutions of the
Schrödinger equation are the Landau levels at energies εn = ~ωc

(
n+ 1

2

)
, being n and

integer. A semiclasssical picture of this systems consists in moving electrons in quantized
orbits with the cyclotron frequency ωc, see Fig.1.10.(d). There is gap of energy ~ωc, between
each level, thus, if N levels are filled, the system can be considered as an insulator. Despite
the analogy between this insulating state and band insulator, they are topologically different.
However, in the QHP, when a longitudinal electric field, Ex, is applied, appears a transversal
current characterized by the quantized Hall conductivity σxy = n e

2

h
.

Figure 1.10: a) Hall and longitudinal resistance for graphene measured at 30mK. The quan-
tization of the Hall conductance and the Shubnikov-deHaas oscillations due to the Landau levels
are shown. b) Schematic diagram showing the DOS in a system with Landau levels and the
corresponding behaviour of the Hall resistance (−σ−1xy = Rxy). It can be observed how the Hall
resistance change a fixed value each time that the energy goes across a Landau level. This panel
is extracted from Zhang et al. (Nature 438,201 (2005)). c) Band structure of zigzag (top) and
armchair (bottom) graphene ribbons in presence of a magnetic field, B=100T. It can be appreci-
ated the formation of Landau levels and the dispersion near the boundaries that corresponds to
edge states. Image extracted from L. Brey et al (Phys. Rev. B, 73, 195408 (2006)). d) Semi
classical representation of the behaviour of the electrons in presence of high magnetic field. The
incomplete orbits at the edges cause the current-carrying edge states.

In order to compute properly this quantity, showing its robustness against different
boundary conditions, it is necessary to use the lineal response theory as Thouless, Kohmoto,
Nightingale and den Nijg (TKNN) showed in 1982 . They computed the Hall conductivity
using the Kubo formula. With this approach they demonstrated that the Hall conductivity
is quantized property[58, 71]. Therefore, the density current, jy, produced as a response to
an small electric field in the perpendicular direction, Ex, is characterized by the conductivity
σxy. In lineal response theory can be computed this quantity using the Kubo formula

σxy =
e2~
i

∑
Eα<EF<Eβ

(vy)αβ(vx)βα − (vx)αβ(vy)βα
(Eα − Eβ)2

(1.13)
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where (vx)α,β and (vy)α,β are the matrix elements of the velocity operator ~v = (−i~∇+

e ~A)/m expressed in the base of eigenstates of the Hamiltonian. The sums run over all the

u(~k)α, u(~k)β eigenstates below and above of the Fermi energy, EF , respectively. This
expression can be written as a function of the derivatives of the eigenstates as:

σxy =
ie2

2πh

∑
Eα<EF

∫
d~k

∫
d~r

(
∂u(~k)∗α
∂kx

∂u(~k)α
∂ky

− ∂u(~k)∗α
∂ky

∂u(~k)α
∂kx

)
(1.14)

where the integrations are over the magnetic unit cell and magnetic Brillouin zone.

Defining the Berry’s connection, ~A = i
∑N

α 〈u(~k)α|∇~k|u(~k)α〉, the conductivity can be

expressed as an integral of the Berry’s curvature[72], ~∇× ~A, like

σxy =
e2

h

1

2π

∫
d~k~∇× ~A =

e2

h
n (1.15)

this expression defines the topological invariant, n, called first Chern number. This
invariant can be interpreted as the Berry’s phase acquired by the occupied states when
they are adiabatically transported around the perimeter of the Brillouin zone. This result
is important since it was the first relating a response function to a topological invariant.

The topology, in this context, is refereed to the space of equivalent Bloch Hamiltonians
H(~k) that maps the first Brillouin zone[69]. The periodical boundary conditions of a
2D Brillouin zone defines a topological surface called torus, T 2. We can assign to each
~k point of the torus a Bloch Hamiltonian H(~k) ,or equivalently, the set of N occupied

eigenstates with eigenvalues εα(~k). These states are defined up to a global phase, having
an U(N) symmetry, which defines an equivalence class in the Hilbert space. Thus, the

U(N) equivalence class of the occupied eigenstates uα(~k) parametrised by the wavevector
~k on a torus, T 2, defines a fibre bundle which is characterized by the first Chern topological
invariant, n, already introduced in eq. (1.15). On the one hand, a system with n = 0 is a
normal insulator like the normal band insulators, on the other hand, if n 6= 0 the system is
a non-trivial insulator in the QH regime. The transition between the two phases is possible
only if there is a band gap closing. This is analogous to the topological classification of a
surface in a three dimensional space, where each surface is classified by its genus, which
is the number of holes at the surface. This genus is given by the Gauss-Bonnet theorem
that states

∫
S
K(~r)d~r = 2π(2 − 2g), where K(~r) is the Gaussian curvature. Hence, two

surfaces are topologically equivalent if they have the same genus.
The topological phases are characterized by the presence of robust edge states, so, we

have to take into account finite size effects considering a system with a ribbon geometry.
Now the confining potential, V (y), in the non-periodic direction become important[73].
This term produces that the flat Landau levels disperse at the boundaries of the Brillouin
zone (see Fig.1.10.(c)). These dispersive states are well localized at the edges of the sample
moving with opposite velocities. Therefore, electrons in one side of the sample move, for
example, into the right and in the other side of the sample to the opposite velocity. For this
reason, are called chiral states (see Fig. 1.10.(d)). One electron moving in one direction can
not backscatter in the same edge, thus, the backscattering is reduced exponentially with
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the size of the system due to the localized character of the edge states. A semiclassical
interpretation for this states is consider that the electrons are describing orbits due to the
presence of strong magnetic field. At the edge of the system, there will not be enough
room to complete an orbit, thus the electrons will propagate along the edge by skipping
into the incomplete orbits like in Fig. 1.10.(d), but actually the existence of edge states has
a deeper explanation. In the boundary between a QH state and a normal insulating state,
there is a topological phase transition. Therefore, at some point in the boundary, the gap
of the topologically non-trivial states has to be closed, in order to change from one state
to the other. As a consequence, there must exist an electronic state located at the edge
where the gap passes through zero. Actually, it is possible to have more than one electronic
state in the middle of the gap, and with different velocities, however the difference in the
number of edge states with different chiralities is given by the topological nature of the
system by

NR −NL = ∆n (1.16)

where, NR is the number of states moving in one sense, NL are the number of states
moving in the opposite sense and ∆n is the difference of the topological invariant between
the two regions. This property is call the bulk-boundary correspondence[69].

1.2.2 The quantum spin Hall phase

In the same sense that a magnetic field, ~B, is necessary in order to have a topologically
non trivial Quantum Hall phase, the spin-orbit interaction is necessary to produce a new
kind of topological state where time reversal symmetry is preserved. They are known as
topological insulators (TI). This work focus in the 2D version also known as Quantum Spin
Hall insulators (QSHI).

Time reversal operation (Θ : t→ −t) is represented by the operator Θ = exp (iπSy/~)K,
where K is the complex conjugate and Sy the spin operator, this operator is antiunitary
for spin-1/2 particles (Θ2 = −1). Time reversal symmetry implies that the time reversal
operator, Θ, commutes with the Hamiltonian H ([H,Θ] = 0). Hence, Kramers’ theorem

states that both states u(~k)α and Θu(~k)α, are eigenstates of the Hamiltonian with the
same energy. These two states related by time reversal symmetry are degenerate, forming
a Kramers’ pairs. Notice that wave vector ~k and the spin ~S are odd under time reversal,
therefore, each state of the Kramers’ pair have opposite quantum numbers ~k and ~S. This
theorem reflects the trivial degeneracy of the two spin states, | ↑〉 and | ↓〉, but it is par-
ticular useful in presence of the spin-orbit coupling, where in general the spin degree of
freedom is not longer a good quantum number.

In order to find a topological classification for this systems, it is necessary to include
the constrain of time reversal symmetry on the Bloch Hamiltonian

ΘH(~k)Θ−1 = H(−~k) (1.17)

In a similar way than in the QH phase, it is necessary to classify the topology of the
classes of equivalence of the Bloch Hamiltonian, or their eigenstates uα(~k), that smoothly
deform the band structure without close the energy gap, satisfying at the same time the
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constrain (1.17). C.L. Kane and E. Mele showed that the topological invariant that classify
this topological structure is a Z2 number, taking two possible values, 0 for a trivial insulator
and 1 in the case of a topologically non trivial insulator[60].

To show the dual character of the Z2, classification, we use to the bulk-boundary
correspondence, following the simple argument in ref. [69], where M.Z. Hasan and C.L.
Kane considered the band structures of two topologically different 1D systems (Fig. 1.11).
Due to Kramers’ theorem it is only necessary to take into account half of the Brillouin zone,
−π/a < k < 0. In this figures we can observe the energy gap between the bulk valence
and conduction bands and metallic bands that correspond to edge states. In general, in any
time reversal symmetric system there are special points, Γi, called time reversal invariant
momenta (TRIM) that satisfy the relation −Γi = Γi + ~G, where ~G is a vector of the
reciprocal lattice. In 1D there are two of these points, Γi = 0 and Γi = −π/a, and due to
Kramers’ theorem in these points exists a twofold degeneracy. In general, for the rest of the
Brillouin zone, if inversion symmetry is not preserve, the spin-orbit interaction splits the spin
degeneracy. Thus, there are two possible ways to connect states at two different TRIMS,
that are illustrated in Fig.1.11. In panel (a), they are connected pairwise, where the bands
at ε(Γa) are degenerate and split along the Brillouin zone to recombine again in the ε(Γb).
The other possibility, illustrated in panel (b), where the bands starting degenerate at ε(Γa)
split into two different energy values, ε1 and ε2, in Γb. In the first situation, it is possible
to tune the Fermi level and still consider the system as an insulator. On the contrary, in
the second situation, there is no possibility to avoid to cross any band in the entire gap,
the metallic bands are connecting the top of the valence bands with the bottom of the
conduction bands. Notice that the number of Kramers pairs, Nk, in the gap are different
for each situation as well. While in the first situation Nk is even, in the second case is odd.
The number of Kramers’ pairs with the change of the topological number is related by the
bulk-boundary correspondence

Nk = δν mod 2 (1.18)

Hence, if the number of Kramers pairs is even, like in the first example, the system is
a trivial insulator, but if it is odd, then the system is a topological insulator.

To compute the Z2 invariant ν there are several approaches [60, 61, 65, 74, 75]. The
level of difficulty differs among them, being more simple if extra symmetries are present.
For example, if Sz is a good quantum number, it is possible to split the Hamiltonian into
two separated blocks, one for each spin projection. In this situation, we can define the
spin Chern numbers, n↑ and n↓, an analogous topological invariant of the QH phase but
defined for each spin[76]. Due to the lack of magnetic field, the total Chern number of
the system vanishes, n = n↑ + n↓ = 0, where it can be shown that n↑ = 1 and n↓ = −1
(citar Haldane anderson). However, it is possible to define the total spin Chern number,
nS ≡

∑
σ=↑,↓ σnσ = 1, which represent the spin-Hall response, a concept analogous to the

Hall response but taking into account the spin degree of freedom. In this situation, the spin
response to a presence of electric field is quantized. The topological phase persist even if
Sz is not a good quantum number, but the response is not longer quantized. The relation
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Figure 1.11: Scheme illustrating the electronic dispersion in one dimensional structures
between two TRIM’s Γa=0 and Γb = π/a. In the left panel a) the states at each TRIM are
connected pairwise, indicating a trivial topological phase. In b) each degenerate states splits into
two other degenerate state at the opposite TRIM, having an odd number of crossing bands in
the gap. This indicates that those states are topologically protected edge states. This figure is
extracted from ref. [69].

of the spin-Chern number with, ν, the Z2 invariant, is given by

ν = nσ mod2 (1.19)

Other powerful possibility to compute the Z2 number for both 2D and 3D systems
requires inversion symmetry. Fu and Mele showed that it is only necessary to know the
parity eigenvalues, ξm(Γi), of the N occupied eigenstates of the Bloch Hamiltonian at the
TRIM points[65]. In 2D there are four different TRIM points, while in 3D, there are eight.
Notice that each Kramers’ pair have the same parity eigenvalue, ξ2m(Γi) = ξ2m−1(Γi), then
we only to take into account just one of the two, for example, ξ2m(Γi). Thus ν is defined
by

(−1)ν =
∏
i

N∏
m=1

ξ2m(Γi) (1.20)

In analogy with QH phase, the topological insulators also have edge or surface states
in the boundary between two different topological phases. These states are helical i.e. the
momentum of the electron and the spin degree of freedom are locked (see Fig.1.12.(c)).
The metallic band that correspond to a single Kramers’ pair in a QSH system is symmetric
under the transformation k to −k. Thus, the slope of each band has opposite sings at
the time reversal region of the Brillouin zone. This means that each Kramer state of a
Kramers’ pair moves with opposite velocity. Furthermore, like they are related by time
reversal symmetry, they are orthonormal, therefore inter-edge elastic backscattering by a
non-magnetic disorder is forbidden. This effect is dramatic in 2D topological insulators
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because, due to the suppression of backscattering, the spin-filtered edge states behave like
a single and robust conducting channel.

The Quantum Spin Hall phase in graphene

The Hamiltonian has to preserved the crystal symmetries, then the explicit expression that
includes SOC in the graphene Hamiltonian has to preserve the C6v symmetry. C. L. Kane
ane E. Mele [59] showed that the only possible term of the SOC in graphene at the K point
is:

HKM = ∆SOσzτzsz (1.21)

where σ,τ and s are the Pauli matrices representing the psudospin, valley and spin
degrees of freedom of graphene. Notice that this interaction preserves sz, therefore the
Hamiltonian can be divided in two blocks, one per spin. The Kane-Mele (KM) model is
mathematically equivalent to 2 copies of the Haldane model, one for each spin. In this
model, Haldane found the presence of QH phase in a honeycomb lattice with magnetic
field, but without a net flux in the unit cell[77]. Therefore, in graphene, the SOC plays
the role of the magnetic field, pointing in different orientations for each spin and creating
different spin responses.

To understand the topological nature of this system, it is important to note that the
energy gap given by the SOC, has opposite sings at each Dirac point for a fixed spin
orientation. This is illustrated in Fig. 1.12.(b) where, there is a band inversion between
K and K ′, introducing the non-trivial topology of the graphene band structure. The bulk-
boundary conrrespondence ensures the existence of spin-filtered edge states crossing the
band gap and connecting the valence bands with the conduction bands (Fig. 1.12(a) and
(c)). In the original work of Kane-Mele they showed the existence of this states studying
graphene zigzag ribbon. They used a single orbital tight-binding including a complex second
neighbour hopping that preserves spin, analogous to the one introduced by Haldane.

ĤKM =
2i√

3
tKM

∑
<<i,j>>

c†i~σ ·
(
~dkj × ~dik

)
cj (1.22)

where ~σ are the Pauli matrices, c†i and ci the creation and anhilation operators in site

i, respectively, ~dij is the vector pointing from site j to site i and tKM the strength of the
couplings. The summation is over all the second neighbours site of a carbon atom.

However, the SOC in graphene is very weak and the corresponding energy gap negligible,
of the order of µeV. There are theoretical proposals to enhance the SOC graphene. C. Weeks
et al. predicted a large increase of the energy gap in graphene, by depositing heavy adatoms
in the surface of graphene[78]. The effect of heavy atoms, usually Tl or In, is mediate the
SOC interaction between electrons. Nevertheless, these theoretical predictions remain to
be confirmed, or even tried, at the laboratory.

Other two dimensional crystals have been reported to present the QSH phase such
as few layers of antimony, silicene or a decorated layer of tin [79–81], but they present
two disadvantages: First, the SOC is stronger than graphene but still weak to have a
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Figure 1.12: a) Top: Band structure of a zigzag ribbon computed with a single-orbital tight-
binding model including the Kane-Mele spin-orbit coupling. Notice that the flat bands disperse
connecting the bands of both Dirac points. Bottom: Charge and spin density computed for the
valence band along the ribbon width as a function of the momentum k. Blue and red correspond to
spin up and down respectively. b) Scheme illustrating the gap inversion for each spin in graphene.
c) Illustration of topological protected channels in a graphene ribbon.

robust topological phase. Second, they are difficult to fabricate. On the other hand, a
single layer of Bismuth (111) was predicted by S. Murakami to present the QSH phase[82].
Signatures for the topological phase of Bi(111) has been tested in this material by different
techniques[83–85]. In chapter 5, it will be shown the most robust test to the existence of
this phase, the two terminal conductance quantization. The growth of this material has
been elusive but recently a single layer of Bi(111) was grown on top of Bi2Te3. Currently,
there are attempts to chemically isolate a single layer of Bismuth, giving to this material a
promising perspective[86].

1.3 Spintronics

Spintronics is an emergent branch of science where condensed matter, material science and
nanotechnology merge[87–89]. The fundamental issue that spintronics pursue is the ability
of manipulate the spin degree of freedom in a solid-state systems, specially using conducting
electron in a system, incorporating new quantum phenomena into electronics. Thus, in this
context the spin physics plays an essential role in order to understand the relation of the
spin of the electrons in a solid with its environment. Here, we refer to spin for both, the
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total magnetization of a electron spin ensemble and the single spin of a quantum system
like Nitrogen Vacancies in diamond[90, 91].

The most common application of the spin is codify information due to its binary nature.
The magnetization can be interpreted in a binary code by, |1〉, if it is parallel to a given axis,
or |0〉, if it is antiparallel. This way to codify information in bits is used in hard drive disks
using ferromagnetic materials. In the quantum limit the state of an spin, |α〉, is a coherent
superposition of both possibilities, |α〉 = a|0〉 + b|1〉, with |a|2 + |b|2 = 1. Therefore, the
concept of bit is extended to the quantum bit, qubit, where the information is not only
limited to two values but infinite entries. The realization of such qubit is the first step
toward the quantum computing.

In order to develop an spintronic device[87] it is necessary to have full control on the
spin of the device, i.e., first, be able of create and manipulate the spin of the system in
a desired orientation, in second place, have the capacity of transport the spin state of the
system along distances and time and third, detect the state of the system.

To create the spin magnetization in a solid, we need to create a net spin polarized
current flowing into the system. An usual technique is injecting electrons from a ferromag-
netic material[87], or creating spin current by spin transfer torque produced by unpolarized
electrons going through a ferromagnetic layer[92].

The initial spin state have to retain the information encoded and travel without lose it.
The magnetization created in a non magnetic system by injecting spin polarized electrons,
that are out of the equilibrium, tends to thermalized by interaction with their environment.
The mechanisms that produces this spin relaxation are explained in the following section.

Finally, it is necessary to read out the spin state of the system after the spin manipula-
tion or transport by transforming the spin state in a different measurable signal, typically
electrical current. The Silsbee-Johnson spin-charge coupling describe the production of
the existence of an electromotive force in the juntion of a ferromagnet and a magnetized
nonmagnetic conductor[88]. Alternative approaches without using ferromagnetic materials
are currently in development[93].

Spintronics it is not only a search for new application but for new fundamental phenom-
ena in condensed matter physics[89]. A clear example is the discovery of the Spin Hall effect
and the Quantum Spin Hall (QSH) effect. Therefore, the search for new materials and phe-
nomena are the fuel for the quick development of the field. For this reason, graphene has
bring a great attention into this field. On one hand, the theoretical prediction of the QSHP
and the low effective SOC, have given rise to great expectations for spintronic applications.
On the other hand, graphene introduce two new degrees of freedom, sublattice and valley,
which can also be used to electronic purposes, creating the concept of pseudospintronics
or valletronics[94].

Therefore, graphene is a perfect candidate for spin transport application due to its weak
SOC and negligible hyperfine interaction. The spin injection and read out has been achieved.
But experimental measurements of the spin relaxation have obtained times much smaller
than those predicted theoretically[95]. It is necessary to understand which mechanism
produce such smaller times in order to develop graphene spintronics. We deal with this
problem in chapter 6, considering the intrinsic mechanisms that produce spin relaxation in
graphene.
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1.3.1 Spin relaxation

The electrons travelling in the solid suffer interactions that can change their spin state. The
most common spin interactions in solids are: the spin-orbit coupling, which couples the spin-
degree of freedom with the orbital momentum of the electron, the hyperfine interaction that
couples the spin of the electron with the nuclear spin of the lattice ions, and the coupling
with the spin of other charge carrier in the solid. Deal with all these interaction is a difficult
task, but the combined effect of all of them can be seen as an effective time dependent
magnetic field ~B = Bx(t)~i+By(t)~j +Bz

0
~k. Thus, the evolution of the spin polarization of

an ensemble of electrons in a crystal is modelled by the Bloch equations. They describes the
dynamics (precession, decay and diffusion) of the total magnetization, ~M , of an ensemble
of electrons.

∂Mx

∂t
= γ( ~M × ~B)x −

Mx

T2
+D∇2Mx (1.23)

∂My

∂t
= γ( ~M × ~B)y −

My

T2
+D∇2My (1.24)

∂Mz

∂t
= γ( ~M × ~B)z −

Mz −M0
z

T1
+D∇2Mz (1.25)

With γ = µBg~, where µB is the Bohr magneton, g the landé factor and D is the
diffusion coefficient. M z

0 is the thermal equilibrium value of the magnetization in presence
of the time independent magnetic field in the ẑ direction, B0. These equations introduce
two time scales, T1 and T2. The former, called spin relaxation time is the time required
to recover the equilibrium magnetization of en electron ensemble. (It can be seen as the
time in which the spins relax from an excited state to their equilibrium by transferring
energy into the environment). T2 is the time that needs the ensemble of spins to lost their
coherent precessing phase due to the fluctuating transversal magnetic field. In the limit
of a single spin, this equations with subtle differences also explain the spin dynamics. For
small magnetic fields, both spin relaxation and dephasing times are equal, T1 = T2, and
normally they are named equal, τs, spin relaxation time[87].

Spin relaxation mechanism

The Bloch equations describe phenomenologically the spin dynamics of an ensemble of
electrons. To understand how the spin dynamics works, it is necessary to describe the
spin relaxation mechanisms from a microscopic point of view. There are four important
mechanism: The Elliot-Yafet[96, 97] and D’yakonov-Perel’[98], produce by the SOC, Bir-
Aronov-Pikus[99] produced by the exchange interaction between electrons and holes, and
the hyperfine interaction[100]. Here we describe the first two mechanisms that are the most
common.

Elliot-Yafet In presence of SOC, the solutions to the Schrödinger equation are not
eigenstate of the spin operators Ŝ and Ŝz. Thus the eigenstates ψα of the Hamiltonian is
a combination of both spin orientations, | ↑〉 and | ↓〉.
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Figure 1.13: a) Illustration of the Elliot-Yafet mechanism. The electron suffers different
scattering events with impurities, boundaries or phonons. At each scattering event, there is a
finite probability to flip spin. Eventually the spin would flip after several collisions. b) Illustration
of the D’yakonov-Perel mechanism. The electron spin precess in the effective magnetic field
created by the SOC. This magnetic field depend on the electron momentum ~k, thus, at each
scattering event the precession direction and frequency changes randomly.

ψ~kν⇑(~r) =
{
a~kν(~r)| ↓〉+ b~kν(~r)| ↑〉

}
ei
~k·~r (1.26)

ψ~kν⇓(~r) =
{
a∗−~kν(~r)| ↓〉 − b

∗
−~kν(~r)| ↑〉

}
ei
~k·~r (1.27)

with |a| � |b|. Because the SOC splitting is much smaller than the energy band
separation it is possible to estimate by first order perturbation theory the value of b

|b| ≈ λ

∆E
(1.28)

where ∆E is the energy difference between the unperturbed bands that are coupled by
the spin-orbit term. Because the electronic crystal states are a superposition of both spinor
parts, any inelastic scattering event that drives an electron with momentum ~k to another
momentum k′ have a finite probability to flip spin, see Fig. 1.13.(a). Thus, an electron
moving in a crystal suffering multiple scattering processes eventually will flip spin. The
total magnetization of an spin ensemble decreases due to the contribution of each electron,
then, the more scattering events the more probable is that the spin relaxes. Keeping this in
mind, it is possible to deduce the relation between the spin relaxation time and the typical
time between collisions, the momentum relaxation time τp [87].

1

τs
∝ 1

τp
(1.29)

D’yakonov-Perel’ In presence of SOC, the spin degree of freedom is not longer a good
quantum number. A direct consequence is that in systems without inversion symmetry, i.e.
the systems that do not remain identical under the transformation ~r → −~r , the spin
degeneracy if removed

εs(~k) 6= ε−s(~k) (1.30)
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This momentum dependent spin splitting can be described by an effective magnetic,
~B(~k), that produces a Zeeman like splitting depending on the electron wave vector. The

magnetic field produces a spin precession with Larmor frequency ~Ω(~k) = (e/m) ~B(~k) de-
scribed by the Hamiltonian

H(~k) = ~s · ~Ω(~k) (1.31)

Therefore, an electron travelling in a crystal with a wave vector, ~k, will suffer an spin
precession dictated by 1.31 that change the initial spin states (see Fig.1.13.(b)). The
movement of the electron in a solid is similar to a random walk, due to the scattering with
different sources (impurities, phonons, frontiers). The electron crystal momentum changes
after each collision, and, therefore, the spin precession frequency. The explicit expression
for Ω(~k) depends of the particular system. The total magnetization of an ensemble of
moving electrons is described by different random scattered electrons, which originally were
moving in phase but due to the different scattering paths dephase one from each other.
Consider the limit case where the time between collisions is much shorter that the precession
time, then the spin is not able to complete a single loop. Thus, the spin rotates a phase
∆φ = τsΩav between collisions. After certain time t, an electron suffers in average, t/τs
scattering events, and the spin of each electron has acquired an average phase φ(t) =
∆φ
√
t/τs. Hence, assuming the dephasing time τs as the time at which the phase is the

unity φ(t = τs) = 1, it is possible to deduce from the motional narrowing of the average
phase the relation between both time scales, 1/τs = Ω2

avτp. With this simple approximation
we estimate the relation between the spin relaxation time and the momentum relaxation
time

1

τs
∝ τp (1.32)

The spin relaxation time of the electron due to random scattering events decrease with
the number of scattering event.
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2
Methodology

2.1 Introduction

In order to study the properties of solids from a quantum mechanical point of view, it is
necessary to solve first the Schrödinger equation: Ĥ|α〉 = Eα|α〉, with Ĥ = T̂ + V̂ , where
T̂ is the Kinetic energy, and V̂ the potential energy for all the particles of the system.
Thus, the degrees of freedom of this problem are the positions and momentums of all
the particles. Considering a system with N atoms with Z electron per atom, we have
3N + Z · 3N variables describing only the position of the particles. Thus, for a relatively
high N, it becomes impossible to solve the Schrödinger equation. This is known as the
exponential wall [101]. Hence, to obtain the quantum state of the system is necessary
either to perform an approximation to simplify the problem or change the paradigm of how
to solve it.

The density functional theory (DFT) was a great improvement for electronic structure
calculations, it changed the paradigm to get the energies and states of a quantum mechan-
ical system[101]. It established that the fundamental energy state of an electronic system
is a functional of the density, n(~r) =

∫
Ψ∗(~r, {~ri})Ψ(~r, {~ri}){d~ri}, where Ψ(~r, {~ri}) is the

many-body wave function of the electronic system. This reduces the problem of Z · 3N
variable to one with only 3. All ab-initio calculations are based in this theory, nevertheless,
despite these calculations are very accurate, they are still expensive. This restricts the
computation time and the size of the systems that can be studied.

The other possibility, where some sort of approximations are needed, become more
efficient but less accurate. Tight-binding establishes a compromise between these two
concepts using a parametrization of the Hamiltonian. This method is based in a series of
approximations that include: span the Hilbert space in a localized orbital basis set, and
avoid the many-body interaction parametrizing the Hamiltonian. It has been shown that
this method is specially useful in systems where the electrons are tightly bound to the
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atoms.

Furthermore, tight-binding method is specially relevant in the study of nanoscopic sys-
tems. At these scales, the number of atoms involved are relatively high, making the tech-
niques based on DFT inefficient. In addition, in the tight-binding method is straightforward
to include interactions such as spin-orbit coupling, magnetic and electric fields and so on.
Therefore, if the tight-binding parametrization is well fitted to experiments or ab-initio cal-
culations, it is possible to get results within a good grade of accuracy. However, to get
the exact tight-binging parametrization is not always possible, and requires a big effort.
In the case of carbon[36, 102] or bismuth[103], tight-binding parameters are well known,
but there are other materials such as MoS2 where still there is none good tight-binding
description[104].

The research that I have developed during this work and most of the results has been
based mainly in this technique. To achieve this goal, I have developed a code to compute the
electronic structure base of self-consistent tight-binding method call SKA. In this chapter
we explain the tight-binding methodology implemented in this code.

One powerful application of the tight-binding formalism is to compute electronic quan-
tum transport within the coherent transport approximation i.e. no inelastic events. Lan-
dauer formalism and the partitioning scheme require a localized representation of the elec-
tronic structure. We have seen that tight-binding is very efficient dealing with big systems.
Therefore, with both methodologies it is possible to explore the electronic transport in a
great number of systems. In this thesis, we have compute the electronic transport through
quantum spin hall insulators (QSHI), combining the tight-binding method and Landauer
formalism. All these transport calculations have been done using the code ANT.1D, de-
veloped by David Jacob[105], within the ANT package.[106]

2.2 Electronic structure in the tight-binding approxi-
mation

2.2.1 From many-body to single-particle

The full Hamiltonian for a set of electrons and atoms in a solid is

Ĥ = −
P∑
I=1

~2

2MI

∇2
I −

N∑
i=1

~2

2m
∇2
i +

e2

2

P∑
I

∑
J 6=I

ZIZJ
|~τI − ~τJ |

+

+
e2

2

N∑
i=1

N∑
j 6=i

1

|~ri − ~rj|
− e2

P∑
I=1

N∑
i=1

Zi
|~τI − ~ri|

(2.1)

where the capital letters indexes run over the atomic nuclei, an the low case run for the
electrons. The first two terms are the kinetic energy for the nuclei and electrons, T̂N and
T̂e, respectively. The third and fourth terms are the Coulomb interaction between the same
type of charge. Finally, the last term is the Coulomb interaction among the electrons and
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nuclei. Thus the many-body Schrödinger equation reads

ĤΨn(~τI , ~ri) = EnΨn(~τI , ~ri) (2.2)

where Ψn(~τI , ~ri) is the many-body wave function and En the corresponding eigenvalue.
We can separate the degrees of freedom of the electrons, ~ri, and the nuclei, ~τI considering
the adiabatic approximation. Normally, the time scale of the movement of the electrons
around the nucleus are much shorter than the time scales of the nuclei. We adopt the Born-
Oppenheimer approximation[107], and assume that the electrons follows instantaneously
the nuclei movement being in the same stationary state. Thus, in this approximation it is
possible to separate the variables with the ansatz

Ψ(~τI , ~ri) =
∑
n

Θn(~τI , t)ψ(~ri; ~τI) (2.3)

where Θn(~τI , t) are the wave functions describing the nuclei, and ψ(~ri; {~τI}) are the
electron eigenstates of the time independent Schrödinger equation for the electron

Ĥeψ(~ri; {~τI}) = εnψ(~ri; {~τI}) (2.4)

In this equation, the position of the nuclei are considered as parameters that can change
with the time. Then, the electronic Hamiltonian is

Ĥe = −
N∑
i=1

}2

2m
∇2
i +

e2

2

N∑
i=1

N∑
j 6=i

1

|~ri − ~rj|
− e2

P∑
I=1

N∑
i=1

ZI
|~τI − ~ri|

(2.5)

Therefore, with this approximation we can find the electronic contribution, εn, to the
total energy of the system. This electronic energy is orders of magnitude bigger than any
other energy contribution given by the nuclei. However, we have to elucidate the exponential
wall problem to solve equation (2.4). In this chapter, we describe the approximations made
in the tight-binding method to work out this problem.

The many-body nature of the Coulomb interaction enlarges the Hilbert space, making
the Schrödinger equation impossible to solve for large systems. To avoid this problem, we
consider an effective potential, V̂eff , which includes the electron-electron interaction in a
mean field approximation. A controlled approximation to do so is provided by Hartree and
by Local density approximation (LDA). The Tight-binding method works using this effective
potential approximation. In this way, we define an effective potential V̂ eff (~ri, ~τI) for each
electron

V̂ (~ri, ~rj, ~τI) =
e2

2

N∑
i=1

N∑
j 6=i

1

|~ri − ~rj|
− e2

P∑
I=1

N∑
i=1

ZI
|~τI − ~ri|

≈
N∑
i

V̂ eff (~ri, ~τI) (2.6)

the explicit form of this effective potential is not required because tight-binding does
not necessarily evaluate the integrals about this term. Now, we will be able to rewrite the
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many-body electronic Hamiltonian as a sum of single-particle Hamiltonians, Ĥsp.

Ĥ =
N∑
l

{
− ~2

2m
∇2
i + V̂eff (~ri, ~τI)

}
=

N∑
i

Ĥsp
i (2.7)

We can solve (2.4) taking into account that the wave function can be separated in inde-
pendent electronic wave functions, ψ(~ri, {~τI}) =

∏N
i φ(~ri, {~τI}). Thus, we have converted

the a many-body problem into N independent single-particle Schrödinger equations.

Ĥsp|α〉 = εα|α〉 (2.8)

with |α〉 a generic single-particle state.
This simplification, that also can be found in other approximations, is the starting

point of the tight-binding method. Using this approach, we are giving up the possibility
of describing correlation effects, such as Kondo effect or electronic instabilities such the
ferromagnetic or antiferromagnetic phases. However, this method is appropriate to describe
band-effects, including the topological nature of the quantum spin hall phase.

2.2.2 Basis set. Linear Combination of Atomic orbitals

In order to solve the single-particle Schrödinger equation, we need to find a suitable basis
set to represent the Hamiltonian operator. Tight-binding uses localized orbitals, that we
denote by |a, o〉, as basis set for the Hilbert space. The indexes, a and o, label the atomic
site and the orbital respectively. The most common choice for this orbitals are the s,p,d
and f atomic orbitals. The representation of these states in the position space is given by
|a, o〉 =

∫
d~r|~r〉〈~r|i, o〉, with 〈~r|a, o〉 = φo(~r− ~τa) = Ra

o(r)Yo(θ, ϕ), the wave function with
R(r) a radial function and Yo(θ, ϕ) the real spherical harmonics[108].

This basis set is formed by a linear combination of the complex orbital, |l,m〉, that

are eigenstates of ~L2 and Lz. Here l = 1, ..., n and m = −l, ..., 0, ...l are the orbital and
magnetic quantum numbers. The angular part of the wave function is given by the complex
spherical harmonics, Yl,m(θ, ϕ). The relation between both orbitals basis sets is given in the
table (2.1). In some occasions is useful to work in the basis set of complex orbitals, specially
to perform rotations or evaluate some interactions like spin-orbit or Stark interaction.

Essentially, in this approximation, we are assuming that the inter-atomic couplings are
weaker than the intra-atomic energy scales, so that the atomic orbital basis is not too
distorted, and remains a good basis set.

We illustrate these assumptions in the case of an Hydrogen molecule. In Fig. 2.1, we
simplified the atomic potentials by square quantum well. In panel (a), we have considered
two separated Hydrogen atoms. Both have a well defined atomic states at ε0 energy ,
|s1〉 and |s2〉, respectively. In panel (b), we place the atoms one next to each other. In
this situation, the wave functions of the electrons on each atom overlap with the potential
created by the neighbour atom, contributing to the energy an amount t. The degeneracy
at ε0 is split due to this interaction. The new levels form a pair bonding-antibonding states
at energies ε1 = ε0− t and ε2 = ε0 + t. Each state can be constructed as a combination of
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|o〉 |l,m〉
l = 0 |s〉 |0, 0〉
l = 1 |px〉 1√

2
(−|1, 1〉+ |1,−1〉)

|py〉 i√
2

(|1, 1〉+ |1,−1〉)
|pz〉 |1, 0〉

l = 2 |dxy〉 i√
2

(−|2, 2〉+ |2,−2〉)
|dyz〉 i√

2
(|2, 1〉+ |2,−1〉)

|dxz〉 1√
2

(−|2, 1〉+ |2,−1〉)
|dx2−y2〉 1√

2
(|2, 2〉+ |2,−2〉)

|dz2〉 |2, 0〉

Table 2.1: Real orbitals, |o〉, expressed as linear combinations of complex orbitals |l,m〉.
These relation transforms the angular part of the wave function of the orbitals from complex to
real spherical harmonics. The radial part of the wave function, R(r) remain identical in both
representations.

the local atomic orbital. Thus, the molecular orbital that explain the bond in the Hydrogen
molecule is a combination of both |s〉 orbitals (see panel c).

The number of atomic orbitals per atom that we include in the basis depend of the
energy range in which we are interested. Usually, it is enough to consider the valence
orbital of each atomic specie. But, it is possible, and in some instances necessary, to
extend the basis set to unoccupied orbitals in order to have more variational freedom.

Mathematical formulation

A general single-particle state, |α〉, can be spanned by the atomic orbitals

|α〉 =
∑
a,o

ca,o|a, o〉 (2.9)

Due to the finite extension of the orbitals they overlap. Thus, this basis set is, in general,
non-orthogonal. We define the overlap matrix, S = 〈a, o|a′, o′〉, as

Sao,a′o′ = 〈a, o|a′, o′〉 =

∫
φo(~r − ~τa)∗φo′(~r − ~τa′)d~r (2.10)

which is an N ×N hermitian matrix. Assuming that |a, o〉 are normalized, the diagonal
entries are equal to one, whereas the off-diagonal term are smaller.

Using the Rayleigh-Ritz variational principle, we find that the single-particle Schrödinger
equation is equivalent to the matrix equation:

H~ψ = ε S~φ (2.11)∑
a′,o′

Hao,a′o′ca′,o′ = ε
∑
a′,o′

Sao,a′o′ca′,o′ (2.12)
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Figure 2.1: Schematic representation of the tight-binding approximation for two atoms of
Hydrogen. The potential created by the protons are depicted, for simplicity, as quantum wells.

where H is the matrix representation of the single-particle Hamiltonian operator with
matrix element, Hao,a′o′ = 〈a, o|Ĥsp|a′, o′〉, and ~φ the coefficients of the expansion (2.9) in
a column vector. So, the Schrödinger equation represented in a basis set of atomic orbitals
defines a generalized eigenvalue problem.

One possible way to deal with the problem is orthogonalize the basis set and rewrite all
the operator in the new basis set |a, o〉′. This orthogonalization process consists in finding
an unitary transformation matrix, X, so that, S′ = XSX† is diagonal. There are several
methods to do that, the most common is the symmetric orthogonalization proposed by
Löwdin[109]. It uses the inverse of the square root of S as the transformation matrix,

i.e., X = S−
1
2 . Thus, the matrix elements of H and the vector of coefficients, ~φ, in the

orthogonalized basis can be written as:

H′ = S−
1
2 HS−

1
2 (2.13)

~φ′ = S−
1
2 ~φ (2.14)

In this process, the new orthogonalized basis set, |a, o〉′, loses the locality of the atomic
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orbitals, but each orbital retains the symmetry of the corresponding orbital of the old basis
set.

However, for the sake of simplicity, we can assume that the orbitals do not overlap.
This approximation is based on the fact that the off-diagonal entries are smaller that the
diagonal terms. Thus, in the orthogonal tight-binding method we assume that the overlap
matrix is the identity matrix, Sao,a′o′ = δao,a′o′ . The results of this approximation, that we
have use in this work, are qualitatively the same than those obtained including the complete
overlap matrix.

Using any of the two methods to obtain an orthogonal basis set we can reduce the
equation (2.11) into a eigenvalue problem

H~ψ = ε ~ψ (2.15)∑
a′,o′

Hao,a′o′ca′,o′ = ε ca,o (2.16)

2.2.3 Translation symmetry and Tight-binding method

Translation symmetry and Bloch Theorem

In a crystal, all the atoms are ordered in a regular and periodic fashion. Any translation
of the entire crystal by a vector of the Bravais lattice, T̂~R, leaves the system unaltered.
The potential created by nuclei in crystals is, therefore, invariant under such translations,
i.e. V̂ (~r) = V̂ (~r + ~R). Furthermore, the kinetic energy is also invariant under the lattice
translation operator, then the whole Hamiltonian is invariant.[

Ĥ, T̂~R
]

= 0 (2.17)

Therefore, both operator, Ĥ and T̂~R, have simultaneous eigenstates

Ĥ|α〉 = ε|α〉 (2.18)

T̂~R|α〉 = c|α〉 (2.19)

It is possible to show that the eigenvalue of the lattice translation operator, T̂~R, is

c = e−i
~k·~R. Where ~k is the momentum of the electron that describe the state |α〉, we use

it here as an index to label the eigenstates of T̂~R.
Expressing the eigenvalue equation (2.19) in the real vector space, and considering that

T̂~R|~r〉 = |~x− ~R〉 we obtain

〈~r|T̂~R|α〉 = 〈~r − ~R|α〉 (2.20)

〈~r|T̂~R|α〉 = e−i
~k·~R〈~r|α〉 (2.21)

(2.22)
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or equivalently

ψ(~x+ ~R) = ei
~k·~Rψ(~x) (2.23)

This result is known as Bloch theorem, and states that the wave function of the electron
on a periodic lattice is equivalent at each lattice sites, apart form the phase factor ei

~k·~R.

Tight-binding and Bloch Theorem

In this section we develop the tight-binding formalism for crystalline systems, and also we
illustrate the utility of the Bloch theorem. A crystal is determined by the unit cell, the
lattice vectors and the number of unit cells. Hence, in order to classify the atomic orbitals
of the whole crystal we need to specify three indexes: ~R, the lattice vector that determines
the unit cell in the crystal, i, the atom place in the position ~τi inside the unit cell and o, the
corresponding orbital of each atom. We label each atomic orbital with these three indices,
|~R, i, o〉. Notice that the atom index, a, is split into ~R and i indexes. The projection of

these states in the position space gives the wave function, 〈~r|~R, i, o〉 = ψo(~r − ~ti − ~R).

This wave function describe the electron in an orbital o, centred in ~τa = ~R + ~ti.
A general state, |α〉, that describes an electron in a crystal, can be expressed as the

linear combination of all the atomic orbitals of the crystal

|α〉 =
∑
~R,i,o

cαi,o(~R)|~R, i, o〉 (2.24)

Using this large basis set to solve the Shcrödinger equation in (2.15), makes the problem
unmanageable, specially for large systems, but it can be simplified by using the translation
symmetry. Using Bloch theorem we can show that the coefficients c

~R
i,o, are related to the

coefficients of a reference unit cell, ~R = ~0, by a Bloch phase factor

cαi,o(~R) = ei
~k·~Rcαi,o(~0) (2.25)

Combining (2.24) and (2.25) into the single-particle Schrödinger equation

Ĥsp|α〉 = εα|α〉 (2.26)

Ĥsp

 ∑
~R′,i′,o′

cαi′,o′(~R
′)|~R′, i′, o′〉

 = εα

 ∑
~R′′,i′′,o′′

cαi′′,o′′(~R
′′)|~R′′, i′′, o′′〉

 (2.27)

Ĥsp

 ∑
~R′,i′,o′

cαi′,o′(~0)ei
~k·~R′|~R′, i′, o′〉

 = εα

 ∑
~R′′,i′′,o′′

cαi′′,o′′(~0)ei
~k·~R′′|~R′′, i′′, o′′〉

(2.28)

(2.29)

If we project over the bra state of the basis set 〈~R, a, o| we obtain∑
~R′,i′,o′

cαi′,o′(~0)ei
~k·~R′〈~R, i, o|Ĥ|~R′, i′, o′〉 = Eαcαi′′,o′′(~0)ei

~k·~R (2.30)
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Where 〈~R, i, o|Ĥ|~R′, i′, o′〉 is the Hamiltonian matrix element between two different

atomic orbitals. Since each unit cell is equivalent to the others, we can set ~R = ~0, which,
without loss of generality can be placed in any unit cell. Hence, the Schrödinger equation
in a crystal reads: ∑

~R′,a′,o′

cαa′,o′e
i~k·~R′〈~0, a, o|Ĥ|~R′, a′, o′〉 = Eαcαa′′,o′′ (2.31)

Defining the matrix H~R = 〈~0, i, o|Ĥ|~R, i′, o′〉 that describe the coupling between differ-

ent unit cells in the crystal, and ~ψα the column vector of coefficients cαi,o, we can rewrite
the equation (2.31) in a compact form as∑

~R

ei
~k·~RH~R

 ~φα = εα ~φα (2.32)

This equation shows how powerful Bloch theorem is. We have reduced the infinity
eigenvalue problem to an infinite sum of finite matrices. The sum of matrices

∑
~R exp(i

~k ·
~R)H~R, is usually called the Bloch Hamiltonian, H(~k). Notice that the label α stands for,
~k, the wave vector, and n, the band index. Finally, the Schrödinger equation of a crystal
can be written in momentum space as:

H(~k)~φn(~k) = εn(~k)~φn(~k) (2.33)

Therefore, we can define a set of n eigenvalues at each ~k, solving equation (2.33), in
this way we can obtain the band structure of the crystal mapping the whole Brillouin zone.

2.2.4 The Slater-Koster approximation

We have observed that
In order to solve the Schrödinger equation, it is necessary to evaluate all the matrix

elements in the atomic orbitals basis set, 〈a, o|Ĥ|a′, o′〉 =
∫
ψo(~r − ~τa)∗Ĥψo(~r − ~τa′)d~r.

Tight-binding parametrizes these elements and do not compute them directly, but they
are chosen to fit experiments or ab-initio calculations. However, it is not useful to have a
theory with such amount of parameters. It is possible to reduce the number of parameters
taking into account the symmetries of the atomic orbitals. J.C. Slater and G. F. Koster[110]
showed that it is possible to reduce drastically the number of parameters neglecting the
three-center interactions. In this section we describe the Slater-Koster approximation and
give explicit expressions to evaluate the matrix elements among different atomic orbitals.

The first step in the Slater-Koster approximation is to consider the effective potential
V̂ eff as a sum of atomic potentials centred on each atom.

V eff (~r, ~τi) =
∑
i

U(~r − ~τa) (2.34)

Then, the single-particle Hamiltonian can be divided in two terms
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Ĥsp = − ~
2m
∇2 +

∑
i

U(~r − ~τa) (2.35)

=

(
− ~

2m
∇2 + U(~r − ~τa)

)
+

(∑
i 6=a

U(~r − ~τi)

)
(2.36)

= Ĥ0 + Ĥ′ (2.37)

Where, Ĥ0 is the single-particle Hamiltonian of the isolated j atom and Ĥ′ the difference
between the real potential of the crystal and the isolated atomic potential of site j. The
representation of the matrix elements of both contributions in the real vector space are

〈a, o|Ĥ0|a′, o′〉 =

∫
ψo(~r − ~τa)∗Ĥ0ψo(~r − ~τa′)d~r (2.38)

〈a, o|Ĥ′|a′, o′〉 =

∫
ψo(~r − ~τa)∗Ĥ′ψo(~r − ~τa′)d~r (2.39)

To evaluate the first equation is trivial using the Schrödinger equation

〈a, o|Ĥ0|a′, o′〉 = εa′,o′δao,a′o′ (2.40)

where εa′,o′ is the energy of the atomic orbital o′. Thus the diagonal elements of the
Hamiltonian matrix are on-site energies of the atomic orbitals, which will be considered as
parameters. These kind of therms are call one-center integrals because both, the atomic
orbitals and the potential energy, are evaluated in the same atom.

The second term of (2.37) give rise to two-center and three-center integrals.

〈a, o|Ĥ′|a′, o′〉 = v

∫
ψo(~r − ~τa)∗

∑
a′′ 6=a′

U(~r − ~τ ′′a )ψo(~r − ~τa′)d~r (2.41)

Firstly, we consider two-center integrals. We can distinguish two types. On the one
hand intra-atomic matrix elements (a = a′)

〈a, o|Ĥ′|a, o′〉 =

∫
ψo(~r − ~τa)∗

∑
a′′ 6=a′

U(~r − ~τ ′′a )ψo(~r − ~τa′)d~r (2.42)

They are two-center integrals because both orbitals are placed in the same atom a,
while the potential is evaluated in a different atom a′′ 6= a. These elements are known as
crystal field integrals, they introduce the effects of the crystal environment, and break the
degeneracy of the atomic orbitals with the same orbital quantum. In our calculations, we
neglect this kind of coupling.

On the other hand, the second type of two-center integrals are:

〈a, o|Ĥ′|a′, o′〉 =

∫
ψo(~r − ~τa)∗U(~r − ~τa)ψo(~r − ~τa′)d~r (2.43)
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These matrix elements give the probability that one electron in atom, a may jump to
other atom a′, mediated only by the atomic potential of these two atoms. This kind of
integrals are usually called hopping integrals.

Finally, the three-center integrals are those where a 6= a′ 6= a′′. They also compute the
transition amplitude of jump from a site a to a site a′ but mediated by the atomic potentials
located in different site of the lattice. Normally, these integrals are small compared with
the two-centre integrals.

Figure 2.2: Illustration of the two-center approximation. In the first panel a system with
4 atoms is displayed. The Coulomb potentials of each atoms influence in the matrix element
〈i, o|Ĥ|i′, o′〉. In the second panel, to evaluate the matrix element we neglect the rest of the
atoms (empty spheres). So, each pair of atoms defines a new quantization axis ẑ′.

In the Slater-Koster approximation, three-center integrals are neglected. Thus, in this
approximation, when we evaluate each matrix element between two different atoms, we are
considering that the rest of the atoms do interact, see Fig. 2.2. Therefore, the problem
is equivalent to consider an electron in a diatomic molecule. The vector, ~ρaa′ = ~τa′ − ~τa,
stretching from one atom to the other, defines the axis of the molecule ẑ′. Most of the
Hamiltonian matrix elements, 〈a, o|Ĥ|a′, o′〉, are zero due to symmetry, if we consider ẑ′ as
the quantization axis of the orbitals. To represent the Hamiltonian we can use both basis
sets, |a, l,m〉, complex, or, |a, o〉, real orbitals. The Slater-Koster parameters are those
matrix elements expressed in the real atomic basis set. In this way, if the ordering of the
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basis set is: s, px, py, pz, dxy, dyz, dzx, dx2−y2 , dz2 the definition of the parameters is

〈a, o|Ĥ|a′, o′〉 =



Vssσ 0 0 Vspσ 0 0 0 0 Vsdσ
0 Vppπ 0 0 0 0 Vpdπ 0 0
0 0 Vppπ 0 0 Vpdπ 0 0 0

−Vspσ 0 0 Vppσ 0 0 0 0 Vpdσ
0 0 0 0 Vddσ 0 0 0 0
0 0 −Vpdπ 0 0 Vddπ 0 0 0
0 −Vpdπ 0 0 0 0 Vddπ 0 0
0 0 0 0 0 0 0 Vddσ 0
Vspσ 0 0 −Vpdσ 0 0 0 0 Vddσ


(2.44)

The notation of the Slater-Koster parameters is Vll′m. Where l and l′ stand for the
orbital quantum numbers of the atomic orbitals involved and m magnetic quantum number
on the ẑ′ axis. The only terms different from zero are those with m = m′. Also notice, that
the sing of some Slater-Koster parameters change following the rule Vll′m = (−1)(l+l

′)Vl′lm,
due to the parity of orbitals.

In general, in solids or molecules, the orbitals are quantized in arbitrary directions.
Usually, they are referenced to a common coordinate system. Thus, in order to exploit in
this maner the Slater-Koster parametrization it is compulsory to rotate the orbitals for each
pair of atoms. We must express the arbitrary oriented orbitals into a linear combination
of orbitals oriented along the direction of the bond. It can be done rotating the reference
systems, transforming the spherical harmonics in common set axis into spherical harmonics
in the direction of the bond. A simple example of the projection of the orbital in the new
basis set is depicted in Fig. 2.4.

All these transformations were done by J.C. Slater and G. F. Koster in ref. [110] and
generalized by R.R. Sharma[111]. They expressed the hopping integrals between different
orbitals as a linear combination of the Slater-Koster parameters and using the director
cosines as coefficients. In the table are summarized these expressions for s,p and d orbitals.

In this way, the matrix elements, 〈a, o|Ĥsp|a′, o′〉, in the Slater-Koster approximation
only depend on the relative vector ~ρaa′ . The angular dependence is given by the director
cosines

l =
ρxaa′

|~ρaa′ |
m =

ρyaa′

|~ρaa′ |
n =

ρzaa′

|~ρaa′|
(2.45)

However, there are several methods to describe the distance dependence of the Slater-
Koster parameters. Generally, they have to decrease very quickly with the distance due
to the local nature of the orbitals. In our calculations, we have assumed that the model
proposed by Harrison[112]

Vll′m ∝
1

|~ρaa′ |2
(2.46)
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Hs,s Vssσ
Hs,px l Vspσ
Hpx,px l2 Vppσ + (1− l2)Vppπ
Hpx,py lm Vppσ − lmVppπ
Hpx,pz ln Vppσ − lnVppπ
Hs,dxy

√
3lm Vsdσ

Hs,dx2−y2

√
3
2

(l2 −m2) Vsdσ
Hs,dz2

[
n2 − 1

2
(l2 +m2)

]
Vsdσ

Hpx,dxy

√
3l2mVpdσ +m(1− 2l2)Vpdπ

Hpx,dyz

√
3lmnVpdσ − 2lmnVpdπ

Hpx,dzx

√
3l2nVpdσ + n(1− 2l2)Vpdπ

Hpx,dx2−y2

√
3
2
l(l2 −m2)Vpdσ + l(1− l2 +m2)Vpdπ

Hpy ,dx2−y2

√
3
2
m(l2 −m2)Vpdσ −m(1 + l2 −m2)Vpdπ

Hpz ,dx2−y2

√
3
2
n(l2 −m2)Vpdσ − n(l2 −m2)Vpdπ

Hpx,dz2
l
[
n2 − 1

2
(l2 +m2)

]
Vpdσ −

√
3ln2Vpdπ

Hpy ,dz2
m
[
n2 − 1

2
(l2 +m2)

]
Vpdσ −

√
3mn2Vpdπ

Hpz ,dz2
n
[
n2 − 1

2
(l2 +m2)

]
Vpdσ −

√
3n(l2 +m2)Vpdπ

Hdxy ,dxy 3l2m2Vddσ + (l2 +m2 − 4l2m2)Vddπ + (n2 + l2m2)Vddδ
Hdxy ,dyz 3lm2nVddσ + ln(1− 4m2)Vddπ + ln(m2 − 1)Vddδ
Hdxy ,dzx 3l2mnVddσ +mn(1− 4l2)Vddπ +mn(l2 − 1)Vddδ
Hdxy ,dx2−y2

3lm(l2−m2)
2

Vddσ + 2lm(m2 − l2)Vddπ + lm(l2−m2)
2

Vddδ

Hdyz ,dx2−y2
3mn(l2−m2)

2
Vddσ −mn [1 + 2(l2 −m2)]Vddπ +mn

[
1 + (l2−m2)

2

]
Vddδ

Hdzx,dx2−y2
3
2
nl(l2 −m2)Vddσ − nl [1− 2(l2 −m2)]Vddπ − nl

[
1− 1

2
(l2 −m2)

]
Vddδ

Hdxy ,dz2

√
3lm

[
n2 − (l2+m2)

2

]
Vddσ − 2

√
3lmn2Vddπ +

√
3
2
lm(1 + n2)Vddδ

Hdyz ,dz2

√
3mn

[
n2 − (l2+m2)

2

]
Vddσ +

√
3mn(l2 +m2 − n2)Vddπ −

√
3mn(l2+m2)

2
Vddδ

Hdzx,dz2

√
3ln
[
n2 − (l2+m2)

2

]
Vddσ +

√
3ln(l2 +m2 − n2)Vddπ −

√
3ln(l2+m2)

2
Vddδ

Hdx2−y2 ,dx2−y2
3
4
(l2 −m2)2Vddσ + [l2 +m2 − (l2 −m2)2]Vddπ +

[
n2 + 1

4
(l2 −m2)2

]
Vddδ

Hdx2−y2 ,dz2

√
3(l2−m2)[l2+m2−(l2−m2)2]

2
Vddσ +

√
3n2(m2 − l2)Vddπ +

√
3(1+n2)(l2−m2)

4
Vddδ

Hdz2 ,dz2

[
n2 − 1

2
(l2 +m2)

]2
Vddσ + 3n2(l2 +m2)Vddπ + 3

4
(l2 +m2)2Vddδ

Table 2.2: Hopping integrals for s,p and d orbitals. The hopping integrals not given in this
table can be found by cyclically permuting the director cosines. For For example,the hopping
integral Hs,y is m(spσ)
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Figure 2.3: Illustration of the hopping integrals that defines the Slater-Koster parameters.
All the orbitals are oriented in the ẑ axis. Figure extracted from E. Pavarini, E. Koch, F. Anders,
and M. Jarrell, Correlated Electrons: From Models to Materials Modeling and Simulation Vol. 2
,2012, (ISBN 978-3-89336-796-2)

This is a rude approximation that is valid for small deviations of the equilibrium positions
of the atoms, with the advantage that do not introduce more parameters in the model.
Owing to this local character of the interaction, the tight-binding method only considers the
interaction of each atom with the rest of the system. Instead, it only consider interaction
among the closest neighbouring atoms neglecting the interaction with atoms placed beyond
a certain cut-off distance.

2.2.5 Self-consistent Tight-binding

The Coulomb interaction is not included directly in the tight-binding interaction, they are
taken into account in the parametrization. This approximation fails in describe systems
where charge transfer is important, like ionic compounds. Also can produce an unrealistic
charge transfer among atoms in some systems, violating local charge neutrality (LCN)[113].
This normally occurs in the atoms of the surface with lower symmetry and coordination.
The explanation for this phenomena can be understood considering the density of states of
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Figure 2.4: Decomposition of the pz orbital in therms of p′z and p′⊥, orbitals oriented in the

axis along the bond direction. The 〈pz|Ĥ|s〉 is expressed as cos(φ)〈p′z|Ĥ|s′〉+ sin(φ)〈p′⊥|Ĥ|s′〉.
Notice that 〈p′⊥|Ĥ|s′〉 = 0 by symmetry.

a system in bulk and in the surface. The shape of DOS depends on the hopping parameters
and the number of neighbours per atom. In this way, the DOS is sharper for the surface than
for the bulk material. At a given Fermi level, that is equal for the whole system, surface and
bulk, there are a different number of occupied states in the surface and bulk. Depending
of where the Fermi level is placed, the surface could be uncharged or overcharged.

To prevent these effect and to guarantee the LCN it is necessary to include local Coulomb
interactions in the tight-binding model. A common procedure is to include a correction to
the on-site energy of all the orbital in the same atom.

Hio,io′ = ε0io,io′ + δi (2.47)

where δi is a quantity that tends to equalize the electric charge with the ionic or nuclear
charge for each atom. The simplest approximation for this energy shift is

δi = U(Qi − Zi) (2.48)

Where Zi is the nuclear charge, Qi the local electronic charge of the atom i and U is a
parameter (Hubbard U) which include the interaction among electrons in the same atom.
Thus, this term is a penalty of energy for atoms that are charged in excess or a gain in
energy for those that are uncharged.

We can compute Qi in the tight-binding method from the eigenstates of the Hamilto-
nian. Writing the eigenstates in the atomic orbital basis set, |~k, n〉 =

∑
i,o c

n
i,o(
~k)|i, o〉, the

electronic charge is

Qi =
1

N

∑
o

occ∑
n,~k

|〈o, i|n,~k〉|2 =
1

N

∑
o

occ∑
n,~k

|cni,o(~k)|2 (2.49)

In this expression N is the number of unit cells of the system, n and ~k label the
eigenstates, and the sum is performed only for the occupied states.

This procedure defines a self-consistent cycle. We start with an initial Hamiltonian
and compute their eigenstates, eigenvalues and Fermi level. Then, we can compute the
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local electronic charge using (2.49). If the charges are different from Zi, then we have to
modify the on-site energies in the initial Hamiltonian by an amount δi. So, we have a new
Hamiltonian where we have to verify the local charge neutrality up to a level of accuracy,
∆.

Normally, during the convergence cycles, the solutions diverge or jump into different
values without finding an stable solution. In order to obtain an stable convergence process,
the input value for the Hamiltonian is not directly the output computed from the previous
cycle. Usually, it is a combination of the previous outputs cycles. The most common is the
linear mix. The input for a new convergence cycle n + 1, is made with the outputs of the
two previous cycles Qn

i and Qn−1
i . Thus, the new input in the Hamiltonian is given by the

relation

Qinput
i = αQn,out

i + (1− α)Qn−1,out
i (2.50)

Where α is the mixing parameter that normally takes small values, making the self-
consistent slow, but stable.

2.2.6 Interactions

Spin-orbit coupling

Ths Spin-orbirt coupling (SOC) is a relativistic effect that have to be considered in the

Schrödinger equation. This interaction relates the spin degree of freedom ~S with the
angular momentum of the electron ~L. We have to include the spin degree of freedom
(s =↑, ↓) in the tight-binding formalism duplicating the size of the basis set. Now, the
spin-orbitals states are denoted by |a, o, s〉 = |a, o〉 ⊗ |s〉. In this section, we derived the
expressions to include this interaction in the tight-binding method.

Considering an electron moving with velocity, ~v, in a electric field, ~E. This electric
field is created by the effective potential of the atoms, −e ~E = −∇Veff . In the reference
system, where the electron is at rest, it will feels the effect on an induced magnetic field,
~B = −~v

c
× ~E[114]. Furthermore, this induced field interacts with the spin magnetic moment,

~µ = e
mc

g
2
~S, resulting in a new term in the Hamiltonian

ĤSOC = −1

2
~µ · ~B =

1

2

{
~µ ·
(
~v

c
× ~E

)}
=

1

2

1

m2c2

{
~S · (~p× (−∇Veff ))

}
(2.51)

=
1

2

1

m2c2

{
~S · (∇Veff × ~p)

}
(2.52)

where the 1
2

factor in the definition is originated by the Thomas precession[114]. It is due
to the fact that the electron rest system is non-inertial. Furthermore, we have considered
that g ≈ 2, to obtain the final result in (2.52).

In the Slater-Koster approximation we assume that the potential created by a solid is
sum of effective atomic potentials located at each atom (2.34). In this way, for each of
this effective potentials V i

eff (~r) (we assume that they are refereed to the atomic site in ~τi).
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We can approximate this potentials with spherical symmetry, V i
eff (~r) = V i

eff (r), at least in
the closer region to the nucleus. Therefore, we can evaluate ∇V i

eff ,

∇V i
eff (r) =

~r

r

dV i
eff (r)

dr
(2.53)

Including this expression into (2.52) we get

ĤSOC =
1

2

1

m2c2
1

r

dV a
eff

dr

{
~S · (~r × ~p)

}
= ξ(r)a~L · ~S (2.54)

where λi(r) = 1
2

1
m2c2

1
r

dV ieff
dr

is a radial function which is different for each atomic specie.
The scalar product of the spin and angular momentum can be written like

~L · ~S =
1

2

(
L̂+Ŝ− + L̂−Ŝ+

)
+ L̂zŜz (2.55)

with L̂± and Ŝ± the ladder operators defined as

L̂± = L̂x ± iL̂y Ŝ± = Ŝx ± iŜy (2.56)

Represent this Hamiltonian in the basis set of complex atomic orbitals,|l,m〉, eigenstates
of L̂2 and L̂z, is straightforward using the eigenvalue relations

L̂z|l,m〉 = ~m|l,m〉 (2.57)

L̂±|l,m〉 = ~
√
l(l + 1)−m(m± 1)|l,m± 1〉 (2.58)

The matrix elements of (2.54) expressed in the real space representation of the atomic

orbitals, 〈~r|a, l,m〉 = R
(a)
l (r)Y

(a)
l,m (θ, φ) are

〈a, l,m, s|Ĥ|a′, l′,m′, s′〉 =

∫ ∞
0

dr r2ξ(r)
(
R

(a)
l

)∗
(r)R

(a′)
l′ (r)·

·
∫ 2π

0

∫ π

0

dθdφ sin(θ)
(
Y

(a)
l,m (θ, φ)

)∗
〈s|~L · ~S|s′〉 Y (a′)

l′,m′(θ, φ)

(2.59)

we divide this expression in two parts: λa,a
′

l,l′ (r) which encode the radial dependence and

〈l,m, s|~L · ~S|l′,m′, s′〉 containing the angular dependence

λa,a
′

l,l′ (r) =

∫ ∞
0

dr r2ξ(r)
(
R

(i)
l

)∗
(r)R

(i)
l′ (r) (2.60)

〈l,m, s|~L· ~S|l′,m′, s′〉 =

∫ 2π

0

∫ π

0

dθdφ sin(θ)
(
Y

(i)
l,m(θ, φ)

)∗
〈s|~L· ~S|s′〉 Y (i′)

l′,m′(θ, φ) (2.61)

Thus, we rewrite the SOC Hamiltonian in a much compact form

〈a, l,m, s|Ĥ|a′, l′,m′, s′〉 = λa,a
′

l,l′ (r) 〈l,m, s|~L · ~S|l′,m′, s′〉 (2.62)
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Notice that ~L · ~S do not mix states with different orbital quantum number l. Therefore,
the only elements different from zero are those with l = l′. On the other hand, due to the
local character of the wave functions and the effective potential, we can consider that the
integrals λa,a

′

l,l (r) are local, i.e., the only term different from zero are intra-atomic (a = a′).
These two features reduce the number of λal integrals for each atomic specie, only one per
type of orbital (λap,λad,λaf ). In the tight-binding method, this integrals are considered also
parameters obtained from experiments.

Thus, the matrix representation of the SOC in the basis of atomic orbitals eigenstates
of ~L2 and Lz , |a, l,m, s〉, is

〈a, l,m, s|Ĥ|a′, l′,m′, s′〉 = λ
(a)
l 〈l,m, s|~L · ~S|l

′,m′, s′〉δl,l′ (2.63)

Similarly, we can express the Hamiltonian in the basis set of real atomic orbitals |a, o, s.

〈i, o, s|Ĥ|i, o′, s′〉 = λ
(i)
l 〈o, s|~L · ~S|o, s

′〉 (2.64)

The radial part is independent of the orbital representation, thus the parameters λal are

the same in both basis sets. We show the specific matrix representation of 〈o, s|~L · ~S|o, s′〉
for s and p orbitals in tables 2.3.

|s↑〉 |p↑x〉 |p↑y〉 |p↑z〉 |s↓〉 |p↓x〉 |p↓y〉 |p↓z〉
|s↑〉 0 0 0 0 0 0 0 0
|p↑x〉 0 −iλ

2
0 0 0 0 0 λ

2

|p↑y〉 0 iλ
2

0 0 0 0 0 −iλ
2

|p↑z〉 0 0 0 0 0 −λ
2

iλ
2

0
|s↓〉 0 0 0 0 0 0 0 0
|p↓x〉 0 0 0 −λ

2
0 0 iλ

2
0

|p↓y〉 0 0 0 −iλ
2

0 −iλ
2

0 0
|p↓z〉 0 λ

2
iλ
2

0 0 0 0 0

Table 2.3: Representation of the spin orbit Hamiltonian in the basis set of atomic orbitals.

It is possible to have systems where the spin degree of freedom for each atom is not
quantized in the same axis. We still can use this formulation, but we have to rotate the
spin of each atom into the ẑ axis

Magnetic field

An external magnetic field, ~B, has two effects in the electronic Hamiltonian. First, an
orbital effect, where the particle momentum ~p is replaced by the generalized momentum,
~p + e

c
~A. The vector potential ~A defines the magnetic field by ∇ × ~A = ~B. The second

effect is the Zeeman splitting due to the coupling of the Magnetic field with, ~S, the spin
degree of freedom of the electrons.
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Peierls Substitution First, we discuss how to include the vector potential into the
tight-binding formalism[115]. Given a Hamiltonian, Ĥsp(~r, ~p), the minimal coupling to a

time dependent vector potential, ~A(~r, t), is included by an unitary transformation

e−iφĤ(~r, ~p)eiφ = Ĥ
(
~r, ~p+

e

c
~A(~r, t)

)
(2.65)

φ(~τ) =
e

~c

∫ ~τ

~A(~l, t) · d~l (2.66)

Representing the Hamiltonians in the basis set of atomic orbitals, |i, o〉 we obtain

〈a, o|Ĥ
(
~r, ~p+

e

c
~A(~r, t)

)
|a′, o′〉 = e−iφ(~τa)〈a, o|Ĥ(~r, ~p)|a′, o′〉eiφ(~τa) (2.67)

= eiφ(~τ
′
a−~τa)〈a, o|Ĥ(~r, ~p)|a′, o′〉 (2.68)

Thus, all the hopping integrals acquires a phase factor, φ(~τ ′a−~τa) =
(
− e

~c

∫ ~τ ′a
~τa

~A(~l, t)d~l
)

.

Where integration path is along the straight line that joins the atom ~τi with the atom sited
at ~τ ′i .

Zeeman term The Coupling between a magnetic field and the spin is given by

ĤZ = −µBg
~

~S · ~B = −µB
2
g~σ · ~B (2.69)

where µB is the born magneton, g is the Landé factor and ~σ the Pauli matrices acting
in the spin space.

σx =

(
0 1
−1 0

)
σy =

(
0 i
−i 0

)
σz =

(
1 0
0 1

)
(2.70)

Representing this operator in the the spin-orbitals |i, o, s〉 = |i, o〉 ⊗ |s〉 we obtain

〈i, o, s|ĤZ |i′o′s′〉 = 〈i, o|i′, o′〉 ⊗ 〈s|~σ · ~B|s′〉 (2.71)

Thus this is an intra-atomic interaction which split the spin-orbitals

Electric field and Stark effect

The Stark Hamiltonian describes the interaction of an electric dipole in the atoms with
an external electric field, ~E [108]. We assume that this is a local interaction, where the
electric dipole moment, ~µ = −e~r, is created by an electron and by the positive charged
nucleus of an atom. Whith e the electron charge and ~r the distance between the electron
and nucleus. The Stark Hamiltonian reads

ĤEF = − ~E · ~µ = e ~E · ~r = eEẑ (2.72)

where in the last step of the previous equation we have chosen the electric field in the
ẑ direction, ~E = Eẑ.
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Due to the symmetry, it is straightforward represent this Hamiltonian in the atomic
orbital basis set of eigenstates of ~L2 and Lz, |a, l,m, s〉. It has non vanishing matrix
elements only between states of opposite parity, i.e. l = l′ + 1”. Furthermore, z behaves
like an spherical tensor of rank 1 with m=0, thus it only allows transitions with the same
magnetic quantum number, m = m′. Considering these restrictions we can represent ĤS

in the real atomic basis set, |a, o, s〉 like

〈a, o, s|ĤEF |a′, o′, s′〉 = δa,a′ δs,s′〈o|ĤEF |o′〉 (2.73)

with 〈s|ĤEF |pz〉 = eEzsp and 〈pz|ĤEF |dz2〉 = eEzpd the only elements different from
zero. In the tight-binding method we can assume zsp and zpd as parameters[116, 117].

This Hamiltonian breaks spatial inversion symmetry due to the operator ẑ. This fact
is specially important in graphene, where inversion symmetry prevents to have effective
coupling between π orbitals at first order in SOC.

In solids, this kind of electric field can be created with gate voltages in a large volume
of the system. Also, by the coupling of a system with a substrate or due to localized
impurities.

2.3 Electronic transport

2.3.1 Landauer Formalism

The electronic transport in nanoscopic system can be described as a one dimensional scat-
tering problem in quantum mechanics[118, 119]. The basic scheme in this scattering theory
is depicted in figure(2.5). The scattering region or device (S) is connected to two electron
reservoir, called left (L) and right(R), throught perfect leads. These reservoirs provide the
electrons to travel trough the system. In general, each reservoir can be in equilibrium but
have different chemical potential, µL and µR. Each electron coming from the reservoir
travels with momentum ~k, through the lead toward the scattering region. The area of
the lead is assumed to be much smaller than the propagation direction. Therefore, the
transverse momentum is quantized giving rise to a set of subbands ψn(k). The number of
propagating channels on each lead, NL(E) and NR(E), depends on the energy, E of the
particles.

Eventually, the electrons will find an elastic and coherent scattering source like constric-
tion, molecules, deformation (see Fig. 2.5). The specific nature of the source is not impor-
tant. Therefore, an incoming electron travelling through the propagating mode ψLn (k,E)
from left reservoir, will be scatter into outgoing modes. It could be either reflected into
outgoing modes ψLn′L

(−k,K) in the left lead with reflection probability amplitude, rnL,n′L ,

or transmitted into outgoing modes ψnR(k,E) with a transmission probability amplitude
tnL,nR . In this way, the total wave function of the electron is a coherent superposition of
the incoming and all the outgoing states

ψnL(k,E) +

NL(E)∑
n′L

rnL,n′L(E)ψn′L(−k,E) +

NR(E)∑
nR

tnL,nR(E)ψnR(k,E) (2.74)
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An incoming electron in the nL mode will be transmitted into the right lead with a
probability

TnL(E) =

NL∑
nL

‖tnL,nR(E)‖2 (2.75)

We can define the density current associated to each mode n

jn(k) =
e

λ
=

e

λ~
dEn(K)

dk
(2.76)

where λ is the length of the conductor, and vn(k) is the group velocity of the mode n.
The electrons travelling from the left reservoir to the right reservoir fill NL(E = µL)

modes. The amount that each mode contributes to the current is

InL→nR =

∫
E(k)<µL

dkjtnL(k) =

∫
E(k)<µL

dkjnR(k)‖tnl,nR‖2jnR(k) =∫ µ

−∞
dEρnR(E)‖tnl,nR‖2

e

~
dEnR(k)

dknR

(2.77)

considering that the density of states can be writes as ρnR = 1
2π

dknR
dE

we can rewrite
2.77 as

InL→nR =
2e

h

∫ µL

−∞
‖tnL,nR‖2 dE (2.78)

The total contribution to the current by a mode nL to the right reservoir is

InL→R =

NR∑
nR

2e

h

∫ µL

−∞
‖tnL,nR‖ dE =

2e

h

∫ µL

−∞
TnL(E) dE (2.79)

Where we have used 2.75 in the last step. So considering all the contributions of the
NL we can find the total current flow from the left reservoir to the right.

I totL→R =

NR∑
nR

2e

h

∫ µL

−∞
TnL(E) dE (2.80)

At the same time, the right reservoir also can produce a current flow of electrons into
the left reservoir. Assuming that the chemical potential of the right reservoir in thermal
equilibrium is µR, the current from right to left reservoir is

I totR→L =

NL∑
nL

2e

h

∫ µR

−∞
TnR(E) dE (2.81)

It is possible to show that if time reversal symmetry is preserved tnL,nR(E) is equal to
tnR,nL(E). Hence, the total transmission for both right and left-moving electron are the
same, i.e. T (E) =

∑
nL
TL→RnL

(E) =
∑

nR
TR→LnR

.
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Figure 2.5: In panel a) we show an schematic view of the scattering problem in the Landauer
formalism. In panel b) we show the partition of a system with scattering region into three parts:
Left lead, device and right lead. In panel c) we show the band structure for a one-dimensional arm-
chair ribbon. We can see several subbands due to the quantization of the transverse momentum.
We highlight the right moving channels for a given energy E.

Considering that the systems is based µL = µR+eV , the net current I = IL→Rtot −IR→Ltot

that flows thought the system is

I =

NL∑
nL

2e

h

∫ µL

µR

TnL(E) dE (2.82)

This current depends on the bias voltage V in the upper limit of the integrand. Thus,
the conductance through the scattering region is

G(V ) =
∂I

∂V
=
e2

h

NL∑
nL

TnL(eV ) =
e2

h
T (eV ) (2.83)

obtaining the Landauer result[120]. It shows that the conductance is a quantized value
times the transmissions probability. The quantum of conductance is G0 = 2e2

h
where the

factor two came from the spin degeneracy. In the derivation it implicit because we have
not considered spin degenerate propagating modes.



2.3 Electronic transport 47

2.3.2 Non-equilibrium Green’s function and Partitioning technique

It is possible to solve the scattering problem using single-particle Green’s functions[119, 121–
123]. It is specially useful to use a localized atomic orbital basis set to represent the
Hamiltonian. Usually, to compute the transmission and obtain the properties of the system
by solving the Schrödinger equation is a difficult task. However, Green’s formalism allows
to obtain information about the systems without solving the eigenvalue problem.

The green function is defined by the equation (E−H)G(E) = I where, E is the energy
of the system, H the Hamiltonian and I is the identity. It give the response of the whole
system, |ψ〉, to a constant perturbation |u〉.

H|ψ〉 = E|ψ〉+ |u〉 (2.84)

(E −H)|ψ〉 = −|u〉 (2.85)

|ψ〉 = −G(E)|u〉 (2.86)

Using Green’s function we can get the response of the system |ψ〉 by (2.86) without
solving the differential equation (2.84).

In analogy with the scheme in the scattering problem, the system is partitioned in three
regions, see Fig. 2.5. A central region, where the scattering source is placed, here we called
device (D). And two leads on the right (R) and left (L) where the electrons move in or out
of the device. Thus, the Hamiltonian of the whole systems is

H =

HL VLD 0
VDL HD VDR

0 VRD HR

 (2.87)

Where HL, HD and HR are the Hamiltonians of the isolated leads and device. They
are interconnected by the hopping matrices, VLD and VDL = V †LD for the left lead and the
device and VDR and VRD = V †DR for the right lead and the device. Here we are assuming
that there is no coupling between the leads.

We can get the Green’s function of each individual parts using the definition

E −HL −VLD 0
−VDL E −HD −VDR

0 −VRD E −HR

 ·
 GL GLD GLR

GDL GD GDR

GRL GRD GR

 =

I 0 0
0 I 0
0 0 I

 (2.88)

For example, the Green’s function for the device can be obtained selecting the equations
in (2.88) produced by the central column in the Green’s function matrix.

(E −HL)GLD − VLDGD = 0 (2.89)

−VDLGLD + (E −HD)GD − VDRGRD = I (2.90)

(E −HR)GRD − VRDGD = 0 (2.91)

To obtain GD from the second equation we need GRD and GLD, that we obtain from
the first and third equations
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GLD = gLVLGD (2.92)

GRD = gRVRGD (2.93)

where we have defined gL = (E−HL)−1 and gR = (E−HR)−1, the Green’s functions
of the isolated leads. In this way, the second equation in (2.91) reads

−VDLgLVLDGD + (E −H)GD − VDRgRVRDGD = I (2.94)

from which we obtain the Green’s function for the Device

GD = (E −HD − ΣL − ΣR)−1 (2.95)

Where, ΣL = VDLgLVLD and ΣR = VDRgRVRD are the self-energies which describe
the influence of the leads on the electronic structure of the device. They are calculated
iteratively solving the Dyson equations[119].

Now, that we can obtain the Green function of the whole sytem, we can try to solve
the problem of an electron passing thought the system. To this end, we have to compute
the response of the system, |ψ〉 to an incoming electron |ψi〉. In this way, using the non-
equilibrium Green’s function it is possible to obtain the Landauer formula (2.83), where the
transmission is given in terms of the Green function of the device by the Caroli formula[124]

T (E) =
[
G†DΓLGDΓR

]
(2.96)

with ΓL = i(ΣL −Σ†L) and ΓR = i(ΣR −Σ†R) the coupling matrices of the device with
the left and right leads.
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3
Curved graphene ribbons and quantum spin

Hall phase

The electronic structure of graphene depends both on its structure at the atomic scale,
determined by the sp2 hybridization, and on its structure at a much larger length-scale,
determined by the shape of the sample[36, 125]. Thus, the electronic properties of flat
graphene differ in subtle but important ways from rippled graphene[126], for example, the
electronic properties of carbon nanotubes are fully determined by the way they fold[36]. In
general, curvature is believed to affect transport[127, 128], magnetic[129] and spin relax-
ation properties of graphene[130].

In a wider context, the interplay between mechanical deformations and electronic prop-
erties, known as flexoelectronics, is giving rise to a new branch in nanotechnology. Whereas
conventional electronics devices are based on the capability to tune their working properties,
by application of external perturbations in the form of electric and magnetic fields, mechan-
ical deformation can have a major impact on the properties of nanoelectronic devices. As
a consequence of the capability to control the electronic properties with mechanical defor-
mation a wide range of new effects appears such as: the piezoelectric nanogenerators [131]
and field effect induced by piezoelectric effect[132] in ZnO nanowires and stress driven Mott
transition in VO2 nanowires [133].

One of the most remarkable theoretical predictions in graphene is the quantum spin
Hall (QSH) phase. As we mentioned in the first chapter this phase is originated by the
spin-orbit coupling (SOC), however, this interaction is very weak in carbon. Nevertheless,
the observation of the quantum spin Hall phase in graphene would require to reduce the
temperature below the spin-orbit induced gap, which is smaller than 10µeV [116, 134, 135].
For this very reason, to observe the quantum spin hall phase requires to increase the strength
of spin-orbit interaction in graphene.

In order to enhance the SOC in graphene, C. Weeks et al.[78] prosed to deposit heavy
adatoms on graphene. In this manner, the electrons tunnel to the adatom, where the SOC



50 3. Curved graphene ribbons and quantum spin Hall phase

interactions is large, and return to graphene. Thus, the adatoms mediate the interaction
among the electrons. The energy gap produced by the effective SOC can be tuned with
the concentration of adatoms, achieving gaps of the order of 20 meV. Nonetheless, this
prediction has not been experimentally observed yet.

An alternative manner to increase the effect of SOC is to induce curvature in graphene.
This fact has been observed in carbon nanotube experiments by F. Kuemmeth et al.[136],
the reported a 200 µeV zero field splitting induced by spin-orbit coupling. Recently, G. A.
Steele et al.[137] showed a larger spin splitting of 3.4 meV in similar experiments.

The interplay between curvature and spin-orbit coupling can also be studied in graphene
nanoribbons by unzipping carbon nanotubes[48, 49]. The possibility to create this nanos-
tructures opens the way towards the experimental study effect of curvature on the edge
states of graphene ribbons. In the present work, we compare the spin properties of a
graphene ribbon for both flat and curved from the theoretical point of view.

3.1 Introduction

3.1.1 Curvature in graphene

The common picture of graphene consists in a flat crystal made of carbon atoms arranged in
a honeycomb lattice, but actually, it has a morphology that resembles to a hilly landscape,
see Fig. 3.1 (a). These distortions, or ripples, are an inherent consequence of the two
dimensional (2D) nature of graphene.

The existence of two dimensional crystals was not expected according to Mermin-
Wagner theorem. It establishes that long-wavelength fluctuations destroy any order in
two dimensions. Analogously, this issue can be examined with the elasticity theory in 2D
membranes. Following this theory, a point in a membrane, is described by its position in the
plane, ~r and also by the height over the plane, h(~r). In the harmonic approximation, out-
of-plane distortions δh are decoupled of in-plane distortions, δ~r. In this approximation the
mean-square of out-of-plane distortions diverges with the size of the system[138], showing
that structural order is not stable.

Although anharmonic effects, like bending, where in-plane modes and out-of-plane are
coupled, can stabilize the system [7]. This property was demonstrated by numerical simula-
tions in graphene by A. Fasolino et al.[138], finding peak-to-peak fluctuations in the height
profile of the order of 1nm. Furthermore, the rippled graphene structure can be controlled
by the substrates[139] and the size, shape and distribution of the ripples can be engineered
by different means[18, 140], some examples are shown in Fig. 3.1.(b) and (c).

In addition to ripples, curved graphene structures can be found in many other forms. For
example, local curvature can be produced by depositing adatoms on graphene. Normally,
they hybridize with the pz orbitals forming an sp3 configuration. In this configuration, the
carbon atoms are pulled out of the graphene plane[54, 55, 141]. Other possibility is the
curvature introduced by topological defects[142]. These defects are created substituting
an hexagon by a pentagon or heptagon, generating a negative or positive local curvature
around the defect. Finally, the structures that we study in this chapter, curved graphene
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Figure 3.1: a) Representation of the real rippled graphene layer. b) STM image of graphene
nanobubbles from Ref. [18] . c) Reversible rippled structure in freestanding graphene extracted
from Ref [140].

nanoribons created by unzipping carbon nanotubes[48, 49].
The distortion of the planar geometry modifies the electronic structure of graphene due

to two effects. In first place, the distance between atoms changes creating an effect of
local strain, and second, pz orbital hybridizes with the σ orbitals of neighbour atoms. The
combination of both effects modifies the effective hopping integral for the pz orbitals. This
effect, is analogous to introduce a pseudomagnetic field ~B that influences the low energy
spectra [18] being able to produce Aharonov-Bohm interferences[143].

3.1.2 Effective spin-orbit couplings. Curvature effects

The effective SOC in the k· approximation in graphene is ∆KMσzτzsz. This expression,
as we mentioned in chapter 1, was proposed by C. Kane and E. Mele based on symmetry
arguments. Analogously, if mirror symmetry (z → −z) is broken by the presence of an
external electric field or curvature, then a Rashba like term is also present

∆R (σxτzsy − σysx) (3.1)

These interactions are only valid in the neighbour of the Dirac points, K and K’. How-
ever, in order to describe the QSH phase in graphene it is necessary a model where the
SOC is evaluated in the entire Brilloin zone. As we showed in chapter 1, it is possible to
include these interactions in an effective term into the single-orbital tight-binding model.
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In equation 1.22 we gave the Kane-Mele effective term, here we introduce the tight-binding
description for the Rashba coupling

ĤR = itR
∑
<i,j>

c†i ·
(
~σ × ~dij

)
cj (3.2)

where ~σ are the Pauli matrices, c†i and ci the creation and anhilation operators in site i,

respectively, ~dij is the vector pointing from site j to site i, tR the strength of the coupling
and, the summation is over all the first neighbours. This term, in the same way that the
Kane-Mele interaction, is an effective interaction among pz orbitals. Therefore, an atomistic
picture is required in order to understand the interplay of the intrinsic atomistic SOC, the
action of an external electric field E, and the geometry of graphene.

It is possible to derive the effective interaction for the low energy spectra for the π
orbitals, from a tight-binging Hamiltonian, H, using as basis set both π and σ orbitals[116,
134, 135]. , the Hamiltonian can be written in two blocks,Hπ and Hσ

H =

(
Hπ Vπσ
V †πσ Hσ

)
(3.3)

with Vσπ describing the coupling between the two manifolds. Using Löwding perturba-
tion technique it is possible to project the entire Hamiltonian into π sector. This projection
is done by the transformation, H ′ = e−SHeS, that block diagonalize the Hamiltonian,
where S is obtained iteratively. Thus, focussing in the π part of the Hamiltonian it is
possible to derive the effective Hamiltonian

Hπ
eff = Hπ −Hσπ(Hσ − ε)−1H†πσ (3.4)

that describe the interaction of the π orbitals, taking into account the effect of rest
of the Hamiltonian at first order in perturbation theory. Thus, following this method, it is
possible to find the effective Kane-Mele coupling mediated, by the SOC and the hopping
integrals, following the path

|πA, ↑〉
λ−→ |σA, ↓〉

Vsp−−→ |σB, ↓〉
Vsp−−→ |σA, ↓〉

λ−→ |πA, ↑〉 (3.5)

where, in the first step, an electron in the π orbital of the atom A passes to be a σ
orbital with the opposite spin due to SOC. Then, it can jump to second-neighbour atoms,
preserving spin via hopping integrals Vsp. Finally, at the fourth step, it returns to the π
state flipping the spin mediated, again, by the SOC. In this way, the relation between the
tKM and the atomistic parameters λ and tight-binding parameters is

∆KM =
2εp − εs
9V 2

spσ

λ2 (3.6)

where, εp and εs are the on-site energies of the s and p orbitals respectively. Hence,

the Kane-Mele term is produced by the intrinsic atomic spin-orbit interaction, λ~L · ~S, at
second order in perturbation theory. Notice that in this derivation for flat graphene, the
only element that connects the π and σ orbitals in Hπσ are those of the spin-orbit coupling.
However, if an external perpendicular electric field, E, is present, then appear new terms
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in Hπσ, that connect s and pz orbitals due to Stark-Effect. This new term of coupling
between π and σ orbitals, produce the Rashba-like hopping to first neighbours, mediated
by the path

|πA, ↑〉
ezspE−−−→ |σA, ↑〉

Vsp−−→ |σB, ↑〉
λ−→ |πB, ↓〉 (3.7)

where ezspE is the energy contribution due the Stark-effect. Thus, in the first step of
this path, the electron in the pz orbital can jump to a σ orbital mediated by the Stark Hamil-
tonian, then, travels to the neighbour atom with the hopping integrals Vsp and there,in the
last step, jumps into the π orbital flipping spin with the SOC. For this effective interaction,
the relation with the atomistic parameters is

∆R =
eEzsp
3Vspσ

λ (3.8)

Notice that, unlike Kane-Mele coupling, this term is a first order process in λ.
Analogously, the curvature in graphene also breaks the the mirror symmetry, and in-

troduces new terms in Hπσ. Hence, the curvature induces an effective Rashba coupling
between π orbitals. The dependence on the Slater-Koster parameters is much complicated
[130], but the relation with the geometry is trivial, being inversely proportional to the local
radii of curvature R ( tR ∝ 1/R).

3.2 Graphene ribbon within Slater-Koster approxima-
tion

Graphene nanoribbons are formed repeating a crystal unit cell in a given direction, the size
and shape of the unit cells, depend on the crystallographic direction of the edge. Here we
have studied two of them, zigzag (see Fig. 3.2.(a)) and armchair. The distance between
unit cells also depends on the type of edge, in the case of a zigzag ribbon, the period is
a =
√

3acc and in the case of an armchair ribbon, a = 3acc, with acc = 1.42Åthe distance
between two carbon atoms . The width of the ribbon, W is given by the number of atoms
along the non-periodic direction.

We use the parametrization in table 3.1 to build the tight-binding Hamiltonian, Hao,a′o′ .

Then, using the Bloch theorem we can construct the Bloch Hamiltonian
∑
Hn,m(~k), where

the indexes n and m run over the single particle spin-orbitals of the unit cell.

Vssσ Vspσ Vppσ Vppπ

C-C -7.76 8.16 7.48 -3.59
C-H -6.84 7.81 0.0 0.0

εCs = −8.8 εCp = 0.0 εHs = −2.5 λ = 0.006

Table 3.1: Slater-Koster parameters for the carbon-carbon (C-C) and carbon-hydrogen (C-H)
interactions, On-site energies for each atom and the strength of the spin-orbit coupling λ. All the
units are in eV. ref. [102].
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As we are considering one dimensional structures, the momentum of electrons, ~k is given
by a scalar k and the Brillouin zone can be chosen in the interval −π/a and π/a. The
eigenstates of the crystal are labelled with the band index ν and their crystal momentum
k. They are linear combination of atomic orbitals of the atoms a with quantum numbers
n = l,m:

Ψνk(N,~r) = eikNa
∑
a,n,s

Cνk(a, n, s)φn(~r − ~ra)χs (3.9)

where N is an integer that labels the unit cell, and φn(~r−~ra) is the atomic orbital with
orbital quantum numbers n (which encodes l and m ) in the atom a of the unit cell. The
eigenstate of the spin operator along the z axis is denoted by χs where s can take values
±1

2
. About the spin-orbit coupling, it is important to specify the positions of the atoms in

regards to the spin quantization axis, that here we consider the ẑ direction.

Figure 3.2: a) Unit cell of a zig-zag graphene ribbon, with the enumeration of the atoms. b)
Atomic structure of a curved graphene ribbon. c) Top. Lateral view of the unit cell of a curved
graphene ribbon where we can see the constant curvature. Bottom. Illustration of the definition
of radii of curvature, R and width, W of a curved graphene ribbon.

Due to time reversal symmetry, every state with energy εν(k) must have the same
energy than its time reversal partner, εν′(−k) where ν and ν ′ label states related by time
reversal symmetry. In systems with inversion symmetry the bands satisfy εν(k) = εν(−k)
so that, in the same k point, there are at least two degenerated states. In systems without
inversion symmetry, like the curved ribbons considered below, a twofold degeneracy at a
given k point is not warranted. In this non-degenerate situation we can compute, without
ambiguity, the spin density associated to a given state with quantum numbers ν, k as:

〈~Sν,k(a)〉 ≡
∑
i,n,s,s′

C∗k,ν(a, n, s)Ck,ν(a, n, s
′)~Ss,s′ (3.10)

where ~Sσ,σ′ are the Pauli spin 1/2 matrices.
In the cases with inversion symmetry, like the flat ribbon considered below, for a given k

point there are at least two degenerate bands. Thus, any linear combination of states of the
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degenerate pair, Ψνk and Ψν′k is also eigenstate of the Hamiltonian and has different spin
density. In these instances, we include a infinitesimally small magnetic field in the calculation
which breaks the degeneracy and permits to attribute a given spin density to a given state.
When the calculated spin densities so obtained are independent on the orientation of the
infinitesimally small magnetic field, they can be considered intrinsic properties of the spin
states. As we discuss below, this is the case of the spin filter states in flat spin ribbons, which
point perpendicular to the ribbon and have a strong correlation between spin orientation,
edge and velocity, as predicted by Kane and Mele[59, 60].

In order to characterize the properties of a given state it will also be convenient to
calculate their sublattice polarization:

〈σzν,k〉 =
∑
a,n,s

|Ck,ν(a, n, s)|2σz(a) (3.11)

where σz(a) = +1 when I is a A site and σz(a) = −1 when a is a B site.

3.3 Flat graphene ribbons

Zigzag edges

We now discuss the electronic structure of flat graphene ribbons with zigzag edges. The
unit cell that defines the zigzag ribbon has N carbon atoms and 2 hydrogen atoms that
passivate the two carbon atoms in the edge of the ribbon. These structures were proposed
by K. Nakada et al [40]. Using the 1-orbital tight binding model, without SO coupling,
they found that zigzag ribbons have almost flat bands at the Fermi energy, localized at the
edges. An important feature of zigzag edges is the fact that all the atoms belong to the
same sublattice. Since the honeycomb lattice is bipartite, a semiinfinite graphene plane with
a zigzag termination must have zero energy edge states[144] whose wavefunction decays
exponentially in the bulk, with full sublattice polarization. In finite width zigzag ribbons, the
exponential tails of the states of the two edges hybridize, resulting in a bonding-antibonding
pair of weakly dispersing bands[145]. The bands of the zigzag ribbon can be obtained by
folding from those of two dimensional graphene, either with real or imaginary transverse
wave vector, and the longitudinal wave vector varying along the line that joins the two
valleys, K and K ′. Thus, the valley number is preserved in zigzag ribbons.

Spin-orbit coupling, described with the 1 orbital model, has a dramatic effect on the
(four) edge bands[59, 60]. The second-neighbor hopping makes the single edge band
dispersive, and overcomes the weak inter-edge hybridization. Interestingly the quantum
numbers connect well with those at the Dirac points, that are described by the effective
Kane-Mele Hamiltonian. Thus, as we move from valley K to K ′ (positive velocity bands)
the spin ↑ (↓) states of the edge with sublattice A (B) must change from the top of the
valence band to the bottom of the conduction band. The roles of spin and sublattice are
reversed when considering the two bands that start at K ′ and end at K. Thus spin ↑
electrons move with positive velocity in one edge and negative velocity in the other.

This scenario is confirmed by the 4 orbital model and is expected based upon the fact
that 2D graphene with spin-orbit coupling is a Quantum Spin Hall insulator. In Fig. 3.3 we
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Figure 3.3: a) Bands for flat ribbon without SO. Inset: Zoom of the edge bands for case a).
b) Edge bands with SO (λ = 500meV) and tKM = 0.42meV. c) Slope vs λ2 (see equation). d)
Slope vs tKM .

show the bands of a flat ribbon with N = 20 carbon atoms. In panel a) we show the bands
calculated without spin-orbit coupling. The calculation shows both the edge and confined
π bands as well as some σ bands higher in energy. In the inset we zoom on the edge states
to show that they are almost dispersionless except when k gets close to the Dirac point.
In Fig. 3.3.(b) we show the same edge states, calculated with spin-orbit coupling, both
within the 4 orbital and the 1 orbital model. For this particular case we have taken λ = 500
meV and tKM = 0.42 meV. Fig. 3.3.(c) shows a slightly different slope for valence and
conduction bands for the four orbital case. This electron-hole symmetry breaking can not
be captured with the one orbital Kane-Mele model.

It is apparent that the edge states acquire a linear dispersion ε = mk. The slope m of
the edge states dispersion increases linearly with the size of the gap at the Dirac points,
which in turn scales quadratically with λ (and linearly with tKM). We can use m to quantify
the effect of spin-orbit coupling on the edge states. Fig. 3.3.(d) shows that, for flat ribbons,

we can fit m = αλ2 with α ' 24 Å
eV 2 .

Since the flat ribbons have inversion symmetry, the bands have a twofold degeneracy. In
order to avoid numerical spin mixing of the degenerate states we apply a tiny magnetic field
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(always less than 2 · 10−4T) to split the states. As long as the associated Zeeman splitting
is negligible compared to the spin-orbit coupling, the direction of the field is irrelevant. By
so doing, we can plot the spin density of the edge states without ambiguity. In Fig. 3.4,
we show both the spin density of the four edge states with k = 0.99π

a
and the square of

the wave function for valence states, calculated with the 4-orbital model. In agreement
with the 1-orbital Kane-Mele model, the spin densities are peaked in the edge, oriented
perpendicular to the plane of the ribbon. We have repeated the calculation rotating the
plane of the ribbon and obtained the same result. From inspection of Figs. 3.3.(b) and
3.4, it is apparent that the valence bands correspond to the edge states and display the
spin-filter effect,i.e., in a given edge right goers and left goers have opposite spin.

Figure 3.4: Properties of the edge state valence band. a) Square of the wave function for
valence states with k = +0.99πa . The sublattice polarization is apparent. b) Spin density for
states with k = +0.99πa . c) Spin density of time reversal symmetric state with k = −0.99πa .The
spin density of the 4 states is polarized perpendicular to the sample.

Armchair edges

In this section we study armchair graphene ribbons. This kind of edge is the only crystallo-
graphic directions in graphene that do not present pre-existing edge states. For this reason,
we analyse the relation between the spin-orbit coupling and the creation of edge states in
the quantum spin hall regime for this kind of edges. To this end we consider two different
armchair graphene ribbons: a semiconductor ribbon with N = 77 and a metallic ribbon
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with N = 76. Their corresponding band structure is shown in Fig. 3.5, where the dashed
blue lines illustrate the band structure without consider SOC, and in black lines, the band
structure with a SOC strength of λ = 4eV . In the case of the semiconducting ribbon, in
panel a), the energy band gap decreases when we take into account the SOC, but it is not
zero, as expected for a QSHI. The presence of a gap indicates finite size effects, showing
that the edge states of both boundaries interact one with the other opening gap at the Γ
point. On the contrary, in the case of the metallic ribbon, when we include the spin-orbit
interaction the system remains metallic.

Figure 3.5: Band structure of two armchair graphene ribbons. In black we plot the result
without SOC and in blue with a SOC strength of 4eV. a) A semiconducting ribbon of width
N=77. In the inset we can appreciate that the SOC decreases the energy gap. b) A metallic
ribbon width N=76.

The difference between both ribbons, can be appreciated examining the density of states
projected on each atom along the width of the ribbons. In Fig. 3.6 it is shown the square
wave function for the first band below the Fermi level. In one hand, the right panels illustrate
the wave function without considering the SOC, for both ribbons, metallic (panel a) and
semiconductor (panel c). In both cases, the wave function is distributed along the entire
ribbon, and none of them is located at the edges. Our results, computed with a four-orbital
tight-binding model, are identical to the results of L. Brey and H.A. Fertig [52] obtained
solving the Dirac equation in a ribbon geometry. On the other hand, the left panels show
the same ribbons considering a SOC of λ = 4eV . In this case, the wave functions of both
ribbons are locate in the right edge. However, in the case of the semiconducting ribbon,
it is possible to observe a finite contribution in the opposite edge. This difference can be
appreciate in the insets, where it is shown the square wave function in logarithmic scale.
In the case of metallic ribbons, the wave function decay exponentially into bulk, having a
small contribution in the opposite edge. On the contrary, for the case of semiconducting
ribbon, we obtain that the wave function do not follow completely an exponential decay,
having a contribution one order of magnitude bigger in the opposite edge than the metallic
ribbons. Thus, the edge states of both boundaries hybridize and open a gap at the TRIM
k=Γ, as we observed in the previous figure.
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Figure 3.6: Squared wave function of the last valence band for two ribbons, metallic (N=76),
in panels a) and b) and semiconducting (N=77), in panels c) and d). The panels on the left are
without consider SOC interaction. On the right, we consider two different values of SOC. The
insets show the same representation in a logarithmic scale.

3.4 Curved graphene ribbons

The calculation of the previous section , using the 4 orbital model, backs up the conclusions
of the Kane-Mele 1 orbital model for the spin-filter effect in graphene . However, the
bandwidth of the edge states is less than 0.1 µeV for the accepted values[146] of λ = 5meV.
Thus, the effect is very hard to observe in flat graphene ribbons. This leads us to consider
ways to enhance the effect of spin-orbit. For that matter, we calculate the edge states in
a curved graphene zigzag ribbon, similar to those reported recently [48, 49, 147], using the
4-orbital model. In contrast to flat ribbons, the properties of the edge states of a curved
ribbon can not be inferred from those of a parent two dimensional compound, because
it is not possible to define a two dimensional crystal with a finite unit cell and constant
curvature.

The unit cell of the curved ribbons is obtained as fraction of a (n, n) nanotube, with
radius R (see Fig. 3.2). For a given nanotube we can obtain a series of curved ribbons
with the same curvature R−1 and different widths, W , or different number of carbon atoms
N . We can also study ribbons with the same N and different curvatures R, using a parent
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nanotube with different n. Our curved ribbons are thus defined by W and R or, more
precisely, by n and N .

3.4.1 Energy bands

Zigzag edges

The energy bands of curved ribbons is shown in Fig. 3.7 for a ribbon with N = 20 and
R = 4.1nm. There are three main differences with the flat ribbon. First, the edge states are
dispersive even with λ = 0, as seen in Fig. 3.7.(b). This effect can be reproduced, within
the one orbital model, including an effective second-neighbor hopping (t′ ' −1.5meV).
This dispersion breaks electron hole symmetry and competes with the one induced by SO
coupling, as seen in panels (3.7c,d,e), with λ =5, 50 and 500 meV respectively.

Figure 3.7: Electronic structure of curved zigzag ribbon with R = 4.1nm. a) Bands for
curved ribbon without SO. (b-e) Zoom of the edge bands for λ = 0 b), λ =5 meV c) , λ =50
meV d) and λ =500meV e).

Second, curvature enhances the effect of spin-orbit coupling, as expected. In order
to separate the effect of spin-orbit from the effect induced by curvature, we define the
differential bands as the energy bands of the curved ribbon at finite λ subtracting the
bands without spin-orbit:

ε̃ν(k) ≡ εν(k)− εν(k, λ = 0) (3.12)
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In Fig. 3.8.(a) we plot the differential bands for the ribbon with N = 20 and R =4.1
nm. They are two doubly degenerate linear bands with opposite velocities in the Brillouin
zone boundary. Thus, when the effect of curvature alone is substracted, the dispersion
edge states look pretty much like those the flat ribbons in the region close to the Brillouin
zone boundary. Hence, we can also characterize them by the slope of the linear bands, m.
In Fig. 3.8.(b) we plot the slope of the differential edge bands as a function of λ for the
same ribbon discussed before ( N = 20 , R =4.1nm). It is apparent that the slope m is
no longer a quadratic function of λ2, in contrast to the case of flat ribbons. Even more
interesting, in Fig. 3.8.(c) we plot the slope m for a fixed value of λ =5 meV, as a function
of the curvature κ = R−1. We find a dramatic 100-fold increase at small κ. This result is
consistent with the effective k · p Hamiltonian for carbon nanotubes [130, 148].

Figure 3.8: (a) Differential energy bands (see eq. 3.12 ) for ribbons with N = 20, R = 4.1nm
and λ = 5meV , obtained by substracting the λ = 0 bands. It is apparent that, for small k the
relative energy bands are linear, with slope m. (b) Slope of the relative energy bands as a function
of λ, for R = 4.1nm. (c) Slope of the differential energy bands as a function of κ = R−1, both
in linear and logarithmic scale, for λ = 5meV. A 100-fold enhancement of the slope occurs in a
very narrow range of small curvatures.

The third difference with the flat ribbon is apparent for the bands away from the zone
boundary: they are not degenerate. This is shown in Fig. 3.9(a), which is a zoom of Fig
3.7.(c), including states at both sides of the Brillouin zone boundary. The lack of degeneracy
is originated by the lack of the inversion symmetry of the curved ribbon. Interestingly,
the degree of sublattice polarization, 〈σz〉, shown in Fig. 3.9.(b), anticorrelates with the
splitting. In other words, the states strongly localized at the edges are insensitive to the
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lack of the inversion of the structure, which is non-local property.

Figure 3.9: Detail of the edge states for curved ribbon with R = 4.1nm and λ = 5meV.
Dispersion of the edge states (b) Sub-lattice polarization σz as a function of k for the two lowest
energy bands.

Armchair edges

We also investigate the relation between spin-orbit coupling and curvature in armchair
nanoribbons. We compute the band structure with a SOC strength of λ = 4eV , for two
curved ribbons of widths, N = 77 and N = 76, and a radii of curvature, R = 15.7 Å. The
results are shown in Fig. 3.10, where, in order to clarify, it is also shown the band structure
for flat ribbons with the same width. We can observe that the curvature introduce two
effects in the band structure. Firstly, the energy band gap of the semiconducting ribbon
(panel a) is increased 40meV approximately, while the metallic remain unchanged (panel
b). Secondly, because inversion symmetry is broken, the band split due to a Rashba like
interaction. Notice, that the band splitting is anisotropic, it less effective in the valence
bands than in the conduction bands. A similar anisotropy has been reported in carbon
nanotubes[147].
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Figure 3.10: Comparative of the band structure between flat and curved ribbons in dashed
and solid lines respectively. In the left panel we plot the bands close for a semiconducting ribbon
of width N=77. Notice that the curvature induce a Rashba like splitting and increase the gap. In
the right panel, we consider a metallic ribbon of width N=76. In this situation the system remain
metallic in presence of curvature.

3.4.2 Electronic properties

We now discuss the spin properties of the edge states in the curved zigzag ribbons. Notice
that, due to the lack of inversion symmetry, there is no degeneracy at a given k so that the
spin density is an intrinsic property of the state. In Fig. 3.11 we plot the magnetization
density 〈~Sν,k(I)〉 for the two lowest energy edge bands with momentum k = π

a
+0.01 (upper

panels) and k = −π
a
− 0.01 (lower panel), for a ribbon with R = 4.1nm and λ = 5meV .

Whereas the correlation between the velocity, the spin orientation and the edge is the same
than in flat ribbons, it is apparent that the quantization axis is no longer parallel to the
local normal direction. The spin of the edge states lies almost perpendicular to the normal
direction. Thus, this is different from the case of nanotubes, where the spin quantization
axis is parallel to the tube main axis, and different to the flat ribbon.

The effect is even more striking in the case of an almost flat ribbon, shown in Fig. 3.12
for which the spin quantization direction is clearly not perpendicular to the ribbon plane.
Therefore, a very small curvature is enough to change the spin quantization direction of
the edge states. This is better seen in Fig. 3.13, where we plot the angle formed between
the spin quantization axis and the local normal in the edge atom. In Fig. 3.13.(a) we show
the evolution of the angle for the states with k = −π

a
+ 0.01 for the two lowest energy

edge bands. For flat ribbons R−1 = 0, the angles are 0 and 180, i.e., the quantization
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axis is pependicular to the ribbon plane. In the opposite limit, for large curvature, the spin
quantization angle lies perpendicular to the normal, i.e., tangential, but always in the plane
perpendicular to the ribbon transport direction.

Figure 3.11: Spin densities for states with k = −π
a + 0.01 (panels (a) and (b)) and

k = π
a − 0.01 (panels (c) and (d)).

The transition between the two limits is far from smooth. Even for the less curved
ribbon that we have considered, with R = 271nm, we have θ ' 700. This is better
seen in Fig. 3.13.(b) where we show the low curvature region only for one of the bands.
The dramatic effect of curvature on the spin orientation of the edge states is quantified
in the inset of Fig. 3.13.(b) where we show dθ

dκ
as a function of curvature κ. For small

curvatures the derivative blows up exponentially. Thus, the spin orientation of the edge
states is very sensitive to moderate buckling deformation of the ribbon. This sensitivity is
specially important for the small values of λ adequate for carbon. Larger values of λ reduce
the effect. We have verified that the single orbital model with the generalized Kane-Mele
Hamiltonian is not sufficient to capture the effect.
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Figure 3.12: Spin densities for states with k = −π
a + 0.01 (panels (a) and (b)) and

k = π
a − 0.01 (panels (c) and (d)) in almost flat ribbon, R−1 = 3.7 · 10−3nm−1. Notice that

curvature can not be appreciated.

Figure 3.13: Angle θ formed by the spin density and the local normal as a function of
curvature κ = R−1 for λ = 5 meV. Notice the extremely large dθ

dκ .
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3.5 Disorder and electronic transport in curved graphene
ribbons

The topological character of the QSHI phase manifests itself in the robustness of the spin-
filtered edge states. In the presence of non-magnetic disorder they behave like a pair of
robust quantum channels, presenting a conductance quantization, G0 = 2e2/h, even when
sz is not a good quantum number[59, 60]. Shortly after KM proposed the existence of a
QSHI phase in graphene, the conductance quantization was numerically verified by L. Sheng
et al. for the Anderson disorder model[76, 149]. However, in finite width systems, when
spin-filtered states of different edges having the same spin polarization, are able to interact
one with each other, a finite inter-edge backscattering will be present. As a consequence,
the exact quantization of the conductance is no longer expected.

In the present work, we analyse the transport properties of zigzag ribbons in presence
of constrictions instead of Anderson disorder. In particular, we are intrigued by the case
of curved ribbons. We ask ourselves if the spin non-conserving effect of the curvature can
play any role in the inter-edge backscattering. As we mentioned in the previous section,
curvature introduces a non trivial angle for the spin polarization of the spin-filtered edge
states. These angles are different for each edge of the ribbon, thus, this property raise the
question whether the relative phase between the spin orientation of the two channels could
affect to the process of backscattering.

We model the constrictions by removing atoms in an area near the edge delimited
by gaussian functions βe−αx

2
(x runs along the edge) for random β and α. The three

constrictions that we study are shown in the right panels of Fig. 3.14. To be meaningful,
we need to saturate the σ dangling bonds of the carbon with hydrogen atoms. We are
interested in coherent transport so we make use of the standard Landauer formalism[150].
The Hamiltonian is built with the multi-orbital tight-binding model implemented in the SKA
code, and the two terminal conductance is computed with the ANT1D code[105], which is
part of the ALACANT package[106].

First, we consider the effect of the constriction in a flat ribbon, without SOC and with
a strength of λ = 4 eV. In Fig. 3.14 with the solid lines we show the conductance for
three different flat constrictions as a function of energy. We can observe that, while in
the absence of SOC (black line) the conductance is negligible at the Fermi energy, because
the edge states are able to interact with the states in the opposite edge and backscatter,
for finite SOC the conductance increases appreciably (Red line). Next, we study the same
constrictions with a transverse bending, with a radii of curvature of 4.1nm (see right panels
in Fig. 3.14). In this situation we expect that the backscattering is less effective due to
the fact that the spin polarizations are not parallel between the channels of opposite edges.
However, the results, that are shown in Fig. 3.14 with dashed lines, reveal that the process
of backscattering is the same for both situations, namely, for a flat ribbon where sz is a
good quantum number and for a curved ribbon where Rashba like terms are present.
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Figure 3.14: (a-c) Conductance for three different types of constrictions computed in
different situations. Solid and dashed lines illustrate flat and curved constrictions, respectively.
Black and green denote the conductance without SOC, while red and blue, corresponds to a SOC
with strength λ = 4eV. In the right panels it is shown the geometrical distribution of the curved
constrictions.

3.6 Discussion and Conclusions

We are now in position to discuss wether or not the spin filter effect could be more easily
observed in curved graphene ribbons. One one side, the bandwidth of the edge states is
dramatically increased. For moderate curvatures (R = 4.1nm) the bandwidth of the edge
states is 20µeV, and it can reach 60 µeV for R ' 1nm, to be compared with 0.1 µeV for
flat ribbons. Thus, experiments done at 100 mK could resolve the edge band of curved
ribbons. On the other hand, the curvature induced second-neighbour hopping breaks the
electron-hole symmetry (see Fig. 3.7.(a)), so that now there are 4 edge bands at the
Fermi energy. At each edge there would be left goers and right goers with the same spin
orientation, although slightly different k. Taken at face value, this would imply that there
is no spin current in the ground state and backscattering would not be protected. On the
other hand, the lack of eh symmetry implies that the edges are charged. The inclusion
of electron-electron repulsion, even at the most elemental degree of approximation, will
probably modify the bands and restore the electron-hole symmetry.

In conclusion, we have studied the interplay of spin-orbit coupling and curvature in the
edge states of graphene zigzag ribbons. Our main conclusions are:

1. In the case of flat graphene ribbon, the microscopic 4-orbital model yields results
identical to those of the Kane-Mele 1 orbital model. In particular, the edge states
have the spin filter property [59, 60] and the spin is quantized perpendicular to the
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sample

2. Curved graphene ribbons also have spin-filted edge states states. The bandwidth
of the edge bands of curved ribbons is increased by as much as 100 for moderate
curvatures and is proportional to the curvature, for fixed spin-orbit coupling.

3. Curvature induces a second-neighbour hopping which modifies the dispersion of the
edge states and, in this sense, competes with their spin-orbit induced dispersion.

4. The spin of the edge states not quantized along the direction normal to the ribbon.
For moderate curvature, their quantization direction is a function that depends very
strongly on the curvature of the ribbon. Above a certain curvature, the quantization
direction is independent on curvature and perpendicular to both the normal and the
ribbon direction. The strong sensitivity of the spin orientation of edge states on the
curvature suggest that flexural phonons can be a very efficient mechanism for spin
relaxation in graphene.

5. The spin non-conserving terms induced by the curvature do not alter the transport
properties through constrictions in zigzag graphene ribbons.
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4
Graphene edge reconstruction and the

Quantum spin Hall phase

4.1 Introduction

Since the pioneering work of D. J. Thouless et al.[58], we know that in the quantum Hall
effect (QHE) there is one-to-one correspondence between the topological bulk Chern num-
ber and the observed quantized Hall conductance. Later work[151] showed the equivalence
between this number and the number of gapless chiral edge states[73], arguably responsible
for carrying the current in the QHE. To be precise, this is only partially true since elec-
tronic edge reconstructions are known to break this equivalence by creating additional pairs
of chiral branches with opposite velocities[152]. This affects the exponents of the chiral
fermionic fields and, thereby, properties such as the density of states for tunneling into the
edge are dramatically affected. The Hall and longitudinal conductivities, on the other hand,
are not expected to be changed in large samples since, there, the excess number of coun-
terpropagating pairs of chiral branches are likely to be localized when disorder is present
along the edge[152]. The nominal number of propagating modes given by the bulk Chern
number is thus effectively recovered and the Hall and longitudinal conductivities become
topologically invariant measurable quantities.

Quantum spin Hall insulators (QSHI’s)[59] share some of the fundamentals of the QHE.
They present pairs of edge states related by time-reversal symmetry, the so-called Kramer’s
pairs, which cross the entire bulk gap and are responsible for their finite conductance when
the Fermi level lies in the bulk gap. The number of pairs modulo 2, which is equal to 0 in
trivial insulators and 1 in QSHI’s, is given by the Z2 topological invariant[60] and can be
calculated from the bulk electronic structure in a number of ways[69]. It can be seen as the
spin realization of the Haldane model[77] where each spin propagates in opposite directions.
The spin Hall conductivity, the counterpart of the Hall conductivity in the QHE, is, however,
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not expected to be quantized since Sz is not necessarily a good quantum number. On the
other hand, the two-terminal conductance G2D is expected to be quantized to G0 = 2e2/h
if a single Kramer’s edge pair exists in the gap, interactions are weak, and disorder preserves
time-reversal symmetry. G2D is not, however, a topological invariant quantity since nothing
prevents the number of Kramer’s pairs to be larger than one. Furthermore, the conductance
is not necessarily quantized since any amount of time-reversal symmetry preserving disorder
can induce backscattering along the same edge when several pairs coexist.

Analogously to the electronic reconstruction in the quantum Hall phase, in QSHI’s we
can also find effects that modify the number of Kramers pairs at the edges. An example
is the edge reconstruction [42] of the zigzag edges in graphene, which changes from one
to three the number of helical gapless edge states [153]. A somewhat related phenomenon
has been observed by D. Kong et al. in Bi2Te3, a 3D topological insulator[154]. There
the chemical degradation of the surface creates new surface states, but always in pairs,
preserving the Z2 number. Although these kind of geometric modifications cannot break
the topological phase because it is a bulk property, they can introduce new effects that can
hide the manifestation of the topological protection and should be taken into account for
future applications of QSHI’s[155]. In this work, we consider graphene with artificially high
spin-orbit coupling (SOC) as a model material to examine the effect of edge reconstructions
on the transport properties.

The edge reconstruction is a process where the atoms at the edges of a crystal suffer
a reorganization changing locally the crystal structure. In graphene these reconstructions
change the hexagonal symmetry of the honeycomb lattice into different types of polygons.
Here we study the so called reczag or zz(57) reconstructued edge[42], which consists in a
succession of Stone-Wales defects at the edges producing pentagons and heptagons. This
reconstruction, which usually takes place at low hydrogen concentration environments[43],
self-passivates the dangling bonds of the carbon atoms at the edge. Furthermore, this kind
of edge has been observed in graphene samples irradiated with electrons in a transmission
electron microscope (TEM)[13, 156].

4.2 Band structure of reczag ribbons

For the purpose of this study we consider ribbons with reconstructed edges on both sides.
A typical unit cell of these ribbons is shown in Fig. 4.1(a), it consists of two zigzag ribbon
unit cells where the external hexagon has been replaced by an heptagon and a pentagon,
thus the period of this 1D crystal structure is t = 2a = 4.92Å, with a = 2.46 the graphene
lattice parameter. We have considered the geometric parameters given in previous studies
for this type of edges [42, 157]. The width of the ribbon is given by, N , the number of
zigzag chains in the non-periodic direction counting as well the two outermost chains. On
each chain we have four carbon atoms, two for each sublattice, which we have cartooned
in different colors, red and blue. In bulk graphene, a carbon atom of a given sublattice
has three first neighbours of a different sublattice. However, this situation changes at the
pentagons and heptagons, where the atoms at the edge have first neighbour atoms with
the same sublattice character (see Fig. 4.1.(a)). Therefore, at the edges the bipartite
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character of the lattice is broken by the reconstruction, which translates into an electron-
hole symmetry no longer being preserved.

Figure 4.1: (a) Unit cell of an edge reconstructed graphene ribbon. The different color
of the lattices indicates the A and B character. In the (b),(c) and (d) panels are shown the
band structure (half of the Brillouin zone) for a edge reconstructed graphene nanoribbon of width
N = 130 with different SOC strength. (b) Without SOC, (c) and (d) with a SOC of 2eV and
4eV , respectively.

In order to obtain the electronic structure of graphene with edge reconstruction we use a
multi-orbital approach, taking into account the four valence orbitals of carbon [158]. Thus,
counting the spin, the single-particle basis set has eight spin-orbitals per atom. The matrix
elements of the Hamiltonian are computed according to the Slater-Koster approximation
considering interactions only to first neighbours. The hopping integrals for carbon are



72 4. Graphene edge reconstruction and the Quantum spin Hall phase

extracted from Ref. [102]. For simplicity, we use an orthonormal tight-binding model
where the overlap matrix between orbital is reduced to the identity.

The distances among atoms at the edge substantially change from those of bulk graphene,
thus being necessary to consider the distance dependence of the interaction to obtain the
correct band dispersion at the Fermi level. In this work we include the Harrison’s dependence
on the Slater-Koster parameters[112], Vi with i = (ssσ),(spσ),(ppσ) and (ppπ), following
the law Vi ∝ 1/d2 where d is the distance between two atoms. Due to the breaking of the
bipartite character of the graphene lattice the effective SOC proposed by Kane-Mele[] is no
longer valid. Therefore, we consider intra-atomic spin-robit interaction in the full orbital
picture:

HSO =
∑
i

λi~S · ~Li, (4.1)

where λ is the SOC parameter, ~S is the spin operator and ~Li is the orbital angular
momentum operator acting upon the atomic orbitals of the site i. The strength of the SOC
interaction in graphene is weak[116, 134, 135], with λ =6meV. This interaction produces
a band gap opening of the order of ≈ µeV, which makes the QSH phase inaccessible to
experiments. Therefore, in order to illustrate the physics behind the reconstructions, we
enhance the graphene SOC up to unrealistic values λ > 2eV.

The band structure for a wide ribbon with a width of N = 130 is plotted in Fig. 4.1.
The panel (b) corresponds to the bands without taking into account the SOC. We observe
two main differences with respect to the bands of an unreconstructed edge. On the one
hand, the typically flat bands of the edge states become dispersive, because of the change
of the hopping parameters at the atoms of the edges. On the other hand, there appear new
edge states above and below the Fermi level. These results were already pointed out by J.
N. B. Rodrigues et al. in Ref. [157]. When we consider the SOC in our calculations the
four-fold degenerate bands split into two different two-fold degenerate bands. For realistic
values of SOC, the band splitting is negligible, being necessary to consider unrealistic values
to appreciate a change in the dispersion of the bands. In panels (c) and (d) we show the
case for λ = 2 and λ = 4eV, respectively. The band dispersion is now more complicated
than in the case of pristine zigzag graphene ribbons. In these cases the bands bend and
cross each other at a certain point in the Brillouin zone, k′ = −1.41Å−1, independently
of the value of SOC and the width of the ribbon. This behaviour is more dramatical in
the case of λ=4eV. In this case, the bands change the character and dispersion along the
Brillouin zone, starting at the Γ point with a Kane-Mele like linear dispersion. As one moves
away from the Γ point, however, the slopes of the bands reverse before crossing. Actually
the bands anticross with a barely visible small gap which decreases with the inverse of the
width of the ribbon.

This modification of the topology of the band structure has the direct consequence of
changing the number of conducting channels at the Fermi level from one to three. Notice
that for the case of a ribbon with 2 eV of SOC, one of the three cuts lies beyond the expected
region where the edge states exist in graphene, that is, in the range of [−π,−2π/3]. This
will have a dramatic consequence in the transport properties of the graphene quantum spin
Hall insulator.
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4.3 Quantum spin hall phase in graphene with recon-
structed edges

4.3.1 Spin-filtered edge states

The edge reconstruction, as we have seen in the previous section, does not change the
topological nature of graphene with enhanced SOC. Nevertheless, this reconstruction affect
to the edges states, in this section we analyse the characteristic edge states of the QSHP
in a graphene ribbon we reczag edges.

Firstly, we test the spin-filtered character of the metallic bands. To this end we compute
the local density of states and the spin polarization, analogously to the case of curved
ribbons. In Fig. 4.2 we plot the local density of states of the two lowest metallic bands,
along the width of the ribbon as a function of the wave vector ky, revealing that these
bands are localized at the edges up to a certain k point close to the projected Dirac points

at k = 2π/3a. On the other hand, the spin polarization for the lowest band at k = 0.5Å
−1

and k = −0.5Å
−1

is shown in Fig. 4.2.(b). In this figure we can appreciate the spin-filtered
nature of the edge states because these two states have opposite velocities and also have
opposite spin polarization. Furthermore, notice that Sz is still a good quantum number in
presence of the edge reconstruction.

Figure 4.2: a) Distribution of the wave function along the width of the ribbon at different

k points in the Brillouin zone. b) Spin polarization of two states at k = 0.5Å
−1

(left) and

k = −0.5Å
−1

(right).

Secondly, we focus in the edge distribution along the width of the ribbon. The topolog-
ically protected edge states are evanescent modes that decay exponentially into the bulk.
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The wave function for these states in a ribbon geometry with the periodic direction in the
y axis can be written as

ψν(ky) = e
− x

2α(ky) eikyy (4.2)

where ν is the band index, ky the wave vector and α(ky) the decay length that increases
as we move from the TRIM point at k = Γ to the projected Dirac points at k = 2π/3a.
If the width of the ribbon is comparable to the decay length, then the spin-filtered edge
states of different edges in a QSHI can interact one with the other opening a gap at the
TRIM point [159]. Thus, in narrow structures the longitudinal conductance is not longer
a robust quantity due to the inter-edge backscattering of the electrons. For this reason
we analyse the effects of the reconstruction in the decay length of the helical edge states.
This property of the edge states were previously studied by J. N. B. Rodrigues et al. using
a single-orbital tight-binding [157] and by J. A. M. van Ostaay et al.[160] within a k · p
formalism, but neither took into account the spin-orbit interaction. In this work we follow
a different approach, the multi-orbital tight-binding approximation that allow us to include
this interaction.

In order to analyse the decay length we compute the local density of states ρa =∑
o,σ ca(o, s), ca(o, s)∗, where the indices a, o and s label the atom, the atomic orbital and

the spin, respectively, and ca(o, s) are the coefficients of the wave function expressed in the
atomic orbitals basis set. Then, we can obtain the real part of the wave function plotting
the density of states for each sublattice, A and B, as a function of the position of the atom
a along the width of the ribbon.

Firstly, we study the wave function of a reczag ribbon of a wide ribbon of width N = 130
in two situation, without include the SOC and with a realistic values of λ = 2 meV. The
results are shown in Fig. 4.3, where we have plotted the lowest metallic wave function,
which is located a the right side of the ribbon at x = 138Å. Here, x = 0 is the middle
of the ribbon and x = −138Å corresponds to the other edge. Notice that each unit cell
of the reczag ribbon has 4 atoms at each zigzag row, two A sites and two B sites. Here
we only plot the results for one of each lattice components because the other is identical.
We focus our discussion in three generic points in between the interval k ∈ [0, 2π

3
], that

are represented as dashed red lines in Fig. (4.1.b) and correspond to k1a = −0.13 close
to Γ point(Fig. 4.3.(a)), k2a = −0.89 in the middle of the interval (Fig. 4.3.(b)) and
k3a = −1.72 near the projected Dirac point (Fig. 4.3.(c)). The solid lines represent the
case without SOC and the dashed lines correspond to a realistic SOC of λ=0.002 eV. In
both cases the distribution of the wave function is similar only near the Dirac point they
differ slightly.
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Figure 4.3: Wave function of a ribbon of width N=130 at three different k point, k=-0.127,
in panel a, k=-0.888 in panel b, and k=-1.714 in panel c. In each panel, we plot the square of
the wave function projected in each sublattice as a function of the distance with the right edge
of the ribbon. We consider two different values of SOC, λ = 0 eV, in solid lines, and λ = 0.002
eV in dashed lines. The inset in panel we show the same local density of states but in the whole
region.

Our calculations without consider the SOC (solid lines in Fig. 4.3) agree with previous
results[157, 160], showing that the edge reconstruction introduces a finite amplitude in
both sublattices, A and B, unlike pristine zigzag graphene ribbon.

The projected wave function on each sublattice behave differently. The sublattice that
correspond to the more external atoms, those located at the heptagons, that we have chosen
as A sublattice in this side of the ribbon, we can identify two regions. The first region is
placed close to the edge and it has a few Åwidth. In this region the weight of the wave
function can either decay or grow depending on the crystal momentum ky. We can identify
the different tendency at each panel in Fig. 4.3, in panel (a) the wave function decay, in
the second panel the wave function is nearly flat and finally, in panel (c) it grows in a very
small region close to the edge. The second region of the projected wave function on the
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lattice A, behaves like the typical edge states decreasing exponentially into the bulk. On the
other hand, the wave function projected on the B sublattice shows an exponential decay
nearly independent of the wave vector k, with a decay length very similar to the one of the
of the second region of the opposite sublattice. We can appreciate this in Fig. 4.3.(a), the
two curves are parallel in the inner region of the ribbon. Only in the points close to the
projected Dirac point (Fig.4.3.(c)) the wave function show two regimes. A first decaying
stage with the same decay length than in the other point of the Brillouin zone, followed by a
change in the slope to have the same decay length than the opposite lattice. Furthermore,
the inset of this figure represent the wave function in the whole ribbon, showing that for k
points close to the projected Dirac point, the wave function exist in both edges due to the
finite size of the ribbon.

Notice that despite one sublattice penetrates more into the bulk that the other, both
have the same decay length. The different range comes from the relative weights between
both sublattices that is dominated by the behaviour of the projected wave function on the
A sublattice close to the edge. As we have seen, the wave function in this region can
increase or decrease depending on the wave vector ky, thus for points close to the Γ point
the A sublattice predominates and its range will be bigger that for the B sublattice. This
situation is reversed for those states close to the projected Dirac point, where the B wave
function predominates.

The behaviour of the edge states do not change when we include the SOC with a
realistic value of λ = 0.002 eV. The only small change is that the wave functions with ky
close to the projected Dirac point reduce its weight in one edge increasing the contribution
in the other as can been appreciated in Fig. 4.3.(c).

For higher SOC, the midgap bands splits changing the dispersion relation, in this situ-
ation, where the QSHP is more robust, the distribution of the edge states do not change
substantially. In Fig. 4.4, we represent the wave amplitude for two different values of SOC,
λ=2eV and λ=4eV, in solid and dashed lines respectively. Each panel corresponds to the
same three ky points analysed in the previous figure. We can appreciate that the wave
function projected on the A sublattice continue having two regions with different decay
length, and for the B sublattice, the effect of increase the SOC does not change the nearly
constant decay length and neither the change of the slope of those states close the Dirac
point. However, we can appreciate three minor differences. First, the change in the slope
of the wave functions occurs closer to the edge. Second, the relative weight between both
sulbattices is reduced. Finally, the wave functions do not longer exist in both edges (see
inset of Fig. 4.4.(c)).
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Figure 4.4: Wave function of a ribbon of width N=130 at three different k point, k=-0.127,
in panel a, k=-0.888 in panel b, and k=-1.714 in panel c. In each panel, we plot the square of
the wave function projected in each sublattice as a function of the distance with the right edge
of the ribbon. We consider two different values of SOC, λ = 2 eV, in solid lines, and λ = 4 eV in
dashed lines. The inset in panel we show the same local density of states but in the whole region.

In all the situations illustrated above we have obtained that the decay length of the
helical edge states increases with the wave vector ky. This fact has important conse-
quences in the electronic transport in reczag ribbons, since the reconstruction increases
the number of helical edge states at the Fermi level, in such a way that the new states
have different penetration lengths, and therefore different behaviour with respect inter-edge
backscattering.

In order to quantify the possible finite size effects in the electronic transport in reczag
ribbons, we compute the decay length of the helical edge states projected on each sublattice,
by fitting the local density of states shown in the previous figures at different point of the
Brillouin zone. To fit the wave amplitude we only consider the region of the wave function
that penetrates into the bulk avoiding the effect of the reconstruction. The results for the
wave vector interval [−2π/3, 0] is shown in Fig. 4.5. The decay length shows a nearly
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constant value of 1.5Åup to ka ≈ −1.25, above this point, the decay length grow fast with
k up to the point ka = −2π/3 where it diverges. This behaviour is almost independent
of the sublattice character of the wave function, and of the strength of the SOC as well.
Hence, like one of helical edge states is in the region between ka = −1.25 and the projected
Dirac point, its penetration length is bigger than one edge states at the same energy in a
pristine zigzag ribbon. Thus, the edge reconstruction enhances the finite size effects in a
graphene ribbon.

Figure 4.5: Decay length of the edge states as function of the wave vector k. We plot the
real exponential factor that represent the decay length of the edge states. We plot for different
value of SOC, 2 and 4 eV. Notice that in general, this factor is very similar for each sublattice
and almost independent of SOC.

In this way, the reconstruction introduces two regions in the wave functions that domi-
nates the penetration length of the edge states into the bulk. This is in contrast with the
zigzag graphene ribbons where the wave function decay exponentially with a constant rate.
We illustrate this behaviour in Fig. (4.6), where we plot the square of the wave amplitude
for each sublattice at the same three k points, for a zigzag ribbon of the same width than
the reczag ribbon(N=130). We have saturated the ribbon with Hydrogen atoms in order
to avoid dangling bonds. Here, we consider the case for high values of SOC, 2 and 4 eV.
We can see that both sublattices have a finite contribution to the wave function but one is
several order of magnitude bigger than the other, this is produced by the high SOC, actu-
ally the relative weight between both sublattices is much bigger for realistic SOC. We can
clearly observe that in all the cases the wave function of each sublattice decreases mono-
tonically with the same decay length. Furthermore, the decay length of the edge states
close to the Γ point is much shorter than the same states for the reczag edge, i.e. the edge
states are more localized at the edges, see Fig. 4.6.(a). However, the penetration length
of states closer to the Dirac point are similar to the ones of the reczag (see Fig. 4.6. (c)
and (b). Furthermore, we can observe that the relative weight between both sublattices is
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not reversed as we move along the Brilloin zone, in the three panels the A projected wave
function predominates.

Figure 4.6: Wave function of a zig-zag ribbon of width N=130 at three different k point,
k=-0.127, in panel a, k=-0.888 in panel b, and k=-1.714 in panel c. In each panel, we plot the
square of the wave function projected in each sublattice as a function of the distance with the
right edge of the ribbon. We consider two different values of SOC, λ = 2 eV, in solid lines, and
λ = 4 eV in dashed lines. The inset in panel we show the same local density of states but in the
whole region.

To illustrate this in a more quantitative way, we compute the total sublattice weight of
a given wave function, ν,~k, given by:

∑A,B
a ρa(ν, k) =

∑A,B
a

∑
o,s ca,o,s(ν, k)ca,o,s(ν, k)∗,

where we sum al the local density of states of the same sublattice. To compute this quantity
we consider the lowest metallic band of both types of edges. The results are shown in Fig.
4.7. We can observe, that for the case of zigzag, in panel (a), the edge state is fully polarized
in one sublattice and remains constant constant in the whole interval [−2π

3
, 0]. On contrary,

in the case of a reconstructed graphene ribbon, there are components of both sublattices
and they evolve with the crystal momentum k. The dominant sublattice, B, decrease while
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the A sublattice increase crossing one to the other, interchanging the sublattice character of
the edge states. The relative weight and the crossing point depends on the SOC strength.

This interchange of the sublattice polarization may explain the crossing of the metallic
bands in the reczag ribbons with SOC. In bulk, the effective SOC at the Dirac points is
given by σzτzsz. Where σ, τ and s, are the Pauli matrices of the pseudospin, valley and
spin quantum numbers, respectively. This interaction opens a gap with opposite signs at
the Dirac points, K and K’. We have two copies of the energy spectrum one for each spin.
If we focus in one spin, the valence band and conduction band can be labaled with the
pseudospin quantum number. At one Dirac point, for example K, the conduction band will
have a pseudospin polarization A and the valence band the other sublattice character, B. In
the other inequivalent Dirac point, K’, the band gap is reversed having the conduction band
a pseudospin polarization of B and the valence band of A. If we consider the other spin state
the labels are interchanged. Thus, in the boundaries appears edge states that correspond
to the metallic band that connects the bulk band with the same quantum number. This
simple picture of pristine graphene is altered by the edge reconstruction, which interchange
the sublattice polarization at the edges, thus, the band bends in their way to connect the
bulk band with the same quantum numbers.

Figure 4.7: We plot the density of states projected in each sublattice as a function of the k
point. We consider two values of SOC, 2 (solid lines) and 4 eV (dashed lines). The left panel
is the case of a zig-zag ribbon of with N=130. We can see that each sublattice polarization
remain constant in the range where the edge states exist. In the right panel, we plot the case
of a ribbon with reczag edge reconstruction with the same width. Notice that in this situation,
the sublattices polarization cross one to each other. Showing that a given edge state change the
sublattice polarization in the region between 0 and 2π

3 .

4.3.2 Robustness of the spin-filtered edge states against disorder

The spin-filtered edge states are robust against non-magnetic disorder, interactions. They
contribute to the conductance as a single robust quantum channel. Thus, in the presence
of disorder the extra branches allow for backscattering and the conductance is expected to
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be reduced down to G0 for infinitely long samples. The relevant question is now whether or
not the localization length can be larger than typical sample sizes or decoherence lengths.

We study this effect computing the two terminal conductance, Gxx in presence of An-
derson disorder. This disorder is an atomic potential that shifts randomly the onsite energies
of all the atoms in a given region by an amount, ε ∈ [W/2,−W/2]. Where W parametrises
the strength of the disorder. To address this problem we carry out transport calculations
using the Landauer formalism with the help of our package ANT. The two terminal con-
ductance is G(E) = G0 × T (E), where G0 = e2/h is the quantum of conductance and
T (E) is the transmission probability of an electron in 1D system with energy E to pass
trough a disordered region.

Figure 4.8: Conductance at the Fermil level of a ribbon in presence of Anderson disorder.
We compute the conductance of a reczag ribbon of with N=20. The region where the disorder is
considered is W=8. We plot the results for several values of SOC and also we compare the result
wit a zigzag ribbon with the same width.

In Fig. 5.10 we show Gxx for a reczag nanoribbon of width N=20 (40Å) as a function
of disorder strength, W, for two values of SOC, 0 and 2 eV. The length of the device
section where the Anderson disorder is held is L = 20Å. In both cases, the two terminal
conductace is 3 G0 without disorder and decrease smoothly as we increase the disorder
strength. The lack of conductance quantization in the case of 2 eV of SOC show that the
edge reconstruction distortionate the transport properties of the QSH phase.

The reason for the lack of quantization lies in the nature of the 3 channels. At least
one of them is always pushed close to its Dirac point, being fairly delocalized into the bulk.
Disorder is not so effective in localizing this channel even for the largest SOC considered.
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4.4 Zigzag-Regzag interfaces: possible breakdown of
continuum theory

One of the hallmarks of quantum Hall physics states that the boundary cannot affect the
quantized conduction nor the current flow. The edge channel will hence circumvent any
obstacle due to the conservation of the Chern number which essentially is a bulk property
and thus does not depend on the microscopic realization of the boundary.

In the case of a regzag-reconstruction, we observe an apparent (partial) breakdown of
this paradigm when the current is entirely carried by states close to the Γ-point. This
situation can be achieved by introducing disorder preserving time-reversal symmetry which
will open up a gap for the edge states close to the K-points, i.e., for the edge states
extending to the bulk. Even though this recovers the Z2 topological invariant of one edge
channel, there is a small, but important difference compared to graphene with zigzag edges:
the current flow with certain spin projection at a certain edge is reversed.

The change in direction can be traced back to the breaking of hexagonal symmetry,
because only in this case the spin-orbit interaction is of second order in the π-orbitals.
Close to the boundary, the rotational symmetry is broken and the spin-orbit interaction
will be of first order in the π-orbital. This makes it possible for the effective spin-orbit
coupling of the KM-model to change sign and thus provoke the change in current direction
of a certain spin-projection. In fact, we can locally tune the sign of the effective spin-orbit
coupling by changing the hopping parameter of the edge bonds of the heptagons/pentagons
parallel to the stripes, λ, see Fig. 4.9. For λ = 0, there is no closed loop giving rise to
a magnetic flux through the heptagons/pentagons and we observe only one edge-state
crossing at the Γ-point. Increasing λ up to the bulk hopping parameter t will continuously
give rise to two additional edge-state crossings and for larger edge hopping λ > t, these
two additional points continuously move closer to the Γ-point.

The current reversion outlined above is not fundamental for homogeneous systems with
only one edge-type. But it does become significant when connecting a stripe with zigzag
termination to a strip with regzag termination as we will outline in what follows: We already
mentioned that the regzag nanoribbon must contain intrinsic disorder to be in the regime
of only one topologically protected edge-state crossing. When this disorder conserves the
spin projection, the incoming current cannot continue at the same boundary due to spin
conservation, see Fig. 4.9. This leaves us with the apparent paradox that slightly changing
the boundary can convert a conductor into an insulator.

But due to the disorder, there is a well-defined interface to the (pristine) zigzag nanorib-
bon. In order to maintain the quantization of the conductance of the sample due to a finite
bias along the sample, we thus have to assume that the edge state with certain spin projec-
tion crosses the sample at this interface to merge with the edge states of the other boundary
with the same spin projection, see Fig. 4.9. This is similar to what happens in the case
of a np-junction of graphene in the quantum Hall regime. Still, edge reconstruction would
have a macroscopic effect on the current flow.

But what happens in the case of identical disorder of the two stripes? Then, we could
only define a ”virtual” interface due to the different boundaries and there would be no
predetermined path to join the two edge channels at opposite ends. Also the case of
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repeating the zigzag/regzag interface is difficult to imagine since it would result in a finite
current density inside the bulk and perpendicular to the stripe orientation, contrary to
the standard expectation of only having current densities at the edge. This indicates a
breakdown of the continuous description in the case of topological reconstructions.

Figure 4.9: Panel a represents a cartoon of an interface between two QSHI with different
number of Krammers pair at each edge. Panel b, represent hypothetical situation presented in
ribbons with SOC of 4 eV. Where there is an small energy gap where the edge states of a reczag
ribbon have opposite velocities with the ones of zigzag. In panel c, we illustrate this interfaces.
This is the geometry that we have use to compute the electronic transport through this boundary.

To conclude, we predict a change in the current distribution only provoked by the
change of zigzag to regzag termination. In order to conserve the quantized conductance
when applying a bias along the sample, the edge current needs to cross the sample to join
its counterpart with same spin projection and current direction. But in the case of uniform
disorder is becomes likely that there is a finite current density inside the bulk, indicating a
breakdown of the continuous description in the case of topological reconstructions.
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Or motivation to study the interface between a zig-zag ribbon and an edge reconstructed
ribbon is twofold. First, in is interesting how the work the connection between two different
QSH systems. And second, more interesting is the fact of how the inversion of the bands
at the gamma point produce a inversion of the conducting channels in such a way that now
the spin filtered edge states can not cross the boundary. More dramatic is the situation for
high spin-orbit, where the inversion of the bands leads to a anticrossing, that eventually
there is not going to have any counter propagating channel.

Here we have studied the electronic transport through a interface between a zig-zag
terminated ribbon and and reczag reconstructed graphene ribbon, in two different regimes.
At 0 eV of SOC where the graphene is a semimetal, and at 2 and 4 eV of SOC, where
the graphen is in the QSH phase. The procedure to compute the electronic conductance
is the same explained in the previous section, where now, the device region is shown in
Fig. 4.9.(c). This geometry has not been relaxed. The relaxation of the system may
alter the results without SOC, but should do not affect to the conductance when the SOC
interaction has been taken into account because then, we will be in the QSH regime, and
the conductance is robust against disorder, like the one of the relaxation could produce by
a rearrangement of the atoms at the interface. In order to aboid the dangling bond of the
zig-zag termination, we have saturated the ribbon with Hydrogen as it is showed in Fig.
4.9.(c). We have studied different width of the ribbon ranging from N=16, to N=40. In
all cases, we have observe size dependent effect that been eliminated for the wider ribbons.

In Fig. 4.10 we show the results for the case without SOC. In the upper panel we
show the electronic conductance in units of 2e2/h as a function of the energy of the
electrons. In the lower panels, we plot the bands structure for the N=40 ribbon, for each
termination, either zizag or reczag configuation, in the energy interval where we have studied
the electronic transport. We have tuned both bands structure at the same Fermi level in
order to understand the tranport properties. We can see that there is a dependence with
the ribbon size, arriving to saturate for the wider ribbons. We can observe, that for energies
below the Fermi level, the conductance is 1G0. In the region around 0.01 eV of the Fermi
level, the conductance show a peak which value increases with the with of the ribbion. And
finally, for energies above the Fermi level, the conductance is reduce to a value close to
half quantum of conductance. Thus, a first conclusion that we can extract is that without
considering the SOC, the interface is going to affect conductance of the electron producing
backscattering. In order to interpret this result we are going to see the band structure in
the Fig. 4.10.(b).

We consider just the electrons with positive velocities, thus,in the range form E =
−0.1eV, to E ≈ −0.01eV, the electrons in the zigzag ribbon moving forward the interface,
have two output channels, the one corresponding to a similar band, in k points close to the
projected Dirac point, K, or those in between the Γ point , the projected K’ point. Thus,
it looks natural that the electrons that are almost localized in the middle of the ribbon, will
connect with those at similar k points in the reczag ribbon, with also long decay length.
Then the conductance will be at least one, as we obtain. In the region of energies between
E ≈ −0.01 and E ≈ 0.01, the conductance shows a peak at the Fermi level. In this region,
the bands of the zig-zag ribbons are flat, thus, the wave function are bad behaved. Finally,
in the region between E ≈ 0.01 and E = 0.1eV, the conductance drops. In this reagion,
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Figure 4.10: Electronic transport through a interface zigzag-reczag for different width from
N=16 to N=40, at a SOC of 0 eV.

the bands with possitive velocities are, for the case of zig-zag, close to the projected K’
point, and for the case of reczag ribbon, due to the dispersion of the bands, are located
in the region in between the K point and the Γ point and at the other side of the Brilloin
zone, in the region between the Γ point and the projected K’ point. In this situation, the
incoming electrons have two outgoing channels. The first, is separated by a long wave
vector k, but are state with a similar width. Or those in the positive part of the Brillouin
zone, but with different penetration lengths. It the electron only jump to these one, due to
the difference of the penetrationg length the will be a mistmach and the conductance will
be reduced.
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Figure 4.11: Electronic transport through a interface zigzag-reczag for different width from
N=16 to N=40, at a SOC of 2 eV.

The situation is different when we consider the SOC. Now, the graphene is in the QSH
phase, thus, the conductance due the the spin-filtered edge states have to be robust and
quantized.

In Fig. 4.11, we show the result for a system with 2eV of SOC. In this situation, the
conductance show a almost flat plateau at 1G0. Just, for the thinner ribbon, a peak in
the conductance few meV above the Fermi level is showed, but it disappears if the ribbon
become wider. The inset in Fig. 4.11.(a) shows a small deviation from the ideal quantum
of conductance, this but again, it become close to 1 for bigger ribbons, so it has to be
related with size effect and due to the finite size of the system, because always there is
a conducting channel which penetration length in close to ∞ , as we saw in the previous
section.
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Figure 4.12: Electronic transport through a interface zigzag-reczag for different width from
N=16 to N=40, at a SOC of 4 eV.

Finally, for the case of 4 eV of SOC. Conductance show similar trends to the ones seen
for the previous case, but with a dramatic difference. In this situation, the metallic bands
fold leading to an anticrossing and inverting the velocities of the spin-filtered edge states
close to the Γ. Thus, close to the Fermi level and the Γ point, where the anticrossing
of metallic band produce an small energy window where only one channel is available for
each ribbon and have opposite velocities. In this situation, ilustrated in picure (), the
conductance should drop to 0, because there is not outgoing states in the same edge, and
then the only choice is jump to the other edge and continue. This only is possible for small
ribbon.

4.5 Conclusions

Firstly, we have studied the electronic structure in reczag graphene ribbons without consider
the spin-orbit interaction. It has been shown that the typical flat bands of the zigzag
graphene ribbons acquire dispersion when the edges are reconstructed, because of the
different values of the hopping parameters among the atoms of the edges. In addition, new
edge states above and below the Fermi levels appears, in an energy region forbidden for the
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bulk graphene bands.
Next, we have include the spin-orbit interaction in the reczag graphene ribbons. It has

been observed the band splitting in negligible for realistic value of SOC, therefore it is nec-
essary to enhance the strength of the SOC to observe a significant splitting. Furthermore,
the dispersion of the spin-filtered edge states do not follow the linear Kane-Mele behaviour,
but the band are curved reaching to form an anticross in their path to join the graphene
conduction and valence bands. In this way the number of conducting channels in the middle
of the SOC gap increases from one to three.

A direct consequence of the change in the band structure due to reconstruction is
that the topological phase of graphene is masked. The reconstruction do not change the
topological phase since the number of helical edge states at the Fermi level is still even,
as might be expected because the reconstruction is a local effect. However, one of these
Kramers’ pairs is situated close to the Dirac point, where the edge states are no longer
pure edge states and become bulk states. Consequently, the penetration length of this
state is much larger than the one of a edge state of a zigzag ribbon with the same energy,
therefore, the inter-edge backscattering increases. This fact has been contrasted numerically
computing the two-terminal conductance in presence of Anderson disorder, these calculation
have shown that the transport is not topologically protected.

Another interesting effect related with the change of the band structure is the inversion
of the helicity of the edge states, near the Gamma point. This effect is specially relevant
in zigzag-reczag junction in presence of non-magnetic disorder, where two of the three
channels of the reczag ribbons should localize, and only survive the one that is closer to
the Gamma point because at this point the disorder can not open any gap due to time
reversal symmetry. In this type of frontiers we predict a change in the current caused only
by the jump from one type of ribbon to the other. In order to preserve the conductance
quantization, the edge states have to cross the entire ribbon and join to their partners with
the same propagation direction and spin projection in the other side of the ribbon. This
effect has been numerically tested computing the conductance through a zigzag-reczag
junction, obtaining that the conductance drops below 1G0 in a energy window close to the
Fermi level, where there is an small gap due to the anticrossing of the reczag edges states,
and therefore, each ribbon has just a single Kramers’ pair with opposite helicities.
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5
Topologically protected quantum transport

in Bismuth nanocontacts

5.1 Introduction

One of the most remarkable feature of topological insulators is the impossibility of backscat-
tering. In quantum spin Hall insulators (the 2D version of topological insulators), this
property determines the electronic transport at low energies. In the middle of the energy
gap, the only accessible conducting channels are the topologically protected edges states.
Hence, the two-terminal conductance, G, is quantized and robust against non-magnetic
disorder and small interactions. This is an easy measurable quantity that discriminate a
trivial insulators from a topological one. The quantization of the conductance of a QSHI
was first observed in quantum wells of HgTe/HgCd by M. König et al.[64] . In spite of its
scientific interest, these devices are complex systems made of several components, where
applications become difficult. Therefore, for practical applications it is convenient to find
other truly two dimensional materials with this topological phase.

The quantum spin Hall phase was first proposed in graphene[59], a truly two dimensional
crystal. However, the topological gap in graphene is of the order of µeV due to the weak
SOC of carbon. Thus, this system is a very instructive model to learn the fundamentals of
the QSH phase, but not a real candidate to exploit this phenomena for applications. Besides
graphene, other materials have been proposed as a single layer of bismuth(111)[82, 161], few
layers of antimony(111)[79], silicine [80] and recently, decorated stanene, a two dimensional
layer of tin[81]. Among all this proposals, the most promising is the single layer of Bi(111)
for two reasons: First, the other proposed materials are difficult to fabricate and second,
their topological gaps are below the Bi(111) gap.

The prediction of the QSH phase in a single layer of Bi(111) was made by S. Mu-
rakami in 2006[82]. Early attempts to grow this material by chemical vapour deposition in
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Si(111)-7× 7 failed, T. Nagao et al. found that the (111) surface of bismuth undergoes a
reconstruction in the low coverage regime[162]. Few years later, it was possible to grow a
single layer on top Bi2Se3, a 3D topological insulator[83–85]. This system has been charac-
terized by scanning tunneling microscopy and spectroscopy (STM/STS) and angle-resolved
photoemission spectroscopy (ARPES), finding the first evidences of the existence of edge
states in a single layer of Bi(111). Nevertheless, these results coexist with the topological
surfaces states of Bi2Se3.

A different approach to fabricate this material is the chemical synthesis. It is possible
to obtain strips of a single layer of Bi(111) by inserting iodine or bromine[86]. In addition
to one dimensional structures, it is also possible to synthesise other related materials with
topological properties based on a single layer of Bi(111)[163].

In this work, we propose the mechanical exfoliation of a single layer of Bismuth (111)
using an STM, by the repeated tip-surface indentation in a nanocontact experiment[164].
To identify the topological character, the two terminal conductance through the system is
measured. It shows a robust quantum of conductance even at room temperature. Similar
results were found in previous STM experiments at 4K and 77K, but with a lack of con-
vincing explanation. [165, 166]. Furthermore, these intriguing results have been observed
also in electromigrated Bi nanoconstrictions[167].

5.2 Properties of Bismuth

Bismuth is one of the heaviest nonradioactive elements in nature. It belongs to the group
V in the periodic table, having an electronic configuration in the last shell of 6s26p3. The
relativistic effects like spin orbit coupling are very important in this element due to it
heavy mass. This determine the physical and chemical properties of bismuth[168]. In this
section we describe some basic properties bismuth, necessary to understand the nanocontact
experiment.

Crystal structure The crystal structure of group V semimetals is a trigonal crystal
system, i.e. we can identify two different lattice systems, the rhombohedral and the
hexagonal[169]. In Fig. 5.1.(a), we show the unit cell of both lattice systems. In green,
we identify the unit cell for hexagonal lattice, characterised by the distances a = 4.53 Å,
c = 11.8 Å. On the other hand, in black, we show the rhombohedral lattice system, which
is a distortion of a cubic system stretched along the body diagonal. The unit cell has two
base atoms separated by the vector, ~t = (0, 0, 5.3Å). The three lattices vectors of the
rhombohedral Bravais lattice are :
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(5.1)

All lattice vectors have the same modulus, |~a1| = |~a2| = |~a3| = 4.72Å, and the angle
between them are also equal α = β = γ = 57◦.
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Figure 5.1: (a) Unit cell of Bismuth bulk crystal. The lines delimits the volume of the unit cell
of the two possible representations. The green lines corresponds to the hexagoal respresentation
and black to rhombohedral. (b) Bulk crystal structure show from the (110), where it reveals the
layered structure. The different height between the atoms in the same layer is denoted by h, and
in-plane distance between two neighbour atom is labelled by b. (c) Top view of a single bilayer
of Bismuth (111).

This crystal has a layered structure with an ABC stacking that is clearly manifest look-
ing it in the [110] direction ( See Fig. 5.1.(b)). Each atom in a single layer has three
nearest neighbours that are at different height at a distance d2 = 3.4Å, creating a buckled
honeycomb lattice (see Fig. 5.1.(c)). One can think of each layer as two triangular lattices
at different heights, so it is common to call them bilayers, whereas the next-to-nearest
neighbours remain in the same layer, at a distance a = 4.54Å[169].

As a consequence of this geometry, the atoms of each bilayer are bonded covalently
with a binding energy 2.7eV [170], while the bonding energy between atoms in different
bilayers is 0.3-0.5eV [162, 169, 171]. These numbers point out that it is energetically more
favourable to separate bilayers, than to remove atoms from the same bilayer, a situation
similar to that in other layered materials like graphite.

Mechanical properties In nanocontact experiments, two pieces of material are pushed
together or pulled apart with subatomic precision. In the last stages before breaking the
contact both materials are joined by a section of few atoms. For the entire process, the
materials are under the action of deformation forces[172]. It may result useful to know the
mechanical properties of the materials, at both macro and nanoscale, in order to understand
the results from these kind of experiments.

At a macroscopically scale, in a single crystal of Bismuth the primary slip system is the
(111)[110] [173], and it is easily cleaved along this plane [174]. These features has been
tested in the nanoscale regime in polycrystalline bismuth pillars with diameters ranges from
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1100 to 130 nm. In this study, Michel J. Burek et al.[175] found that for large nanopillars
with diameters bigger than the grain size, the plastic deformation were dominated by grain
boundary-mediated mechanism. In contrast, in nanopillars with diameter smaller than the
grain size, the deformation takes place by dislocation glide, pointing out that it is similar
to the bulk deformation mechanism.

In nanocontacts experiments, the pressure in the contact region can exceed the elastic
limit, then only this region will deform plastically[172]. We expect that in the bismuth
nanocontacts the deformation process will be similar to the one in the nanopillars involving
slipping (111) planes.

Oxidation properties The oxidation of the sample is a well know problem in nanocontact
experiments. In our case, the Bismuth-Oxygen (Bi-O) system presents several phases: BiO,
BiO2 and five polymorphic phases of Bi2O3. Each phase is stable at different conditions
and also presents different crystallographic configurations.

The reactivity of the different surfaces of a material to oxygenation, is related with the
number of dangling bonds at each surface. In bismuth, the most inert surface is the (111),
with none dangling bonds, followed by the (110). [176, 177]. This situation of the (110)
surface, can be altered in thin films by a surface reconstruction that reduces the number
of dangling bonds. This was reported by P. J. Kowalczyk et al.[177]. They found that in
thin films the oxidation process starts from the edges inwards, and after several days of
exposure there were still not oxidized regions.

Electronic properties Bismuth is classified as a semimetal. In these materials, the top
of the valence bands and the bottom of the conduction bands, do not coincide in the same
point of the Brillouin zone, and slightly overlap. The Fermi level is in between the overlap
region leaving the top of the valence band is empty and the bottom of the conduction band
is full. Thus, the concentration of carriers is lower than in a normal metal [112, 178].

Crystalline bulk Bi presents two types of carriers (electrons and holes) with long Fermi
wavelengths (tens of nm) and unusually small masses, both anisotropic quantities [103, 169].
Hence, in this material the finite size effect are expected to be relevant. The quantum
confiment produces a transition from semimetal to semiconductor. But the presence of
surface states [169, 179, 180] hides this situation and only in the limit of a few bilayers the
system becomes a real semiconductor[181].

5.3 Electronic transport in Bismuth nanocontacts with
an STM

In this section we are going describe the experimental realization of the transport measure-
ments, and the characterization of Bismuth. All the nanocontact experiments and part of
the characterization was done by C. Sabater[182] .
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5.3.1 Scanning Tunneling Microscope (STM)

The Scanning tunneling microscope (STM) was invented by Gerd Binning and Heinrich
Rohrer in 1981[183]. This instrument revolutionised the condensed matter physics at the
nanoscale. It was able to extract electronic and geometric information with great detail
from the surfaces, and also to manipulate the matter at the atomic level.

The basic idea behind this instrument is an essential concept in quantum physics, the
tunnel effect of the electrons. The detection mechanism uses the high sensitivity of the
transmission of electrons through an energy barrier. This device measures the tunneling
current of electrons between two metallic systems (usually refeared as tip and surface) that
are separated by vacuum. The tunneling current I as a function of the Bias voltage, V , is

I(V ) = KV exp−s
√
2mφ
~ (5.2)

where, K is a constant that depends on the geometry of the two metals and the density
of states, s, the separation between the two metals, m, the electron mass and φ the work
function of the material.

In order to study nanoscale systems we need to have a great mechanical control on,
at least, one of the elements of the nanocontact (tip or surface). This is achieved using
piezoelectric materials, that control the movement of the components with high precision.
They are used to modify the distance between the tip and the surface, and also to have
lateral displacements to study surfaces. Moreover, this microscope can operate at different
conditions, usually in ultra-high vacuum and low temperatures, or at ambient conditions.
[182, 184]

5.3.2 Atomic size contact fabrication and conductance measure-
ments

As we mentioned above, an atomic size contact between two materials can be created
approaching or separating the tip and surface of an STM[172, 182, 184]. In the first stages
forming the contact, or in the lasts breaking it, the two materials are in contact by a few
atoms as illustrate the panel a in Fig.5.2.

The conductance, G = I/V , can be measured in this systems applying a bias voltage,
V , between the tip and the surface, and at the same time measuring the electric current, I.
These measurements can be performed changing the distance between tip and surface, when
a nanocontact is being created. Thus, this experiment gives information of the electronic
transport, the deformation and geometry of the contact. Representing the trace of the
conductance, as a function of the elongation or approach distance between the tip and the
surface, appear several plateaus produced by plastic deformations of the contact region.
The last plateau, usually corresponds to the conductance of a mono-atomic contact, i.e.
the conductance of a single atom. Although other kind of structures like chains and dimers
can also be formed in the last step before breaking the contact [182, 184].

Each time the contact is broken or formed, the configuration of the atoms in the contact
section is different, therefore they will produce different conductance-distance curves. This
problems is addressed statistically, recording several traces and creating an histogram of
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Figure 5.2: a) Tipical creation of a atomic-size contact both in the approach and rupture
between tip and surface. b) Typical conductance-distance curves for a gold nanocontact.

the conductance values. The histogram, gives the information of which values are more
probable, normally, those with the most common geometrical configuration.

5.3.3 Bismuth nanocotacts with an STM

The electronic transport through atomic size constrictions of metallic materials are, in
general, well understood with the theory of quantum transport. In contrast, in semimetallic
materials, like bismuth, the electronic transport presents special features regarding the rest
of metals, with a lack of convincing interpretation.

In the case of antimony, J.M. Krans and J.M. van Ruitenbeek[185] observed subquantum
conductance steps in the last stages before break the contact. On the other hand, a much
more complicated behaviour have been reported in bismuth. Firstly, J.L. Kosta-Krämer
et al.[165], studied nanocontacs at 4K, showing histograms with a strong contribution at
one quantum of conductance (G0). Later, J.G.Rodrigo et al.[166], reported new measure-
ments in bismuth nanoconstrictions at 4K and 77K. Their results at 4K were different from
those of J. L. Kosta-Kramers et al.[165], they reported none characteristic value at the
histograms, and furthermore they found also subquantum plateus, like in the case of an-
timony. This situation was completely different at 77K observing two interesting features.
First, the subquantum steps also appeared at this temeperature, and second the measured
long plateaus at 1G0.

In this work, we report new measurements on electronic transport in ultra-high vacuum
and 4K, and also at ambient condition, for bismuth nanocontacts created by STM, and
provide a theory to interpret these experiments.

Experimental setup and characterization

The tip and surface of the STM used in the experiments, were created with fragments of
bismuth extracted from pellets and a rod of pure bismuth. They were prepared breaking
the pellets and rod with a transversal cut. In Fig. 5.3.(a), we show the typical aspect of
the rod after split the fragments. The cleavage plane in bismuth is the (111) plane[174],
thus, in principle, the big flat areas that can be observed in Fig .5.3.(a) have to correspond
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to such surface. In Fig. 5.3.(b), we show the typical arrangement of the bismuth fragments
attached to the STM.

Figure 5.3: (a) Lateral view of the bismuth rod the transversal cut to create the fragments
used as tip and sample in the experiment. The uniform terraces may correspond to the (111)
surfaces of bismuth. (b) Configuration of a bismuth tip and surface in a STM prepared by Carlos
Sabater. (Images courtesy of Carlos Sabater).

We characterize the bismuth fragments in order to have a better understanding of its
geometry. First, we studied the geometry of the fragments using a transmission electron
microscope (model Jeol-TEM2012). Three examples of a set images (at 200 Kev) from
bismuth rod fragments are shown in Fig. 5.4. In this case, the samples were prepared
grinding the bismuth in an agate mortar. At the images, we observe nanocrystals, typically
tens of nm in size, with perfect crystallographic structure, where can appreciate the layered
structure of bismuth. We also observe that some boundaries are flat regions that we
associate with the (111) surface, due to the way in which the samples were prepared.
Interestingly, we noticed that the beam damaged the sample, eating layers away during
the measurement. Furthermore, with this characterization of the fragment of bismuth, we
have seen no degradation of the bismuth crystal structure due to oxidation. The TEM
samples for the pellet were prepared by tomograph technique, and did not show a clear
crystallographic structure. These observations lead us to think, that the atomic structure
at the nanoscale is different in our two samples, rod and pellets. The main results reported
here (those at room temperature) were only obtained in the former type of Bi (bar form)
while no clear conclusions could be drawn from Bi in pellet form.

In order to further determine the crystal structure at the nanoscale, the long surfaces in
Fig. 5.3.(a), were characterized by STM microscope, showing flat terraces of few nanome-
ters height.[164, 182]. In addition, the samples were characterized by EDS to study the
oxidation of the fragments. This analysis revealed the amount of oxygen in samples exposed
30 minute to air was below 1% [164, 182], in agreement with the TEM images.

Electronic transport measurements

Electrical conductance was recorded during the process of formation and rupture of a
bismuth nanocontact, measuring the electric current through the nanocontact at low bias
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Figure 5.4: (a),(b),(c) Different TEM imagens of bismuth prepared from the grinned bismuth
rod fragments. Note the crystal structure of the fragments having long flat surfaces. (d) Zoom
of figure (b), indicated by the four corners, where we can appreciate the layered structure of
bismuth.

voltages, typically 100 meV. The experiments were done at both high vacuum and 4K,
and ambient conditions and room temperature. In the case of helium temperatures, the
tip and surface were prepared with the bismuth in the pellet form, but similar results have
been obtained from the bismuth in the rod form. For the measurements at the ambient
conditions, the tip and surface where prepared only with the rod samples.

The typical conductance-displacement curves are shown in Fig. 5.5.(a). All of them
show several plateaus below G0 before break the contact, in contrast with typical metallic
contact, whose minimal cross section contributes to the conductance a value in the vicinity
of G0[172]. In Fig. 5.5.(b), we have singled out one trace that manifestly shows four
subquantum plateaus before the final rupture. Since each plateau corresponds to an elastic
deformation of an atomic configuration, in between plastic deformation events, one can only
conclude that few-atom cross section Bi nanocontacts (as the ones shown in the insets)
are much less conducting than their metallic counterparts.
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Figure 5.5: a) Selected curves obtained during the process of rupture of a Bi nanocontact
formed after indentation of a tip on a surface at 4K. b) G0. The insets represent possible atomic
configurations compatible with the subquantum plateau values.

Figure 5.6: Conductance histogram at 4K obtained using fragment of bismuth pellets. Notice
that there is no characteristic conductance value in the range between 0 and 4 G0.

In order to obtain information independently of the rupture process, we have computed
an histogram using thousands of rupture traces. This histogram, shown in Fig. 5.6, reveals
a large statistical weight below G0, with an almost flat distribution showing that there is
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none characteristic value.

In the experiments at ambient conditions, we have to pay attention to the surface con-
tamination, specially to oxidation. For this reason, we characterized the bismuth fragments
by TEM and ERD, checking the small amount of oxidation of the samples, as long known
for bismuth [186]. Furthermore, under these conditions, the mechanical stability of the ex-
perimental set-up, is inferior to that at low temperatures, making more difficult to carry out
measurements in a systematic way. Performing the experiment we observed two different
behaviours of the contact depending on the initial indentation.

Figure 5.7: a) Example of conductance recorded during the process of rupture of a Bi
nanocontact formed by repeated indentation of a Bi tip on a Bi surface at 300 K. b) Conductance
traces exhibiting plateaus with elongations of tens and hundreds of nanometers. Most of the
plateaus are pinned at G0. c) Histogram of conductance obtained from tens of traces exhibit-
ing long plateaus. The histogram exhibits a clear peak at G0, which reveals that this value is
particularly frequent and robust.
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On the one hand, creating the contact with conductance values at a maximum indenta-
tion of the order of 10G0, most of the traces either do not break for the allowed range of the
piezo, typically up to 300 nm, or fall to zero showing no apparent reproducible behaviour.
On the other hand, starting from smaller indentations (up to 3-6 G0), consecutive traces
may repeatedly show small features or short plateaus, including plateaus at G0 (see Fig.
5.7.(a)) which were completely absent in the 4 K measurements. Notice also the different
length scales in Figs. 5.5.(a) and (b) (1 nm) and Figs.5.7.(a) and (b) (100 nm). Most
notably, long conductance plateaus appear on occasions on some traces (see Fig. 5.7.(b)),
the length of these reaching up to hundreds of nanometers. While some of them corre-
spond to the initial elongation elastic process (the ones around 3G0), most of them appear
after a few plastic events. One way to quantify the information in these traces is to plot a
conductance histogram only with them (we have selected those exhibiting plateaus longer
that 50 nm regardless of the plateaus conductance values). The result is incontrovertible,
showing a large peak at G0 since most of the plateaus are largely pinned at the quantum
of conductance (see Fig. 5.7.(c)).

5.4 Bismuth nanocontacts in the framework of Quan-
tum Spin Hall insulators

In this section, we are going to present a theory to explain the previous experiments in
bismuth nanocontacts. This theory has to account for the long plateau at 1G0 at both
ambient conditions, and 77K, and at the same time, the subquantum steps before break
the atomic-size contacts.

Typically, an exact conductance value of G0, in the Landauer formalism, is generally
expected to occur when, first, the Fermi wavelength is comparable to the constriction width
and, second, the constriction potential is adiabatic in the current direction. This happens,
for instance, in a gated two-dimensional electron gas [187] or in monovalent metal atomic
contacts [172].

A first scenario, already put forward to explain the early experiments in Ref. [166],
invokes the formation of large cross section three dimensional constrictions (thousands of
atoms), so that the lateral movement of the long-wavelength electrons gets quantized. It
is, however, difficult to predict how the bulk electronic structure can carry over to con-
strictions presumably lacking long crystalline order. In addition, adiabaticity imposes severe
restrictions to the shape of the constrictions. Furthermore, it is quite hard to imagine how
these constrictions may be stable during very long piezo displacements. Even more difficult
to accept is the fact that they must exist right before rupture without then going through
a very large number of plastic deformation events. Futhermore, in this context one would
expect observe further conductance plateaus at hight conductance values. Also, notice that
the appearance of the quantum robust channel is observable at room temperatures, and it
is more robust than at 77K.

A second scenario where atom-size constrictions are responsible for the appearance of
long plateaus at G0, is ruled out by the observation of sub-quantum plateaus in most traces
(see Figs. 5.5 and 5.7) and also by our calculations.
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These scenarios do not arrive to answer all the questions regarding the electronic trans-
port in bismuth nanocontacts, therefore, other interpretation is necessary. In this work, to
interpret the experiment, we propose a new framework, where the transport is through a
single bilayer of Bi(111), which is a quantum spin Hall insulator.

5.4.1 Quantum Spin Hall phase in Bi(111) bilayers

Bulk bismuth is a topologically trivial material, however, a single Bi(111) bilayer was pre-
dicted as a QSHI, although there is controversy regarding if few bilayers are QSHI as
well[179, 180]. Here we are going to analyse the topological properties of a single bilayer of
Bi(111), with a self-consistent multi-orbital tight-binding model, implemented in the SKA
code. Like bismuth belongs to the group V of the periodic table, it is enough to consider
the s and p valence orbitals. Therefore, the basis set per atom consist in 8 spin-orbitals, 4
per each spin degree of freedom.

The crystal structure of a Bi(111) bilayer was shown in Fig. 5.1.(c). The unit cell is
form by two atoms at different heights h = 1.59Å, and separated by a distance b = 2.62Å,
in the plane of the bismuth layer. The lattice vectors are identical those of graphene, but
with a bigger lattice parameter a = 4.54Å.

The tight-binding parameters for bismuth are extracted from Yi Liu and E. Allen
work[103] and are shown in table 5.1. To properly describe the band structure for bulk
bismuth, one needs to include interaction up to third neighbours. In the case of a bilayer,
it is only necessary to consider interaction to first and second neighbour, where the second
neighbours of a bilayer, actually correspond to third neighbours of bulk bismuth.

Vssσ Vspσ Vppσ Vppπ λ
1st -0.608 1.32 1.854 -0.6 1.5
2nd -0.384 0.433 1.396 -0.344
3rd 0.0 0.0 0.156 0.0

εs = −10.906 εp = −0.486

Table 5.1: Slater-Koster integrals to first, second and third neighbours, spin-orbit parameter
λ and on-site energies for bulk bismuth in eV extracted from ref. [103].

Electronic structure of a Bi(111) bilayer

The electronic structure of a Bi(111) bilayer has been previously studied with both ab-
initio[179, 180] and tight-binding models[82]. It has been shown that, despite of its sim-
plicity, the tight-binding model describes to a good extent the electronic structure in bulk
and, arguably, that of (111) bilayers. Furthermore, it is computationally much more eco-
nomic, particularly since we are interested in nanocontacs, systems that breaks translational
symmetry and involve to work with a large amount of atoms.

The band structure for a single bilayer of Bi(111) along different hight symmetric points
in the Brilloin zone, is shown in Fig.5.8.(a). In order to illustrate the importance of the
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spin-orbit coupling in the QSH phase, we plot the band structure with and without SOC,
in blue and dashed black lines, respectively. We can see how the topology of the bands
changes at the Γ point, due to the band inversion produced by spin-orbit coupling. This
band gap closing is the responsible of the non-trivial topology of a single bilayer of bismuth.

Figure 5.8: a) Band structure of a bilayer of Bi(111) along the hight symmetry points shown
in the inset. In blue we represent the band structure considering the SOC and in black dashed
lines the bands without take into account this interaction b) Band structure with an orthodox
tight-binding model of a Bi(111) bilayer ribbons with zigzag edges and width N = 76 in the left
panel, and armchair of width N = 78 in the right panel. The inset show the a top-view section
of the these nanoribbons. c) Same band structure computed using a self-consistent tight-binding
calculation. In the left panel we show the case of a zigzag ribbon and armchair in the right
panel. The edge bands connecting valence and conductions bands are shown in blue solid lines.
The Fermi energy (set to zero) crosses three times these edge bands which gives rise to three
conductions channels.

The inverted energy gap that we obtain with the tight-binding method is approximately
350 meV, similar to those of ab initio. This energy scale ensures the robustness of the
helical edge states, because in order to break the topological protection, it is necessary
perturbations that may close the gap.

1D estructures

The QSH phase is a bulk property that it is revealed at the edges. Thus, in order to fully
characterize this phase in bismuth, and study the conductive properties of the QSH phase,
we need to study the boundaries. To this end, we study ribbons with two different termi-
nations: zigzag (ZZ) and armchair (AC). The band structure obtained from the orthodox
tight-binding model is shown in Fig.5.8.(b). The characteristic states in the gap connecting
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the valence and conduction bands appear in both ribbons. However, these calculations
reveal that the Fermi level, EF , is not in the middle of the gap, but touching bulk the
valence bands. This result is an artefact of the model, due to unrealistic self-doping of the
atoms of the border. It can be fixed including local electron-electron interactions, in order
to maintain charge neutrality as we explained in chapter 2. In Fig. 5.8.(c), we show the
band structure for the same ribbons after the self-consistent procedure. In this case, the
Fermi level, that now lies in the middle of the gap, cuts three times the metallic bands,
revealing the topological state of the bulk.

Figure 5.9: Helical edge states in a zigzag (a) and armchair (b) Bi(111) bilayer ribbon. In the
top panels we show the density of states projected on each atom along the width of the ribbon (y
axis) at different k points in the Brillouin zone (x axis). The size of the point denote the weight
of the wave function at each atom, and the colours red and blue indicate the spin polarization,
up and down respectively. In the bottom panels we plot the spin polarization 〈~S〉 at two arbitrary
point in the Brillouin zone, k′ and −k′, related by the time reversal operation. Note that the spin
polarizations are the opposite as stated by Kramer’s theorem.

The bands that extend across the gap along Brillouin zone correspond to the spin-
filtered or helical edge states. We illustrate the edge-state nature of these bands in Fig.
5.9, where we show two-fold degenerate wave functions associated with the zigzag (left
panel) and armchair (right panel) terminations. In the former case we have selected the
lowest-energy bands while in the latter we have selected the second lowest-energy bands for
the representation. For each band, we plot the local density of states, ρνa(k), introduced in
chapter 3. In the y axis we represent the position of the atoms across the ribbon, where
0 is the middle of the ribbon, and the x axis symbolize the momentum k. The size of
the points reveals the weight of the wave function at that point of the ribbon, and the
colour denotes the spin polarization. In both cases the wave functions are well localized
at the edges, each one belonging to a different edge. In Fig. 5.9 we also illustrate the
spin-filtered character of these wave functions, and the time-reversal symmetry, computing
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the spin polarization 〈~S〉 at one arbitrary k′ point and its Kramer’s partner in the Brillouin
zone, −k′. We observe that each wave function has opposite spin orientations as Kramers’
theorem predicts. Finally, notice that the slope of the bands for each Kramers state are
opposite (the bands are symmetric with the transformation k → −k), then each channel
moves one from the other in opposite sense.

5.4.2 Transport in disordered ribbons and constrictions

The topological character of the QSH phase is manifested in the robustness of the spin-
filtered edge states. In the presence of non-magnetic disorder, it is expected that the three
channels in the middle of the gap behave like a single robust quantum channel, with an
associated conductance quantization of G0 = 2e2/h. This expectation relies on the absence
of backscattering between edges, and on a localization length along the edge that is longer
than the length of the edge itself.

In order to relate our theory of transport through a QSHI with the experimental results
of the previous section, we need to understand the electronic transport in a Bi(111) bilayer
under realistic conditions. To this end, we test the robustness of the quantum channelS
of a QSHI, calculating the two terminal conductance of ribbons in presence of disorder.
We have considered two different types of disorder: constrictions and Anderson disorder.
To compute the two terminal conductance we use the Landauer formalism, based on non-
equilibrium Green functions and the partitioning technique[105, 106]. In the present work,
we are neglecting the effects of inelastic scattering, because bulk bismuth carriers are known
to have very long mean free paths even at room temperatures[188].

Anderson disorder As we mentioned in the previous chapter, the Anderson disorder
consist in a local random potential that shifts the onsite energies of the atoms by an
amount, ε ∈ [−W/2,W/2], where W parametrizes the strength of the disorder. In Fig.
5.10 we show the effect on the conductance of this perturbation, as a function of the
parameter W for a ribbon of width 5nm, and a disordered region of length 5nm . At zero
disorder, all the channels contribute to the conductance, but the disorder rapidly reduces
the three channels to only one, which remains robust even for high values of disorder.

In real systems like the constrictions, where there is no translational symmetry and also
exist other sources of disorder, like impurities, only will survive one of the three conducting
channels. Thus, disordered flakes should exhibit an universal conductance value of G0.
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Figure 5.10: Evolution of the two terminal conductance at the Fermi level as a function of
the Anderson disorder parameter W in units of the hopping integral Vppπ. Due to the random
nature of the Anderson disorder we need to do average over 30 different realizations, the error
bars are the statistical dispersion of the results.

Constrictions In order to simulate the breakage of a nanocontact, we consider constric-
tions in the Bi(111) ribbons (see insets in Fig.5.11). For simplicity’s sake, we have chosen
to perform this type of calculation on a single layer of Bi(111), instead of the one for a
contact between a tip (of unknown shape) and a bilayer. We have consider different type
of edges and constrictions, in order to study the relation between the electronic transport
and the geometrical configuration of the constriction. In the one hand, for zigzag (ZZ) bis-
muth ribbons we have considered three types of constrictions: wedge (W), centred (C) and
lateral(L). On the other hand, for armchair (AC) ribbons we have studied only the centred
constriction. Hence, following the partitioning scheme, the constrictions correspond to the
device region and the perfect crystalline ribbon are the two leads.

The conductance G as a function of the energy for four different constriction geometries
in AC and ZZ nanoribbons, are shown in Fig. 5.11.(a). In Fig. 5.11.(b) we show G at the
Fermi energy (EF = 0) for these four geometries as a function of the number of bonds at
the constriction i.e., as a function of the width. Only in disorder-free ribbons with perfectly
defined edges the three channels can fully transmit. For constriction widths just two or
three bonds smaller than that of the ribbons, the conductance drops in all cases to values
in the close vicinity of G0. Only constrictions featuring less than approximately five bonds
conduct below G0. (The robust appearance of G0 also holds for other types of disorder.)
These results can be simply understood in terms of strong intra-edge backscattering of two
of the edge channels and absent or partial inter-edge backscattering of the remaining helical
pair at the narrowest section of the constriction.

With this calculation we estimate a minimum of five bonds for a constriction to support
a quantized conductance of G(EF ) = G0. This result is consistent with the maximum
number of plastic events typically seen in the experiments below G0 before the constriction
definitely breaks (see, e.g., Fig.5.5.(b)).
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Figure 5.11: a) Conductance versus electron energy for four constrictions models in
zigzag(ZZ) and armchair (AC) Bi(111) bilayer nanoribbons. b) Conductance at the Fermi energy
for many cases as those in a) as a function of the number of bonds remaining in the constriction.
The subindexes denote central(c), lateral(l) and wedge-type(w) constrictions.

5.4.3 Effects of tensile and compressive strain in the quantum spin
Hall phase

In the process of breaking a nanocontact, the material is subjected to deformation forces
that modify the crystal structure. These distortions could change the topological nature of
a bilayer of Bi(111). We test the robustness of the QSH phase in a bilayer under lattice
strain. We simulate the effects of distortion forces, by stretching and compressing the
honeycomb lattice up to 20% along all the directions in the plane of the bilayer.
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We distinguish the two topological phases by the number of bands at the Fermi level
in a zigzag ribbon of width N = 60. An even number of bands reveals a topologically
trivial insulator with Z2 = 0, and an odd number of bands shows a non trivial insulator
with Z2 = 1. To compute the band structure we use the tight-binding method mentioned
in chapter 2. In order to include the lattice variations we consider that the Slater-Koster
parameters vary inversely proportional to the square of distance between atoms[112].

Figure 5.12: a) Band structure for a zigzag Bi(111) ribbon of width N = 60 under strain
and contraction. The top left, corresponds to a ribbon with a 20% lattice expansion in the y axis
and 20% lattice contraction in the x axis. In the top right panel, both axis are strained 20%. In
the top left, both axis are contracted 20%, and the bottom left the ribbons have suffered a lattice
expansion in the x axis and a contraction in the y axis of 20%. b) Phase diagram of the insulator
phase in a Bi(111) zigzag ribbon. Blue represent the trivial state and yellow the quantum spin
hall state.

We illustrate the differences between the two topological phases in Fig. 5.12.(a), where
we plot the band structure for four different situations of strain. In the top left, the ribbon
is contracted 20% in the x directions and strained 20% in the y direction. In the top
right panel, we plot the bands for a ribbon where both directions have a strain of 20%. In
both situations there are still an odd number of Kramers’ pairs, and the band gap increases
making the topological phase more robust against disorder. On the contrary, in the bottom-
left, where the ribbons is contracted 20%, and in the bottom-right, with a contraction in
the y direction and expansion in the x direction, the deformations has been able to close
the gap changing the number Kramers’ pairs at the Fermi level.

The phase diagram as a function of the lattice deformations, in the x direction (the
direction across the ribbon) and y direction (the direction along the ribbon) is shown in
Fig.5.12.(b). We show in yellow the non-trivial phase (Z2 = 1) and in blue the trivial one
(Z2 = 0). It reveals that the QSH phase is robust against stretching lattice distortions.
In contrast, a relatively large lattice contraction induces a change of phase into a trivial
insulator. Also notice that stretching in the x direction and contracting in the y direction
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induces a change of phase, while the opposite situation leaves the system unaltered, due to
the crystal symmetry.

Hence, the topological phase of Bi(111) is very robust to lattice deformations, to close
the energy gap it is necessary contract the crystal structure up to 20% of the lattice
parameter. Furthermore, strain increases the band gap enhancing the topological protection.

In the transport experiments, when the tip is retracting from the surface the nanocontact
is under strain. Therefore, whether the transport is through a Bi(111) bilayer, then the
quantization of the conductance have to be more robust, due to the strain.

5.4.4 Study of the robustness of the helical edges states in pres-
ence of a magnetic field

The robustness of spin-filtered edge states in the QSH phase is due to time reversal sym-
metry. Each spin-filtered edge state has an orthogonal state with the same energy and in
the same edge because of Kramers’s theorem. Thus, any non-magnetic disorder can not
connect both states on the same edge. In presence of interactions that break time reversal
symmetry, the localization of these edge states along the same edges becomes possible.
The influence of these interactions on the QSH phase has been studied, in general, by
Sheng et al. [189], and the particular case for Bi(111), by Hongbin Zhang et al. [190]. The
latter have investigated the evolution of the bulk gap as a function of an external exchange
field. However, the questions remains of how this affects electronic transport. We address
this question studying the evolution of the two terminal conductance in the presence of a
homogeneous perpendicular magnetic field, and Anderson disorder (W/Vppπ = 2.2). This
disorder localizes two of the three channels, as we have seen in the previous section, and
the conductance should be 1G0 at zero magnetic field.

The interaction of the magnetic field has two effects: first, it splits the bands by a
Zeeman term ~S · ~B and second, it couples to the orbital part of the electron, through a
standard Peierls substitution. In this work, we can neglect this orbital effect due to the size
of the ribbon.

The evolution of conductance at the Fermi level, as a function of the applied magnetic
field in a disordered ribbon is shown in Fig.(5.13). We can observe, that at zero field,
the two terminal conductance is 1 G0, but when time reversal symmetry is broken by the
perpendicular magnetic field, this value is not longer robust, and decreases with the strength
of the magnetic field. We observe some dispersion of the points due to the randomness of
the disorder, but we can extract two conclusions: first, we need strong values of magnetic
field, (about 100T) to observe a significant deviation from one quantum of conductance.
Second, the dispersion of the values increases with the magnetic field, revealing the non
topologically protected nature of the conductance channel.

We also have studied the band structure of both a Bi(111) bilayer and zigzag ribbon
in presence of external magnetic field and its evolution with this interaction. Interestingly,
using our tight-binding model, we found very similar results to those reported by Hongbin
Zhang et al. [190].
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Figure 5.13: Evolution of the two terminal conductance at the Fermi level of zigzag ribbon
in presence of Anderson disorder, as a function of the external perpendicular magnetic field.

5.4.5 Transport in antimony constrictions

Antimony is a material very similar to bismuth, both are semimetals in the group V of the
periodic table, and they have the same crystal structure but with slightly shorter lattice
parameters (a = 4.3Åand c = 11.22Å)[103]. Furthermore, the mechanical properties are
also similar, with the difference that bismuth is more ductile than antimony[191]. However,
a single bilayer of antimony is not a quantum spin Hall insulator [75, 82]. Therefore, a
robust quantization of the conductance is not expected, and, to the best of our knowledge,
it has not been observed in transport experiments[185].

It would expect that if both materials are similar, then the mechanical deformation
process in the breaking of the contact could be similar. Thus, we study the transport in
antimony nanocontacts assuming that the contact region is single Sb(111) bilayer. As we did
for bismuth, we emulate the process of the breakage of the contact with nanoconstrictions
in a Sb(111) ribbons.

For the calculations we use the same tight-binding model described in chapter 2. The
unit cell is identical to the one of a bilayer of Bi(111), but in this case the distances are
difference. The lattice parameters is a = 4.3Å, the height and in-plane distance between
the two atoms are h = 1.75Åand b = 2.7, respectively. The Slater-Koster parameters in
table 5.2, are also extracted form ref. [103].

In first place, we compute the band structure of a single bilayer of Sb(111) (see Fig.
5.14.(a)), despite this material is also an insulator, the band topology at the Γ point is
different to that of bismuth. We can discern the topological phase counting the number of
Kramers’ pairs at the Fermi level in a ribbon geometry. The band structure for ribbons with
zigzag and armchair edges is shown in fig. 5.14.(b) and (c), respectively. In both cases the
number of bands at the Fermi level is even, revealing the trivial topological phase of this
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Vssσ Vspσ Vppσ Vppπ λ
1st -0.608 1.554 2.342 -0.582 0.6
2nd -0.366 0.478 1.418 -0.393
3rd 0.0 0.0 0.352 0.0

εs = −10.068 εp = −0.926

Table 5.2: Slater-Koster integrals to first, second and third neighbours, spin-orbit parameter
λ and on-site energies for bulk antimony in eV extracted from ref. [103].

material.

Figure 5.14: a) Band structure of a bilayer of Sb(111) along the hight symmetry points
shown in the inset. b) Band structure Sb(111) bilayer ribbons along the zigzag direction of width
N = 76. c) Band structure Sb(111) bilayer ribbons along the armchair direction of width N = 78.

In second place, we study the electronic transport through nanoconstrictions in ribbons
with zigzag and armchair edges. In the case of zigzag ribbons, the initial width of the ribbons
is N = 10, an the constrictions are created removing atoms from the edges in different
shapes: wedge, centred and lateral (see inset in Fig.5.11). For the armchair ribbons, the
initial widths is N = 11, in this case we have considered three centred constrictions with
different geometrical disposition of the atoms (see inset Fig.5.15.(b)). The conductance
at the Fermi level as a function of the number of bonds in the central region is plotted in
Fig.5.15. We obtain that each configurations gives a different result for both zigzag and
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armchair edges. A clean ribbon without disorder conducts 2G0, and as soon as we remove
atoms from the edges, the conductance drops. Unlike bismuth, the conductance falls below
1G0 when we have removed two or three atoms, and do not show any general trend when
we further reduce the number of atoms in the central region.

Figure 5.15: Conductance at the Fermi energy as a function of the number of bonds remain-
ing in the constriction for different type of edges and constriction geometries. a) Constrictions in a
zigzag(ZZ) Sb(111) bilayer nanoribbon of initial width N = 10, the subindexes denote central(c),
lateral(l) and wedge-type(w) constrictions. b) Constristions in an armchair (AC) Sb(111) bilayer
nanoribbons of initial width N = 11. In this case the constrictions are centred but with different
organizations of the atoms in the contact showed in the insets.

Hence, if exist a formation mechanism of a nanocontact through a bilayer of antimony
, it should not show a robust quantized conductance at 1G0.

5.4.6 Mechanically exfoliation of a single bilayer

We propose the following scenario to explain the remarkable observations in the bismuth
nanocontacts experiments. Given the layered structure of Bi, the general picture that
naturally emerges from the experiments is that of a contact-induced exfoliation of a Bi(111)
bilayer (see Figs. 3a and 3b). We first note that the inter-bilayer coupling is an order
of magnitude weaker than the intra-bilayer covalent bonding [169]. The Bi(111) surface
presents a Debye temperature in the 70-80 K range[192] so that at ambient conditions
it should not come as a surprise that, once a gentle contact is made on the appropriate
surface orientation (see Fig. 5.16.(a)), retracing the tip can peel off a single bilayer. One
extreme of this bilayer (while the rest remains in contact with the surface) sticks to the tip
which now acts as an electrode (see Figs. 5.16.(b) and (c)). The specifics of the proposed
mechanical exfoliation are unknown to us, being unclear whether the tip breaks the surface
or simply elastically deforms it after indentation, and whether slip directions on the (111)
planes favor slipping over detaching mechanisms. The number of atoms participating in
the contact at maximum conductance is also unknown, but it remains large enough after
exfoliation so that the theoretically expected intrinsic conductance G0 of the bilayer is not
masked by the contact resistance.
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Figure 5.16: A pictorial representation of the proposed process of exfoliation of a Bi(111)
bilayer. We have coloured the last layer of the bismuth surface in red to differentiate from the
tip and the rest of the surface. a) In the first situation we illustrate the indentation of the tip
into the surface. In this situation the contact area is big an the conductance is expected to be
much bigger than 1G0. b) In the retracting of the tip from the surface, it may happen that a
single layer attached to the tip. Then the electrons only can travel from the tip to the surface
through the helical edge states of the Bi(111) bilayer. Here we draw one (out of three) helical
edge channel. In this situation the conductance is quantized to G0. c) In last stages of the
piezotube elongation before breakup the contact where the tip an bilayer is joined by a few atom
contact. In this situation, the width of the QSHI is small an the electrons of different edges can
jump to the opposite edge giving rise to backscattering of the electrons reducing the value of the
quantized conductance.
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With this picture in mind, the conductance sub-plateaus below G0 can only reflect the
breaking of the tip-bilayer contact or the progressive breaking of the bilayer, a process
in which a bidimensional nanocontact may form (see Fig. 5.16.(b) and insets in Fig.
5.5.(b)). Since a disordered Bi(111) bilayer is expected to exhibit a maximum conductance
of G0, we can only expect the nanocontacts thus formed to conduct less due to inter-edge
backscattering at the constriction (this is more clearly observed at 4 K). Noticeably, at 4
K, long plateaus do not appear near G0. We attribute this absence to the stronger inter-
bilayer binding at low temperatures which prevents the exfoliation of a sufficiently large
flake. Interestingly, the up-turns of the sub-plateaus rarely surpass G0.

5.5 Conclusions

In summary, we have reported and offered a consistent interpretation to the appearance of
extremely long quantum of conductance plateaus in the breaking process of Bi nanocon-
tacts. We attribute it to the occasional local exfoliation of Bi bilayers, predicted to be
2D topological insulators. Other interpretations cannot be ruled out, but should account
for three extraordinary facts: (i) the quantum of conductance cannot be associated with
a single-atom contact, but with a nanoscopic constriction, (ii) it appears at room temper-
ature, and (iii) it is robust to small concentration of contaminants since the experiments
are performed in air. Futhermore, we have shown, that despite a QSH system have several
spin-filtered edge states at the Fermi level, only one is topologically protected and survive
in presence of disorder.
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6
Spin-relaxation in graphene due to flexural

distorsions

6.1 Introduction

The electron spin lifetime in carbon materials is expected to be very long both because of
the very large natural abundance of the spinless nuclear isotope 12C and the small size of
spin-orbit coupling. In the case of flat graphene, the spin projection perpendicular to the
plane is conserved, even in the presence of the intrinsic spin-orbit coupling. Thus, graphene
was proposed as an optimal material to store quantum information in the spin of confined
electrons [193]. Most of the experiments [95, 194–202] show that the spin lifetimes are in
the range of nanoseconds, much shorter than expected from these considerations, which
is being attributed to several extrinsic factors: the breaking of reflection symmetry due to
coupling of graphene to a substrate [203] and/or a gate field, the breaking of translational
invariance due to impurities [141, 204, 205], localized states[206], and resonant coupling to
extrinsic magnetic moments[207]. In the case of non-local spin valves, the relaxation due
the electronic coupling to magnetic electrodes is also being considered[201, 202].

In this work we take the opposite point of view and we consider intrinsic spin relaxation
in graphene due to the interplay between its unique mechanical and electronic properties.
We show that flexural distortions, unavoidable in two dimensional crystals [138] in the form
of either static ripples or out-of-plane phonons, induce spin scattering between the Dirac
electrons, to linear order in the flexural field. This coupling differs from the spin-conserving
second-order interaction between Dirac electrons and flexural distortions [208] that has been
proposed as an intrinsic limit to mobility in suspended high quality samples [209, 210].

The fact that curvature enhances spin-orbit scattering has been discussed[148] and
observed[136, 137] in the case of carbon nanotubes. Local curvature is also expected to
enhance spin-orbit in graphene [130, 211–213] and graphene ribbons [214]. We derive a
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microscopic Hamiltonian that describes explicitly the spin-flip scattering of electronic states
of graphene due to both dynamic and static flexural distortions. We describe graphene by
means of a multi-orbital atomistic description that naturally accounts for the two crucial
ingredients of the proposed intrinsic spin-phonon coupling: the intra-atomic spin-orbit cou-
pling (SOC) and the modulation of the inter-atomic integrals due to atomic displacements.
Importantly, both the SOC and the flexural distortions couple the Dirac electrons to higher
energy σ bands, in the spin-flip and spin conserving channels respectively. Their combined
action results in an effective spin-flip interaction for the Dirac electrons.

The spin-flip lifetimes computed from our theory are in the range of µs at room tem-
perature. Therefore, the observation of spin lifetimes in the nanosecond regime implies
that other extrinsic spin relaxation mechanisms are effective. Our results provide an upper
limit for the lifetime that will be relevant when graphene samples can be prepared without
extrinsic sources of spin relaxation. In the case of the proposed intrinsic spin relaxation
mechanism, we find that the spin life time of electrons depends crucially on the long wave-
length mechanical properties of the sample, determined by its coupling to the environment.
We also find that the spin relaxation lifetime depends on the quantization axis along which
the spin scattering is taking place as well as on the relative angle between the electron
crystal momentum ~k and the crystal lattice.

6.2 Microscopic model

Our starting point is the tight-binding Hamiltonian H = HSC +HSOC for electrons with
spin s moving in a lattice of atoms ~τ , with atomic orbitals o. We write the hopping part as

HSC =
∑

~τ,~τ ′,o,o′,s

Ho,o′(~τ − ~τ ′)Ψ†~τ,o,sΨ~τ ′,o′,s. (6.1)

considering explicitly the dependence of the (spin conserving) inter-atomic matrix ele-
ments on the positions of the atoms. The intra-atomic SOC reads

HSOC =
∑

~τ,o,o′,s,s′

λ〈~τoσ|~L(~τ) · ~S|~τo′s′〉Ψ†~τ,o,sΨ~τ,o′,s′ (6.2)

where ~S is the spin operator, ~L(~τ) is the orbital angular momentum operator acting
upon the atomic orbitals of site ~τ and λ is the spin-orbit coupling parameter.

Deviations from the ideal graphene lattice affect its electronic properties via modifica-
tions of the hopping integrals in Eq. (6.1). Their dependence on the inter-atomic distance,
for example, gives rise to an electron-phonon interaction analogous to that of conducting
polymers [215] and leads to the appearance of effective gauge fields [7, 211]. In the present
model, we consider instead the coupling with flexural distortions arising from the angular
dependence of the interatomic Hamiltonian. We describe corrugations away from perfectly
flat graphene in the form ~τ ' ~τ0 +h(~τ)ẑ, where ~τ0 is a vector of the honeycomb lattice and
h(~τ) is the displacement of atom ~τ perpendicular to the graphene sheet (see Fig. 6.1.(a)).
We expand the interatomic Hamiltonian matrix to lowest order in the flexural field h(~τ)
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Figure 6.1: (a) Sketch of a corrugation of the graphene layer. Each atom has a different
height ~τ with respect the black line, that represent the unperturbed graphene plane. (b) Graphene
lattice showing a reference unit cell, ~R = 0 and its four first neighbours cells which contributes
to the electron-flexural phonon coupling of eq. 6.6.

and rewrite the Hamiltonian as H = H0 +V , where H0 now describes ideally flat graphene
including the weak intra-atomic SOC perturbation, and

V =
∑

~τ,~τ ′,o,o′,s

[h(~τ)− h(~τ ′)]
∂

∂z
Ho,o′(~τ0 − ~τ0)Ψ†~τ,o,sΨ~τ ′,o′,s. (6.3)

is the spin-conserving coupling between electrons and corrugations, where the derivative
is evaluated at the unperturbed graphene.

6.3 Electron-flexural phonon scattering.

It is now convenient to recast Eq. (6.3) in terms of the eigenstates of the Hamiltonian H0

for flat graphene. In this context, the atomic positions ~τ = ~R + ~rα, are specified by their
unit cell vector, ~R, and their position ~rα inside the cell (sublattice index α = A,B). The
creation operators for Bloch states are related to atomic orbitals through:

c†
ν~k

=
1√
N

∑
~R,α,o,s

ei
~k·~RCν,~k(α, o, s)Ψ

†
~R+~rα,o,s

(6.4)

where ~k is the wave-vector, the coefficients Cν,~k(α, o, s) are obtained from the diago-
nalization of the Bloch matrix and ν is an index that labels the resulting bands (with mixed
spin and angular momentum). Similarly, we expand the flexural field on each sublattice in

its Fourier components, hα(~R) = 1√
N

∑
~q e
−i~q·~Rhα(~q). After a lengthy but straightforward

calculation, we can express Eq. (6.3) as a term causing scattering between crystal states
with different momentum and band indices:

V =
∑

~k,~k′,ν,ν′

Vν,ν′(~k, ~k′)c†ν,~kcν′,~k′ (6.5)



116 6. Spin-relaxation in graphene due to flexural distorsions

Vν,ν′(~k, ~k′) ≡
1√
N

∑
~R,α,α′,o,o′,σ

∂

∂z
Ho,o′(~rα − ~rα′ − ~R)×

× F
~R
αα′(

~k,~k′)C∗
ν,~k

(α, o, σ)Cν′,~k′(α
′, o′, σ) (6.6)

The coupling is linear in the flexural phonon field, through the form factor F
~R
αα′(

~k,~k′) =

hα(~k − ~k′)ei~k′·~R − hα′(~k − ~k′)ei
~k·~R. This should be contrasted with the electron-flexural

phonon coupling usually considered within the π subspace [7, 208–210], that is quadratic
in the field because of the quadratic dependence of interatomic distances on h. Note that
Hoo′ is short ranged within our tight-binding description, which limits ~R to the 4 vectors
connecting neighboring cells (inter-cell coupling), as illustrated in Fig. 6.1.(b), plus the null
vector (intra-cell coupling).

6.3.1 Slater-Koster parametrization

In the previous section we have provided a general recipe to compute the coupling of
electrons of a generic tight-binding Hamiltonian to a flexural field. We now show that
because we have included the SOC in the reference Hamiltonian H0, the perturbation Eq.
(6.5) is able to induce a direct coupling between states with opposite spin. Following
previous work [116, 130, 148, 212, 214] we consider a subset of 4 valence orbitals of the
carbon atom, namely o = s, px, py, pz, and adopt a Slater-Koster (SK) [110] parametrization
for the tight-binding Hamiltonian Eq. (6.1) [135]. In this scheme we have left out d orbitals,
for simplicity. It has been shown that they give the dominant contribution to the SOC gap
at the Dirac points [117, 135] but they do not renormalize the change of the gap with
the flexural distortion[135], which is related to the spin-phonon coupling proposed here.
In any event, our results provide a lower limit for the intrinsic spin relaxation mechanism,
given the fact that including the d orbitals will enhance the effect. In this framework, the
inter-atomic matrix elements Ho,o′ connecting the atom α at ~rα with atom α′ at ~rα′ + R
can be expressed in terms of 4 parameters, Vss, Vsp, Vσπ, Vππ, taken from reference [102],
describing inter-orbital overlaps in the s, p basis [110, 214], and the three director cosines

l,m, n of the interatomic bond vectors ~ρ = ~rα−~rα′− ~R, defined by ~ρ ≡ ρ (lx̂+mŷ + nẑ).
Setting Ux ≡ Vppπ+x2Vσπ and Vσπ ≡ (Vppσ−Vppπ) we can write the SK matrix in compact
form as

H(~ρ) =


Vssσ lVspσ mVspσ nVspσ
−lVspσ Ul lmVσπ lnVσπ
−mVspσ lmVσπ Um mnVσπ
−nVspσ lnVσπ mnVσπ Un

 (6.7)

The unperturbed crystal states for flat graphene are described by H(~ρ) with n = 0 (all
bonds within the x, y plane). From Eq. (6.6), the electron-flexural distortion coupling is
determined by ∂zH(~ρ) = (1/d)∂nH(~ρ), where d is the equilibrium C-C distance. Direct
inspection of Eq. (6.7) shows that H(~ρ)(n = 0) does not couple the pz and s, px, py
sectors, while ∂nH(~ρ) does. As a result, the π and σ bands of flat graphene are not mixed
in the absence of SOC, unless they scatter with flexural distortions. In the presence of
SOC, however, the low-energy π states with spin s mix with the σ states with opposite spin
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already within the reference H0 for flat graphene. Close to the Dirac points, where the π
and σ bands are separated in energy by a gap Eσπ, the spin π − σ mixing is proportional
to λ/Eσπ. Since this correction is small, the low energy Dirac bands of H0 can still be
labelled according to their dominant spin character, that we denote as ⇑ and ⇓.

The above derivation shows that there are two perturbations that couple π and σ states,
the spin-conserving coupling to the flexural field, and the spin-flip SOC. Their combination
is able to yield a spin-flip channel within the low energy π bands, that is linear in both the
flexural deformation and in the atomic spin-orbit coupling λ. This an example of Elliot-
Yafet spin relaxation mechanism, and is related to the so called Rashba spin-orbit coupling,
induced by the combination of π − σ mixing due to an external electric field and atomic
spin-orbit coupling [116, 130, 213], and different from the λ2 scaling of the intrinsic SOC
in flat graphene.

6.3.2 Effective Hamiltonian

We now apply the microscopic theory developed above to obtain the effective spin-flip
Hamiltonian for electrons close to the Dirac points. As it turns out, the spin flip scattering
rate is proportional to the occupation of the phonon modes (eqs. 6.9 and 6.12). Therefore,
we consider only the lower flexural branch for which ωq ∝ q2 (see below), and discard the
out of phase vibrations of the two sublattices, whose energy lies tens of meV above [36]
and have an exponentially smaller occupation.

The flexural field is factored out from Eq. (6.5) by setting hA(~q) = h~q and hB(~q) =
ei~q·(~rB−~rA)h~q, this relation was obtained by S. Fratini by numerics and yields:

V =
∑
~k,~q,ν,ν′

Mν,ν′(~k, ~q)
h~q
d
c†
ν,~k+~q

cν′,~k (6.8)

with Vν,ν′(~k+~q,~k) =
h~q
d
Mν,ν′(~k, ~q). The standard form for the phonon spin-flip interaction

in second quantization is readily obtained by substituting h~q =
√

~
2MCω~q

(a†−~q +a~q) into Eq.

(6.8), with MC the Carbon mass.

6.3.3 Spin quantization axis

In the case of systems with time reversal invariance and inversion symmetry, a Bloch state
with momentum ~k has a twofold Kramers degeneracy. This is definitely the case of the
ideal flat graphene. As a result, there are infinitely many possible choices of the pairs of
degenerate states ν and ν ′. In the calculations below we select a given pair by including in
the Hamiltonian an external magnetic field along the direction n̂ with magnitude negligible
compared with all other energy scales in the problem, but enough to split the Kramers
doublet and choose its spin quantization axis. Importantly, the effective electron-phonon
coupling depends on this choice, i.e., it depends on n̂. In the following we include n̂ as an
argument of the phonon spin-flip coupling and we label the two bands as ⇑ and ⇓, which
are referred to the quantization axis n̂.
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The fact that the phonon spin-flip coupling depends on n̂ means that the strength of
the spin-flip Hamiltonian is not isotropic in the spin space. This will lead to an anisotropy
of the spin relaxation in graphene, closely related to the one recently proposed in the case
of metals[216].

Figure 6.2: (a) Kinematics of the scattering process around the Dirac point K in the low
phonon frequency limit. (b) Spin-flip matrix elements as a function of the initial state wave-vector
orientation φ, for three different orientations of the spin quantization axis, n̂ = x̂, ŷ, ẑ.

6.4 Spin relaxation

6.4.1 Spin relaxation Rates

The spin relaxation rate can now be calculated from Eq. (6.8) via the Fermi golden rule.
Because the dispersion of the flexural modes is much weaker than the electronic dispersion,
we can safely neglect the phonon frequency in the energy conservation. The relaxation rate
for an electron with momentum ~k in the band ⇑ is then obtained by summing over both
phonon absorption and emission processes and over all possible final states in the ⇓ band,
which yields:

Γ~k,n̂ =
2π

~

∫
d2q

(2π)2
|M⇑,⇓(~k, ~q, n̂)|2〈h2~q〉δ(E~k+~q − E~k). (6.9)

This, together with the explicit expressions for the spin-flip matrix elements in Eq. (6.6),
constitutes the main result of this work. From Eq. (6.9) it is clear that once the specific

form of the electron-flexural phonon coupling, M⇑,⇓(~k, ~q, n̂), is known, the behavior of the
spin relaxation rate is fully determined by the statistical fluctuations of the flexural field,
〈h2~q〉. Interestingly, the above expression describes on an equal footing both low-frequency
flexural modes (that arise in free-standing or weakly bound graphene or graphite) as well as
static ripples (relevant to graphene deposited on a substrate). The proposed spin relaxation
mechanism therefore applies without distinction to both physical situations.
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For actual calculations we approximate the π band energies as E~k = ±~vFk, which is
valid except for a negligible interval around the Dirac point, where the SOC opens a gap
of the order of few µeV (note that the wavefunctions that enter into the matrix elements
M⇑,⇓ retain the full symmetry of the honeycomb lattice).

We have verified that trigonal warping corrections to this linear relation are smaller
than 4 % at the highest energy considered, EF = 0.4 eV. With this simplification, energy
conservation implies

√
k2 + q2 + 2kq cos θ =

√
k2. This fixes the relative angle between ~k

and ~q to cos θ = − q
2k

, cf. Fig. 6.2.(a). This equation has two solutions, that we label with
the index s, which allows to perform the angular integration in Eq. (6.9), yielding:

Γ~k,n̂ =
∑
s

1

π~

∫ 2k

0

dq
|M s
⇑,⇓(k, q, n̂)|2〈h2q〉

~vF
√

1− (q/2k)2
. (6.10)

We see that only long-wavelength fluctuations contribute to the spin relaxation because
energy conservation constrains the exchanged momentum to q ≤ 2k, with k being a small
momentum around the Dirac point. From our numerics, we find that in the relevant case
of small k and q → 0, the matrix elements evaluated on the energy-conserving surface (i.e.
on shell, where q/2k = − cos θ) satisfy:∑

s

|M s
⇑,⇓(k, n̂)|2 ≈ c2(φ, n̂)λ2q4d4, (6.11)

where φ is the angle formed between ~k and the x-axis in reciprocal space and c(φ, n̂) is
a dimensionless coefficient that only depends on the angle φ, the spin quantization axis and
the SK parameters. We plot this coefficient in Fig. 6.2.(b), for 3 different orientations of
the spin quantization axis. It can be checked numerically that c2(φ, ẑ) = c2(φ, x̂)+c2(φ, ŷ).
As a consequence of the angular dependence of c(φ), the relaxation rate evaluated from
Eq. (10) is also angular dependent, as shown below.

6.4.2 Fluctuations of the flexural field

The scattering rate Eq. (6.10) depends on the statistical fluctuations of the flexural field
〈h2~q〉, which we evaluate here for different scenarios.

We start with the expression for free-standing graphene at thermal equilibrium:

〈h2q〉 =
~

2MCωq
[1 + 2nB(ωq)] '

kBT

MCω2
q

, (6.12)

where nB(ωq) is the thermal population of mode q and the second equality holds when
kBT � ~ωq. For purely harmonic flexural modes, for which ωq ' Dq2, the fluctuation
〈h2~q〉 diverges as q−4 for small q. When inserted into Eq. (6.10), this divergence exactly
compensates the q4 dependence of the matrix element Eq. (6.11). In real samples, however,
the singularity of low-wavelength fluctuations is renormalized due to the interaction with
other phonons (i.e. by anharmonic effects) [217], and can be further cut off by the presence
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of strain [210] or pinning to a substrate [218]. The resulting dispersion can be parametrized

as ωq = D
√
q4 + q4−ηqηc for η > 0 so that, in the long wavelength limit [217, 219],

〈h2q〉 ∝
1

q4−ηqηc
(6.13)

where η and qc depend on the physical mechanism of renormalization. Specifically, substrate
pinning opens a gap in the phonon spectrum [218], corresponding to η = 4; strain makes
the dispersion linear at long wavelengths [210] (η = 2); anharmonic effects yield η = 0.82
[217]. Substrate roughness also gives rise to fluctuations in the form of Eq. (6.13), with
η = 1 [219, 220].

Finally, from Eqs. (6.10) and (6.12) it can be argued that high-energy phonons con-
necting different Dirac cones K and K′ can be neglected, because the scattering rate expo-
nentially small for kBT � ~ωq (with ~ωq ∼ 0.1eV , see reference [36]).

6.5 Results and discussion.

6.5.1 Approximate estimate of the rate

Before we discuss the results of our numerical integration of Eq. (6.10) it is convenient
to obtain an approximate analytical formula from the integration of the small q part. For
that matter, we make use of the long wavelength expression Eq. (6.11), drop the square
root factor in the denominator, which is only relevant in a very narrow region around the
backscattering condition q ≈ 2k, and use the asymptotic expression Eq. (6.13) for flexural
fluctuations. The approximate expression for the rate reads:

Γ~kF ,n̂ '
d

π~
λ2c(φ, n̂, τ)

~vF
(2kFd)η+1

(η + 1)(qcd)η
r2(T ), (6.14)

which is valid at densities such that kF � qc. Here we have defined r2(T ) = kBTd
2

MCD2
1
d2

,
representing the ratio between the short-range flexural fluctuations (i.e. Eq. (6.12) evalu-
ated at q = 1/d) and the interatomic distance d. From Eqs. (6.12) and (6.14) we see that
in ideal graphene with η = 0 the spin relaxation rate increases linearly with temperature,
following the thermal population of flexural phonons. A weaker temperature dependence
arises when anharmonic effects dominate, because the anharmonic cutoff is itself tempera-
ture dependent, qc ∝

√
T [138, 217].

Eq. (6.14) permits a quick estimate of the efficiency of the spin rate. We see that
for a given value of qc, the spin lifetime increases as the exponent η increases. A lower
limit for the relaxation time is therefore obtained by setting η = 0 which, for λ = 8meV,
c = 10−1, vF = 10−6ms−1 and r2 ' 10−2, yields a lifetime τs = 1/Γ~kF on the order of 1µs

at a density n = 1012cm−2 and at room temperature. Lifetimes in the µs range are also
obtained in the case of static ripples arising from the roughness of the underlying substrate,
as we have checked using the values of r2 and qc deduced from the height profiles in Ref.
[220]. In that case the lifetime is temperature independent.
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6.5.2 Energy dependence of the intrinsic spin relaxation

Figure 6.3: (color online) Room temperature spin lifetime calculated for electrons at the
Fermi energy with momentum parallel to the x-axis (φ = 0), for 2 different values of cutoff
momentum: (a) qc = 0.01 Å−1 and (b) qc = 0.1 Å−1 (right) and different long-wavelength
scaling laws: ideal graphene (black, η = 0); including anharmonic effects (red, η = 0.82);
including strain (orange, η = 2) and substrate pinning (gray, η = 4). The black dashed line is for
η = 1, which is representative for substrate roughness.

We now compute Eq. (6.10) numerically, without analytical approximations. The spin
lifetime τs = 1/ΓkF ,n̂ so obtained for electrons at the Fermi level is plotted in Figs. 6.3
and 6.4. In Fig. 6.3 we show the the spin lifetime as a function of EF = ~vFk, fixing the
momentum direction φ = 0, the valley K (cf. Fig. 6.2.(a)), and taking as spin quantization
axis the off-plane direction n̂ = ẑ. We take [210] D = 4.6 · 10−7m2s−1, λ = 8 meV [136],
T = 300K and vF = 1.16 · 106m/s from our SK band structure. In each panel of Fig. 6.3,
different curves correspond to different values of the scaling exponent η, i.e. to physically
different mechanical environments for graphene. Panels (a) and (b) correspond to two
different values of the cut-off momentum qc. Two representative values, (a) qc = 0.01 Å−1

and (b) qc = 0.1 Å−1 are considered, covering the large spread of qc values available in the
literature. In both panels, the result for ideal graphene in the harmonic approximation is
shown for reference (black) as it provides an absolute lower bound to the actual lifetime,
in agreement with the estimate τs ∼ 1µs given after Eq. (6.14). Comparing Figs. 6.3a
and 6.3b we see that the effect of the mechanical environment becomes more pronounced
for large values of the cutoff momentum qc. Because the spin relaxation is dominated by
the low energy fluctuations of the membrane, the shortest spin lifetimes, excluding the
harmonic theory, are obtained in suspended unstrained graphene (red curve), i.e. when
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Figure 6.4: (color online) Spin lifetime as a function of φ, the polar angle of the momentum
of the initial state, at room temperature, calculated for EF = 54meV, momentum cutoff qc =
0.01Å−1, for quantization axis n̂ = x̂ (a) , ŷ (b) and ẑ (c), and different long-wavelength scaling
laws: ideal graphene (black, η = 0); including anharmonic effects (red, η = 0.82); including strain
(orange, η = 2) and substrate pinning (gray, η = 4). The black dashed line is for η = 1, which
is representative for substrate roughness. Panel (d): showing the results for the anharmonic case
η = 0.82, quantization axis n̂ = x̂ (i.e same as in (a)) with the initial state in two different valleys.

external mechanical influences are minimized and the mobility is possibly largest. Even
longer spin lifetimes can in principle be achieved by suppressing the fluctuations of the
graphene membrane, by an applied strain (orange) or substrate pinning (gray). Pinning by
interlayer binding forces should also inhibit the spin relaxation in epitaxially grown graphene.

For all the mechanical models considered here, the spin relaxation time is a decreasing
function of the density, because the phase space for spin-flip scattering increases with kF .
The density dependence within the different models can be anticipated by substituting the
Fermi wavevector kF =

√
πn in the analytical expression Eq. (6.14), which results in

τs ∝ n−(η+1)/2 for kF . qc.

Finally, it is apparent that in all instances the computed lifetimes are larger than 500ns.
Therefore, the proposed intrinsic spin relaxation mechanism cannot account for present
experimental observations where the spin lifetime is in the nanosecond range, which are
presumably dominated by other (extrinsic) relaxation mechanisms.
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6.5.3 Anisotropy

We now consider the influence of the momentum orientation, the spin quantization axis
and the valley on the spin relaxation time. The results of Fig. 6.3 have been obtained for
φ = 0, n̂ = ẑ and valley K (cf. Fig. 1c). We find that the spin relaxation lifetime of a state

with momentum ~k depends on the angle φ formed between ~k and the x̂ direction, the spin
quantization axis, and the valley. Results for the angular and valley dependence are shown
in Fig. 6.4 for EF = 54meV. Let us consider first n̂ = ẑ, Fig. 6.4c. In this case the φ
dependence shows C3 rotation symmetry, dephased with respect to the one of the lattice.

The momentum-direction anisotropy is not a small effect, as the lifetime changes
by more than a factor 2 between maxima and minima, for both values of EF . The
curves τs(φ) also depend on the spin quantization axis. The effective spin-orbit coupling
Hamiltonian[116] for ideal flat graphene is proportional to the product of the spin and val-
ley operators. Therefore, it is not surprising that the spin relaxation is different for n̂ in
plane and off-plane. We have verified that 120 degree rotations in the plane leave the spin
lifetime unchanged, unlike the 90 degree rotation necessary to go from n̂ = x̂ to n̂ = ŷ
(Figs.4a and b). In general we find that spin lifetimes are a factor of 2 to 3 longer for
spin quantization axis in the plane than off-plane. In a spin injection experiment n̂ would
be fixed by the magnetization orientation of the spin injector. Present experimental results
show the opposite trend[194] which is a further indication that other extrinsic mechanisms
are dominant.

The curves in Figs. refanis-1a,b and c are asymmetryc in the sense that
∫ 0

−π τ(φ)dφ 6=∫ π
0
τs(φ)dφ, where τs is computed for a given valley. Interestingly, the symmetry is restored

when summing over the two valleys, as shown in Fig. 6.4d. In particular, we find the
expected relation:

τs(φ,K) = τs(−φ,K ′). (6.15)

This is a consequence of time-reversal symmetry, which imposes that wavefunctions of
states in different valleys have opposite polar angles.

Altogether, the results of Fig. 6.4 show that the spin relaxation time due to scattering
with flexural distortions is anisotropic on 3 counts: spin quantization axis, valley, and mo-
mentum direction. Future work will determine if the preferred drift along a given direction,
determined by an in-plane electric field, together with an externally imposed spin polariza-
tion, can serve to generate an imbalance in the valley occupations, and thereby an orbital
magnetization in graphene[221].

6.6 Conclusion

In summary, we have shown that corrugations, that are ubiquitous in graphene in the form
of dynamical flexural phonons or static ripples, enable a direct spin-flip mechanism to linear
order in both the flexural field and in the spin-orbit coupling. This mechanism provides an
unavoidable source of spin relaxation that will set the upper limit for spin lifetimes once the
extrinsic sources of spin relaxation that prevail in state of the art experiments are removed.
Such limit is however non-universal, as its precise value depends on graphene’s mechanical
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environment, that determines the long-wavelength behavior of the flexural field. At room
temperature, intrinsic spin lifetimes in the microsecond range are expected in a very wide
range of situations. Importantly, the intrinsic spin relaxation time of electrons in graphene
shows a marked dependence on their momentum direction, valley and spin quantization
axis.

Finally, whereas the existence of an upper limit for spin-lifetimes in graphene might
present in the future an obstacle for certain applications such as spin transistors, the intrinsic
spin-lattice coupling could open the way for hybrid devices, where a confined vibrational
phonon could be coupled resonantly to the spin-flip transitions of Zeeman split confined
Dirac electrons. Microwave pumping of such system could result in a maser behavior of the
phonon mode [222].
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7
Summary and perspectives

To conclude I would like to present a resume of the key points of this thesis, as well as
the possible future perspectives to develop further investigations, based in the research
commenced with this work.

Computational tools An essential part of the work realized in this period has been to
develop a computational tool called SKA. This code, written in FORTRAN 77, computes
the electronic structure of systems of any dimensionality, from 0D to 3D, with a self-
consistent orthogonal tight-binding method in the Slater-Koster Approximation. This code
includes several kind of interactions such as: Intra-atomic spin-orbit coupling, external
electric fields, and an external magnetic field with both the Zeeman term, coupling the
magnetic field with the electron spin and the orbital coupling by the Peierls substitution.

I have used this versatile tool to compute the electronic structure, and other electronic
properties like the spin polarization or the local density of states, in a great variety of
systems. For example two dimensional materials like graphene, bilayer graphene, graphane,
a bilayer and multilayers of Bi(111) and Sb(111), graphene on Nickel and Boron nitride
(BN). I also have studied one dimensional structures like nanoribbons, with different edge
geometries, of graphene, Bi(111), Sb(111) and Boron nitride, and carbon nanotubes in
presence of magnetic field.

Furthermore, a simplified version of this code called SKA1D, has been developed as an
interface to the code ANT.1D developed by David Jacob, to compute electronic transport
using self-consistent tight-binding Hamiltonians. This version only consider one dimensional
(1D) structures, with the possibility to include all the interactions mentioned above, and
Anderson disorder as well. All these interactions can be included in the whole ribbon or
just the device region.
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Interplay between curvature and spin-orbit coupling in graphene nanoribbons
In this part of the investigation, we have focused on the effects produced by the curvature in
the electronic structure of zigzag and armchair graphene nanoribbons, and also the effects
on helical edge states of the quantum spin Hall phase of graphene. To realize this research
it has been compulsory to include in the calculations all the valence orbitals of carbon, as
much the π as the σ.

The results obtained for flat graphene ribbons with a four-orbitals tight-binding model
per atom, and including the spin-orbit interaction, yields similar results to those obtained
with a single orbital, including the Kane-Mele interaction. It is important to highlight that
in flat armchair graphene ribbons, where initial edge states do not exist, is the spin-orbit
interaction the one who has to create them. This fact is clearly observed for metallic and
semiconductor armchair ribbons, nevertheless in last ones, the gap is not completely closed
due to the finite hybridization between states of different edges.

Firstly, we have analyzed the effects produced by a transversal bending of the graphene
ribbons without taking into consideration the spin-orbit interaction. In the case of the
curved zigzag ribbons, we have observed that the flat ribbons acquire dispersion, braking in
this manner the electron-hole symmetry. This fact indicates that the curvature introduces
an effective coupling to second neighbors between the π orbitals of carbon. Whereas, for the
curved armchair graphene ribbons there are not huge differences in the electronic structure
at the Fermi level.

Having done that, we take into account the effects of the spin-orbit interaction in
these curved structures. In the case of the zigzag ribbons, the four-fold degenerated bands
corresponding to the edge states are split. However, the topology of these bands is different
to those of Kane-Mele, but it is possible to recover the linear dispersion subtracting the
curvature effects. By using these linearised bands, is precisely perceived that the curvature
increases the effects of the spin-orbit interaction. With regard to the zigzag ribbons, the
slope of the edge state band, or equally, the energy gap in which exist these type of states
changes. For flat ribbons, this energy gap is of the order of 0.1 µeV, and increases up
to tens of µeV in the case of curved ribbons with similar curvature radius to those of
carbon nanotubes. In this work we have demonstrated that the slope of the edge states is
inversely proportional to the radius of curvature and linear with the spin-orbit interaction.
On the other hand, in the case of armchair graphene ribbons it has been observed that the
curvature increases the band gap as well.

The presence of curvature in graphene breaks the inversion symmetry and introduces an
Rashba-like effective SOC that splits the energy bands with opposite spins. This effect has
been observed in the bulk bands of curved graphene nanoribbons, nevertheless the edges
states do not show this splitting and remain insensible to this interaction.

The characteristic spin-filtered edge states of the quantum spin Hall phase survive to the
curvature in graphene ribbons. However, the quantization axis is not longer perpendicular
to the graphene plane, and acquire a non-trivial angle, that depends on the curvature
radius of the ribbons and the spin-orbit interaction. In principle, it is possible to think that
the conductance of the graphene ribbons is overprotected to the inter-edge backscattering
because the spin projection of each edge is different. However, this work demonstrates that
the electronic transport in curved ribbons is identical to flat ones in presence of constrictions.



127

Perspectives: We have seen that curvature plays an important role in the electronic
structure of graphene, especially, because it increases the effects of spin-orbit interaction.
However, it remains open questions. First, the wide spin-orbit band splitting observed by
L.P. Kouwenhoven’s group is not explained. It would be interesting to study whether this
effect is produced by the graphene d orbitals, since it has been shown that to include this
type of orbitals in the calculations increases an order of magnitude the SOC induced energy
gap.

Edge reconstruction and the quantum spin hall phase in graphene The crys-
talline structure of graphene ribbons is unstable at the edges due to the dangling bonds
of the carbon atoms. In order to stabilize the system, the atoms at the edges are rear-
ranged into a succession of heptagons and pentagons, in such a way that the atoms are
self-passivated. This new type of edge is know as reczag. In this part of the work we have
studied how this reconstruction affects to the electronic structure, and to the spin-filtered
edge states of the quantum spin Hall phases of graphene with enhances SOC.

This kind of reconstruction breaks the graphene sublattice symmetry, whereby the elec-
tron pseudospin is not longer a good quantum number. For this reason, the Kane-Mele
interaction can not be used to describe the spin-orbit coupling for the atoms at the edges.
Hence, in order to analyse the effects of reconstruction on the electronic structure it is nec-
essary to return to a four orbital tight-binding model and include the intra-atomic spin-orbit
interaction.

Firstly, we have studied the electronic structure in reczag graphene ribbons without
consider the spin-orbit interaction. It has been shown that the typical flat bands of the
zigzag graphene ribbons acquire dispersion when the edges are reconstructed, because of
the different values of the hopping parameters among the atoms of the edges. In addition,
new edge states above and below the Fermi levels appears, in an energy region forbidden
for the bulk graphene bands.

Next, we have include the spin-orbit interaction in the reczag graphene ribbons. It has
been observed the band splitting in negligible for realistic value of SOC, therefore it is nec-
essary to enhance the strength of the SOC to observe a significant splitting. Furthermore,
the dispersion of the spin-filtered edge states do not follow the linear Kane-Mele behaviour,
but the band are curved reaching to form an anticross in their path to join the graphene
conduction and valence bands. In this way the number of conducting channels in the middle
of the SOC gap increases from one to three.

A direct consequence of the change in the band structure due to reconstruction is
that the topological phase of graphene is masked. The reconstruction do not change the
topological phase since the number of helical edge states at the Fermi level is still even,
as might be expected because the reconstruction is a local effect. However, one of these
Kramers’ pairs is situated close to the Dirac point, where the edge states are no longer
pure edge states and become bulk states. Consequently, the penetration length of this
state is much larger than the one of a edge state of a zigzag ribbon with the same energy,
therefore, the inter-edge backscattering increases. This fact has been contrasted numerically
computing the two-terminal conductance in presence of Anderson disorder, these calculation
have shown that the transport is not topologically protected.
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Another interesting effect related with the change of the band structure is the inversion
of the helicity of the edge states, near the Gamma point. This effect is specially relevant
in zigzag-reczag junction in presence of non-magnetic disorder, where two of the three
channels of the reczag ribbons should localize, and only survive the one that is closer to
the Gamma point because at this point the disorder can not open any gap due to time
reversal symmetry. In this type of frontiers we predict a change in the current caused only
by the jump from one type of ribbon to the other. In order to preserve the conductance
quantization, the edge states have to cross the entire ribbon and join to their partners with
the same propagation direction and spin projection in the other side of the ribbon. This
effect has been numerically tested computing the conductance through a zigzag-reczag
junction, obtaining that the conductance drops below 1G0 in a energy window close to the
Fermi level, where there is an small gap due to the anticrossing of the reczag edges states,
and therefore, each ribbon has just a single Kramers’ pair with opposite helicities.

Perspectives: Firstly, continue the work started here including to the transport cal-
culations on a zigzag-reczag junction any sort of non-magnetic disorder, for the purpose
of study the situation where the transport on each ribbon is carried by the topologically
protected channel.

On the other hand, it would be interesting to extend this study to other systems where
the presence of the topological phase is experimentally accessible, and therefore relevant for
future applications, such as a single layer of Bi(111). In particular, it is necessary to know
how real defects like reconstructions or chemically modifications can alter the topological
properties in relation with real applications.

Equally interesting would be the study of other topological defects and grain boundaries
in bulk graphene.

Topologically protected transport in Bismuth nanocontacts In this part of the
work, we studied the electronic transport in bismuth nanocontacts. The experimental
conductance-displacement curves have shown two puzzling results. On the one hand,
sometimes it is possible to find long plateaus at 1G0 of tens of nanometers at ambient
conditions. On the other hand, the existence of subquantum plateaus in the last stages
before break the atomic contact, at both ambient conditions and ultrahigh vacuum and 4K.

These results do not respond to typical behaviour of other metallic materials in nanocon-
tacts experiments. In this work we provide an explanation to these properties of bismuth
nanocontacts assuming that the electronic transport in this system is through a quantum
spin hall insulator. In this particular case we propose that during the breakage process, a
single layer of Bi(111) is exfoliated, that is predicted to be a QSHI. Thus the only way to
pass from one electrode to the other is through this bismuth bilayer.

The main feature of the QSHI is the existence of robust edge states that behave as
a single quantum channel. In this work, we have numerically demonstrated this property
showing that despite the systems has several helical edge states, in presence of non-magnetic
disorder only one survives.

In order to demonstrate our initial hypothesis, we have computed the electronic transport
in Bi(111) ribbons in variety of situations. Firstly, we study different types of constrictions
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in armchair and zigzag Bi(111) ribbons. These constrictions try to emulate the rupture
process of a nanocontact, allowing to study the evolution of the conductance at the Fermi
level, as a function of the number of atoms in the central region. We have obtained that
the electronic transport through this constrictions is similar independently of the particular
geometry. In all the cases a perfect ribbon has a conductance of 3G0, and it drops quickly
to values close to 1G0 when few atoms of are subtracted from the edges. This situations
is robust until there are 3 or 4 atoms left in the central region, in such a way that the edge
states of different edges can interact one with the other reducing the conductance due to
the inter-edge backscattering. These last stages where the conductance is below 1G0 can
account for the subquantum plateaus in the nanocontact experiments.

This study has also been performed in antimony, a material similar to bismuth, but with
the difference that a single layer of antimony is not a QSHI. This material has been studied
because it also shows subquantum plateaus in nanocontact experiments, although none
robust plateau at 1G0 has been observed. For this reason we ask ourselves if the rupture
mechanism proposed above may also explain these results. The calculations performed in
this work shows that, unlike bismuth, the conductances is no quantized, and the fact of
removing a couple of atoms of the edges is enough to obtain conductances below 1G0.
Hence, the initial hypothesis could explain the antimony experiments, but it would require
a deeper theoretical and experimental analysis.

Secondly, we studied the robustness of the topological phase under the effect of tensile
and compressive forces, analogous to those present in a nanocontact experiment. In this
study we have computed the band structure in zigzag Bi(111) ribbons changing the lattice
parameters in all the in-plane directions. In this way we have demonstrated, on the one
hand, that the tensile forces makes the systems more robust because the gap increases, and,
on the other hand, it is necessary compressive forces that reduce 20% the lattice parameter
so as to observe a topological phase transition.

Finally, we have also considered the effect of an external magnetic field over a single
bilayer of Bi(111) analysing the effects of an interaction that breaks the time reversal
symmetry. In particular, we have studied the evolutions of the two-terminal conductance
at the Fermi level as a function of the external magnetic field in zigzag Bi(111) ribbons.
This study has conclude that it is necessary magnetic fields of the order of 100 T in order
to observe a non-robust conductance value.

Perspectives: This extensive study of electronic transport in one-dimensional systems
of a bilayer of Bi (111) can be complemented by extending the analysis to multilayer systems,
other geometries and even other bismuth surfaces.

In order to integrate this material into real devices we will need to know the electronic
and spin transport mechanisms between different interfaces, in particular, the QSHI-metal
junction.

It would be interesting to explore new topological phases in bismuth, like the quantum
anomalous Hall phase, that is present in a Bi(111) in presence of an external magnetic field.

Spin relaxation due to electron-flexural phonon in graphene In this section
we have demonstrated that the out-of-plane distortions in graphene, such as ripples and
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flexural phonons, produce a spin-flip mechanism that is a inevitable source of spin-relaxation
because of the nature of these distortions.

This spin relaxation mechanism is originated by the coupling to first order in the spin-
orbit interaction and the flexural field. The spin-orbit interaction couples the π and σ orbitals
flipping the spin degree of freedom of the electrons. Analogously, curvature also couples
these two types of orbitals but preserving the spin. The combination of both processes
allows the coupling between two different π orbitals flipping the spin. This coupling is
analogous to the Rashba interaction that appears in graphene when the inversion symmetry
is broken.

In order to compute the spin relaxation time associated with this mechanism, first we
have deduced the electron-flexural phonon coupling in the tight-binding approximations,
and subsequently we have calculated the spin relaxation rate due to this electron-phonon
interaction using the Fermi’s golden rule.

Using this methodology we have obtained a spin relaxation time of the order of microsec-
onds, several orders higher than the time observed experimentally. This result indicates that
the intrinsic spin relaxation processes are less effective than extrinsic ones. For this reason
it is believed that the spin relaxation mechanism that govern the experiments are extrinsic.
Therefore, the spin relaxation mechanism proposed in this work establish an upper limit
that will be relevant when graphene samples can be prepared without extrinsic sources of
spin relaxation.

This limit, however, is not universal, as its precise value depends on graphene’s me-
chanical environment, that determines the long-wavelength behaviour of the flexural field.
Importantly, the intrinsic spin relaxation time of electrons in graphene shows a marked
dependence on their momentum direction, valley and spin quantization axis.

Perspectives: The electron-flexural phonon coupling at first order in the flexural field
found here, should be contrasted with the second order coupling predicted by symmetry
arguments. On the other hand, it necessary to understand the anisotropy of the spin
relaxation time with the momentum direction of the electrons.

Likewise, the methodology developed in this work can be extrapolated to other two-
dimensional crystals to calculate the spin relaxation time, also can be extended to take into
account the coupling with other vibrational modes.
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8
Resumen

A continuación se presenta un resumen de los temas principales de investigación sobre los
que ha girado esta tesis, aśı como el planteamiento de las posibles perspectivas sobre las
que podŕıa continuar en un futuro la investigación iniciada en este trabajo.

8.1 Introducción

En esta tesis se han estudiado, desde una perspectiva teórica, tres aspectos fundamentales
de la materia condensada y la nanociencia: el Grafeno, los Aislantes Topológicos y la
Esṕıntronica. Como veremos a continuación, cada uno de estos temas de investigación
están relacionados entre śı. El campo de investigación que más se ha trabajado en esta
tesis es el grafeno. Este material consiste en una capa de carbono de tan solo un átomo de
espesor, siendo el primer material estrictamente bidimensional que se descubrió. Esto supuso
una revolución, ya que hasta el año 2004, año en el que Andre Geim y Kostantine Novoselov
descubrieron el grafeno, se pensaba que no pod́ıa existir ningún tipo de orden en sistemas
de dos dimensiones. La región de bajas enerǵıas del espectro energético en el grafeno está
gobernado únicamente por los orbitales pz, debido a la hibridización sp2 de los átomos de
carbono. Por lo tanto, un modelo tight-binding considerando únicamente estos orbitales,
es suficiente para describir con muy buena aproximación la estructura de bandas de este
material. Con esta aproximación se puede comprobar que el grafeno es un semiconductor
de gap cero, donde las bandas de conducción y valencia se tocan en dos puntos de la
zona de Brillouin inequivalentes, K y K ′. Además, la dispersión de las bandas en un
entorno cercano a estos puntos es lineal, de tal manera que los electrones cerca del nivel de
Fermi se comportan como fermiones relativistas sin masa, obedeciendo la ecuación de Dirac
en lugar de la ecuación de Schrödinger. El grafeno posee un gran número de propiedades
interesantes, tanto ópticas como mecánicas, térmicas o eléctricas. Estas últimas son las que
han hecho que el grafeno haya sido uno de los materiales más estudiados durante los últimos
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diez años. Cabŕıa destacar la gran movilidad que poseen los electrones en este material y
la presencia de efecto Hall cuántico incluso a temperatura ambiente. Por todo ello, este
material se está convirtiendo en parte esencial del desarrollo tecnológico, especialmente para
dispositivos electrónicos y ópticos. Por otra parte, existen formas alotrópicas del carbón que
se basan en grafeno, como los fullerenos, que son moléculas con diversas formas geométricas
que se derivan de una lámina de grafeno. Entre ellos destacan los nanotubos, que se forman
enrollando una lámina de grafeno por una determinada dirección, y los buckminsterfullerenes
que se crean a partir de un patrón dibujado en grafeno el cual se dobla uniendo todas sus
puntas sobre śı mismo. Otro ejemplo de sistema basado en grafeno son las cintas. Estas
estructuras unidimensionales se crean al cortar el grafeno en una determinada dirección y se
caracterizan por el tipo de borde que poseen, ya que condiciona sus propiedades eléctricas.
Los bordes de las cintas se pueden clasificar en tres categoŕıas: 1) zigzag si la dirección
periódica es la de un vector de la red del grafeno,~a1 o ~a2 2) armchair si la dirección

periódica es ~T = ~a1 + ~a2, o 3) chirales, que son todas aquellas estructuras cuya dirección

cristalográfica viene dada por un vector de la red ~T = n~a1+m~a2, con n 6= m. Obtener este
tipo de estructuras con una cristalinidad perfecta ha sido complicado por dos motivos: 1)
la estabilidad del borde es frágil y puede sufrir reconstrucciones, 2) las técnicas que exist́ıan
no eran capaces de cortar grafeno con elevada precisión. Sin embargo, en los últimos años
se han desarrollado técnicas capaces de crear cintas con bordes perfectamente cristalinos
a partir de otras moléculas. Si bien el grafeno fue el primer material bidimensional en
descubrirse, no ha sido el único. Usando la misma técnica con la que se obtuvo el grafeno,
la técnica de micromecanical cleavage, se pudieron obtener otros cristales bidimensionales
a partir de materiales laminares tales como Bi2Se3, MoS2 o BN. Por otro lado, otra
manera de fabricar materiales con esta dimensionalidad es modificando qúımicamente los
ya existentes. El primer ejemplo de este tipo de materiales fue el grafano, que consiste en
una capa de grafeno completamente recubierta por hidrógeno, cuyas propiedades eléctricas
son totalmente diferentes a las del grafeno. El segundo de los aspectos fundamentales
estudiados en esta tesis son los aislantes topológicos. Estos aislantes son materiales que
presentan una nueva fase topológica similar a la fase Hall cuántica, pero sin la necesidad
de introducir campos magnéticos que rompan la simetŕıa de inversión temporal. Estos
materiales, que pueden darse tanto en sistemas bidimensonales como en tridimensionales, se
comportan como aislantes en volumen pero presentan estados metálicos de superficie donde
el momento y el esṕın del electrón están entrelazados. Debido a que la simetŕıa de inversión
temporal se conserva, estos estados helicoidales son pares de Kramers que están protegidos
topológicamente frente a desorden no magnético, de tal manera que el backscattering
dentro de estados helicoidales de un mismo borde está prohibido. De hecho, esta robustez
de los estados de superficie es la caracteŕıstica que muestra la condición de fase topológica
en estos materiales. La topoloǵıa en este contexto se refiere al espacio de Hamiltonianos de
Bloch equivalentes H(~k) que mapea la primera zona de Brillouin. Las condiciones periódicas
de la zona de Brillouin bidimensional definen una superficie topológica llamada Toro. A
cada punto de esta superficie, podemos asignarle un Hamiltoniano, o equivalentemente, el
conjunto de autoestados ocupados del Hamiltoniano en ese punto, con enerǵıas ε(~k). Estos
estados están definidos salvo una fase global teniendo aśı una simetŕıa U(N), que define
una clase de equivalencia en el espacio de Hilbert. Aśı, la clase de equivalencia U(N) de
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los autoestados ocupados u(~k) parametrizados por el vector de onda ~k en un toro, que

además cumplan la ligadura de invariancia temporal (ΘHΘ( − 1) = H(−~k)) definen un
espacio topológico que se caracteriza por el ı́ndice Z2. El significado f́ısico de este ı́ndice
está relacionado con el número de pares de Kramers al nivel de Fermi. Si hay un número
par de pares de Kramers, el sistema es un aislante trivial con Z2 = 0, sin embargo, si el
número es impar, el sistema es un aislante topológico con Z2 = 1. Se ha demostrado que
para sistemas tridimensionales existe más de un número Z2 , aunque tan solo uno es el que
ı́ndica la robustez global del sistema. Este estado de la materia fue predicha por primera vez
en sistemas bidimensionales, a los que también se llama aislantes Hall cuánticos de esṕın.
C. Kane y E. Mele propusieron en 2005 al grafeno como primer aislante Hall cuántico de
esṕın. Sin embargo el gap producido por el esṕın-orbita del carbón es tan pequeño que no
permite la observación experimental de esta fase. Es por este motivo que la fase topológica
del grafeno se considera un modelo muy útil para aprender toda la f́ısica relacionada con los
aislantes Hall cuánticos de esṕın, pero que dif́ıcilmente podrá ser utilizado para aplicaciones.
Posteriormente se predijeron otros materiales donde śı se ha podido observar esta fase
topológica, tales como los pozos cuánticos de HgTe o sistemas tridimensionales como
BixSb(1−x) o Bi2Te3. En esta tesis nos hemos centrado en el estudio de aislantes Hall
cuánticos de esṕın, estudiando por un lado posibles efectos externos que puedan romper
la fase topológica como curvatura y reconstrucciones, y por otro lado, buscando nuevos
sistemas que exhiban esta fase y sobre los que se pueda trabajar para lograr aplicaciones
basadas en esta propiedad. Por último, el tercer aspecto que se ha investigado en este
trabajo es la esṕıntronica. Esta rama de la nanociencia pretende introducir el esṕın de los
electrones como elemento activo en los dispositivos electrónicos, de manera análoga a lo que
es la carga eléctrica en los dispositivos actuales. Es necesario hacer la apreciación de que
aqúı nos referimos por esṕın tanto al esṕın de un único electrón como a la magnetización
creada por los espines de un conjunto de electrones. Para ser capaces de crear un dispositivo
esṕıntronico debemos en primer lugar, ser capaces de preparar y manipular el estado inicial
de esṕın de un sistema. En segundo lugar, conseguir que un estado de esṕın definido
permanezca durante un periodo de tiempo lo suficientemente largo para poder realizar
operaciones con dicho estado, o transportarlo sin que pierda la información codificada. En
tercer y último lugar, ser capaces de detectar el estado final del esṕın. El grafeno parece
un buen candidato sobre el cual desarrollar este tipo de tecnoloǵıa. Por un lado, es un
material activo, debido a que podemos preparar los espines de los electrones dentro del
propio grafeno haciendo uso del orden magnético de los bordes zigzag o la magnetización
creada por una vacante. Por otro lado, debido a su bajo acoplo esṕın-órbita e interacción
hiperfina, hacen que este sistema sea buen candidato para almacenar o transportar el esṕın
sin variar su estado inicial. Sin embargo, la mayoŕıa de los experimentos muestran unos
tiempos de vida medio de esṕın mucho menores de lo que se esperaba. Para explicar esta
discrepancia entre experimentos y teoŕıa, se han propuesto numerosas posibles fuentes de
relajación de esṕın, tanto intŕınsecas como extŕınsecas al grafeno. Las interacciones que
producen esta relajación son: el acoplo esṕın-órbita, la interacción hiperfina y la interacción
de intercambio entre electrones y huecos. La más relevante suele ser la interacción esṕın-
órbita que produce dos tipos distintos de mecanismos de relajación: 1) el mecanismo Elliot-
Yafet, que se produce debido a que el esṕın del electrón deja de ser un buen número cuántico
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en presencia del acoplo esṕın-órbita, de esta manera los autoestados del Hamiltonaino son
en realidad una combinación lineal de las dos proyecciones de esṕın. 2) El mecanismo
D’yakonov-Perel’, aparece en sistemas donde no se conserva la inversión de simetŕıa y por
lo tanto se genera un acoplo Rasbha que simula un campo magnético que depende del
momento del electrón, en el cual, el esṕın gira.

8.2 Metodoloǵıa

La mayoria de los cálculos realizados en esta tesis se basan en calculos tight-binding en la
aproximación de Slater-Koster, por ello vamos a describir los aspectos fundamentales de
la metodoloǵıa aqúı empleada. El método tight-binding se basa en resolver la ecuación de
Schrödinger de una sola part́ıcula, utilizando los orbitales atómicos como base ortogonal
del espacio de Hilbert para representar los operadores, y dejando como parámetros a de-
terminar las integrales que evalúan los elementos de matriz del Hamiltoniano. El número
de integrales a evaluar se reduce drásticamente al considerar la aproximación de Slater y
Koster que desprecia las integrales a tres cuerpos. Una de las ventajas de este método es
la posibilidad de estudiar sistemas con gran número de átomos, ya que obtener el Hamil-
toniano y la estructura electrónica resulta computacionalmente económico. Por otra parte
esta metodoloǵıa permite incluir de una manera sencilla un gran número de interacciones
tales como el acoplo esṕın-órbita o acoplos con campos eléctricos y magnéticos externos,
pudiendo aśı estudiar una gran variedad de fenómenos. Además, se pueden incluir correc-
ciones autoconsistentes como las que establece la conservación de la neutralidad de carga
local, con las que se pueden obtener resultados más realistas. En esta tesis, además, se ha
estudiado el transporte coherente a través de cintas de distintos materiales. Para el cálculo
de la conductancia se ha utilizado el formalismo de Landauer y de funciones de Green fuera
del equilibrio. En esta metodoloǵıa el sistema se divide en tres partes, una región central en
la que se produce la dispersión de los electrones, y dos electrodos semi-infinitos por donde
los electrones pueden entrar y salir del sistema. Para calcular los Hamiltonianos de cada
una de las partes del sistema y las matrices de hopping entre ellas, se ha utilizado el for-
malismo tight-binding mencionado anteriormente. De esta manera hemos podido estudiar
la robustez de la conductancia en los aislantes Hall cuánticos de esṕın.

8.3 Herramientas computacionales

Una parte esencial del trabajo realizado en este periodo de investigación, ha sido desarrollar
una herramienta computacional llamada SKA. Este código escrito en FORTRAN 77, calcula
la estructura electrónica en sistemas de cualquier dimensionalidad, desde clúster (0D) hasta
cristales tridimensionales (3D), con un método tight-binding ortonormal y autoconsistente
en la aproximación Slater-Koster. Este código también tiene en cuenta diversas interac-
ciones de los electrones tales como el acoplo esṕın-orbita intra-atómico, el acoplo con un
campo eléctrico externo y el acoplo con un campo magnético externo, en este último caso,
considerando ambos efectos: el acoplo con el esṕın de los electrones mediante un término
Zeeman y el acoplo orbital a través de la sustitución de Peierls. Gracias a la versatilidad
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de esta herramienta, se han podido calcular diferentes propiedades electrónicas como la
estructura electrónica, la polarización de esṕın o la densidad de estados local en una gran
variedad de sistemas. Alguno de los sistemas que he estudiado durante esta tesis son: 1)
grafeno, 2) bicapa de grafeno, 3) bicapa de Bi(111) y Sb(111), 4) multicapas de Bi(111)
y Sb(111), 5) grafano, 6) grafeno sobre ńıquel 7) nitruro de boro (BN). Además se han
estudiado otras estructuras unidimensionales como nanotubos de carbono y nanocintas con
diferentes tipos de borde hechas de grafeno, Bi(111), Sb(111) o nitruro de boro. Para los
cálculos de transporte cuántico, se ha desarrollado una versión llamada SKA1D que está
basada en el anterior programa, y que actúa como interfaz para el código de transporte
electrónico ANT.1D desarrollado por David Jacob. El código SKA1D tan solo considera
estructuras unidimensionales, y a su vez, genera los Hamiltonianos en el esquema básico
de partición dividiendo el sistema en electrodos y dispositivo. Se pueden incluir las interac-
ciones antes mencionadas, tanto al dispositivo como a los electrodos y además introducir
desorden Anderson. Por su parte ANT.1D implementa el formalismo de Landauer con
funciones de Green para calcular, entre otros, la conductancia en sistemas unidimension-
ales. De esta manera, SKA1D genera los Hamiltonianos con el método tight-binding que
posteriormente ANT.1D utiliza como inputs.

8.4 Relación entre curvatura e interacción esṕın-órbita
en cintas de grafeno

En esta parte de la investigación nos hemos centrado en los efectos que produce la curvatura
en la estructura electrónica en cintas de grafeno zigzag y armchair, y además, nos hemos
interesado especialmente por los efectos sobre los estados de borde helicoidales, t́ıpicos de
la fase Hall cuántica de esṕın. Para realizar este estudio es necesario incluir en nuestros
cálculos todos los orbitales de valencia del carbono, tanto los π como los σ. Los resultados
obtenidos para las cintas de grafeno plano con un método tight-binding de cuatro orbitales
por átomo, e incluyendo la interacción esṕın-orbita, dan resultados similares a los de un
modelo con único orbital incluyendo la interacción Kane-Mele. Es interesante resaltar que
en cintas de grafeno armchair planas, donde no existen estados de borde iniciales, es la
interacción esṕın-órbita la que los tiene que crear. Este hecho se observa claramente para
las cintas armchair metálicas y semiconductoras, sin embargo en estas últimas, el gap no
se llega a cerrar debido a la hibridización finita entre los estados de bordes diferentes. En
primer lugar analizamos los efectos que produce un doblamiento transversal de las cintas
de grafeno sin considerar la interacción esṕın-órbita. En el caso de cintas zigzag curvadas,
observamos que las bandas planas de los estados de borde adquieren dispersión, rompiendo
aśı la simetŕıa electrón-hueco. Este hecho nos indica que la curvatura introduce un acoplo
efectivo a segundos vecinos entre orbitales π de los átomos de carbono. En cambio, para
las cintas de grafeno armchair curvadas no se observan grandes diferencias en la estructura
electrónica al nivel de Fermi. Una vez hecho esto pasamos a considerar los efectos de
la interacción esṕın-órbita sobre estas estructuras curvadas. Para el caso de las cintas
zigzag, las cuatro bandas degeneradas correspondientes a los estados de borde se separan.
Sin embargo, la topoloǵıa de estas bandas es distinta a la de Kane-Mele, pero podemos



136 8. Resumen

recuperar la dispersión lineal de estos estados substrayendo los efectos de la curvatura.
Usando estas bandas linealizadas se aprecia de forma evidente que la curvatura aumenta
los efectos de la interacción esṕın-órbita. En el caso de las cintas zigzag, la pendiente de
las bandas de los estados de borde, o equivalentemente, el intervalo de enerǵıa en la que
existen estos estados, cambia. Para cintas planas, este intervalo de enerǵıa es del orden de
0.1 µeV y aumenta hasta decenas de µeV en el caso de ribbons curvados, con radios de
curvatura similares a las de nanotubos de carbono. En este trabajo se ha demostrado que
la pendiente de los estados de borde es inversamente proporcional al radio de curvatura y
lineal con la interacción esṕın-órbita. Por otro lado, en el caso de cintas armchair también
se ha observado que la curvatura aumenta el gap producido por la interacción esṕın-orbita.
La presencia de curvatura en grafeno rompe la simetŕıa de inversión (z ← −z) e introduce
un acoplo esṕın-órbita efectivo de tipo Rashba que desdobla las bandas con diferente esṕın.
Este efecto se ha observado para las bandas de volumen, sin embargo los estados de borde
no muestran este desdoblamiento y parecen ser insensibles a este tipo de acoplo efectivo.
Los estados filtrados de esṕın caracteŕısticos de la fase Hall cuántica de esṕın sobreviven en
los ribbons curvados. Sin embargo, el eje de cuantización deja de ser perpendicular al plano
del grafeno y adquiere un ángulo no trivial, que depende del radio de curvatura de la cinta y
de la interacción esṕın-órbita. En principio, se podŕıa pensar que la conductancia en ribbons
de grafeno curvados estaŕıa sobreprotegida al backscattering entre distintos bordes, porque
la proyección de esṕın de cada estado es diferente. Sin embargo, este estudio demuestra
que el transporte eléctrico en cintas curvadas es idéntico al de las planas.

Perspectivas: Hemos visto que la curvatura juega un papel muy importante en la
estructura electrónica del grafeno, especialmente, porque aumenta los efectos de la inter-
acción esṕın-órbita. Sin embargo quedan algunas preguntas abiertas sin responder. Por
una parte, no se entiende el amplio desdoblamiento de las bandas en nanotubos de carbono
producido por la interacción esṕın-órbita, observado por el grupo de L. P. Kouwenhoven.
Seŕıa interesante, estudiar si este efecto está producido por los orbitales d del grafeno, ya
que se ha demostrado que incluir este tipo de orbitales en los cálculos aumenta un orden
de magnitud los efectos del acoplo esṕın-órbita.

8.5 Reconstrucciones del borde de cintas de grafeno y
la fase Hall cuántica de esṕın

En las cintas zigzag de grafeno, la estructura cristalina del borde es inestable debido a los
electrones desapareados de los átomos del borde. Para estabilizar el sistema, los átomos del
borde se reorganizan en una sucesión de heptágonos y pentágonos, de esta manera se auto-
pasivan estos electrones desapareados y se estabiliza el sistema. A este nuevo tipo de borde
se le conoce por el nombre de reczag. En esta parte del trabajo hemos estudiado cómo esta
reconstrucción afecta a la estructura electrónica y a los estados de borde filtrados de esṕın
de la fase Hall cuántica de esṕın en grafeno, considerando un gran acoplo esṕın-órbita. Este
tipo de reconstrucción rompe la simetŕıa de subred del grafeno, por lo que el pseudoesṕın
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del electrón deja de ser un buen número cuántico. Por este motivo, la interacción Kane-
Mele no puede aplicarse a los átomos del borde. Por lo tanto para analizar los efectos de la
reconstrucción sobre la estructura electrónica es necesario recurrir a un modelo tight-binding
con cuatro orbitales por átomo e incluir la interacción esṕın-órbita intra-atómica. En primer
lugar se ha estudiado la estructura electrónica en cintas con bordes reconstruidos sin tener
en cuenta la interacción esṕın-órbita. Se ha mostrado que las bandas planas al nivel de
Fermi, t́ıpicas de los estados de borde de las cintas zigzag, adquieren dispersión cuando los
bordes se reconstruyen, debido a que se rompe la simetŕıa de subred, y como consecuencia
la simetŕıa electrón-hueco. Además, otro efecto de la reconstrucción es la aparición de
nuevos estados de borde por encima y por debajo del nivel de Fermi. A continuación, se ha
incluido la interacción esṕın-órbita en cintas de grafeno con bordes reczag, para aśı estudiar
los efectos de esta reconstrucción sobre las propiedades topológicas de la fase Hall cuántica
de esṕın en grafeno. Se ha observado que el desdoblamiento de las bandas es despreciable
a valores realistas de la interacción esṕın-órbita, por lo que es necesario incrementar en
la fuerza de este acoplo para poder observar un desdoblamiento significativo. Además, la
dispersión de los estados de borde helicoidales no sigue la tendencia lineal predicha por C.
Kane y E. Mele, sino que las bandas se curvan, llegándose incluso a formar un anticruce
entre ellas, en su recorrido al unir las bandas de conducción y de valencia del grafeno. De
esta manera el número de canales de conducción en el gap producido por el esṕın-órbita
aumenta de uno a tres. El cambio de la topoloǵıa de las bandas debido a la reconstrucción
puede ser entendido en términos del carácter de subred de los estados de borde. En el
grafeno, el pseudoesṕın o subred es un buen número cuántico, sin embargo, la creación de
heptágonos y pentágonos en el borde hace que no se pueda etiquetar estos átomos con
el pseudoesṕın. Los estados de borde helicoidales en un ribbon zigzag unen las bandas de
conducción y valencia preservando el pseudoesṕın. Sin embargo, en una cinta reconstruida,
los estados helicoidales no solo no tienen un pseudosṕın bien definido, sino que además
vaŕıa a lo largo de su recorrido por la zona de Brilloin, llegando a invertir el carácter
de subred del estado helicoidal en las regiones más cercanas al borde de zona. De esta
manera, dependiendo de qué carácter de subred tenga la banda, su dispersión será positiva
o negativa. Una consecuencia directa del cambio en la estructura de bandas debido a la
reconstrucción es que la fase topológica del grafeno está enmascarada. La reconstrucción,
tal y como cabŕıa esperar al ser un efecto de borde, no altera la fase topológica del grafeno,
ya que el número de estados al nivel de Fermi tras la reconstrucción sigue siendo impar. Sin
embargo, uno de estos pares de Kramers se sitúa muy cerca del punto de Dirac, donde los
estados de borde dejan de ser puramente de borde y se convierten en estados de volumen.
Como consecuencia, la longitud de penetración de este estado es muy superior a la de
un estado de borde de una cinta zigzag a la misma enerǵıa, y por lo tanto, tendrá más
probabilidad a producir backscattering entre estados de bordes opuestos. Este hecho ha
sido contrastado numéricamente calculando la conductancia en presencia de desorden de
Anderson para una cinta con bordes reconstruidos, obteniendo que el transporte en esta
estructura no está topológicamente protegido. Otro efecto interesante relacionado con el
cambio de la estructura de bandas, es la inversión de la relación entre esṕın y velocidad,
i.e. la helicidad, de los estados de borde cerca del punto Γ. Este efecto es especialmente
relevante en la unión entre una cinta zigzag y otra reconstruida en presencia de desorden
no magnético, donde dos de los tres canales de la cinta reconstruida se debeŕıan localizar,



138 8. Resumen

y sobrevivir solo aquel que se encuentra próximo al punto gamma, ya que en este punto el
desorden no puede abrir ningún gap por estar protegido por la simetŕıa de inversión temporal.
De esta manera, en este tipo de frontera predecimos un cambio en la corriente tan solo
provocado por el salto de un tipo de cinta al otro. Para poder preservar la cuantización
de la conductancia los estados de borde tienen que atravesar todo el volumen de la cinta
para unirse con sus compañeros con la misma dirección y proyección de esṕın. Este efecto
ha sido comprobado numéricamente calculando la conductancia a través de una frontera
zigzag-reczag, obteniendo que la conductancia baja por debajo de un 1G0 en una ventana
de enerǵıas cercana del nivel de Fermi, donde existe un pequeño gap en el anticruce de los
bandas de borde de la cinta reczag, y por lo tanto, cada cinta tiene un solo par de estados
de borde pero con helicidades opuestas.

Perspectivas: En primer lugar continuar el trabajo aqúı realizado, incluyendo el trans-
porte en fronteras zigzag-reczag en presencia de desorden Anderson, o algún otro tipo de
desorden no magnético, para intentar abrir el cruce entre las bandas de la cinta reczag
al nivel de Fermi. Por otro lado, extender este estudio a sistemas realistas donde la fase
topológica se pueda observar y por lo tanto sea relevante para futuras aplicaciones, como
por ejemplo, una capa de Bi(111). Seŕıa interesante no restringirse únicamente a la re-
construcción geométrica del borde sino extender el estudio a otros posibles efectos, como
la reacción a diferentes agentes que modifiquen qúımicamente los bordes del sistema, o
incluso distorsionen toda la red del bismuto. Igualmente interesante seŕıa el estudio de
otros defectos topológicos y las fronteras de grano en el volumen de grafeno.

8.6 Transporte electrónico topológicamente protegido
en nanocontactos de bismuto

En esta parte del trabajo se ha estudiado el transporte electrónico a través de nanocontactos
de Bismuto. Experimentalmente, en las curvas de conductancia frente a desplazamiento, se
ha observado que en ocasiones aparecen plateaus largos en un cuanto de conductancia en
condiciones ambiente. Además, también se han observado varios plateaus subcuánticos en
las últimas etapas antes de romper los contactos átomicos, tanto a temperatura ambiente
como a 4 K. Estos resultados no responden al comportamiento t́ıpico de otros metales en
experimentos de nanocontactos. En este trabajo se da una explicación a estas propiedades
de los nanocontactos de bismuto, suponiendo que el transporte electrónico en este sistema
es a través de un aislante Hall cuántico de esṕın. En particular, se propone que en el
proceso de ruptura del contacto se exfolia una capa de bismuto (111) que es un aislante Hall
cuántico de esṕın, de tal manera que para pasar de un electrodo al otro, los electrones deben
atravesar esta capa de bismuto. La principal caracteŕıstica de un aislante Hall cuántico de
esṕın es la existencia de estados de borde robustos que se comportan como un único canal
cuántico. En este trabajo, se demuestra que aunque un aislante Hall cuántico de esṕın
posea varios canales de conducción, tan solo uno es el que está protegido topológicamente
y es robusto frente a desorden no magnético. Para demostrar la hipótesis inicial se calcula
el transporte electrónico a través de cintas de Bi(111) en una gran variedad de situaciones.
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En primer lugar se estudian constricciones de distintas geometŕıas en cintas de Bi(111)
con bordes zigzag y armchair. Estas constricciones pretenden emular el proceso de ruptura
del nanocontacto, permitiendo estudiar la evolución de la conductancia al nivel de Fermi
en función del número de átomos en la sección central de la constricción. En todos ellos
se puede ver que la conductancia es 3G0 para un ribbon perfecto, y que rápidamente cae
a valores cercanos a 1G0 cuando se le substraen un par de átomos de los bordes. Esta
situación es robusta hasta que tan solo queden 3 ó 4 átomos en la región central, de tal
manera que los estados de un borde pueden interaccionar con los del borde opuesto dando
lugar a backscattering, reduciendo aśı su contribución a la conductancia. Este resultado es
poco dependiente de la geometŕıa y explicaŕıa los plateaus subcuánticos antes de la ruptura.
Este estudio de constricciones también se ha realizado en antimonio, un material muy similar
al bismuto, pero con la diferencia de que una capa (111) de antimonio no es un aislante
Hall cuántico de esṕın. Se ha estudiado este material porque también muestra plateus
subcuánticos en experimentos de nanocontactos, aunque no se ha llegado a registrar ningún
plateaus robusto en un cuanto de conductancia. Por ello nos preguntamos si el mecanismo
de ruptura propuesto anteriormente puede explicar también estos resultados. Los cálculos
realizados en este trabajo muestran que, al contrario que el bismuto, la conductancia no
está cuantizada, y que el hecho de eliminar un par de átomos de los bordes ya es suficiente
para obtener conductancias por debajo de G0. Por lo tanto, la hipótesis aqúı barajada
también podŕıa explicar los resultados experimentales en antimonio, aunque haŕıa falta un
análisis más profundo tanto teórico como experimental. En segundo lugar se ha estudiado
la robustez de la fase topológica bajo el efecto de fuerzas de estiramiento y compresión,
análogas a las fuerzas que se ejercen sobre el nanocontacto en este tipo de experimentos.
Para realizar este estudio se ha calculado la estructura de bandas de una cinta de bismuto
zigzag cambiando el parámetro de red en todas las direcciones del plano del bismuto (111).
De esta manera se ha demostrado, por un lado, que una fuerza que estira la lámina hace que
el sistema sea más robusto frente al desorden al aumentar el gap y por otro, que para que
haya una transición de fase topológica es necesario que existan fuerzas que contraigan el
parámetro de red en un 20%. Por último, también se ha considerado el efecto de un campo
magnético externo sobre una capa de bismuto (111). Con ello se pretend́ıa estudiar los
efectos de una interacción que rompe la simetŕıa de invariancia temporal sobre la robustez
de la conductancia en un aislante Hall cuántico de esṕın. En particular, se ha estudiado
la evolución de la conductancia al nivel de Fermi en función del campo magnético externo
aplicado para una cinta zigzag de Bi(111). Con este estudio se ha llegado a la conclusión de
que son necesarios valores de campo magnético del orden de 100T para que la cuantización
de la conductancia deje de ser robusta. Además, también se ha estudiado la evolución de la
estructura electrónica de una bicapa de Bi(111) en función del campo magnético aplicado.

Perspectivas: Este extensivo estudio del transporte electrónico en sistemas unidi-
mensionales de una bicapa de Bi(111) puede ser complementado extendiendo el análisis
a sistemas con multicapas, otras geometŕıas e incluso otras superficies del bismuto. Por
otro lado, para poder integrar este material en dispositivos reales será necesario conocer los
mecanismos de transporte electrónico y de esṕın entre diferentes interfases, especialmente,
la conexión aislante Hall cuántico de esṕın con metal. Por último, también seŕıa interesante
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explorar nuevas fases topológicas en el bismuto, como la fase Hall cuántica anómala, que
se produce en presencia de interacciones que rompen la simetŕıa de inversión temporal.

8.7 Relajación de esṕın debido al acoplo electrón fonón
flexural en grafeno

En esta sección se ha demostrado que las distorsiones fuera del plano del grafeno, como
pueden ser los fonones flexurales o la propia ondulación intŕınseca del grafeno, producen
un mecanismo que permite invertir el esṕın de los electrones. Debido a la naturaleza de
las distorsiones, esta es una fuente de relajación de esṕın inevitable. El origen de este
mecanismo de relajación de esṕın se encuentra en el acoplo a primer orden de los electrones
con la interacción esṕın-órbita y el campo flexural. La interacción esṕın-órbita acopla los
orbitales π con los σ invirtiendo el esṕın de estos. De la misma manera, la curvatura
también acopla ambos tipos de orbitales. La combinación de ambos procesos permite un
acoplo efectivo entre orbitales π que da lugar a la relajación de esṕın. Este acoplo es
análogo a la interacción Rasbha que surge en el grafeno al romper la simetŕıa de inversión.
Para calcular el tiempo de relajación de esṕın asociado a este mecanismo, primero se ha
deducido la expresión del acoplo electrón-fonón flexural en la aproximación tigth-binding, y
posteriormente se ha calculado la tasa de relajación de esṕın debido a este acoplo usando
la regla de oro de Fermi. La obtención de ambas expresiones es en śı uno de los resultados
principales de este trabajo. Utilizando esta metodoloǵıa se ha obtenido un tiempo de
relajación de esṕın del orden de microsegundos, varios órdenes de magnitud superior al
observado experimentalmente. Este resultado indica que los procesos de relajación de
esṕın intŕınsecos son menos efectivos que los extŕınsecos. De esta manera se cree que
los mecanismos de relajación de esṕın que gobiernan los experimentos son de carácter
extŕınseco. Por lo tanto, el mecanismo propuesto en este trabajo establece un ĺımite superior
que será relevante cuando las muestras de grafeno se puedan preparar evitando todas las
posibles causas de relajación de esṕın extŕınsecas tales como impurezas, inhomogeneidades
del substrato o momentos magnéticos extŕınsecos. Este ĺımite, sin embargo, no es universal,
ya que su valor preciso depende del entorno mecánico, que determina el comportamiento
del campo flexural a largas longitudes de onda. Además, a temperatura ambiente, el tiempo
vida de esṕın del electrón en grafeno muestra una marcada dependencia con la dirección
del momento, el valle y el eje de cuantización del esṕın.

Perspectivas: En relación directa con este trabajo, seŕıa interesante por un lado, con-
trastar el acoplo a primer orden en el campo flexural encontrado aqúı, con el acoplo a se-
gundo orden predicho por argumentos de simetŕıa, y por otro lado, entender la anisotroṕıa
del tiempo de relajación de esṕın con la dirección del momento del electrón. Asimismo, la
metodoloǵıa desarrollada en este trabajo puede ser extrapolada a otros cristales bidimen-
sionales para calcular el tiempo de relajación del esṕın, incluso se puede extender para tener
en cuenta el acoplo con otros modos vibracionales.
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A
Spin-relaxation in tight-binding formalism

A.1 Electron-phonon coupling in the Tight-Binding ap-
proximation

The electrons in a crystal feels, amongst others, the Coulumb interaction created by the
nuclei of the atoms. This interaction depends only of the distance between the electron
located in the position ~ri, and the position of the nuclei, ~Rj. Nevertheless, the atoms are
vibrating around its equilibrium position, and if the displacement ~ρ from the equilibrium
position is small compared with the lattice constants then we can take into account the
effects of the vibration within perturbation theory. Within this approach, the effect of the
lattice vibrations produce new effective terms in the Hamiltonian, which couples the electron
with the lattice deformations, this term is call electron-phonon coupling. In this appendix
we develop an expression to obtain the electron-flexural phonon coupling in graphene within
the tight-binding formalism

A.1.1 General formalism

In the tight-binding approximation the basis set of the Hilbert space is spanned by the
atomic spin-orbitals. In a crystal these states can be label by |~R, a, o〉. Where ~R stand for
a lattice vector that denotes the position of a given unit cell in the crystal, a denotes the
atoms inside a given unit cell, and o labels spin-orbitals of the a atom. Then Hamiltonian
in this basis set is

Ĥ =
∑

~R, ~R′,a,a′,o,o′

|~R, a, o〉〈~R, a, o|Ĥ|~R′, a′, o′〉〈~R′, a′, o′| (A.1)

We can simplify this expression considering that only the closest neighbour unit cells
interact and the coupling with the rest can be ignored. Thus, one of the sums over the
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whole crystal units cell,~R is replaced by a sum over a few neighbouring unit cells, located
at a distance ~τα. Then we can rewrite the Hamiltonian

Ĥ =
∑

~R,α,a,a′,o,o′

|~R, a, o〉〈~R, a, o|Ĥ|~R + ~τα, a′, o′〉〈~R + ~τα, a′, o′| (A.2)

This is a general expression for the tight-binding Hamiltonian of any crystal system. In
the particular case of graphene it is usual to consider the interaction with only the first
neighbours, as is illustrate in Fig. 6.1. Thus, in this case the index α runs over 5 positions:
~τ0 = ~0 for the neighbour located at the same cell, and the ~τ1 = ~a1, ~τ2 = ~a2, ~τ3 = −~a1,
and ~τ4 = −~a2, where ~a1 and ~a2 are the graphene lattice vectors.

In the tight-binding model within the Slater-Koster approximation, the hopping integrals
only depends on the vector ~ρa,a′ that points from the atom a to the atoms a′.

〈~R, a, o|Ĥ|~R + ~τα, a′, o′〉 = H~Rao, ~R+~ταa′o′
(~r′a − ~ra) = Hao,a′o′(~r

′
a − ~ra) (A.3)

Where in the last step we have include ~R, and α into the indexes, a and a′ for the sake
of simplicity, due to the fact that each matrix element is defined for a given pair of atoms
a and a′.

Thus, if the atoms are deviated from their equilibrium position we can express their
positions by ~ra ' ~r0a +~ua, where ~r0a is the equilibrium position of the atoms a in the crystal
and ~ua its deviation from the ideal structure. In this way, the argument of the matrix
elements, i.e., the distance between two atoms, can be written as

~ρa,a′ = ~ra′ − ~ra = (~r0a′ + ~ua′)− (~r0a + ~ua) = ~ρ0aa′ + ~εaa′ (A.4)

Where ~ρ0aa′ is the distance between two atoms in the equilibrium position, and ~εaa′ , is the
distortion produced by the vibration of both atoms. We consider the amplitude vibration
of the atoms small compared with respect to the lattice distance. Hence if |~εaa′| � |~ρ0aa′|
we can expand the matrix elements in a Tailor series, f(~ρ0 +~ε) = f(~ρ0) +~ε · ~∇~ρf(~ρ)|~ρ=~ρ0 ,
neglecting second order terms

Hao,a′o′(~ρ
0
aa′ + ~εaa′) ' Hao,a′o′(~ρ

0
aa′) + ~εaa′ · ~∇~ρaa′

Hao,a′o′(~ρaa′)|~ρaa′=~ρ0aa′ = H0
ao,a′o′ + Vao,a′o′

(A.5)
Thus, the deformation of the ideal lattice produce a new term Vao,a′o′ , which is the

electron-phonon coupling. This term involves the derivative of the matrix element in the
Slater-Koster approximation with respect the bond vector coordinates evaluated in the
unperturbed lattice configuration. With this expression we can derive the electron-phonon
coupling with any particular vibration mode.

Coupling with flexural phonons

We are interested only in the out-of-plane vibrations, thus, the distortion vector produced
by this sort of deformations is ~εaa′ = εaa′~k, where εaa′ = ha′ − ha, is the height difference
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of the atoms a and a′, and ~k the vector normal to the flat graphene plane. Hence, the only
derivative that we have evaluate in equation A.5 is in the z coordinate of the bond vector.

~εaa′ · ~∇~ρaa′
Hao,a′o′(~ρaa′)|~ρaa′=~ρ0aa′ = εzaa′

d

dρzaa′
Hao,a′o′(~ρaa′)|~ρaa′=~ρ0aa′ (A.6)

To compute this derivative we have to take into account that the matrix elements
depend implicitly of the ρzaa′ component, on the one hand it is present in the director
cosines, l = ρx/ρ, m = ρy/ρ and n = ρz/ρ, with ρ =

√
(ρx)2 + (ρy)2 + (ρz)2, and on

the other hand it is also implicit in the Slater-Koster, Vll′m ∝ 1/ρ2. It is straightforward to
evaluate the derivatives in eq. A.6 and obtain

dHao,a′o′

dρzaa′

∣∣∣∣
~ρ=~ρ0

=
∂Hao,a′o′

∂n

∂n

∂ρzaa′

∣∣∣∣
~ρ=~ρ0

=
1

ρ0

∂Hao,a′o′

∂n

∣∣∣∣
~ρ=~ρ0

(A.7)

Where using the Slater-Koster representation for the matrix elements we get

∂Hao,a′o′

∂n
=


0 0 0 Vsp
0 0 0 l∆σπ

0 0 0 m∆σπ

−Vsp l∆σπ m∆σπ 0

 (A.8)

It is evident that the effect of this coupling is connect the π with the σ

Finally, we can write the full Hamiltonian in the real space basis set as

H =
∑
~R,α
a,a′

o,o′

|~R, a, o〉〈~R, a, o|Ĥ0|~R + ~τα, i
′, o′〉〈~R + ~τα, i

′, o′|+

+
1

ρ0
ε~R,~R+~τα

a,a′
|~R, a, o〉〈~R, a, o|∂Ĥ/∂n|~ρ=~ρ0 |~R + ~τα, i

′, o′〉〈~R + ~τα, i
′, o′| = H0 + V

(A.9)

where we have recovered the initial notation considering the position of the crystal cell
~R and the neighbour cells ~τα. The first term is the unperturbed Hamiltonian, which includes
the intra-atomic spin-orbit interaction (SOC), and the second term is the electron-phonon
coupling produced by the distortions of the lattice. However, this approach is not useful
to describe the lattice distortions in a crystal, since the since the size of the basis set is
enormous, thus it is necessary to express the Hamiltonian in the reciprocal space.

Electron-flexural phonon coupling in the Bloch basis

We can transform the Hamiltonian in the real space into the reciprocal using the eigenstates
of the ideal crystal Hamiltonian

Ĥ0|~k, ν〉 = εν(~k)|~k, ν〉 (A.10)
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where ν is the band index and ~k the wave vector of the electron. These estates can be
expressed as a Bloch sum of the atomic spin-orbitals |~R, a, o〉

|~k, ν〉 =
1√
N

∑
~R,a,o

ei
~k·~RCν,~k(a, o)|~R, a, o〉 (A.11)

This equation relates both basis set, thus, inverting expression we obtain

|~R, a, o〉 =
1√
N

∑
~k,ν

e−i
~k·~RCνa,o(~k)

∗
|~k, ν〉 (A.12)

Where N is the number of unit cell of the crystal. Using this relation we write the
electron-phonon coupling, V̂ in terms of eigenstates of the Bloch Hamiltonian |~k, ν〉

V =
1

ρ0

∑
~R,α
,a,a′

o,o′

 1√
N

∑
~k,ν

e−i
~k·~RCνa,o(~k)∗|~k, ν〉

 ε
~R,~R+~τα
a,a′ 〈~R, a, o|∂H/∂n|~ρ=~ρ0 |~R+ ~τα, i

′, o′〉×

×

 1√
N

∑
~k′,ν′

ei
~k′·(~R+~ταCν′a′,o′(~k′)〈~k′, ν ′|


(A.13)

On the other hand assuming that the flexural distortion is a lineal combination of
vibration modes ha(~q) of the crystal

ha(~R) =
1√
N

∑
~q

e−i~q·
~Rha(~q) (A.14)

we can write the lattice distortion as

ε
~R,~R+~τα
a,a′ = h

~R+~τα
a′ − h~Ra =

1√
N

∑
~q

{
e−i~q·(

~R+~τα)ha′(~q)− e−i~q·
~Rha(~q)

}
1√
N

∑
~q

{
e−i~q·

~R
(
ha′(~q)− e−i~q·~ταha(~q)

)} (A.15)

Combining A.15 and A.13

V =
1√
N

∑
~k,~k′

ν,ν′

∑
α,a,a′

o,o′

{
e−i(

~k′)·~ταha′(~k
′ − ~k)− ha(~k′ − ~k)

}
e−i

~k′·~ταCνa,o(~k)
∗
Cν′a′,o′(~k′)

|~kν〉〈~k′ν ′|
∑
~R

ei(
~k′−~k−~q)·~R〈~R, a, o|δH|~R + ~τα, i

′, o′〉
(A.16)
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Where in order to simplify the notation we set δH(a, a′) = 〈~R, a, o|∂H/∂n|~ρ=~ρ0|~R +

~τα, i
′, o′〉. We have factored out all the element that do not depend on the lattice index ~R.

Notice that the matrix element 〈~R, a, o|δH|~R + ~τα, i
′, o′〉 although it depend explicitly on

~R it can be also factored out because is constant for all the lattices sites.

V =
1√
N

∑
~k,~k′

ν,ν′

∑
α,a,a′

o,o′

{
e−i(

~k′)·~ταha′(~k
′ − ~k)− ha(~k′ − ~k)

}
e−i

~k′·~ταCνa,o(~k)
∗
Cν′a′,o′(~k′)

|~kν〉〈~R, a, o|δH|~R + ~τα, i
′, o′〉〈~k′ν ′|

∑
~R

ei(
~k′−~k−~q)·~R

(A.17)

Now, we use the definition of the crystal delta function δ(~k′−~k−~q) = 1
N

∑
~R e

(~k′−~k−~q)·~R,
to eliminate the summation in the ~q index

V =
1√
N

∑
~k,~k′

ν,ν′

∑
α,a,a′

o,o′

{
ha′(~k

′ − ~k)e−i
~k·~τα − ha(~k′ − ~k)e−i

~k′·~τα
}
Cνa,o(~k)

∗
Cν′a′,o′(~k′)

δH~R,a,o ~R+~τα,a′,o′
|~k, ν〉〈~k ′ν ′|

(A.18)

which is the final expression for the electron-phonon coupling

V̂e−ph =
∑
~k,~k′

ν,ν′

Vν,ν′(~k,~k
′
)|~k, ν〉〈~k ′ν ′| (A.19)

Vν,ν′ =
1√
N

∑
α,a,a′

o,o′

{
ha′(~k

′ − ~k)e−i
~k·~τα − ha(~k′ − ~k)e−i

~k′·~τα
}
Cνa,o(~k)

∗
Cν′a′,o′(~k′)δH ~R,a,o

~R+~τα,a′,o′

(A.20)
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spin-orbit splitting in carbon nanotubes. Phys. Rev. B 79, 235423 (2009). 59, 62

[148] T. Ando. Spin-orbit interaction in carbon nanotubes. Journal of the Physical Society
of Japan 69(6), 1757 (2000). 61, 113, 116

[149] L. Sheng, D. N. Sheng, C. S. Ting, and F. D. M. Haldane. Nondissipative spin hall
effect via quantized edge transport. Phys. Rev. Lett. 95, 136602 (2005). 66
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“Vuelan mariposas, cantan grillos, la piel
se me pone negra y el sol brilla, brilla,
brilla. El sudor me hace surcos, yo hago
surcos a la tierra sin parar”

Victor Jara Agradecimientos

Siempre me ha gustado esta canción de Victor Jara, el arado. Cada vez que la escucho
no puedo dejar de pensar en mi familia, y en toda su historia, y me hace sentirme más
orgulloso de ella si cabe. La historia de mi familia siempre ha estado vinculado al campo,
mis bisabuelos ya fueron trabajadores del campo, y con ellos nació esta historia. Luego
vinieron mis abuelos, por un lado mis abuelos paternos, a mi abuela Remedios no tuve
la oportunidad de conocerla pero sé que he heredado su aspecto, yo soy , tal y como lo
era ella, un campana. Mi abuelo Pepe, era la bondad personificada, siempre tranquilo,
dispuesto a ayudar, cuanta paciencia ha tenido con mi hermano y conmigo. Siempre me
acordaré del tiempo que he pasado con él en el collao, plantando hortaliza o los veranos
cogiendo la almendra, contándonos sus historias de cuando era un niño y cómo pasó la
guerra. “Aaaiiireee San Telmo”. Por parte materna, mi abuelo José, siempre alegre y con
entusiasmo, siempre lo recuerdo con una sonrisa en la boca, y también me acuerdo de pasar
muchos momentos con él en el campo, en la casica de Yecla, cogiendo la uva, la oliva, la
almendra o podando, haciendo garbillas, siempre hab́ıa algo que hacer, eso śı, luego nos
recompensaba con unas deliciosas gachasmigas. Siempre me acordaré de las mañanas que
me despertaba muy temprano para salir al monte con él. Luego está mi yayuchi Inés, no
tengo palabras para decir todo lo que la quiero. Ella también es la bondad personificada,
siempre preocupándose por nosotros. Solo puedo decir que sin ella, hubiera sido f́ısicamente
imposible ser lo que soy. A todos ellos les quiero agradecer esta tesis en primer lugar, por
que ellos son las ráıces de esta historia.

Continuo la historia por el tronco, un tronco, mis padres. Mi padre, era trabajador
con jornadas interminables, fuerte, también muy tozudo, como yo, y con una capacidad
imparable de hacer cosas. Siempre me acordaré de cuando llegaba del trabajo por las noches
y nos daba un beso de buenas noches y como se iba bien temprano, o de todos los viajes
con la furgoneta. También de todos los momentos en el campo, tanto de pequeños en la
casica de Yecla, como en el collao cuando sub́ıa a coger la almendra, y alguna que otra
vez a recoger patatas. Te echo de menos. La otra mitad del tronco es mi madre. Ella es
otra trabajadora con jornadas interminables a la que nunca escucho quejarse del trabajo.
Siempre está dispuesta a ayudar, aunque no se lo pidas. Además, al igual que mi abuela,
y cualquier madre, siempre se está preocupando por mi hermano y por mi. También me
acuerdo de momentos en el campo con ella, sobre todo de aquellos duros últimos años
de la casica de Yecla. Además de esta tesis, tengo tantas cosas que agradecerla que no
terminaŕıa nunca, solo puedo decirte que gracias mamá. Ya lo sabes, te quiero. Ellos me
han educado, formado, enseñado, y sobre todo me han empujado para poder llegar hasta
aqúı, sois el tronco sobre el que sustenta este trabajo.

La siguiente parte esencial son las ramas, hacen que el árbol se estructure dándole
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forma, fuerza, apoyo y sobre todo, guiándolo en el crecimiento. Todo ello lo representa mi
hermano, sencillamente sin él no habŕıa árbol, no habŕıa tesis. También tengo recuerdos
con él en el campo, de pequeños cogiendo la almendra como se enfadaba conmigo por que
no coǵıa las almendras del margen, o las trastadas que haćıamos en Yecla y ahora, como
refunfuña por subir al collao, aunque luego quiere hacer lo mismo que yo y que le enseñe
a labrar. Tu has hecho que el árbol resistiera a muchas adversidades, lo has conducido y le
has dado fuerzas para que siga creciendo. Junto a mi hermano, también ha estado Eva, una
persona muy especial, que me ha servido de guia, al igual que ha sido fuente de inspiración.

Otra parte fundamental de este árbol son las flores, son lo más bello que tiene, son la
propia razón de ser del árbol, le dan el color y la alegŕıa. Esta parte del árbol es Maŕıa
Jesús, aunque tengo que decir que ella también forma parte de las ramas del árbol, me da
la fuerza para seguir avanzando. Por su puesto que tengo recuerdos del campo con ella,
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con el que sé que siempre puedo contar, Oscar y su filosof́ıa ante la vida, es como mi Homer
part́ıcular, Jorge y su capacidad de levantar 1 tato de fuerza, Robertico con su huertico,
Vity, Jaime, Rafita con ellos he pasado muchas aventuras, alegŕıas y también penas. Os
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