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Chapter 1

fntroduction

1.1 Background and motivation for this work

This work describes a classical theroretical study of some aspects of the static and dynamic
interaction between a particle and the surface of a liquid. In all the cases treated, the particle
is external to the liquid. As it wili be shown in the foliowing, there a,re a number of systems of
physical and technological interest that may be modelled using the theoretica,l tools that will
be described in this work which is divided in two main parts. In the statics part (Chapter 2),
I will study the equilibrium shape and the stability of the liquid surface when a particle is
held above it, and the potential energy of the system; the results wiil be applied to va^rious
situations of interest. The dynamics part (Chapters 3 and a) will analyse the transfer of
energy from a moving particle to the surface, which results in the excitation of ripple waves,
both for an ideal liquid and for viscous liquids.

One of the motivations that led me to start this work was the wish to get a more detailed
understanding, in a classica,l framework, of the interaction of an electron with the surface of a
liquid. This problem had already been addressed by Gras-Martf and Ritchie (1985), aad later
by Barberdn, Garcia-Molina and Gras-Martf (1989), using a second-quantization approach, in
which the oscillations of the liquid surface (ripples) were modelled as a field of bosons called
ripplons. In these papers, the authors studied the self-energy of a stationaxy charge and the
energy loss of a charged particle that moves parallel to the liquid surface. The dynamics part
of this thesis includes a classical reformulation and an extension of their theory of energy loss,
which allows the treatment of neutral and finite-size particles, as well as finit+depth liquids.
The studies that a,re described in this thesis show that the physical features of the system
that were addressed by these authors are of classical nature. The results of the quantum and
classical treatments for the inviscid liquid a^re identica"l.

The surface of liquid helium, and the interaction phenomena that take place on it, a,re
perhaps one of the piece of physics that has received more interest during the past decades.
The interaction of charged particles with this surface has attracted the interest of many
researchers, both experimentalists and theorists. Cole (1970, 1974) and Shikin and Monarkha
(L974), a,rnong others, have studied the interaction of surface electrons with the oscillations
of the vapour-liquid interface.

Experimentalists and theorists have studied the stabiiity and formation of dimples (holes)
on the surface of liquid helium when electrons are forced against it by an electric field (Shikin
and Leiderer 1981: Mel'nikov and Meshkov 1981t Leiderer. Ebner and Shikin 1982: Gianetta
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and Ikezi 1982): electrons a,re iocalized in depressions of the surface (dimples) that form a
lattice when they group together. The theoretical calculations of the size,; of these dimples
are similar in nature to some of the calculations that I will report in the statics part of this
work: the authors predict and observe latera.l dimensions of the order of L mm, much like
the ones I get for a somewhat diferent situation: the bump induced on the surface of a liquid
by the attraction of a single external particle. Note that bumps may also be formed on the
surface of an insulating liquid by the divergent electric field due to a pointed electrode held
above the surface (Pohl 1978:111).

The statics part of this work is also related to some other theoretical studies in the field
of interface science, that address the calculation of the shape of the liquid-vapour interface
(meniscus) subject to gravity and surface tension, and to va,rious boundary conditions (see,
e.g., Boucher and Jones 1987; Rossolenko and Zhdanov 1990). Other authors address the
problem of physical adsorption at corners and pores of solid surfaces (Cheng and Cole iggg),
which also involves the calculation of the equilibrium shape of a liquid-vapour interface. A
very similar problem, the fllling of a cylindrica.l hole on a solid surface with lubdcant. is
treated in this work.

Another group of phenomena related to this work, are the scattering and reflection of low-
velocity atoms at the surface of liquid helium. The scattering experiments have been addressed
by quantum path-integral or related theories (Echenique and Pendry 1976a,b, Swanson and
Edwards 1988, Goodman 1989). One of the most spectacular experiments is described by
Berkhout et al. (1989), where the focusing of hydrogen atoms using a liquid-helium-coated
concave mirror is achieved. The formulation of a theory of slow-atom reflection is currently
a subject of interest for va,rious groups (Martin, Bruinsma and Platzman 1-988; Tiesinga,
Stoof a.nd Verhaar 1990). There are a number of non-linear and discrete atom-atom features
(such as the non-linear dynamics of the surface or the atom-atom correlation effects at the
interface) that still have to be modelled in an empirical way to get a reasonable description
of the experiments. The first part of this thesis adresses some non-linear features of the
static interaction of particles with Jiquid surfaces. However, the complexity of the non-linea,r
response of the liquid at short particle-surface distances has so far prevented the formulation
of a simple dynamical theory.

A recent field of experimental research that is closely related to the theory presented in
this thesis is atomic-force microscopy. This technique (Binnig, Quate and Gerber 1g86) is a
powerful tool to measure surface forces (Rugar and Hansma 1990): it consists in measuring
the force on a tip that is held at a certain distance from a sample surface. The atomic-force
microscope has been used recently to determine the thickness distribution of lubricant films
on solid surfaces (Mate, Lorenz and Novotny 1989, 1990; Mate and Novotny 19gl). The
study of the van der Waa,ls interaction of finite-size particles (such as the tip of an atomic-
force microscope) with liquid sutfaces is of relevance for the modelling of these experiments;
in fact, the experimenta,i work of Mate and coworkers with lubricant films has motivated a
fraction of the work that is presented here, both in the dynamics and the statics part. There
is a reasonable agreement of the theoretical results reported here with their experiments. One
of the most interesting features of the tip-liquid system is related to the non-[near nature
of the surface response: the liquid surface becomes unstable when the tip of the microscope
approaches the liquid surface at a critical distance. At this point, the surface jumps to contact
the tip - an adhesion phenomenon that has also been reported for solid surfaces (Pethica
and Sutton 1988; Landman et al. 1989).

The nature of the force sensor used in atomic-force microscopy involves vertical oscillations
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of the tip, that may in turn induce oscil'lations on the liquid surface. A study of this phe.
Domenon and its possible influence in atomic-force microscopy experiments is also reported
in the dynamics chapters of the thesis.

In view of the number of potential applications of the theoretica.l work presented in this
thesis, the pertinent basis has been formulated in a fairly general way. This leaves it open for
further applications and extensions.

L.2 Sketch of the general model

In this thesis, classical hydrostatics and hydrodynamics will be used to analyse a system that
consists of two interacting parts:

L. a liquid body, delimited by u,rr infinite surface (the interface with vacuum), and bound
by a force field (such as gravity or adhesion to a soiid substrate); and

2. a particle, outside the liquid, that generates a spherically symmetrical field that attracts
the [quid towa.rds it. The particle (a point or a sphere) *uy be at rest or in motion,
reiative to the reference frame of the field that binds the liquid.

The attractive forces that will be considered in this work are:

1". the electrostatic interaction of charged particle and the fipoles it induces in the liquid.,
or

2. the van der Waa^ls interaction.

The following restrictions will be imposed to the liquid:

f. it may be described as a continuous medium where atomic structure is neglected; ac-
cordingly, the liquid-\a,cuum interface is assumed to be abrupt;

2. it is bound in such a way that its surface is planar at infinity;

3. it is incompressible; and

4. it does not screen or attenuate appreciably the forces between the external particle and
the constituents of the Iiquid.

If the particle is at rest, I will study the equilibrium shape of the liquid surface, its stability,
the equilibrium values of mutual forces as well as their gtadients, and the total potential energy
for different cases. Special attention will be paid to the non-linear behaviour of the tiquia
surface at short particle-surface distances. The results will be compared to related quantum-
many-body theoretical treatments (Gras-Ma^rtf and Ritchie 1985) and experimenta.l results
(atomic-force microscopy of liquid fiIms, Mate et aI. 1989). These will be the subjects of
Chapter 2.

If the particle is in motion, I will study the way it perturbs the liquid surface (exciting
its rippling motion), and the transfer of energy from the particle to the liquid (including a
more genera^l formulation of the theory of Gras-Martf and Ritchie (1985) for the energy loss
of particles that move parallei to the liquid surface). The dynamical response of. ideal liquids
will be considered in Chapter 3. Chapter 4 will describe some aspects of the behaviour of
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uiscous liquids in the presence of external particles, with a reference to the dynamic aspects
of the experiments performed by Mate et al. (1989) with the atomic-force microscope.

Finally, in Chapter 5, the results of this work will be summarized and a number of open
aspects will be discussed that have not been treated here and that constitute lines of possible
interest in future research.
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Chapter 2

The static interaction of a particle
with a liquid surface

In this chapter, the static behaviour of the system defined in the previous chapter, in which a
particle is held fixed at a certain distance from a liquid surface (see Figure 2.1), is described.

When the liquid reaches its equilibrium configuration, the attraction towards the particle
is ba^lanced by the force due to the binding fie1d and by the surface tension of the liquid. If the
potential genera,ted by the particle is spherically symmetric, the equilibrium configuration of
the system is axisymmetrical (has azimuthal symmetry). The liquid swells or forms a bump on
the part of the surface that is nearest to the particle. The liquid body above the unperturbed
liquid surface may also be called a holm (Boucher & Jones 1987). The liquid is assumed to be
incompressible; therefore the bump consists of liquid that comes from elsewhere in the liquid.

The determination of the equilibrium situation of this system is equivalent to the ca.lcu-
lation of the equilibrium shape of the liquid surface. The system is axisymmetrical and so,
it may be characterized by a rneridian curve u(p) describing the displacement z of the l-iquid
sutface, from a reference plane, at a distance p from the syrrmetry a>ris. The reference plane
is defined in such a wav that

l im z(p) = g.
P - @

(2.1)

The foilowing axis choice is made: the reference pla.ne is the cy plane and the symmetry axis
is the z axis. In most of the cases that will be studied in this chapter, the unperturbed surface
wiii coincide with this plane. The outwa.rd normal to the liquid surface has always a positive
z component.

The equilibrium meridian curve will correspond to a stationa.ry value of the total potential
energy of the system (in particular, a situation of stable equilibrium would correspond to a
relative minimum of the total potential energy). A stationary potential energy is equivalent
to a null balance of all participating forces.

2.L Total potential energy of the particle-liquid system

The total potential energy of the system will be written here as the sum of the surface energ]..
(%r) a"d the potential energy of the whole iiquid in the fields of the binding force (like gravity
or adhesion to a substrate) (ya) and of the attractive force due to the external particle (V*t):

Vut = V't *Va * V;n . (2.2)
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Figure 2.1. Sketch o[ the slatic particle-l iquicl system.

In the next sections, each one of these contributions is described in detail.
I would like to note the fact that the surface energy is added to potentialenergies, to study

the equilibrium of the system. In doing so, the microscopical considerations that describe the
surface energy as a free energy, which, as a consequence of kinetic-energy contributions, varies
with ternperatute, are neglected. I{owever, for a given temperature and in a macroscopic or
mesoscopic scale, these contributions may be treated as part of a potential energy.

z.L.L Surface energy

The increment of the surface energy of the Iiquid duc to a perturbation of its surface (induced,
for example, by an external particle) may be writtcn as the product of the surface tension
coefficient and the change in the area of the liquid surface. In the case of an a,;iially symmetric
fluid body, the increment of the surface energy may then be expressed as a functiona.l of the
meridian curve due to the the perturbation r(p). The expression al.so involves re(p), the
meridian curve of the unperturbed svstem:

v,, - 2,ro lo* oo o{ [ ' 
- (#)]"'- [, 

- (#)']" '] (2.3)

In many of the ca-ses that will be studied here, the surface of the liquid will have a very low
curvature, and, in addition, the surface will be initially planar (ro = 0); therefore, it will be
possible to use a simpler expression of the surface energy.
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2.1.2 Binding potential energy ,

Consider now the increment of the potential energy of the liquid in the binding field (which
may be a gravitationa.l field or the field of adhesion forces towa.rds a solid substrate), when
the liquid surface changes from its unperturbed configuration us(p) to the perturbed one,

"(p).The binding potential energy per unit volume,'u6, will be assumed to be axisymmetrical,
that is to say, a function of z and p. However, in most cases treated here it will be independent
of P.

Building a new configuration of the liquid is equivalent to bringing volume elements from
the liquid surface very fa,r from the symmetry axis, where the binding energy per unit volume
is u6(0loo). The increment of the binding potential energy of the whole liquid is then

dz(u6(z,p) - o6(0, m)).
r@ ru(p)

Vu=2t r  I  dpp  I
Jo Juo(p)

(2.4)

2.t.3 Interaction energy

The interaction energy between the particle and the liquid wiII be written as an integral over
the whole volume of the liquid. The potential energy per unit volume of a liquid element
Iocated at a distance r from the center of the particle will be assumed to be of the form

B
uin t= -u2_oPY,

where B is a constant that will depend on properties of the liquid and of the particle and

the type of interaction, a is a constant that is related to the size of the particle, and rn is an
integer exponent that depends on the type of interaction. Throughout all this dissertation, it
will be assumed that interactions are not a,ffected by retardation effects.

Retardation is important in the case of van der Waa.ls interactions, and its efiect in long-
range forces has been experimentally observed (Israelachvili and Tabor 1972a,b, Isra,elachviii
1985, 1987). Van der Waa.ls dispersion forces between two interacting systems A and B, the
distance between them being r, axe due to the interaction of the instantaneous, fluctuating
dipole moment of A with the dipole moments it induces on the other B (and vice versa).

Consider how a fluctuation in the charge distribution of A is transmitted to B. When the
cha,rge distribution shakes, it generates an electromagnetic wave which is transmitted towards
B at the speed of light, c. The charge distribution in B shakes in response to the incoming

signal, and generates a wave that returns to A. The fluctuations on A occur with a frequency
r..r, aad if the time interval for the round trip,2rf c,is comparable to Lfa,,the dipole on A will

have fl.uctuated to a new position. Therefore, the interaction is weakened, due to imperfect
dipole alignment. Fluctuation frequencies or for atoms are usually in the ultraviolet range;

then, for dista,nces longer than, say, 100 A, retardation effects may be important, and the
power law that approximates the van der Waals interaction goes from r-6 to a more rapidly

decaying r-7 (Atkins 1983:365; see also Spruch 1986).
Eq. (2.5) has been used, only for mathematical convenience, to embed three cases of non-

retarded particle-Iiquid interaction, but is not the most general expression. The three cases
it comprises are:

1. the interaction of a point charge with the dipoles it induces in a non-polar liquid (rn = 2,
o = 0 ) ;

(2.5)
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2. the van der Waals interaction of a neutra.l atom with a non-polar liquid (* = 3, o - 0);
and

3. the van der Waals interaction of a solid sphere with a non-polar liquid (rn = 3, o = radius

of the sphere).

Other possibilities for m and a may not have physical meaning,
If the particle is situated on the z axis at a height z = R over the reference plane, the

distance r between the particle and a given volume element which is situated at (z,p)is

(2.6)

Bo o1,.1 may be written as a function of p and z but the dependence on z enters as R - z;

't)int = u;nt(R - z, p). (2.7)

The total interaction energy is then the volume integrai of u;n1:

The lowerlimit of the z integril, -h(p), represents the bottom surface of the liquid body. If
the liquid lies on a plana^r substrate, /z is a constantl if the liquid is semi-infinite, h is m.

2.2 Equilibrium equation

I em interested in obtaining the equilibrium configuration of the liquid, which will be repre-
sented by an equilibrium meridian curve. This equilibrium situation corresponds to a station-
ary value of the total potential energy, this is, the configuration for which all forces acting
on the liquid balance. In particular, the minima of the total potential energy correspond to
stable equilibrium configurations. The total potential energy of the particle-liquid system is
given in eq. (2.2). It is a functional of the meridian curve u (p), Vot = Vr*lul(E), and contains
the -B (the position of the particle) as a parameter.

Let it(p) be an equilibrium meridian curve. The potential energy for this curve is a
stationa,ry point, so any small increment Az(p) around it will, in first order, result in a null
change of the total potential energy:

V"tltt,*Aal -Votlal=g (2.9)

Using expressions (2.2-2.4) and (2.8), one gets, by Taylor expansion, the equation

V,,(R) = zn lo* o, o l_fl,rd,z a;n1(R - z, p).

0 = 2tr If, dp p 1 
odaldP dlu

,[+ laaldpf ae

* lu6(a,, p) - uu(O,m)l Au

+ain(n - i l" p)a'ul,

(2.8)

(R -  z ) z  +  p2 ,

10

(2.10)
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wherethefirsttermof theintegrandconti i ins dAuld,p insteadof Au. Thesituationmaybe
easily remedied by integrating this term by parts. One gets

provided that

o = 2r [f, d,p p A,u | - !+-igl!L--
L p dp 

1f + 6a1ap1,
*la6(a,p) -  u6(0, m)l

*u;nt(R- i l ,d),

,. p d{rldp
l im  - - , -Au=0 .
'-* 

,/r + (duld'p)z

(2.11)

(2.12)

a condition that is not too restrictive (a curve that approaches the z = 0 plane faster than
1/p wiil meet this requirement).

Eq. (2.11) has to hold for any small Au, so the part of the integrand in brackets has to be
zero. This yields a second-order, non-linear differential equation for the equilibrium meridian
curve 0(p),

o d ,
-  - -7

p a p
........ * uu(il, p) - at(O,x) + a;nt(R - d, p) = 0, (2.13)
111+(dilr ldp)'

which I will from now on call the "equilibrium equation". The first term is just a(1/.R *LlR2)
where "Br and R2 are the radii of curvature of the surface defined by d at a given p. According
to Lapiace's formula (Landau and Lifshitz 1987:239), the first term in eq. (2.13) equals the
ptessure difference across the surface at that point.

Eq. (2.13) has to be solved using two boundary conditions. The first one is eq. (2.t), this
is, the surface has to approach the reference piane asymptotically for large p. The second one
expresses the fact that the surface must have finite curvature at the origin,

*l -o
dP I p=o

(2.14)

Soiutions d.(p) satisfying these two boundary conditions are not guaranteed to correspond to
minima of the total potential energy (stable equiiibrium configurations). The solutions may
correspond also to unstable equilibrium.

Equation (2.13), in the general case, has to be solved numerically (see section 2.4). In
the following section, however, I will show how this non-linear equation may be reduced to a
Iinea,r form that has a closed-form solution, which may be applied to some limiting cases.

2.3 Linearized form of the equilibrium equation: linear so-
lutions

2,3.1 Linearization of the equil ibrium equation

There a,re some interesting limiting cases of the particlrliquid system that allow a simpler
treatment than the numerica.l solution of the non-linea.r equilibrium equation given in the
previous section. Equation (2.13) may be reduced to a linea,r form having closed-form solutions
if the foilowing physical conditions are fulfilled:

t i

The interaction of particles with liquid surfaces:a classical study. Mikel Forcada Zubizarreta.

Tesis doctoral de la Universidad de Alicante. Tesi doctoral de la Universitat d'Alacant. 1991



1. The unperturbed system shows a planar sutface: u(p) = 0 for all p. This is the case
when the binding potential energy per unit volume u6 is independent of p.

2. The displacement of the surface u(p) is small compared with the distance between the
particle and the originally unperturbed surface, .8.

3. The perturbed surface is smooth, that is, the square of the slope of the meridian curve,
(duld,p)2 is small compared to unity for every p.

4. The surface displacement u(p) is so small that the the binding potential ab(u, p) may be
approximated to va^ry linearly with a. For gravity binding, this restriction is immaterial.

These bpproximations hoid for cases where the particle is far from the surface and the per-
turbation induced in the liquid is small. These approximations may be formulated mathe-
matically as:

ub(z, p) -  ab(z) i

u(p) < R;

/  d ,u \2

\a) < 1;

a 6 ( u ) x o 6 ( 0 ) * G u . ,

(2.15)

(2.16)

(2.17)

(2.18)

where

" 
= *l (2.1e)

u. lz=O

With these approximations, the equilibrium equation (2.13) reduces to the linear form:

/ azt t da\- 
" \W 

- 
;i ) 

+ GilL + Dint(R'P) = o' (2.20)

2.3.2 Solution of the linearized equation

Equation (2.20) may be solved analytically using the Bessel transform technique. Let the
meridian curve be expanded accordingly

In these equations .Is is the Bessel function of the first kind of order zero (Olver 1965).
Substituting eq. (2.21,) into the linearized equilibrium equation (2.20), one gets, using the
properties of Bessel functions,

foo
a(p) = 

Jo 
k dk Js(kp) aL&)

and the interaction potentiaJ

foo
uint(R, p) = 

Jo 
k dk J6(kp) a;n1(R,k).

a(k)=-wP

a;nt(R,*) = -#1, (*)^- 'K^-,1kh1,

(2.21)

(2.22)

(2.23)

For interaction potentials of the form given in equation (2.5), the Bessel transform is analytical
(Luke 1965, eq.(l1 . .aa)):

L2

(2.24)
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where K" is the modified Bessel function of the second kind (Olver 1965) and order n, and

E-Jnz-ez (2.25)

is a conecled particle-liquid distance that accounts for the size of the particle oniy in the
case of van der Waals interactions (see subsection 2.1.3). With this, the general solution of
equation (2.20) may be written in terms of a dimensionless integral

i,(p) - #_T (#)^-' Io* 0,,^ ffffi .
The diLensionless integral depends on two parameters , plfr. and,2E,l€,,where

(2.26)

(2.30)

(2.31)

c - (2.27)

is a generalized, capillarg constant (Landau & Lifshitz 1987:240), which measures the lateral
size of the bump. The maximum height of the bump may be written as

u(o) = #fr(#) 
^-' ;^6hut€), (2.28)

where
foo h'^_tft)t*(,)= Jo atrfft. (2.2e)

Figure 2.2 shows values of this function for m = 2 and m = 3. As was mentioned in
subsection 2.1.3, the value rn = 2is related to the interaction of a charged point particie with
the liquid, whereas the value m = 3 is related to the van der Waals interaction between a
neutral particle and the liquid.

For small values of c (the relevant case, since, in most cases .ft < €), the functions i-(c)
may be easily approximated in the following way: if t2l\2 + s2) is considered to be an
approximation of the Heaviside step function O(, - r), then

i 2@)x f ro ( " )  
" t  ( * )  ,

i3(c)  s 1 + 2/ is(c)  r  1 *  r t  (*) ,

and

where 1 = 0.5772. . .is Euler's constant. These expressions provide very useful approximations
to compute the height of linea,r meridian curves. The fact that the exact values of eq. (2.29)
plotted in Figure 2.2 arc almost straight lines reflects the validity of this aproximation. It
may be advanced here that, since the capilla.ry constants for most common liquids are of the
order of 107 a.u., the approximation E < { is not restrictive at all.

2.3.3 Linearized expression of the total potential energy

The total potential energy, in the linear case, may be easily written by linea,rizing the expres-
sions of the surface, binding and interaction energies, and evaluating them for the equilibrium
meridian curve.

2o
e
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Figure 2.2. The dimensionless fuuctions i2(o) and i3(r).

It is important to separate two contributions to the potential energy: one that arises from
the interaction of the particle with the unperturbed system and the other a.rising from the
bump that forms on it. It has to be taken into account tirat the energy contributions may
vary with thc distance 1l either directly or tlirougir t(p).

The incrernent of the surface energy due to the formation of the bump has been given in
eq. (2.3). In this section, I am dealing with cases in which the unperturbed surface is the
reference plane (us(p) = 0). This is a con'sequence of the restriction expressed in eq. (2.1b).
The increment of surface enelgy is then

(2.32)

Taking into account the smootftness approdmation given in eq. (2.1?), %t may be written as

vst = 7ro [* o, o (*\' (2.33)
Jo \dp /

Next, consider the binding energy. Using eq. (2.15), and the approximation given by
r r q .  ( 2 . f  l l ) ,  l . l r r , i 1 1 1 ' 1 ' 1 . 1 1 1 r . 1 1 1 ,  o l ' l r i r r r l i r r l l  ( ! n ( , r . , l . y ,  r ' r 1 .  ( ) . , 1 )  r r r : l y  l r o  w r i  l , l . c r r  ; r s

too

Vt = rG 
Jo 

,lp pu'(p).

Finally, the interaction energy (see eq. (2.8)) has contributions from both the liquid

t ", = 2tro fo* oo of [t 
- (#)']"'- ,] .

(2.34)

body

L4
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under the reference plane,

t @ p
Vpronor = 2o 

Jo 
O, , J_odz 

a;6(R - z, p),

which usually simplifies to a ciosed-form function, and the bump over it,

/oo l"(p)
LV;* = 2o 

Jo 
OO , Jo 

d,z u;6(R - z, p)i (2.36)

using the long-distance approximation, eq. (2.16), the last contribution simplifies to:

LVint = zo 
lo* 

dp p u(p) a;nt(R, p).

a(q * * | o'r"-;E'iak),

(2.37)

It must be noted here, that these are the contributions to the potential energy of the particle
that are due to its interaction with the liquid. If there is, for instance, a solid substrate below
the liquid (at z < -h) that interacts with the particle, it has to be considered too.

For the caJculation of the linearized potential energy, the three contributions that de-
pend on .R through the shape of the bump will be considered first: the surface energy, Vr1,
eq. (2.33); the binding energy, Vu, eq. (na); and the bump part of the interaction energy,
LV;nt, eq. (2.37). After rewriting the Bessel transform of il,(p), eq. (2.21) as a Fciurier trans-
form (Olver 1965, eq. (9.1.18)),

(2.35)

(2.3e)

(2.38)

it is substituted into the sum of eq. (2.33), (2.34), and (2.37), which I will call AV, the
potential energy due to the bump. Substitution leads to

AV = | | artafUl2u;*,(a,k) + (or2 + c) alry],

which, taking eq. (2.23) into account, simplifies to

(2.40)

It is interesting to note that this result is exactly half the linear interaction enetgy, AV*.
This is consistent with the fact that the response of the liquid, ind,uced, by the perturbation, is
linear. As the particle is brought from infinity to a distance .8, the work (surface and binding
energy) needed to build the bump is half the final interaction energy, but of opposite sign.

Further substitution of eq. (2.24) yields an explicit expression for the particle-induced
contribution to the potential energy of the particle:

^v - -:+=*(#)^- j, (rtfri/il, (2.41)

where

is a dimensionless
the relevaat range.

j*(s) * [* 61fm-'! \!: ' !2 e.42)J o  1 2 7 7 2

function that shows, s f-, eq. (2.29), a logarithmic dependence on c in
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2.3.4 Case study: electron-semiirtfinite liquid interaction

Gras-Martf and Ritchie (1985) studied, using a quantum formalism, the linea.r interaction of
an electron with the surface of a semiinfinite body of liquid helium bound by gravity. The
classical approach will be used here to study, in the linea,r approximation, the static properties
of this system. The results a,re in compiete agreement with those obtained by Gras-Martf aad
Ritchie (1985). Here, in addition, results for the shape of the bump, which was not studied
by these authors, will be obtained.

First, one has to defi.ne the interaction potential n;n1and the binding potential u5. The
electron induces a dipole in each of the helium atoms. As has been said above, screening
of the,electric field will be neglected. The interaction energy between the electron and the
dipole it induces in each atom is -ae2f2ra, where a is the polarizability of the atom, r the
mutua.l distance, and e the charge of the electron. The interaction energy per unit volume of
liquid may thus be written as

nae2 I
vtnr  -  

2 f4,
(2.43)

where n. is the number of atoms per unit volume in the liquid. Identifying this expression
w i theq .  (2 .5 ) ,  l eads  tom=2 ,a=  0  (and  thusE= .R ,eg .  (2 .25 ) ) ,andB =naez12 .

The binding energy per unit volume is gravitational in this case:

a6(z) = nMgz, (2.M)

where M is the atomic mass of the [quid and g is the gravitationa.l acceleration. With this,
G (uq. 2.19) is jast nM g and € (eq. 2.27) becomes

(2.45)

the customary capillary constant (Landau and Lifshitz L987:240). The expression for the
shape of the bump formed when the electron is held at a distance .B from the reference plane
is (see eq. (2.26)):

(2.46)

Figure 2.3 shows the meridian function that represents the bump induced in liquid helium by
an electron at a distance ft = 96 a.u. from the originally unperturbed surface. This example
illustrates the validity of approximations such as eq. (2.16), that allow the use of the linearized
equilibrium equation: the height of the bump in this case is t 6 a.u. For shorter distances,
it wil be necessary to solve numerically the complete, non-linear diferential equation for the
meridian curve, eq. (2.13). The comparison, in the next section,,2.4, of these results with the
compiete non-linear results will help to establish the range of applicability of the results of
Gras-Martf and Ritchie (1985), since their results a,re based in the sane approximations as
this linear, classical treatment.

The lnearized meridian curve a(p) has the following features:

f . it has a rather flat a,rea around p = 0;

2. for intermediat" d p,, there is a logarithmic dependence (straight-line portion in the
logarithmic plot); and

3. for values of p exceeding the capillary constant, (, it finally levels off to 0 = 0.

a@) #lo***WHW.

2o f nMg,
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Figure 2.3. Mericlian curve of the linear electron-induced bump on a liquid IIe surface (.R = 96 a.u.).

The point where p=( is indicated.
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Table 2.L. Values, in atomic units, of the inaterial
capillary constant €, and the van der Waals coefficient
1985:69), for some noble'gas liquids.

constants (Donnelly 1989; Weast 1982), the
(Echenique a,nd Pendry 1976a,b ; Isra€lachvili

Property He (1.7 K) Ne (25 K) ,ar (85 K)
Atomic polarizability, a
Atomic mass, M
Number density, n,
Surface tension, o
Capilla.ry constant, f
vdW coefficient (like atoms), A

1  Q 7

7.30.103
3.12.10-3
2.25.r0*7
1.35.107
1 .7

2.63
3.68.1,04
5.34.1-0-3
3.53.10-6
1.81 .107
4.0

10.9
7.28.104
3.13.10-3
8.48.10-6
2.62.L07
47

The small-p interval around the origin is the only area where the interaction potential is
important; there, the interplay of surface tension and the interaction force yields a certain
radius of curvature. Here, the gravity term of the differential eq. (2.20) has a very small
weight as compared to the interaction energy and surface tension terms.

The decreasing, straight-line portion of the curve corresponds to an interval where the
interaction potential and gravity terms are very small compared to the absolute values of the
two surface tension terms in the diferential equation, eq. (2.20). Then, the meridian curve
corresponds to a minimal surface area. In the linear approximation, the meridian curve in
this interval is approximately c1 + czln(p), where cr and c2 axe constants. This is related
to the case of a thin fllm of liquid supported on two concentric circula.r frames (Landau and
Lifshitz L987:242). In this case, the meridian curve is it = cs * cacosh-l(pl"n), where the
constants are related to the radii and reiative position of the frames. This solution reduces
to the logarithmic form when the slope of the meridian is small.

Gravity is the most important term is when p is somewhat la.rger than {. Here, the
solution is simply tt, x 0: gravity tends to level off the surface.

Figure 2.4 shows the linea,r results for the height of bumps induced by an electron above
the surface of some non-polar liquids. The "contact" fine t(0) = i has been drawn for
reference. The linearizing approximations iose their validity as .E gets smaller and approaches
the intersection with tbe contact line. The data that have been used to compute these results
are given in table 2.1, The dependence of the height z(0) of the bumps on the distance .R is
very close to an inverse quadratic dependence, this is, z(0) - R-2. This dependence is due
to the prefactor in eq. (2.28), which is only slghtly distorted by iz.

The values of the capillary consta.nts in table 2.1" deserve a comment. Capilla,ry consta,nts
give an indication for the iatera,l sizes of bumps (as it may be seen in Figure 2.3). For liquid
helium, { is of the order of L mm. There a,re no experimental data about electron-induced
bumps; howevet, considerable data have been collected about dimples or holes formed on the
surface of liquid helium when electrors a,re deposited on it and an electric field is applied
(Shikin and Leiderer 1981, Mel'nikov and Meshov 1981, Leiderer, Ebner and Shikin 1982,
Gianetta and Ikezi 1982). These authors observe and predict lateral sizes of the order of
1 mm. In fact, the theoretical scheme used by Leiderer et oL (1982) has some similarities
with the one reported here: these authors also minimize a tota.l potential enersr that contains
surface tension, gravity and interaction terms. The agreement of their calculations with the
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Figure 2.5. Contribution of the bump to the total potential energy of an electron in front of liquid
helium, A7, compared to the contribuiion of the unpertuibed planar surface, Vphnor = -.rnaez l2R
(from eq. (2.35)).

experiments is remarkable.
The expressicjn for the sef-energy of the electron in frout of the liquid helium (Gras-Martf

and Ritchie 1985' eq.(11)) is reproducctl with the classical treatment describecl in this thesis.
If the equation for tl're induced potential cnelgy, cq. (2.41) is particularized for the present
case, one gets exactly their result:

Ar/- -ffit,6fzn1q,
where j2 is defined in eq. (2.42).

Figure 2.5 shows the contribution of the bump to the total potential energy of the an
system formed by an electron and liquid helium, AV, rclative to the contribution of the
unperturbed planar surface, Vptona, - -rnae2l2R (from eq. (2.3b)). As it may be seen, the
contribution of the bump is x20% at R = 70 a.u..

In conclusion, tltis case stutly serves to state the classical nature of the selJ-energy com-
puted by Gras-Martf and Ritchie (1985) and to give an indication for the range of distances
R for which their linear results are valid-

2.4 Non-linear calculations. Case L: a point charge above a
semi-infinite liquid bound by gravity

This section deals with the first of three cases for which I present the results of the numerica,I
solution of the non-linear differential equation (2.13) for the meridian curve: the case of a point

o
c
g

0

(2.47)
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chaxge in front of a semi-infinite non-polar liquid. This case study will be used to introduce a

description of the numerical method, to describe the non-linear features of solutions, and to

propor" two simple, analytical modds that retain the main features of the numerical solutions.

The following two sections will be devoted to the remaining two cases, where the methods

and techniques described in this section will be applied.
In the previous subsection, the case of a charged particle above the surface of a semi-

infinite liquid has been treated within the linea,r approximation, and here, solutions that are

valid also for smaller values of the charge-surface distance -R will be described. As has been

said above, non-linear solutions show new, interesting features as compared to their linea.r

counterparts.

2.4,1 Descript ion of the numerical method

The complete d.ifferential equa.tion (2.14) has been solved using a shooting method and the

fourth-order Runge-Kutta formulas for second-order differential equations (Davis and Polon-

sky L965, eq. (25.5.20)). The integration starts at p = 0, where two initial conditions a're

needed. Thefi.rst one,for tbefirst derivative,is provided byeq. (2.14). The second condition

would require the specification of the initial value of the function, u(0), which is unknown.

The value of u(0) depends on the cha,rgrsurface distance .8. Two procedures are possible:

one may take a fixed value of R and find the corresponding value of u(0) for the function that

satisfies the differential eq. (2.13), or take a fixed value of u(0) and find the corresponding

value of R.
The proced.ure that will be reputed here uses the second choice. One takes a fixed u(0)

aad looks for the corresponding .R using the following algorithm: first, a value of .B is guessed

and the equation is integrated until either of the foliowing two situations, depending on the

value of .R,, is observed:

l. The solution, u(p), shows a minimum at some value of p and then blows up towards

la,rge u as one proceeds with the integration.

2. The solution reaches the value u = 0 for a certa.in finite p and sinks towards -oo as one

proceeds with the integration.

The correct value of I may be found, using a bisection technique, at the transition point

between the two situations described above. In fact, as the correct value of I is approached

from either sideo the value of p where the solutions start to misbehave approaches inflnity. In

the limit, the solution would asymptotically approach zero, fulfilling eq. (2.1). ln this way,

one may obtain the value of R with the desired approximation in an automated way, provided

that it ha^s been previously bracketed inside a certain interval.

The program was first tested with the linear equilibrium equation (2.20)' the solutions

of which are known, eq. (2.26). After this test, the program was ready to be applied to the

complete, non-linear differential equation, eq' (2.13)'

2.4.2 Non-linear features of solutions: instability

The program wa.s used to calculate equilibrium meridian cutves u(p) for charge-*urface dis-

tances I where the use of the linea,r equilibrium equation, (2.20), was not justified. Nonlinea,r

solutions behaved as expected when higher bumps (larger values of a(0)) are considered: the

2l
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Figure 2.6. Comparison of liuear (dashed), full non-linear (solid) and scaled-shape approximation
(dotted-dashed) results for the dependence on the cha^rge-"surface distance ft of the height of the bump
fr(O) induced by an elementary point cha,rge on the surface of liquid He. The "contact" line n(0) = I
has been drawn as a reference. The arrow indicates the maximum i(0) above which solutions rl(p) of
the differential equatiou do not correspond to stable equilibrium situations.

distances .B were larger than the ones calculated from the linear solutions. In other words:
for small .E, the bumps a.re higher than their linea,r counterpa.rts.

But the most interesting feature of the non-linea^r behaviour is the absence of solutions of
the type described in the previous section for values of .R below a given value .R*: as one looks
for the I's corresponding to increasingly talier bumps, one finds that, at a certain t(0), I
starts to increase instead of decreasing. In other words, the function n(,t(0)) has a minimum
value .R'. Figure 2.6 shows the full non-linear resuits for an electron in front of liquid He.
The lower (decreasing) branch of the curve approaches the linear curve for large values of
E, whereas the upper (increasing) branch does not show a physically reasonable behaviour:
the height of the bump increases as .R increases. This last branch may correspond to an
extremum of the total potential energy that is not a minimum, but an unstable point.

According to this description, a conseguence of the behaviour of the function 8(a(0)) is
the absence of equilibrium solutions for distances r? < .&*. This may be interpreted as this:
at fr'the onset of an instability occurs. For R 1 R*, surface tension and gravity forces are
unable to balance the attractive force on the liquid towards the point charge, and the liquid
jumps to contact the point charge.

This kind of instabiliff was observed also by Landman et at. (1989) during the molecula,r
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Figure 2.7. Meridian curves of the non-linear (solid) and linearized (dashed) electron-induced bumps
on a liquid He surface (r? = 96 a.u.).

dynamics simulation of the approach of a metallic tip towa^rds a planar metallic surfaceq these
authors call this instability a jump-to-contoct instability. As it wi[ be shown in the following
sections, this instability is a feature that is general to all the static particle-liquid systems
studied in tbis chapter.

Non-linear bumps a^re strikingly similar in shape to their linear counterparts. This is
shown in figure 2.7, where the non-linear and linearized meridian curves of bumps induced
on the surfare of liquid He by an electron at a height .E = 96 a.u. are compared. As may
be easily seen. the two profiles seem to be just scaled versions of each other. The comments
made for the shape linea,rized bump profi.le in subsection 2.3.4 apply also here. The decreasing,
straight-line portion confirms that, even in the non-linear treatment, the slope is sufficiently
small to yield a logarithmic dependence of d on p. This is mainiy due to the la,rge value of
the capillary constant € (see figure 2.7).

In addition, it has been found that the non liuea.r solutions for diferent values of '[(0)

show a striking similarity of shape, especiaily around the minimum of the function .B(A(0)).
These features of the meridian curves will be used in the following subsection to constnrct
very simple models of the non-linear solutions.

When one compargs the non-linear results for different liquids, some interesting regula.rities
a.re also observed. If U* is the ma:cimum height of the profile ,[(0) for the smallest particle-

\
\

\ P=E
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liquid distance for which a solution exists, .&*, the following numerica.l results (in atomic
units) have been found for an elementary-charged particle in front of liquid He, Ne and Ar:
He, R*=72.9, U*=24.L1 Ne, .R*=44.2 U*=L4.6; Ar, R*=44.8, U*=1.4.8. The data in table 2.1
have been used in the calculations. This suggests an interesting liquid-independent relation,

R* x 3U* (2.48)

which will also be explained in the following subsection by using a simplified model of the
cha^rge-liquid interaction.

2.4.3 Simple models that account for the non-linear features of solutions

I propbse here two models that account for the most interesting features of the non-linea,r
solutions that are being discussed in this section. These models will also be used in following
sections, where different particles and Iiquid bodies are involved, to obtain approximate results
of the pertinent quantities.

The scaled-shape approximation

Here, a liquid-independent model that gives a very good approximation to the numerically
computed profile heights, including the reiation (2.48), will be described. Profi.les computed
by numerical solution of eq. (2.13) show shapes that a.re almost liquid-independent if p is
measured in units of €1rt ({ being the capiilary constant), and they simply scale vertically
for all p when the height of the particle B is changed. This is a natural scaling when dealing
with capillary-gravity problems (Mel'nikov and Meshkov 1981", Boucher and Jones 1987).
Taking this into account, profiles may be approximateiy written in terms of a *universal"

fuuction as foliows:
&'"" (p) * (r(0) F (\/zp I 0. (2.4e)

Ilere the superscript ssa stands for "scaled-shape approximation". The function F(o) should
satisfy the following boundary conditions,

aad

.F(0) = 1, F'(0) = 6,

Im f '(c) = S.
c+co

(2.50)

(2.51)

(2.52)

In addition, it wili be assumed that surface profiles a,re so smooth that eq. (z.LT) holds. This
allows to write a simplified expression for the surface tension energy. It wiU also be assumed
that the charge-liquid interaction may be approximated by the interaction of that cha,rge
with a plana,r surface located at a height u.(0) (see the flat top of profiles in Figure 2.7).
This last approximation will be ca.lled the 'tat-top approximation" in the following. With
these approximations, the bump contribution to the the tota,l potential energy of the system,
eq. (2.39), may be written as a function of .E and d(0) only:

LV x trolpt|(o) - Yg (=]--- 1\ .2  \R- i l (o)  n) '
where Q is the charge of the particle and

,r= lo ["',",-(#)]d rs
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is a constart in this approximation.
Calculation of the minimum of the approximate expression for the total potential energr,

eq. (2.52), with respect to d(0), for a given value of .8, yields an expression relating .B and
n(o) :  

I  ac  - rL /2

a = t(o) + l  no' l ' ,  ,1 Q.b4)' ) '  
l+otsa1o1l

Further minimization of .& in this expression with respect to ?r(0) yields the liquid-independent
equality

(2.55)

(2.56)

where

The parameter Ip may be either used as an adjustable parameter to fi"t the numerical results
to a simple expression, or may be computed for each pair of numerical resuits (,R, A(0)) to
check its small range of va.riation. Near the minimum distance R',IF has an approximate
value of 0.08.

The flat-top model

There is an even simpler approach to the computation of profile heights, based on two of the
above approximations: the small-slope approximation, eq. (2.L7), and the flat-top approxi-
mation. According to this second approximation, one may just substitute u(0) for tt(p) in
the last term of the right-hand side of eq. (2.13) (a(p) only starts to depa.rt appreciably from
d(0) when p is very large, but then the potential is very small) and take the linear form of
the surface-tension term to write the simplified equilibrium equation

+ nM gil(p) t a(R. - t(0), P) = 0. (2.57)

The solution of this equation may be obtained easiiy (it is the linear differential equation
(2.20) for this case, but with .R1 - R- fi,(O) instead of R, see eq. (2.26)):

la,a rdil1-' 
Lo" * 'a)

R' = 3U*,

^-=llffi)'''

i,(p)=ry# lo*o,u#ffif (2.58)

This implicit expression has to be used in the following way: by giving values to .81 =

^B - ,il(Q) to get the corresponding values of A(0) and therefore .R. The agreement of this
approximation with the numerical results is remarkable (see Figure 2.6), especially near the
minimum distance, ft*, where the linear approximation is not applicable.

By identifying the bump height computed using this treatment, eq. (2.58) with p = g,

and the one obtained using the scaled-shape approximation, eq. (2.54), it is found that the
sconstant' /p in eq. (2.53) depends very smoothly, on .R1:

, - -  I

" - 
2oir1rtnrl1'

where the function iz@) has been defined in eq. (2.29).
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Figure 2.8. Bump contribution to the potential energy of an electron, AV, relative to the plane'
surface coutributiou , Vptandr, as a lunction of dis[auce, Il, lor liquid I'Ie: full curve, numerical resuli;
dashed curve, linear result, eq. (2.47); dotted-dashed curve, scaled-shape approximation, eq. (2.52).

2.4.4 Potential energy of the charge-surface system

The total potential energy of a charge in front of a liquid surface may be written as the
sum of the binding potential energy (2.4), the surface euergy (2.32), and the interaction
energy (2.8), evaiuated for the case of a charge. The interaction energy may be divided in
two contributions: the one frorn the planar, unperturbed surface, eq. (2.35), which in this
particular case of charge-licluid interaction may be integrated to yield -rnaQ2l2R, and the
other from the bump, eq. (2.36).

The potential energy due to thc burnp has already been approximated in subsection 2.4.3,
in order to derive eq. (Z.SZ). The exact expressions have been numerically integrated during
the process of solving the non-linear diflerentiai ccluation (2.13). Results for a charged particle

in the long-distance limit reproduce tiie [nearized resu]t of Gras-Martf and Ritchie (1985)
(eq. (11) in their paper), which have also been obtained classically in this work, eq. Q.aT).

Figure 2.8 shows a cornparison of potential energies, for an elementary charge in front of
liquid He: the full numerical integration result, as rvell as the scaled-shape approximation,
obtained from eq. (2.52), and the linea,r result, eq. (2.47), are plotted relative to the potential
energy for the unperturbed planc. As expected, the non-linear and linear results meet in
the long charge-liquid distance lirnit. Tliese results rnay be used to estimh,te the range of

.R where the linear approximation is applicable. The liuear approximation'was also used
by Gras-Martf and Ritchie (1985) to compute thc energy loss of a charged particle moving
parallel to the surface of the liquid; in Chapter 3, a classical way of obtaining this energy loss
will be described.

o
c
g
o

0
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2.5 Non-linear calculations. Case 2: a neutral atom above a
semi-infinite liquid bound by gra'rity

The interaction of a neutral atom with a semi-infinite liquid is very similar to the case of a
charged particle that has just been described (Case 1). I wiil simply outline the corresponding
results, obtained using the analyses and also the simple methods described in the previous
section.

Here, a neutral atom is placed in front of the liquid surface, and the interaction energy
here is assumed to have the form of a non-retarded van der Waals interaction:

u;nt(P, z) =
f@-  r1z  +p t l t '

(2.60)

that is, eqs. (2.7) and (2.5) with rn = 3, a = 0. A is the van der Waa^ls coefficient for the
interaction between the external atom and the atoms in the liquid. This case may be also
treated in the linear approximation. as has been done for the case of the charged particle, but
I will give here only some details of the results of the numerica.l treatment.

ff one substitutes eq. (2.60) in the non-linear differential equation (2.13), and solve it
numerically following the procedure explained in section 2.4, one obtains results that are
qualitatively very similar to those of a charge in front of the liquid. Numerical resu-lts for d(0)
as a function of R, obtained for a He atom above liquid He, using the data in table 2.1, a,re
shown in Figure 2.9.

As in Case 1, there is a minimum distance, ft*, below which no stable shape of the liquid
surface may be found. Using the data on table 2.1, for a He atom on liquid He, one finds
.R* = 15.85 a.u.; for a Ne atom on liquid Ne, -R* - 12.16 a.u.; for aa Ar atom on liquid Ar,
.R* = 15.05 a.u.

One a,lso finds here an interesting liquid-independent relation that holds at the minimal
distance: ft* x 5(J" (with [/. the height of the bump at the minimum equilibrium distance
8*; compare this with .R* x 3U*, eq. (2.55), obtained for the cha,rge-liquid interaction).
Numerical results (in atomic units) for a single atom in front of its corresponding liquid,
obtained using the datain table 2.1, a,re: He, [/* = 3.16; Ne,7* -2.47; Ar, U'= 3.03.

As can be seen, a neutral atom may approach the liquid at a shorter distance than a point
charge (the values of .R* a,re smaller), and the maximum stable heights of the induced bumps
(I/.) a.re smaller. This is mainly due to the shorter range of van der Waals forces as compared
to that of the charge-dipoie force.

As in the case of the charge-liquid interaction, eq. (2.52), a sca,led-shape model, adapted
for the new interaction potential, may be used to get an expression for the bump part of the
total potential energy:

nlv

(2.61)

This reproduces very satisfactorily the numerica,l results for bump heights, especialiy around
the minimumo and accounts for the liquid-independent relation mentioned above

(2.62)

(2.63)

LV =,rorpil,z(o) - +(6+ff #)

R* -* 5U*.

,. =llhl'''The minima^l distance -R* is here
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Figure 2.9. Bump height u(0) as a function of the atour-liquid distance .& for a He atom on liquid He.
The solid part of the curve corresponds to slable equilibriuur, whereas the dashed part corresponds to
non-stable equilibriurn.
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Figure 2.L0. A schematic diagram of the atomic-force microscope.

The approximate value of /p around the minimum distance is 0.07.
The flat-top.model that has been used for Case l gives, after adaptation to the present

situation, a very good approximation to thc numerjcal rasults (even better than for the charged
particle, because the van der Waals potentiai has a shortcr ra.nge than the charge-dipole
potential). The approximate results for bump hcrights are alnrost indistinguishable from the
full numerical results, especially around the minimum.

2.6 Non-linear calculations. Case 3: Atomic-force microscopy
of thin liquid ftlms

This section will describe the application of the theoretical tools clescribed along this chapter
to explain some of the experimental rcsults obtained by Mate, Lorenz and Novotny (1989),
when measuring the thickness of thin, solid-supported liquid films using the technique called
atomic-force microscopy, by detecting the sudden onsct of an attractive force that occurs
when the tip of the microscope gets in contact with the liquid.

2.6.L Brief description of the atomic-force microscope

Tlre atomic-force microscope (Binnig et al. 1986), also callcd scanning torce microscope is
one of the new scannihg probe microscopes that were developed after the invention of the
well-known and widely used scanning tunnelling microscope (STM) by Binnig and Rohrer
(1982). The principle of operation of the atomic-forcc microscope (AFM) is very simple
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(see Figure 2.10): a sharp tip is mechanically scanned over the surface of the sample. The
tip is mouuted on a flexible cantilever that bends as a result of the force on the tip. The
deflection of the cantilever may be detected, in turn, using different techniques (scanning
tunnelling microscopy, capacitive detection, laser-beam deflection, interferometry: see Ruga,r
and Hansma 1990).

Depending on the tip-surface distance, the force may be repulsive or attrartive. ff the
surface is scanned in the constant-fotce mode, the tip-sample distance has to be continously
adjusted as one scans the surface. The result is a topographical image of the constant-
force surface, which is closely related to the topography of the surface. In solids, a sharp
tip operated in the repulsive, constant-force mode may yield atomic resolution (Rugar and
Hansma 1990).

There is another possible mode of operation: the constant-force-gradient mode. The tip
is mounted on a cantilever which has a certain force constant. This force constant determines
the main frequency of oscillation of the cantilever. If the tip mounted on it is inside the force
field of the sa.mple, the gradient of this force field adds to the spring constant of the cantilever.
As a result, the free oscillation trequency is shifted. If, on the other hand, the cantilever is
forced to oscillate at a given frequency near its free oscillation frequency, a resonance will
be observed only when the tip feels the corresponding force gradient. By adjusting the tip
height to get resonance, one may scan the surface at a fixed force gradient. This also yields a
topographical image of the surface of the sample, usually with smaller resolution tha.n in the
constant-force mode.

The most interesting feature of the atomic-force microscope is that, unlike the scanning
tunnelling m.icroscope, it may be used to image both conducting and non-conducting samples.

2.6.2 Dipping determinations of l iquid fi lm thicknesses

Description of the experiments

Usually, the atomic-force microscope (AFM) is used to study the surfaces of solid se.mples.
In one of the experiments described by Mate et al. (1989), however, the AFM is used to
measure the thickness of thin solid-supported lubricant films. In these experiments, there is
no horizontal scan of the tip. Rather, the cantilever that holds the tip is moved vertically
towards the sample, and the force on the tip is measured by monitoring the deflection of the
cantilever.

The sequence of events in such a dipping experiment is shown in Figure 2.1L:

(a) When the tip is still outside the liquid, the attractive force due to long-range van der
Waals interactions is too small to cause an appreciable deflection of the cantilever that
holds the tip. However, as has been described in the previous sections, it has to be
expected that the liquid swells and a bump is formed at the surface.

(b) When the tip makes contact with the lubricant film, a new, stronger attractive force
appears suddenly, due to the meniscus, and the cantilever bends towards 1[s sample.

(c) With further dipping, the tip reaches the solid substrate, and a strong repulsive force
appears: the cantilever bends away, pushed by the solid substrate.

In this manner, one might identify the thickness of the fllm with the distance the tip
has travelled from the point where the sudden onset of a,n attractive force occurs (the wetting
point) and the point where the force suddenly becomes strongly repulsive (the knockingpoint).
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Figure 2.11. Sequeucc of events in a dipping ex;>erinrcrrt,: (a) the tip is in the air, (b) the tip is wet
and (c) the tip knocks on the solid substrate.

When Mate et al. (1989) compare the values oI film thicknesses measured using this prin-
ciple with the values obtained using an interferornetric technique known as ellipsometrS they
observe a systematic offset: AFM rneasurements overestimate the thickness of the lubricant
films. These autltors attribute this offset to the presence of a thin layer of lubricant on the
tip itself, due to previous wetting processes, or to the fact that the long tails of lubricant
molecules may extend beyond the liquid-air interface under the attraction of the tip. How-
ever, the oiTsct secms to depend on the thickness of the film (see Figure 2.L2 in page B3). The
reasons given by thc authors do not explain this dependence.

The oflsc[ trtay also bc attributcd, in thc light, of thc thcorctical results of the previous
sections, to the swclling ancl subseclucnt instability of thc liquid surface in the presence of
the attractiveforce of the tip. In the following section, the rninimal distance that the tip can
approach the film before wetting is computed in order to compare it with the experimental
offset.

Theoretical calculations

In this model of the offset (Irorcada, Jakas and Gras-Martf 1991) the diflerences observed
between the thicltncsses Incasured with the force microscope and ellipsometric thicknesses
are explained by the appearance of an instability in tirc liquid film. These calculations also
predict the dependence of these differences ou the thickness of the film.

The hydrostatic rnodel of particle-liquid interaction dcscribed previously in this clapter,
represented by eq. (2.i3), may be easily applied here. As the tip approaches the sample,
the liquid surface becomes nou-planar, and a small swelling (a bump) develops. One expects
that, in the light of the results of thc previous sectious (2.4 and 2.5, cases 1 and 2), a minimal
distance of tip-sarnple approacir exists, belorv which there is no equilibrium configuration
available for the system forrned by the liquid and the e.xternal probe. In fact, this has already
been discussed extensively for tlte case of solid sulfaces. Both molecular dynamics simulations
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(Landman et al. 1989) and continuum calculations (Pethica and Sutton 1988) of tip-solid
interactions show a similar instability: ri, jump-to-contact point, a,fter which atoms of the
perturbed a,rea of the sarnple start to vaporize from the surface of the sanople to form a neck
that joins the tip and the sample. A similar result is also predicted, indeed, for the tip-liquid
interaction: a minima,l distance is found, below which the bump or sweijing of the liquid
surface, formed due to the attractive force between the liquid and the AFM tip, is no loager
stable: for smaller distances, surface tension and adhesion to the substrate cannot prevent
the liquid from jumping to contact the tip.

The interaction of a unit volume of the liquid and a unit volume of either the tip or the
substrate is modelled as a non-retarded van der Waals interaction of the form

tt(r) = - Ar-2 r-6 , (2.64)

where A is called the I{amaker constant (Israelachvili 1985:137, Hamaker 1937). This marro-
scopic formulation of the van der Waals interactions is the most appropriate here, because it
does not require an underlying molecular model.

Both the binding and interaction energies per unit volume of liquid a.re obtained by inte-
gration of (2.6a) over the volume of either the solid substrate or the tip.

The tip is modelled as a spherical particle of radius o (see figure 2.11). lntegration over
the volume of the tip yields the following expression for o;,r1:

u;nt(R - z, p) =
A;nt

(2.65)

which is a particular case of eq. (2.5) with rn = 3 and a the radius of the tip; A;n1is the value
of the Ha,rnaker consta,nt for the tip-liquid interaction.

Integration of the non-retarded van der Waa^ts interaction, eq. (2.64), over the semi-infinite
solid substrate gives an expression for the binding potential energy per unit volume of liquid
(see section 2.L.2):

ab(z) -
6tr(h I  z)3'

(2.66)

where h is the thickness of the liquid film, 46 is the Hamaker constant for tbe liquid-substrate
interaction.

For the calculations of this section, the values o = 1.35' L0-B a.u., and o = 4150 a.u.,
given by Mate et at. (1989) are used. The Ha.maker constants for the liquid-tip and liquid-
solid interactions, taken to be equal, A;il = 4a = 0.03 a,u., are estimated (with an accuracy
of 20-30%) as the geometric mean of a typical metal-metal Ha^maker constant (Israelachviii
1985:146) and the lubricant-lubricant constant. The lubricant-lubricant Hamaker constant
is obtained from the surface tension of the lubricant using an empirical formula also given
by Israelachvili (1985:156), where the surface tension coefrcient is related to the energy of
interfacial contact between two identical semi-inflnite media.

Atub-tubo=n4o4'

where Do = 3.L2 a.u. is a "universaL" (empirical) interfacial contact separation (Israelachvili
1985:157).

4a3

t" 
[(" 

- 
")2 + p'- o'f"'

A6

(2.67)
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With these energies defined, the equilibrium equation (2.13) may be solved numerically
using the sarne procedure as in the previous sections. The jump-to-contact, or minimal
equilibrium distance -E* depends, for a given liquid, tip and substrate, only on the thickness
of the fi.Im. This allows to compute a relation between ellipsometrical thickness and the AFM
thickness.

Figure 2.12 shows: the thickness of the liquid film determined by AFM, aad the thickness
predicted by the present model, and defined as B* - a * h; both plotted as a function of h, the
nominal thickness of the unperturbed fllm (as measured by ellipsometry). There is reasonable
agreement between the calculations and the experimenta.l results, and the presence of an ofset
in both the theoretica^l and experimentat AFM thicknesses is apparent. This offset indicates
that the wetting of the tip occurs before the hypothetica,l contact between the tip and the
unperturbed liquid surface would occur (.R* -o is not zero). Furthermore, the ofset increases
with increasing thickness. The fact that B* incteases with h can be easily understood since, for
larger h, the binding of the liquid to the solid substrate is weaker, and wetting of the tip occurs
at la,rger tip-liquid distances. The agreement of the calculation with the experiment, however,
should not be overstated, due to the lack of knowledge of accurate Hamaker constants. The
results may be taken as an indication that bump instability contributes to the observed offset.

Other possible explanations for the offset (which have been mentioned before) a,re:

1. the presence of a film of liquid (whose thickness has recently been estimated by a
hydrostatic formalism, Langlois (1991)) on the tip surface, due to previous wetting of
the tip (Mate et al. L989, 1991), or

2. the fact that the tails of the polymer molecules extending both off the film on the
substrate and off the fllm possibly formed on the tip may intertwine (Mate et al. L991).

The first effect could be incorporated into a hydrostatic model such as the present one, which
should also consider the instability of the fllm on the tip. However, the second efiect would
not show such a clear dependence on the film thickness as the minimal distance B* does. For
a proper treatment of this effect on the ca,lculated thickness offset, microscopic (molecular)
models of the liquid films would be necessa,ry. These microscopic models fall outside the
scope of this work. In fact, the explanation in which the tails of lubricant molecules stick out
from the main liquid under the attraction of the tip (l\[ate et al. 1989, 1991) may be seen as
a molecular image of the swelling phenomenon, and suggests that, perhaps, the continuous
description used here could be improved by considering a non-abrupt iiquid-air interface.

2.6.3 Topography of the liquid*air interface

Description of the experiments

In another experiment described by Mate et al. (1989), a constant-force-gradient scan was
used to get a topographical image of the liquid-air interface, to study the thickness distribu-
tion of a lubricant on a substrate. In the context of the theoretical work described in this
chapter, the study of this case is interesting: the swelling of the liquid fllm in the vicinity of
the tip, due to the attractive interaction, might distort the topographic image of the liquid-air
interface.

The solid substrate, in the experiments by Mate et al. (1989), was a planar surface with
cylindrical holes etched on it. These holes had a depth of 1 prm, a dia.meter of 2 pm, and
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Figure 2.13. Fill ing of a cylindrical hole with lubricant.

were separated from eaclt other by at least 8 pm (Philpott, Hussla and Coburn i987). Films
of lubricant of various thicknesses (5-100 nm) were deposited on these substrates.

One interesting result of the experimental study is an image of how the holes a^re filied with
lubricant, and of the meniscus that forms inside them (see Figure 2.13). Two parameters, the
radius of curvature of the meniscus and the deplli of the depression at the symmetry a:ris of
the hole, may be used to characterize the filI-ing of the pores.

For a film of thickness 50 rl, thc depth of thc depression was measured to be a.round 0.4
pm, and the radius of curvature was 1.9 pm. For thiclier films the radius of curvature was of
course larger.

Theoretical calc ulations

A question ariscs when atteinpting to a,nalyse thc topographical measurenrents of Mate et al.
(1989), that is, whetlter tlte surface is attracted towards the tip to such an extent that the
topographical image is appreciably distorted with respect to the unperturbed topography of
the liquid-air intcrface.

Indeed, one expects that, far from the holes, where the liquid is thinner a,nd more tightly
bound to the soiid substrate, the height of the buurp induced by the tip may be smaller than
inside the holes, where the Liquid is deeper ard more loosely bound. A large difference of
bump heights would affect the irnaging: the holes would a.ppear more fil led than they really
axe.

A series of calculations have been done, the results of which suggest that this effect does
not seriously affect the irnaging for films as thin as i00 A. For thinner films, the numerical
solution of the appropriate diflerential equation becomes rnuch more involved. The procedure
devised to obtain the theoretical estimate of the distortion ellect consists of the following
steps:
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1. SoJve numerically the complete differential equation for the meridian curve of the liquid-
air interface around a cylindrical hole, without the presence of the tip. In contrast to
all systems studied so far, the binding potential in this case depends not only on z but
also on p.

2. Compute the new meridian curve when a tip is held at a certain height above the Liquid,
at the symmetry axis of the hole. (Only predictions for this position of the tip will be
given, in order to make use of the static formulation developed along this chapter, which
is restricted to axisymmetrical situations). The height should be chosen to be a typical
consta.nt-force-gradient scan height.

3. Calculate the gradient of the force felt by the tip at that height by numerical diferenti-
ation ofthe potential energy (including the tip-substrate potential energy) with respect
to tip height .R. This involves three complete integrations of the d,ifferential equation for
three different heights .8, and the corresponding simultaneous numerical integrations of
the total potential energy.

4. Look, by trial and error and numerical differentiation, for a tip height above the planar
area of the solid substrate (outside the hole) that yields the sa,me force grad.ient (in-
cluding the corresponding bump). This also involves three complete calculations of the
total potential energy per try.

5. Compare the height of the tip above the unperturbed (no-tip) level of the liquid-air
interface, in the hole and outside the hole, that correspond to the same grad.ient.

The magnitude of the difference between the two heights that correspond to the same force
gradient gives an indication of the vertical accuracy of the topographical image obtained using
a constant-force-gradient AFM scan.

One of the first problems encountered in the process described above was the modelling
':f the binding potential around the hole. lntegration of the non-reta"rded van der Waals
interaction energy, eq. (2.64), does not seem to be possible in a closed form for this geometry.
However, the results of a numerical integration (also reported by Papadopoulos and Kuo 19g0)
may be interpreted in terms of pla.ne-wall contributions. A volume element of the Iiquid that
fills the hole (of depth D and radius P, see figure 2.13) is only appreciably bound to the
substrate when it is close to it. When this happens, the Iiquid element sees the substrate
either as a plane wall of solid or as a corner of solid defined by two half-planes.

The van der Waa,ls binding potential energy of a unit volume of liquid toward.s a plane
wall of substrate materia,l is, accord.ing to eq. 1Z.OO;,

A ,
ao( t )  =  - ;nO(r ) ,
' o7l x"

(2.68)

where c is the distance to the interface, and the Heaviside step function O(c) has been
included to switch the plane-wall binding potential off when c is negative. This is a good
approximation to the binding potential when the liquid element is (a) nea^r the center of the
bottom of the hole, (b) near the sides of the hole but far from the bottom or the top of it. or
(c) far from the hole, above the planar area of the substrate.

When the liquid element is near one of the two corners (the one formed between the
bottom and the side of the hole or the one formed between the side of the hole and the
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extemal plane), the potential will have a transition value between two plane-wall potentials.
This will be a,chieved using a smooth switching function, the complementary logistic function,

where rc is a parameter that determines the smoothness of the switching. The function has a
linitiag value of one for large negative t, a value of 0.5 for t = 0 and a limiting value of zero
for large positive t.

The outer plane only contributes when the tiquid element is outside the hole, and its
contribution must decrease from the full watl-plane value as the liquid element approaches
the center of the hole. This decrease is more sudden when the iiquid element is very near to
the surface. The contribution of the outer plane may be then written as

,fion" = f",^ (H) ,4, + n). (2.70)

The side wall of the hole contributes only when p is smaller than the radius of the hole P. Its
contribution goes from almost the full plane-wall value, deep inside the hoie, to zero, when the
liquid element is high above the hole. The switching function is set up so that the decrease
is more abrupt if the liquid element is very near to the side wall. Accordingly,

otid" = f",,(#) ,r(r - n). (2.71)

Finaily the contribution of the bottom is chosen so that it goes from almost the full plane-wall
value, when p = 0, to half of it when p = P. Then,

alotto = f"''(ffi) ort"+D+h),

The total binding potential, for any value of z and p, is then

Db(z,p)-  u[ tane *af ;ot tom +r i id . . (2.73)

The parameter rc in the switching functions was fitted to the numerical integration results
and its optimum value was found to be a,round 3.0. The approximations that have just
been described are satisfactory when the value of the binding potential axe comparable to
r'6(0,m) 'rr(h)' -A6l6trh3, the binding potential at the surface of the film very fa,r from
the hole.

With this anaiytical approximation for the binding potential, one may compute the equi-
librium shape of the liquid-air interface by numerical integration. I have found, however,
serious numerical probiems when I have tried to apply the numerica.l methods to very thin
fi.lms, mainly due to the abrupt changes of the slope of the meridian curve as it follows the
shape of the hole. In fact, the thinnest film I have been able to treat had a thickness of
1?0 a.u. (= 90 A.).

The results of the calculation of the depression at the center of the hole, -us(0), (step
L of the procedure described in pag.36) a.re shown in table 2.2. The dimensions of the hole
(P = D = 1.9 . 104 a.u. = 1pm) correspond to those given by Mate et al. (1989). As
can be seen, the liquid fills the hole completely for film thicknesses that a.re one order of
magnitude sma^ller than the size of the hole. But as the film becomes thinner, the Iiquid

(2.6e)

(2.72)
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Table 2.2. Depression of the liquid surface at, the center of the cylindrical hole on a metallic substrate,
-u0(0), for different film tl:ickueosee h. Dimensione of the hole: radius, P = Lpm = 1.9 ' 104 a.u.,
depth D = lpm = 1.9. 104 a.u.; l iquid-*ubstrate Hamaker constant, A=0.03 a.u.

h (a.u.) -u6(0) (a.u.)

3400
1000
470
425
400
300
240
200
190
180
L70

1.5
39
190
244
270
520
940
L470
1690
1990
2300

starts to abandon the hole (as it was independently shown by the experiments of Philpott et
at. 1987) by adjusting itself to the walls, due to the increasing importance of the adhesion of
the lubricant fllm to the substrate.

The next steps (2 and 3 in pag. 36) involve including the tip at a typical scan distance
(= 200 a.u.), then finding the equilibrium shape of the liquid-air interface, and computing the
force gradient by numerical diferentiation of the total potential energy. The potential energy
of the tip in the field of the lubricant-fi.lled hole has to include four contributions: the surface
energy of the liquid-air interface, the binding energy of the liquid, the tip-liquid interaction
energy, and the tip-substrate interaction energy. To compute the force gradient with respect
to tip height, one may neglect all the constant contributions to the energy and focus only on
the ones that vary with tip height.

The tip-substrate contribution to the potential energy may be computed analytically, by
dividing the volume of the substrate in two parts: a ufl.at" (a semi-infinite solid limited by
a plane surface) at the bottom and a 'ring" of solid material sitting on top of it (see Figure
2.14).

The tip-liquid contribution may also be divided in two parts: the first one will be a
*cylinder" of liquid inside the hole, with the same radius P as that of the hole, and limited
between the plane defined by the bottom of the hole and a parallel plane (z = d(0)) that
contains the point where the liquid-air interface intersects the symmetry a,;<is (the point of
maximum depression). The second part will be the rest of the liquid (see Figure 2.14). For
this second part, the integration is done only from p = 0 to p = 2P (the z integration may
be done analyticaliy here). The potential energy of the "cylinder' in the field of the tip may
also be written as a combination of "ring'- and "flat"-type contribution to potential energies,
as will be shown later.

The potential energy of a sphere in front of a flat surface that limits a semi-infi,nite medium
(see, for instance, Papadopoulos and Kuo 1990, eq. (14)) is

vyu,k)= -* t'" (-) *;:-*1,
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Figure 2.14. Parlition of tlie liquid and substrate volurnes for the calculation of tip-liquid and
tip-ubstrate potential energies.
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where c is the distance between the center of the sphere and the surface, o is the radius of
the sphere, and A is the Hamaker constant for the pair of interacting media. For the tip-
substrate interaction, a typical metal-metal value has been used, A = 0.089 a.u. (Israelachvili
1985:146).

The potential energy of a sphere of radius o in front of a laterally infinite ring of solid,
delimited by two planes at distances 11 and 12 and of internal radius P (see Figure 2.14) is,
by stra.ightforwa.rd volume integration,

a3A
V;,ns(t1rsz) = (2.75)

whene
(2.76)

This analytical expression holds only for the case that the center of the sphere is on the
symmetry a:ris of the "ring" (Papadopoulos and Kuo (1990) discuss the case as a model of
colloid-pore interaction but do not provide any analytical expression for the potential energy).
Eq. (2.75) is valid even for negative values of 21, this is, when the sphere is inside the ring.
The van der Waals interaction energy of a sphere and the cylinder umissing" from the *ring"

is then
Vqr;nd",  (x t ,  s z) = V y w@ r) -  V 1 t  " t (x z) -  V, ;"s (a y x 2). (2.77)

The surface-tension energy of the film may be easily computed by numerical integration
in p.

The binding energy of the liquid, V6, will be computed with respect to the binding energy
of the hypothetical case in which the liquid has a plana.r liquid-air interface and fills the hole
completely (which is not the equilibrium situation). In fact, it will be minus the binding
energy of the liquid that would abandon the vicinity of the hole if the starting point were a
plana.r liquid-air interface corresponding to the z -- 0 plane (see Figure 2.I4). The binding
energy integration may be done numerically, using the piecewise approximation for the liquid-
substrate potential energy, eq. (2.73)

Using the procedure that has just been described, it is possible to compute the force
gradient felt by the tip when it is held at a certain height above the liquid, at the symmetry
a>ris of the hole, by performing three different calculations of the total potential energy at
three different heights and by using a paraboiic approximation to the second derivative of the
total potential energy with respect to tip height.

The force grarlient felt by the tip when it is held above the planar areas of the surface
(step 4 in pag. 36) is easier to compute: the contribution of the bump to the surface.tension
energy, and binding and tip-liquid interaction energies is computed numerically, and the
contribution of the rest of the liquid fllm and the substrate may be easily computed using
suitable combinations of the formula for the sphere in front of a "flat" (a semi-infinite body
Iimited by a plane), eq. (2.74). The potential energy corresponding to a *layet" or "slab" of
material limited by two horizontal planes is the difference between the 'Sat"-type potential
energy for the upper plane and the "flat"-type potential energy for the lower plane. The
reeults obtained in this way show that diferent film thicknesses yield diflerent force gradients
at a given distance .R, and that most of the diference is due to the difference in bump size,
rather than to the diferent thickness of the medium with smaller Hamaker constant, that is
to say, the liquid.

3Qz -  o , ) "1 '
(rr.tan(2 - a.rctan e, + &1- 4ft) ,
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Table 2.3. Conrpuletl dif lcrenccs in tip-urr1>crfurbcd surface distances at the center of the hole (dmt")

and outside il (dpro,"), for di{Terelt filrri tlrichnesses /r, using a given force gradient for the scan. The
'error" is the difference d6o1u-dpranc, relative to thc unperturbed depression at the center of the hole,

-u0(0). All quantit ies, except t lte error, are giveu iu alotnic units.

h Iorce grad. doloie ( lhol" -uo(0) Error
425
300
200

1 . 3 . 1 0  - 5

1 . 0 . 1 0 - 5
9.0 .10  -5

1 e 0

1 Q O

191

196
201
215

240
520
1470

3%
.ro/^

2%

cons tont-grodien t
su r f oce

bump

Figure 2.15. The dista.nce between the tip and the original liquid-air interface in a constant-force'
gradient AFM run.

subs t ro te
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Table 2.3 shows some results for the foq.ce gradient. For a given film thickness and a given
force gradient (see Figure 2.15) the distance between the surlace of the tip aad what would
be the unperturbed surface of the liquid. d = R - a - uo(0), is computed for two different
situations: when the tip is over an a,rea of the sample fa,r away from the holes (d4orro), and
when the tip is at the symmetry axis of the cylindrical hole (d7,,1"). If these two distances
were equal, the constant-force-gradient scan would give the correct depth of the depression
at the center of the hole, since the vertical distance travelled by the tip would be exactly the
depth of the depression.

The interpretation of the diference between d,7ro1" and d,prane is the following: in a constant-
force-gradient experiment, when the tip scans the center of the hole, it does not fly exactly
at therdistance dpton" at which it flies above the planar areas of thg sample, but a little bit
higher (dnou). This is mainly because the bump induced by the tip on the Iiquid surface is
higher inside the hole. Ilowever, the results sirow that the difference in tip-surface distance is
negiigible compared to the depression at the center of the hole, so the diference in absoiute
tip height -E is very similar to the depth of the depression.

In this way, these calculations give an indication of the usefulness of atomic-force mi-
croscopy to obtain topographical images of liquid-air interfaces. Furthermore, the model is
ready to be applied in other circumstances of interest, which may correspond to diferent
values of the participating parameters (hole size, materia"l constants, etc.).

The hole-filling calculation in the absence of the tip provides, in addition, a detailed model
for the physisorption of gases in substrate pores. A related work for an oblique corner in a
substrate has recently been published (Cheng and Cole 1990).
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Chapter 3

Linear dynamics of the interaction
of 

'a 
particle with the surface of an

ideal liquid

3.1 Description of the physical situation

In this chapter, I will analyse the dynamical response of a system such as the one described
in Chapter L, this is, a laterally infinite, bound Iiquid body, when a particle, external to the
Iiquid, and acting on it, is in motion (see Figure 3.1). The liquid will be set in motion by
the particle: eacb volume element of the liquid will experience, in addition to the force due
to the binding field. a time-dependent force due to the particle. The study of the response
of the liquid is necessary to describe processes of energy transfer between the particle and
the liquid. The response will be modelled by a generalized linear response function, relating
the particle-liquid interaction energy at the surface and the amplitude of the surface waves
excited by this interaction. The liquid will be a laterally infinite body of liquid of constant
depth h, which may be taken to be infinity to include the limiting case of a semi-infinite
liquid.

This chapter will only deal with small perturbations of the l-iquid. This allows the use
linea,r approximations which a.re very closely related to the ones that were used in section 2.3,
to solve the equation of motion of the idea.l fluid (Euler's equation), from which the response
function of the liquid surface will be derived. The general response function will be applied
to various dynamical particle-liquid systems. Some of these systems are related to previous
theoretical work (stopping of electrons flying parallel to the surface of a semi-infinite liquid
bound by gravity: Gras-Martf and Ritchie, 1985) or to experimental situations (excitation of
ripples on the surface of a lubricant fi-lm by a tip during atomic-force microscopy analysis:
Mate, Lorenz and Novotny 1989). This chapter will only deal with ideal liquids, when the
effects of viscoslty nay be neglected. This approximation will also help to set bounds to the
behaviour of viscous liquids, which wiil be studied with more detail in Chapter 4.

3.2 The motion of the perturbed liquid

In this section, the approximations that linea,rize the dynamics of the particie-liquid system
will be described, and Euler's equation (the equation of motion for ideal liquids) will be solved
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Figure 3.1. Sketch of tlre dyna,mical system described in this chapter.

in order to obtain the dispersion relation of the surface waves and the response function of
the liquid surface.

3.2.L Description of the approximations

Approximations used in the static case

To make a linear treatment of the system possible, it is necessary to make some approximations
regarding the magnitude of the perturbation induccd by thc moving particle. Some of them
were already introduccd in section 2.3. I{ere, thcy will be adapted to the dynamical treatment,
where Cartesian coordinates will be used for convenience.

Let, t  rcprcscnl thc posit ion of t l re; la.r l . i t : lc,  ( :vp,! f i , , /?).  Surf :r .cc displ iuccrrtcnts rr(p] wi l l

be assumed to be small compared wilh thc p:rrticle-surface distance, .Il, as in eq. (2.16):

u(n < R.  (3 .1)

I r r  ; r . r l r l i l , iorr ,  l , l rc srrr l lcc wi l l  l t t .  r t .ssrtrrrrv l  l . r l  l t l  vcr.y st t t r tol , l r  (r l ispl ;r .cctt t r . t r t ,s rv i l l  l rc srna] l

compared to typical wavelengths), a^s in cq. (2.17):

(Vr (p ) ) '<  t .  (3 .2 )

For sufficiently small displacements, the linearization of the binding potential in the vicinity

of the reference plane, eq. (2.18), holds true.
In addition to the linearizing approximations, the binding potential will be taken to inde-

pendent of p', the vector that defines the horizontal position of a liquid element: F = @,y).
This happens when thc liquid is bouncl by gravitv or by attraction towards a planar substrate,
and is equivalent to approximation (2.15) in section 2.3:

/ \
ablz, p) = ua\z).

4tl

u (F,t )

(3.3)
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With this assumption, the response of the liquid to an external perturbation is translationally

inva,riant with respect to f.
These approximations will be used to obtain simple forms of the binding and interaction

potentials, as well as to simplify the inclusion of surface tension.

Approximations that linearize Euler's equation

Euler's equation, the equation of motion for idea.l liquids, may be written, in the case of an

incompressible liquid (Landau and Lifshitz 1987:3, Feynman 1964:I-40-4), as

-  -Vp-Yu;n t  -  Vob, (3.4)

where tD is the velocity of the liquid at a given position in space, ps its density, and p is
the pressure at that position. The presence of a nonlinear term, (d. V),i, is evident. In
addition to the approximations that have just been described to linearize the potentials,
Euler's equation itself can be [nea,rized. In the cases in which I am interested, there is room
for an approximation that neglects this nonlinear term as comparedto 0610t Suppose that
the flow in the liquid is aa oscillatory one, and .4 is the amplitude of the motion, r its period
and .\ its wavelength. In this case, 06 l0t is of the order of Alr' , and (td.V)d is of the order of
(Alr)21A. The approximation considered here is therefore equivalent to having waves whose
length ) is large compared to their amplitude A (see Landau and LifshitzL9ST.3L,16). This
is consistent with the approximation (3.2), for the surface waves. With this approximation,
the equation of motion may be written as

-Vp -  Yu;6 *Vu6. (3.5)

massThe liquid is assumed to be incompressible, and so, the equation of continuity (or
'-'alance) may be written (Landau and Lifshitz L987:I7) as

, '(#+ (d.v)"r)

a6
Oo---:- =' " d t

0apo6 =

V?t - 0.

The motion of a liquid executing small oscillations (such that (?t'V)?t < A?ilAt),
assumed to be irrotational (Landau and Lifshitz 1987:16):

Vx r i =0 .

This last property of the flow allows to define a uelocity potential O such that

td = ViF,

and the linearized equation of motion may be rewritten as

* ( P + a ; n t * u t ) .

(3.6)

may be

(3.7)

(3.8)

(3.e)
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g.2.2 Solution of Eulerts equation at the surface: the response function

Euler's equation at the surface

Now, the approximations given above will be used to derive a response function of the liquid

surface. The balance of normal forces at a surface for which approximation (3.2) holds may

be written as (Landau and Lifshitz 1987:239)

(3.10)

where p6 is the external pressure and p the internal one. Now, consider the linea,rized form of

the binding potential energy, eq. (2.18). According to the approximation given in eq. (3.1)'

the interaction potential at the surface does not depend on z; furthermote, its dependence of

the position of the particle may be embedded into a time dependence:

I) int = a;"t(F,t). (3 .11)

With these approximations referringto p, u6 and Diil, eq.(3.9) may be rewritten at the surface

as: 
o@ | a'u , a'u\po;  =  

"  ( .#  *  
W)-Gu-  

u;nt (P, t ) ,  (3 '12)

where O has been redefined by adding to it the coordinate-independent term (no+au1011t1po.
Then, if the equality 7ul0t = 0Ql0z is used, and the time derivative of eq. (3.12) is taken,
the equation of motion for the surface reads:

a2Q a
poA t2=oA , (3.13)

,;persion relation

To solve the equation of motion of the surface, the Fourier transform technique is used. Fourier

transforms will be used extensively in this and the following chapter, and the notation that

will be used is introduced here. Let I/ be a function that depends on y', l, and other variables,

E(F,t,. . '). The two transforms of I/ that will be used are:

fl;(t" ") = - i i ' i  H(F, t , .  .  . )

(  azu o2z\
po-p  =" [ * ,  *  u r r ) ,

(a'o ,  a'o\
\a;t' w )

Ln I o',..

n0Q 0u;6(p , t )- \ j  
az -  u

and

(3.14)

(3.15)

The 2:r's are thus symmetrically distributed between the direct and the inverse transforms.

First, one needs to solve for the z dependence of O. The continuity equation, (3.6), may

be rewritten in terms of the velocity potential as

(3 .16)

H in(" ) = 
d-*l* l* * ei't E p(t, " ')'

Vzo = o,

0 2 Q ,  ( z \
___:Y = kz@;,. ,(z).

o z t  
D 'w

which, in Fourier components, is

(3.17)
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From this equation, and the condition that the z component of the velocity is zero at the
bottom of the liquid, z = -h (for example, at the [quid-substrate boundary), one gets

Q p.,(z) = QE., cosh[k(z + h)]. (3.18)

By substituting the Fourier expansions for O and a;6 into eq. (3.13), a relation for the flow
of the Iiquid as a response to the external potentiaJ a;il is obtained:

iar't:
(3.le)

uf; - az - 2i-lr,p6 cosh(,blz)'

In this, equation. the resonant frequencies of a mode of wavenumber k, Lu1, a.re defined by

6 t =
tt.u)

(3.20)

the drspersion relotion of the surface waves (which are called ripples ot ripple waves): the
oscillation frequencies of mode I in the absence of the external perturbatior-.uint a.re *c.rr.
It is interesting to note here that, for this dispersion relation, there is always a minimum
i:hase velocity umin = min(arp/k) for a certain k = krni,,. In eq. (3.19), an inflnitesimal
damping -f7p (with ?t > 0) has been added to the resonant frequencies *c.rp to ensure that
the response of the liquid is retarded and causality is preserved.

The response function of the liquid surface

Taking into account that, at the surface (using z : 0),

,? = 
*(ok'+ 

Gk) tanh(&h),

*,rr ,q -  
{ ,o1p, o,r) ,

' t ! ,7  = R9^. .a ' ! t*  
k , u  " k ' u '  k , u l

no 1 k tanh(hh)
r ,8 , ,= -  

poQ_" r_u .1k

(3.21)

and expanding the instantaneous surface shape u(p,t) in Fourier components u;.r, eq. (3.19)
may be written as a response equation that gives the amplitude of surface waves as a function
of the perturbation:

(3.22)

(3.23)

is the response function of the ideal liquid. This function will be used in the following sections
to describe the response of the surface of an ideal Jiquid body to the perturbations induced
by a particle that is in motion outside it.

3.3 Response of the ideal-liquid surface to external pertur-
bations

Case I-: A particle executing small oscillations along the z axis

The potential generated by a particle situated at a height .E on the surface, when surface
displacements are small compared to this height, eq. (3.1), is, according to (2.5):

_B
( p2+Rz_o r ) *
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3.3.1

u;6(R, p) = (3.24)
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Now, suppose that the particle is oscillatirig along the z axis with a frequency W,

R =  R o * C c o s ( W t ) , , (3.25)

where .E is the instantaneous height, C is the amplitude of the motion, aad .Ro is the average
height of the particle. One has, then, for C K Ro,

aint(R, p) - a;nt(Ro, p) + 
a""t]:'o) 

I c coslwt;.r / ,  AR In "
(3.26)

The first (static) term will give rise to a bump on the surface (exactly the one calculated
and dibcussed in Chapter 2, eq. (2.26)), whereas the second (oscillatory) term wiil cause the
liquid surface to oscillate around this bump. The application of the linear response formalism
discussed in the previous section requires the Fourier transform of the interaction potential
(which, due to cylindrical symmetry, depends only on the modulus of E):

and

,'#;o"" = (2n)1/2[6(, - w) +6(o * n) #+ (#)- K*(kitn), (s.2e)'  
lm -  r ) t  \zRo/

with EB - n8- a2 and d the Dirac delta.
Now, the response of an ideal Liquid body of depth h will be considered. The response

equation is given by eq. (3.22) and (3.23). There, all ['s may be substituted by k's due to
the symmetry of the system. Transforming back to p,t, one gets a sum of two components
of the perturbation. The static one, as expected, is just the linea,rized static bump that has
been computed in the statics part of this work (see eq. (2.26)),

where

where

o'{1" = o'#"'"'" + a'{'J'ot",

,,{},'" = (2tr)r /z 51,r, ffi.(#) 
^-' 

K ̂-,(* Eo),

e ,n r  r  B  (  t  \ - - t  / - , ^ ^ *Jo ( "p l i l o1x^ - r1s1u" ' " (p)= o1*_ry\d Jo dss" ' f f i * - ,

, , , \  zBcno I  I  \ -u\P)= 
6-{p' \ta-;/

(3.27)

(3.28)

(3.32)

(3.33)

(3.34)

(3.30)

whereas the dynamic part may be written (taking 7,r * 0, and using lim.*6(o * ie)-I =
PV(c-t; - ir6(r), where PV denotes a principal-uJue integration) in the following way:

uo'"(p,t) = U(p) cos(wt + 6(p)),

i.e., as an oscillation whose amplitude is

(3.31)

I3@) + I?(p),

r"(p) = 
lo* 

or k*+2 Js(kp) K-(k,Bo) tanh(krz)t" (',h)

/.(p) = nVu+z ts(tc,ilp) Ii^(kwito) 
ffi,

and
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where lcw is the value of /c that satisfies ulr = W aad'

r , - '  d  ')(k) = fr"L (3.35)

The oscillation of the liquid is out of phase with respect to the particle by an angle

6Q)=arctan(ffi) (3.36)

This angle is always smaller than -n aI p = 0: in the case P(0) = -'tt the liquid follows the

particle exactly in opposition. This is because the interaction potential is attractive: if the

partidle approaches the liquid, its surface rises; if the particle moves away from the liquid, its

surface lowers"
An interesting Jir:ait,ing behaviour occurs when the oscillation frequency approaches zero.

In this case, -I"(p) is very small, and it may be shown that

A" ,s ta  (p )
l im t/(p) = C" 

*= 
=

w-o dHo
(3.37)

The phase at the origin, /(0), is then -z': the liquid surface is following, in opposition exactly,

the motion of the particle.
For slightly higher frequencies, the liquid will lag behind by a certain phase, slightly

smaller than -n. As the frequency increases, the amplitudes wiil get smaller and the phase

will go from -n to -2tr (the high-frequency limit), where the arnplitude will tend to zero.

Calculations have been performed where a metal sphere (a model of an AFM tip, see

section 2.6) is forced to oscillate over liquid helium films of different thicknesses. For this

case, rn = S, ais the radius of the sphere, and B - 4a3A;n1f3r (see eq. (2.65))' The Hamaker

constant for the metal-Iiquid helium interaction (A = 3.8' 10-3 a.u.) was estimated from

the surface tension of liquid helium and a typical metal-metal Hamaker constant using an

approach that has already been described in Section 2.6. The radius of the metal sphere is

4200 a.u. in the ca,lculations. The same Hamaker constant was used to model the adhesion

of the liquid flIm to the solid substrate: The corresponding value of G is A6l2trha, where h is

the thickness of the film.
The principal value integration was performed by subtracting from the integrand a func-

tion having a pole of the same strength (residue) at kry, but of zero integral. This yielded a

regular function that was integlated numerically.
The values otU(0)lC'(the ratio of the amplitude of the liquid oscillation at p = 0 to the

amplitude of the oscillation of the tip) and {(0) were computed for different frequencies, for

three different fi.lm thicknesses. Figure 3.2 shows the a,rnpltude ratios, and Figure 3.3 shows

the phase at the origin, both as a function of frequency. Frequencies a,re in atomic units

(1 a;u. - 4.13 . 1016 s-l). A typical AFM tip oscillation frequency would be 105 s-l - 2'L0-r2

atomic units. Figures 3.2 and 3.3 show that, for small frequencies, the ratio U(0)lC is rather

constant and the phase angle is close to -n. The tip was held at R * 4500 a.u., this is, at a

separation d, = R- o = 300 A from the originally unperturbed surface. An interesting result

is the presence, in the amplitude ratio, of a small maximum (shoulder) before the amplitude

starts to decrease as at higher frequencies. The shoulder appears at increasing frequencies for

decreasing film thicknesses. In fact, it is easy to show that the maximum occurs at a frequency

17 such that the corresponding wavevector /cry scaJes as the inverse capillary constant for the
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U

O

=

CU

The interaction of particles with liquid surfaces:a classical study. Mikel Forcada Zubizarreta.

Tesis doctoral de la Universidad de Alicante. Tesi doctoral de la Universitat d'Alacant. 1991



- 190'

-270',

- 360"
1 10-r0

W (a.u.)

Figure 3.3. Phase of the oscillation of the liquid at the origin d(0) (degrees), versus tip oscillation

frequency W for iiquid ireljum films of different thicknesses A on a metal substrate (for .R = 4500 a.u.,

a = 4200 a.u. l"
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film, €-1 (for these flIms, { = 2h2 t/i774). The capillary constant is related to the lateral

size (width) of the bump on the liquid surface. The shoulder is then the result of a size effect:

ripples whose wavelength matches the width of the bump a,re excited more easily.

It is also interesting to note the small a,mplitude of the oscillations that a tip may induce on

a liquid film of this nature, even at relatively short distances. This has important implications
for the atomic force microscopy of l.iquid films. The films studied by Mate et al. (1989) consist

of a very viscous fluid, a perfluoropolyether (PFPE). The a.mplitude of the oscillation at the
operating frequency W and distance .R of the experiment has been computed in the way that

has been described in the preceding paragraphs, assuming an idea,l behaviour for the ripple
wave6. At a frequency of 150 s-1 (a value that corresponds to the low-frequency limit) and
a tip-liquid separation R- a of 106 A (R = 4400 a.u, a - 4200 a.u.), the results a,re the

followi'ng: for a thickness of 100 a.u., the amplitude ratio U(0)lC is 0.026 and the height of

the tip-induced bump is 3.3 a.u.; for 200 a.u., the ratio is 0.086 and the height, 7.4 a.u.; and
for 400 a.u., the ratio is 0.17 and the height, 15 a.u.. These results for the :mplitude ratio
overestimate the result that would have been obtained if the viscosity of the liquid had been
taken into account (the response of viscous liquids will be studied in Chapter 4). According
ro the results in the present subsection, and for a typical tip oscillation amplitude of 1 A,
ihe oscillation a.mplitudes of the liquid would have subatomic dimensions and be very small
compared to bump heights. A conclusion that may be drawn from these results is that the
efect of the excitation of ripples by the AFM tip may be neglected in the constant-force-
gradient experiments performed by Mate et at. (1989).

3.3.2 Case 2: Stopping of a particle flying parallel to the surface of an ideal
liquid

When a particle is moving external to the surface of an ideal liquid, it may transfer some of
its energy to the [quid via excitation of ripples. ln this section, classical dynamics will be
used to compute the energy loss per unit path of a particle that flies parallel to the surface
of the liquid. The results will be then applied to the case of an electron flying over a semi-
infinite non-polar liquid. This case was studied. using a quantum fornalism, by Gras-Ma.rtf
and Ritchie (1985): the ripples were quantized as bosons and many-body techniques were
used to calculate the energy loss. As will be shown, their results may be obtained with the
classical forma,lism developed here'

To obtain the energy loss of the particle per unit path, the force on the particle, due to
the wake induced by the particle on the liquid surface, will be computed. The energy loss per
unit path will then be

(3.38)

where 6, = (w$,rfl,q is the (constant) velocity of the particle (see figure (3.1), and Fll =

(F,FlrO) is the component of the force on the particle, parallel to the reference plane, due
to the excitation of the surface. To compute the force on the particle the contribution of each
volume element of the liquid, ,fJl hu.r to be obtained first. For this, one has to differentiate
o;11, the potential energy of interaction between the particle and a unit volume of the liquid
wa,ke, eq. (3.24),

u;nt(F,t)=- -4--;r  (3.39)
l (F-Fr ) "+R' )

dE  1 -  ; [- - 4 t ,  .  H  t lr t

a8 wp
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where Fp = rfret and E = \/R2:A' define the instantaneous position of the particle in motion.
The force on the particle due to a unit volurre of liquid is then

/-  a a\
FtG,t)  = -  ( ,** ,  - r 'd")a;nt(F, t )

where d" and d, are unit vectors along the coordinate axes, or

: r . .  / - A  - A \
ftt(F't) = (t-" a, + dt 

ay ) 
a;"t(F,t)'

The tota^l parallel force on the particie, due to the wake, may be written as

Fx = 
I arFi,t@,lu(f,t),

or, using eq, (3.41), and changing to Fourier space,

Ft = [ a2E#a'it(t1u_p(t),
J

where uit(t) may be easily computed from eq. (3.39) to give

'it(t) = 51"-ii''not

w i t h  
-  *B  / k \i'h = 

kn - Ly. (#) K^-t(kR)'

- 
# = 

; I dz; (E' do) t|ft?,r.'".

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

On the other hand, the Fourier transform of the surface displacement is related to the
Fourier transform of the interaction potential through the response equation (3.22). To com-
pute the force on the particle, eq. (3.43), one only has to obtain the /c-Fourier transform of
the surface displacement, which may be easily computed from the response equation:

ug(t) = no*,E.rrit1, e-i6''nn , (3.46)

aad substitute it, together with eq. (3.44), into eq. (3.43). Further substitution of this result
for Fll into eq. (3.38) yields

(3.47)

The response function 8?,,, ee. (3.23), for the ideal Iiquid surface contains the positive in-
finitesimal 7t. In the limit 7r * 0 it may be written as

(3.48)

When substituting this response function in eq. (3.47), the principal part vanishes due to the
symmetry of the integrand. After transforming to polar coordinates, aaimuthal integration
({) yields the following general formula for the energy loss:

ft?', = 
* lt" (th) - itr[6(w -,t) *6(r'r * "-n]

dE 2tr f*- E = 
ffirt J" dk k tanh(kh) a! (3.4e)
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where O(o) is the Heaviside step function.,It is interesting to note here that, in the case that

the velocity of the particle is less than the minimum phase velocity of the surface waves, 't!)mint

the energy loss will be zero: the particle does not transfer any of its energy to the liquid.
Another interesting feature of the dependence of the energy loss on the velocity of the

particle is the fact that, d,t wo=lumint there is a discontinuity in the energy ioss. The value

of dE lds to the right of that point may be computed by taking the limit,

(3.50)

where

(3 .51)

and k(-) and k(+) (with k(-) < k(+)) are the solutions of wo - uklk. Expanding,for wo
approaching umint upf k around the minimum,

T=**n+\f t*k^;n)z, , (3.52)

with

(3.53)

the integral, eq. (3.51), reduces to

(3.54)

,,,ie the integral is independent of the limits and has the value n'. The energy ioss at the
iiieshold is then

,,"ITg," (- #) = 
#;r^;n 

tanh(k*;nh)6!^''I'

" n l
^  L  d '  t l t k l

/ J  -  _ _ _ lt ' -  zdk2  k  l .  
'

|  / t=/ tmin

(  dE\ 12
l - ,  l - -
\  d s /  P o

lim
up*uln;n ffi 

r^;,, tanh(k-; nt?)fr?^,, (3.55)

Stopping of a particle that flies parallel to the surface of a semi-infinite liquid
bound by gravity

Now, the results of the previous treatment will be applied to the case of a particle that flies
parallel to a semi-irrfinite liquid bound by gravity (G - nl[g - pog).This is a geoeralization
of the case that was studied, using a quantum formalism, by Gras-Martf and Ritchie (1985),
namely, the case of a travelling electron.

When the liquid has infinite depth (h -" m), the dispersion relation simplifies, and so
does the energy loss integral: the tanh(&h) terms are equal to unity. Substituting eq. (3.a5)
into the general expression for the energy loss, eq. (3.49), one gets

dE r82

1 - ( d r ' 1 2-  t k 1 ! p /

(k(+)  -exk-k(- ) )
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with

dI x2n-l
Kk-'@)

\F-"bl+r'zolr 'zl '
where b = po(wp)2 fr.lo , rf; = fr.2 pog /o a,re dimensionless parameters, and

o(*) - .ltu *

'p/w*;n= r[*

D^=* f f * -2 ) !2^ -212b2,

and the expression for the energy ,o., nl, unit path is

2r 82 ps(wr)2

3o2(m - I)2f t+m-a

D^(b,rd = 
I: (3.57)

(3.61)

(3.58)

The ratio between the velocity of the particle and the minima"l velocity may be expressed
in terqs of the dimension-less parameters as follows:

(3.5e)

The particuiar case in which the particle is an electron was studied by Gras-Ma,rtf and Ritchie
in  1985.  In th is  case,  m =2,a = 0 (E= E) ,  and .B = C = *naQ2l2.  Eq.  (2b) in  Gras-
Martf and Ritchie (1985) is obtained by neglecting gravity in eq. (3.56). This shows that
the classical and the quantum treatments of this problem are equivalent, which confirms the
classical nature of the energy loss.

i)ne may define four different regimes of energy loss, depending on the velocity, or the
.iated parameter 6:

1. The interval near the threshold where b > 2rg but they are still comparable;

2. the interval where b) 2rs but b ( 1;

3. the interval where b * 1; and

4. the interval where b > 1.

Note that, for liquid helium, rsf fr. * 10-7 a.u., blR - 108wl, a.u., and wmin = 4.5. 10-8 a.u.
For velocities in interval 1, slghtly larger than the threshold velocity, I!)min; the integral

has to be solved numerically: b and re have comparable values and so, the limits depend
strongly on the velocity.

For velocities in interval 2, x* x b and c- = 0. In addition, one may use the small-
argument approximation for the Bessel function (Olver 1965, eq. (9.6.9))

zt KlQ) x ( j  -  I ) l2t- t . (3.60)

With these approximations, the dimensionless integral Di may be evaluated in closed form:

dE
ds

uz - art).

This expression shows a simple quadratic dependence on the velocity of the particle.

(3.62)
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For velocities in interval 3, the maximum of the energy loss is reached. Due to tire fact
that neither the square root nor the Bessel function in the integrand of. D^ may be easily
approximated, an anaiytical expression is not available for this range of velocities.

And finally, for higher velocities (interval 4), the Bessel function may not be easily ap-
proximated, but the square root in the denorninator of D^ may be approximated by unity (it
will oniy be difierent from unity when u * b, where the Bessel function will be exponentially

small, making the integrand vanish altogether). The dimensionless integral D- (using eq.

{f.1.3.31) in Olver 1965) is then independent of b:

n  -  [ ( m - 1 ) ! 2 - - 1 ] 2u 'n -  
zQm- r )  '

r82

(3.63)

(3.65)

(3.66)

and the value of the energy loss has the typical high-velocity behaviour (it decreases as tu;2):

r82
(3.64)

ps(wr)2(2m - L)Pa*-z

This high velocity result may be interpreted in terms of the impulse approximation. The
momentum P that the particle transfers to an element of l-iquid is equal to the mutual force

.F times the time r during which the force has an appreciable value. The time z is proportional

to a certain distance D related to the range of the force divided by the particle velocity tup,

this is, r = Dlwp. The liquid element moves, as a consequence of the interaction, but too

slowly for the particle to detect it: the velocity of the liquid element is small compared to
the particle velocity" This is why the force F does not vary during the time period r. The

total energy transferred to the liquid element is P2IZM where M is the mass of the liquid
element. This explains why,for high veloci.ties, the energy ioss has pswzpin the denominator.

The absence of terms referring to surface tension or gravity (shape terms) in the eq. (3.64)
arises from the fact that l-iquid displacements are negligible during the time of interaction.

The low-velocity (increasing) regime (interval2) and the high-velocity (decreasing) regime
(interval 4) may be brought to intersection in order to get a.n approximate expression for the
ma>cimum energy loss and the corresponding veiocity. The resulting expressions a,re:

dE- -=
ds

Isr-  -  1) ' l  t /n'ano,N 
lM;:Tl

/ dE \  |  2  f l t z- 
\E ) ̂ ""= Lelz* - t11* - 1y1 6fi4m-3

The maximum energy loss occurs when the velocity to, of the particle is of the order of the
phase velocity a1,lk of. waves having a wavenumber k - IlE. In other words, the energy

transfer from the particle to the l-iquid is maximum when the waves having a phase velocity
around ur, have a wavelength of the order of the (reduced) particle-surface distance.

Figures 3.4 and 3.5 show full numerical integration results for the energy loss per unit
path of an electron (m = 2, B = -nae2 12, o * 0) and a helium atom (rn = 3, 8 = nl\t a =

0) respectively. The existence of the squared-velocity and inverse-squared-velocity regimes
(intervals 2 and 4) discussed in the previous paragraphs is clear from the double logarithmic

representation. In these straight-line parts of curves, the analytical approximations hold. The

position of the maximum of the energy loss and its value coincides, within much less than

o--
PoR

DO

The interaction of particles with liquid surfaces:a classical study. Mikel Forcada Zubizarreta.

Tesis doctoral de la Universidad de Alicante. Tesi doctoral de la Universitat d'Alacant. 1991



J.
o
o

!

\LLI
!

I

10-8

10r2

10r6

R = 100 o.u.

10-8

we (a.u.)

Figure 3.4. Energy loss per unit path of an electrou flying parallel to the surface of a semiinfinite

body of liquid helium, at two dillerent heights, fi - 100 and .R = 300 a.u., as a function of particle

velocity.

;n order of magnitude, with the analytical approxitnations, eqs. (3.05) and (3.66). Overall,

energy losses arc very small. For exarnplb, for an electron liying at .& = 100 a.u. over the

surface of liquid helium, u)nar corresponds to an enetgy of = 3 meV, and the corresponding
(dEld,s)^, ,  is = 10-a meV/4.

10-3

o ,
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Figure 3.5. Energy loss per unit path of a helium atom flying parallel to the surface of a semiinfinite

bociy of l iquid helium, at two different heighis, E = 20 and /? = 60 a.u., as a function of particle

velocity.
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Chapter 4

Linear dynamics of the interaction
of 

'a 
par*icle with the surface of a

semi-infinite viscous liquid

4.L The response function of the surface

ln the previous chapter, the function that describes the response of an ideal liquid to an
external perturbation has been obtained. In the study of the dynamics of a real liquid, it is
necessaxy to take into account the efect of the viscosity on the flow of the liquid.

Now, the objective is to study the flow in a semi-infinite, incompressible, viscous liquid
subject to an external perturbation. The method of solution used here is based on the one
given in Landau and Ljfs}itz (1987:9,1). All the linear approximations that were made in
section 3.2.1 to obtain the response function of an idea^l liquid wiil also be made here. The
equation of motion for viscous iiquids, ca^lied the Navier-Stokes equation, may be written, in
the case of incompressible iiquids, as

(4.1)

where 4 is the dynamical viscosity of the liquid. All the linear approximations that were
made in section 3.2.1 to obtain the response function of an ideal liquid wili also be made here.
Then, taking the curl of both sides of the Navier-Stokes equation (4.1), (which cancels the
pressure and pofential-energy terms), one gets the equation

^ (# + @.v)d) = -v(p * oa * a;nt) * nv2d.

where u = nlpo is the kinematic viscosity. To solve this equation, the Fourier transform
technique will be employed. For the three components of ,ip,r(z), the symbols w'pr(z),

wvr*(z) and wi*G) will be used.
The eouations of motion in Fourier space a.re then

fr fo- 6)=-vY2(vxd), (4.2)

(# 
")(+-&*i,-)-o'

(4.3)
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/a ,  " \ / }w ' t .  \
(a? - 

" ) \-# 
- ik'wi,.) = o'

(a'  " \
\# 

- u') (x'*r,, - k'w'r,) = o'

In addition to these equations one has to use the continuity equation, V .d = 0, or

(4.4)

(4.5)

owi
R.ttik,r\,, * iknwlr,. *

Az
= Q .

i  t o  I ' u

P - = K -
v

In eqs. (4.3-4.5),

aod the transverse solution is

The general solution of this set of equations (4.3-4.6) may be shown to be a superposition of
longitudinal (marked ll) *d transverse (marked I) waves. Later it will be shown that the
transverse solution is cancelled by the application of surface boundary conditions. In the case
of the semi-infinite liquid, the first boundary condition, this is, that the waves have to vanish
when z -* -oo, may be applied immediately (the semi-infinite liquid occupies the z ( 0
iralf-space). The longitudina,l solution of the Navier-Stokes equation is then

,?:I = k, (Aek" + a"r")
,|nl) = n, (.t"k" + a"")

, ': l l = -* (*k" + Ln"r"\
E t Q \ p /

,i',: = -knEeu"

*'E:,: = k'EeP=

,7'=0

where p has been chosen such that Re(p) > 0. A, B and E are constants that will be
determined by applying the boundary conditions at the surface.

Substituting this general solution into the Navier-Stokes equuation (4.1), the expression
for the Fourier transform of the pressure is easily obtained:

PEp, = upsAek" - rT' - o'8,r.

(4.6)

(4.7)

(4.8)

(4.e)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

It is convenient here to use the lin.ea,rized form of the binding potential u6(z) = ao(0) * Gz.
Now, to ca,lculate .4, B and E, the boundary conditions for a free surface will be applied
(Landau and Lifshitz L987:48), this is,

lo;5ni 
- o, (4.15)

-P6;i*r(6--H)
where

oij = (4.16)
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and rz; is the j-th component of the normq,l vector at the surface and c; and ci may be aay

of .  ( r ,y ,z) .
ln the case considered here, where one may, as alt approximation, assume that the surface

is parallel to the z = 0 plane, the conditions (4.15) may be written as

0 z z = T s z = o g z = 0

at z = a. To apply the first boundary condition, ozz = 0, one takes the time derivative of

this cond.ition, and then substitutes z = 0 (since z is a small displacement)' One gets

(4.17)

where arp, given in eq. (3.20), defi.nes the dispersion relation for an ideol liquidl here, its

value when the liquid is semi-infinite (h -' m) is used. The second and third conditions of

eq. (a.17) may be directly applied (no differentiation with respect to time is needed). The

resulting equations read: 
h

2kpA* @2 + p2)B = ' , fuzE,  (4 .19)

and

'  (,2 -r7+2iukza) o- ("'rX-2uk2u) B =,ofr-,

2kptA*&2 + tf)B = -f;u'n.

(4.18)

(4.22)

(4.23)

The last two equations have equal left-hand sides. Then, it is clear that E =

transverse waves (eqs. (4.11-4.13)) cannot exist if the surface is free.

(4.20)

0, this is,

The z component of the velocity at the surface is just the time derivative of the surface

displacement z. In Fourier space'

- it 'tur = a1 (0).
E , u  k , a '  '

(4.21)

This equation may be combined with the equations corresponding to the boundary conditions

to eiiminate A and 8. This yields the response equation of the viscous liquid, which reads

uE,, = Ro,to'iJ'

where

Rk,, = oo ffir, - ,7 + ffiz;,rr",
is the function describing the response of the surface of a semi-infinite viscous liquid to a weak

external perturbation. It may be used in much a similar marlner as the response function for

the surface of an ideal liquid was used in the previous chapter, eq" (3.23). The denominator

of the response function, equated to zero, gives the dispersion relation for the ripple waves on

that surface. It may be cast into the form

6 i

(4.24)
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which is a generalization (to include surface tension) of the dispersion relation given by Landau

anrt Lifshiiz (1g87:9 ) for gravity waves on'a semi-infinite l-iquid. When the viscosity is small,

one may use a,n approximation that is first-order in viscositY, and eq. (a.zL) becomes:

u2+4 iukza=Q7 .

The first-order approximation to the complex dispersion relation is then

(4.25)

a.,* = *or -2ivk2, (4.26)

which agrees with the small-viscosity result described by Landau and Lifshitz (1987:93). This

approximation is valid for viscous liquids at sufficiently low wavenumbers.' 'U 
ine limiting case when the viscosity approaches zero, .R;r approaches the response

function for the surface of an ideaJ. semi-infinite liquid, B?,,, eQ. (3'23). The positive in-

finitesimal that was introduced there appears here naturally as a result of taking the limit

v -* 0*:

with 7s = 2vk2 -, 0+

4.2 The dispersion relation of viscous ripples

In the previous section, the dispersion relation of surface waves on the surface of a semi-

infinite viscous liquid, eq. (4.24), has been obtained. This relation is well known, and has

been shown to be valid even at very high frequencies (for a recent experimental work, see

Sakai, Tanaka and Takagi 1990).

In this section, I report a scaling and iterative process that provides arl easy way to obtain,

according to eq. (4.24), the complex frequency for each k, and provides a simple way to decide,

for a given &, if the ripples a,re underdamped or overdamped. I have not been able to locate

tbis simple treatment in the literature.

The dispersion relation,eq. (4.24), may be written as

(4.28)

(4.2e)

(4.30)

Ri,, = ftr=q* *r*,

i/')
v - 1 - -

2uk2 '

wk
eh = 

,;F'

(4.27)

x=!z[ t*  ( ,2*" ' ) ' ]  ,

where

and

We are only interested in the two solutions with a negative I-(r); in other words, those that

a,re damped. If the motion is underdarnped for a certain &, 1 will be a complex number; if it

is overdamped, X will be a real number.

By studying the behaviour of eq. (4.28) it has been found that, for values of o; below

0.4812b1g4..., t has two positive real solutions corresponding to overdamped motion. OnIy

the solution with the smallest damping is of interest. It has also been found that it may

always be bracketed between X = 7 and X = 0.73278561... (the last is the value of 1 at the

point of critical damping). A bisection algorithm easily finds the solution.
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The underdamped solutions are such that Re(X) is always bracketed between 0 and 1

(this is to say, the damping is always smaller than the first order approximation2vk2). By a

straightforward manipulation of the complex equation in X, eq. (4.28), it has been found that

a bisection algorithm may be appli,:d to the following equation in r = Re(x):

I  f '* h-+,2 (t2 +a2 -*)] (4.31)

After z has beer found, y = Ln(x) may be computed as

(4.32)

Figure 4.1 shows the results for the viscous dispersion relation (Re(4.'), -Ito(r)) for water

a t200C(po=163a .u . , o=4 .67 .10 -5a . t . , v=8 .690 '10 -3a .u . ;  g=1 .085 '10 -22a .u . ) ,
compared to the ideal frequency c,lfr and the damping in the first-order approximation,,2vk2.
For small values of k, Re(cu) is almost indistinguishabie from the idea.l resonance frequency
a.r;; however, the damping *Iro(r), starts to deviate appreciably from the low-viscooity ap-
nrc'ximation 2uk2 for small &.

r'igure 4.2 shows a detail of the high-& a,rea. One may easily see that, for high &, both

rhe real frequency Re(cu) and the damping -Im(t r) deviate clearly from the ideal and first-

order approximations. At a certain critical k (t 6.5 . 10-3 a.u.) the real frequency goes

to zero and the damping -Lo(r) shows a change of behaviour. This is the point of critical

da,mping. Water is a liquid of moderate viscosity, and one has to go to very high k (very short
wavelengths, of the order of 500 A) to find critical damping. However, the highest frequency

measurements reported so far (Saftai et at. 1990) only reach 4'107 s-l (approx. L0-e a.u.,
corresponding to a wavelength of = 10pm). As these authors show, the agreement of the

theoretical expression for the dispersion relation (identical to the one derived here, eq. (4.24))
with their experimenta,l resuits is rema,rkable.

The fr corresponding to critical damping for l.iquid helium at I.7 K (a liquid of very low
viscosity, u = 7.82. L0-5 a.u.), is 2.7 a.'v., which corresponds to a wavelength of atomic
dimensions, where the continuous-medium approximation made here is questionable. This

means that, in cases where such small wavelengths do not occur, liquid helium may be studied

using the first-order approximations (op and 2uk2). Later on it will be shown how, for some

ca.ses, one may even neglect the viscous behaviour and treat liquid he[um as an ideal liquid.

For a high-viscosity liquid, such as the lubricant used by Mate et al. (1989) in their atomic-

force microscopy experiments, (po = 331 a.u., a = 1.35.10-u t.o., z * 9 a.u.),1hs 6vgldamped
regime is already reached at very low k (= t0-s a.u., corresponding to a wavelength of
r 1 cm!); this means that most of the ripples will be strongly overdamped, and these ripples
will have little effect in AFM measurements, since oscillations of the surface wiII be virtually

absent.

4.3 Case s.tudy: excitation of ripples on the surface of a vis-

cous liquid with an oscillating metal tip

This section wiil describe a calculation of the amplitude and phase of oscillations iuduced by

a metal sphere (a model of an AFM tip) on the surface of a semi-infinite viscous liquid. This

will model the behaviour of a very thick, loosely bound liquid film in AFM. The results will
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Figure 4.1. The dispersion relation for liquid water. Comparison of exact results (Ru("), -tm(ar))

with the corresponding approximations (c.ri, 2vk2).
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Figure 4.2. The dispersion relation for liquid water. Comparison of exact results (R"(r), -Im(c.,))

with the corresponding approximations (la1,2vk2). Detail of the high-& a,reaof Figure 4.1.
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Table 4.1. Data used to compute the excitation of ripples on the surface of semi-infinite liquids (Don-

nelly 1989; Weast 1982, Anderson a^nd Cohen 1989, Mate et ai. 1989; Israelachvili 1985:137,154,156).

All data a,re given in atomic units.

Quantity He Water Fornblin Y/R
Density, ps

Surface tensiono a
Metal-liq. Ha.maker constant A
Kinematic viscosity, z

22.8
2.25.70-7
3.8 .  10-3
7.82 .  10-5

163
4.67 . 10-5
2.7 .L0-2

8 .69 '  10 -3

31 1*
1.35 .  10-5
3.0 .  10-2
9.05*

' C.M. Mate, private communication.

be compared with results for hypothetical ideal liquids with the same density and surfare
tension, to study the effect of viscosity.

The physical model and the mathematical treatment are the sarne as in subsection 3.3.1.,
where the excitation of ripples on an ideal liquid was studied: the only difference is that
the response function of the surface of a viscous semi-infinite liquid substitutes the response
function of an ideal liquid film that was used there. The static part of the surface perturbation
has the sarne form in both cases (it is, obviously, independent of the viscous behaviour of the
liquid). The new general form of the oscillating part of the perturbation, which replaces
eq. (3.32) is:

where

and

The oscillation of the liquid is out of phase with respect to the particle by an angle

t"e) = Io

t"b) = to

41, Pm+t Jo@p) K^(kfi:.o) Re(-R6,.,)

4P Pm+t Jo@p) K^&ndlto(fir,,).

6(d=_arctan(#)

(4.33)

(4.34)

(4.35)

(4.36)

One may expect that viscous amplitudes will be smaller than their ideal counterparts, and

that the phase will be smaller for viscous liquids than for ideal liquids.

To perform the calculations, the sa.rne situation as in subsection 3.3.1. is assumed: a metal

tip of radius a - 4200 a.u. is held at a height R over the surface of the liquid, and forced to

oscillate at a given frequency W. For this case, rn = 2, B = 4a3A;ntl}T and G - dg. The

response of the following liquids is studied: liquid helium at L.7 K, liquid water at 200C, and

a lubricant (Fomblin Y/R, a perfluoropolyether) at room temperature. The data for these

three liquids, which have been given in different parts of the text, a,re collected in Table 4.1.

The calculations have been made for a range of frequencies (extending up to the 1010 s-l

range) which is much wider than the range of frequencies that may be mechanically available

to a tip, only to illustrate the limiting behaviour of the liquid at high frequencies.
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Fignre 4.3. Amplitude ratio (liquid/tip) at the origitt, U(0)lC, versus excitation frequency W fior
ripples induced by an oscillating metal tip on the surface of liquid helium (l?=4600 a.u.).

Liquid helium

The tip height used for these calculations is J? = 4600 a.u. For this case, only one curve will be
given for the liquid/tip arnplitude ratio U(0)lC and one for the phase t'(O). This is because in
the range of frequencies covered tlie results of the viscous model are almost indistinguishable
from the results obtained using the ideal model. The amplitude ratio (liquid/tip) at the
origin is shown in Figure 4.3 and thc phase at the origin is shown in Figure 4.4 (note the
similarity between the present results for a semi-infinite liquid and the results for films shown
in figures 3.2 and 3.3). As can be seen from these figures, at low frequencies the liquid follows
the tip almost exactly in opposition of phase, and the amplitude ratio is almost constant. For
higher frequencies, the amplitude ratio decays very slowly with frequency, going from the low-
frequency value to a almost zero over seven decades. The transition between the low-frequency
(constant amplitude ratio) regime to tire high-frequency (decreasing amplitude ratio) occurs
at a frequency of ny 2 . L0-15 a.u., which corresponds to a wavelength of the order of the
capillary constant ( (= 0.7 rnm); in fact, this is where a small morimum appeared for ideal
fi.lms, as shown in subsection 3.3.1., figure 3.2; here, however, it is too small to be perceived.
The phase of the liquid motion deviates only very slowly from -1800 over the mechanically
available frequency range, but in the 107 s-l tange (10e a.u. range), where the ampfitude
ratio is already very small, there is a sudden drop towards a value of -3600.

Liquid water at 20oC

In this case the height of the tip is .E = 4500 a.u. Results for the amplitude ratio at the origin
and the phase at the origin are shown in Figures 4.5 and 4.6. There is a very small difference

1ott

W(a.u.)

1o-6
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Figure 4.4. Relative phase at the origin versus excilation frequency for ripples induced by an oscil-
lating metal tip on the surface of liquid helium (^R= 4600 a.u.).

between the viscous and the ideal results, oply for high frequencies. Both the amplitude ratio
and the phase show a behaviour which is very similar to tliat of liquid helium: a gradual fall
of the a.mplitude ratio after the low-frequency regime, and a sudden drop of the phase in the
107 s-l range. Water is a liquid of medium viscosity, but, as indicated by the results in these
graphs, under the tip it behaves almost as an ideal liquid.

Fomblin Y/R

This is a high-viscosity licluid, which belongs to a family of commonly used lubricants (for
example, in vacuum systems). The viscosity of Fomblin Y/R is three orders of magnitude
higher than that of waterl therefore, one might expect a marked change of the response.
Figures 4.7 and,4.8 show the results obtained for the amplitude ratio at the origin and the
phase at the origin, using a tip height of J? = 4500 a.u.. As expected, the ideal and viscous
results are very different for this liquid.

As was also advanced in subsection 3.3.1, the amplitude ratio for the viscous liquid (Fig-
ure 4.7) is always lower than the ideal amplitude ratio, The fall of the ratio in the viscous case
is faster than in the ideal one; it is such that the viscous liquid response is negligible in the
106 s-l (t0-tt a.u) range. This will also be true for iiquid films with finite depth h, although
I still have not extended the viscous response function to this case to get a quantitative as-
sessment of the effect of viscosity on the excitation of ripples on a liquid film. Howeve!, :rs
it was shown in subsection 3.3.1, the ideal amplitudes for films are already very small. This
allows rne to concludc l,hat, a nrodclliug of the bchaviour of a lubricant fihn under the AFM
tip may be done without considering the efect of ripples, as it has been done in the statics
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Figure 4.5. Amplitude ratio al, the origin versus excitation frequency for ripples induced by an
ccillating nrctal tip orr tltc surface of waler (.R = 4500 a.u.): solicl l iue, viscous liquid; dashed line,
ideal liquid.

part, Chapter 2 of this rvorli.
The differencc between the results of the viscous ancl the ideal treatment is especialiy

ma.rked for the phase (Figure 4.8). For low frequencies, the viscous phase is more negative
than the ideal one; however, in thc 1610 r-I (t0-to a.u.) range, it reaches a wide plateau
where thephase isapprox .  -2700.  Thep la teauof thev iscousphase in te rsec ts the idea l resu l t
as it drops towards -3600. This behaviour ma.y be explained if one recalls by which angle
{ a forced' damped itarmonic oscillator is out of phase rvith respect to the excitation force.
Take a single oscillating ntass a,ttached to a spring. Let rn be the oscillating mass, I( the
constant of the sprittg, D a viscous damping coeflicient, J? the amplitude of the force, and W
its frequency. The equation of motion is

mi+D i * I { r=Fcos (H / t ) . (4.37)

It is easy to show that the oscjJlator is out of phase witir respect to the force by an angle

d-*arctan("+) (4.38)

where  I  -  D lm and i rs  =  f i f f i .
When such an oscillator is strongly overdarnped (r > trs), it may be shown tbat, for a

wide range of frequencies around its natural frequency oe, the phase is very close to -900 or
'27Ao , depending on the sign of F. This is indeed what happens in the case of Fomblin y/R.
At high frequencies, the surface modes that are excited by the tip have a wavelength t such
that they are strongly overdamped; the collective phase is then very near to -2206 .
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Figure 4.6. Relative phase at the origiu versus excitation frequency for ripples induced by an oscil-

lating metal t ip on the surface of water (R = 4500 a.u.): solid l ine, viscous result; dashed line, ideal

result.

The resuits of this section shou' that thc behaviour of a liquid under an osciilating tip may
be approximat,ed by an ideal behaviour unless it is a very viscous liquid. They also conflrm
the expectation that the ideal resuit for the amplitude ratio is always an upper bound for the
result obtaincd wlien viscositv is talien into account.
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Figure 4.7. ArnpliLudc ralio at the origin versus excilation frequency for ripples induced by an
cciliafing n:etal tip on the surface of Fonrblin Y/R (B - 4500 a.u.): solid line, viscous Iiquid; dashed
I ine. ideal i iquid.
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Figure 4.8. Relative phase at the origin versus excitation frequency for ripples induced by an mcil-

laring metal t ip on the surface of Fomblin Y/R (n - 4500 a.u.): solid l ine, viscous Iiquid; dashed line,

ideal l iquid.
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Chapter 5

Summary and future directions

5.1 Summary

This thesis describes a theoretical study of the interaction of a continuous liquid with a
microscopic or macroscopic particle located outside it. Classical mechanics have been used
to study several aspects of both the statics and the dynamics of this system.

When a pa,rticle is held at a certain distance above a liquid surface, the attractive inter-
action between the particie and the liquid (which may be, for instance, of electrostatic or van
der Waals nature), causes a swelling of the liquid surface in the vicinity of the particle. In
Chapter 2, this static situation has been studied: the perturbed shape of the iiquid surface as
well as the potential energy of the system have been ca.lculated numerically as well as using
various approximation schemes, and compared with previous quantum many-body results of
Gras-Marti and Ritchie (i985); the agreement of the classica.l results of this thesis with their
results confirms the classical nature of the phenomenon.

The ca"lculation of the gradient of the force on the particle, by differentiation of the total
potential energy of the system, has been used to assess and confirm the validity of the atomic-
force microscopy determination (Mate et al. 1989) of the shape of the liquid-air interface
r','hen a lubricant is spread on a solid substrate. This experimental determination was done
u"v scanning a metal tip over the surface while keeping constant the gradient of the force on
it, to get a topographical image of the liquid-air interface.

It has also been found that there is a minimal particle-liquid distance such that, if the
particle approaches the liquid further, the surface becomes unstable and the liquid jumps to
incorporate the particle. The study of this instability point, which has also been described for
solid surfaces (Landman et al. 1989; Pethica and Sutton 1988), has been applied to analyse
the use of the atomic-force microscope (Mate et ai. 1989) as a tool to determine the thickness
of thin lubricant films on a planar solid substrate. In these experiments, the thickness was
determined by moving the tip vertically towa"rds the liquid fllm and measuring the diference
in tip height between the position in which wetting nf the tip occurs and the position where
the tip knocks the so[d substrate. The results presented in this work explains the systematic
difference between these rneasu.rements and optical (ellipsometrical) measuremeuts; part of
the difference rrray be due to the fact that the l-iquid film becomes unstable before tip{iquid
contact occurs.

In Chapter 3 the dynamics of the surface of an ideal liquid when the external particle
is in motion has been described. First, the linear response function of the surface has been
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obtained using classical hydrodyaami96, and then this response function is used to study two
different confgurations. The first one is the excitation of ripples on the liquid surface by a
particle that oscillates perpendicularly to the surfacel the effect of this phenomenon on the
atomic-force microscopy measurements of Mate et al. (1989) is estimated to be very small,
even when the viscosity of the film is not taken into account. The second situation is the
stopping, due to the excitation of ripples, of a particle that flies parallel to the surface. The
quantum many-body results of Gras-Martf and Ritchie (1985) for a.n electron and the surface
of liquid helium are reproduced, and, in addition, the dependence of the energy loss as a
function of particle velocity is studied in detail.

In Chapter 4 the dynamical response of the surface of a semi-infinite viscous fluid has
been qtudied. The excitation of ripples by a particle that oscillates perpendicularly to the
surface is studied, and the influence of viscosity is studied for liquid heiium (a liquid of very
low viscosity), water (a liquid of medium viscosity) and for the highly viscous lubricant used
by Mate et al. (1989), Fomblin Y/R. The results show that viscosity may be neglected except
in the last case. As expected, the a,rnplitude of the rippling oscillation of real liquids is always
overestimated by the calculations in which viscosity is neglected.

5,2 Future directions

In this thesis, liquid films have been studied using hydrostatic and hydrodynamic formalisms
that assume a continuous liquid where molecular structure is of no importance. However, some
of the films have thicknesses that are comparable to the size of the molecular constituents,
and there, concepts such as viscosity, surface tension, and the Hamaker constant, may have to
be replaced by a model in which the molecula.r features of the liquid would play a basic role.
Mate et aI. (1989, 1991) have performed some experiments in which the role of conformation
of the lubricant molecules appears to be relevant.

For films thicker than a few hundreds of insgtr6ms, continous hydrodynamics aad hydro-
statics are still appiicable. The theory for the dynamic response of a viscous liquid, described
in Chapter 4 can be extended to include the case of a liquid of finite depth, as well as to
different geometries (non-planar and rough substrates) that are of technological interest.

When performing atomic-force experiments, the tip that probes the film may also be
covered by a thin film of liquid due to previous immersion. The interaction of the two liquid
films, their stability when they come near to each other, as well as the formation of the film
on the tip, arising from the contact situation have just begun to be studied (Langlois 1991)
and deserve a more complete statical aad dynamical analysis.

Some other aspecte of the dynamics of the system formed by the oscillating tip and
the liquid film, which may be explored with the tools developed in the present theoretical
approach, are the energy transfer from the oscillating tip to the liquid film and the possible
detection of resonances at characteristic frequencies (subsection 3.3.1), a phenomenon that
could be used to measure the thickness of the films.

A nonlinear theory for the dynamic response of liquid surfaces is still missing. It would be
interesting to be able to step into the nonliaear dynamics of close encounters between particles
and surfaces, especially to be able to set up a first-principles theory for the atom reflectivity of
liquid helium surfaces, a field of considerable experimental and theoretical interest (Echenique
and Pendry 1976a,b; Swanson and Edwa^rds 1988; Goodman 1989; Ma.rtin, Bruinsma and
Platzman 1989; Berkhout et at. 1989). The current theories for these phenomena use empirical
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ingredients (Swanson and Edwards 1988) to get a better description of the experimental
results. An appealing task, in view of the equivalence of classical and quantum results for
some phenomena studied in this thesis, would be that of testing the performance of a classical
formalism in expla^ining some aspects of atom reflectivity. So fa,r, all theoretical treatments
have used quantum many-body tools.

Another important application of the non-linear response theory to be developed would be
the study of the effect of surface ripples on the jump-to-confacf distance: the potential energy
basin that binds the liquid surface seems to become more shallow as the particle approaches
the liquid at the critical height; so shallow that at the critica,I distance, the potential energy is
unable to bind the liquid. Surface osciilations superimposed on the equilibrium bump would

help the liquid escape the potential energy basin at distances that could be appreciably longer
than the jump-to-contact distance, with the result of a longer wetting distance.
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Appendix A

Q,+.ntization of Ripple Waves

Ripple waves on the surface of an ideal, incompressible liquid may be quantized as a boson
field, the quanta of which are called ripplons. Quantization is used so often that the word
ripplon is sometimes used in entirely classical contexts (Sakai, Tana.kaand Ta,kagi 1990).

The interaction of electrons and small atoms with the surface of liquid helium has been
treated in most cases using the ripplon formulation (Cole 1970, 1974; Echenique and Pendry
1976a,b; Gras-Martf and Ritchie 1985; Martin. Bruinsma and Platzman 1988; Swanson and
Edwards 1988; Barber6n, Garcia-Molina and Gras-Martf 1989; Tiesinga, Stoof and Verhaa,r
1990). In this thesis it has been shown that the statics of the interaction of a particle with a
liquid surface and the excitation of ripple waves by particles whose trajectory is known may
be treated without resorting to a quantum formalism.

This appendix shows how a classical Hamiltonian for the ripples on the surface of an ideal
liquid of depth h may be easily obtained and then quantized by imposing boson commutation
relations.

A.1 Potential energy

The a:risymmetrical, lnea,rized forms of the surface energy, eq. (2.33), and the binding energy,
eq. (2.34), may be easily rewritten for a general surface profile, u(fi:

,  o  [  ,2=11au12,  1a2121v"t = T, J o'F 
L(a'/ 

* [at,) ] ,

,i=g Io'uu'rn.
The surface profile may be expanded in normal-mode coordinates,

u( i l=#fupe;E'd,

where O is a normalization a,rea.
Using this expansion, the surface and binding energies, eqs. (A.1) and (A.2), may be

combined to obtain an expression of the potential energy of the surface in terms of the
norma.l-mode coordinates :

(A.1)

(A.2)

(A.3)

v = vst *vt = 
*\r" 

* ok2)u6u*6.
&

(A.4)

The interaction of particles with liquid surfaces:a classical study. Mikel Forcada Zubizarreta.

Tesis doctoral de la Universidad de Alicante. Tesi doctoral de la Universitat d'Alacant. 1991



L.2 Kinetic energy

To obtain the kinetic energy of the liquid, the velocity potential /, such that the velocity of
the liquid is

,n(F, r) = YQ(F, z), (A.5)

will be used as the basic quantity (I witl only consider the case of irrotational flow). The
velocity potential may be expanded similarly to the surface profiIe:

Applying the continuity equation, eq. (3.16), and the condition that the vertical component
of the i'elocity of the liquid is zero at the bottom (for a liquid film of thickness h),

1  -  . r -
a(F,r) = 

6/,)_ 
Q;1r1r '* '0.

A

w"(F, -h) = L* ,(F, z)|"--n = o,

the velocity potential may be rewritten as
1

aG,4 = #,I 6t coshfk(z * h)ls;E't.
S L t l l  r

(A.6)

(A.7)

(A.8)

(A.e)

(A.10)

(A.11)

If this result is substituted in the equation of motion for the free surface, eq. (3.13) with
nint = 0, the time dependence of the velocity potential is obtained:

6E= AE"'*t l  Bre-i 'xt,

where o1 is defined in eq. (3.20). The kinetic energy of the liquid,

T=Pfo orIa' trr '1p,"1,-  
2  t - n  r

may be integrated in a straightforward way to obtain

r = 4D 616_r k sinh2(zkh).
41

k

Now it is necesa.ry to relate the normal-mode components of the velocity potential to the
time derivatives of the surface normal-mode coordinates. The time derivative of the surface
displacement, eq. (A.3), is

(A.12)

(A.13)

Identifying eqs. (A.12) and (A.13), one gets

6r=n#*i' (A.14)

but also

i,(i l= 
#; 

ir6eii ' i,

i,(il = u,,(p', o) = 
# ? 

tru sinh(kh) ett'i.

r -Po-  
z r : i - i

- -  
z4k tanh \kh) '

l

U this equation is substituted into the expression for the kinetic energy, eq. (A.11), the result

(A.15)
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A.3 The Hamiltonian i

From the Lagrangian of the system (following Cole 1970),

L =r -r - 1t f  -  oo
z 

T Llt.rrt ltir;'l-u-e' 
- (

and the definition of canonical momentum,

G y ok2)up"-r] ,

AL potr_E
nk-  7 i t r -  k tanh(kh \ '

the Ha,rriltonian for the free rippling surface becomes

(A.16)

(A.17)

(a,.22)

(A.18)

Tbis Hamiltonian may now be quantized by imposing the following boson commutation rela-

tions upon the operators u[ and P[:

lu6,pi,J * ih6i.6,, (A.1e)

where 6o,6 is the Kronecker delta and h is Planck's constant divided by 2r. The operators uF

and pE may be rewritten in terms of ripplon creation and annihiiation operators af, and ap

as follows:

(A.20)

(A.21)

After these transformations, the Hamiltonian takes the canonical form:

and

uo =f,! te#U p{p-E+ (G + ok2)u6u-1.

;nk tantLlkn;1 1/2

"p= 1ffi1 ("1r1o;),

I hporx lrlzoi= Lxffi-tnn) I t'; - a-)'

no=Eu"r(r!" i*Lr)
k

L.4 The interaction potential as a perturbation Hamiltonian

The interaction potential Ay between the particle and the deviation from planarity of the

surface may be treated in the quantum formalism as a perturbation Ha.rniltonian, r?1. Rewrit-

ing the axisymmetrical form, eq. (2.37) to consider a general surface profile u(p-), and using

the expansion (A.3), one gets

n' = ffiT u6ait(i,E),,
k

(A.23)

where ait(F,81 ir ttt" Fourier transform of the interaction potential between the particle and

a unit volume of liquid located near the surface at f, and E is the position of the particle.

/ 6
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As an example, in the case that the particle is an electron held fixed over the surface of

liquid He at a height ft, eQ. Q.43),

u;n t ( i ,E)  = - .  ?€==,= ,  (A .24)L ) -  
2 @ 2 + R ' , ) z ' ,

and taking h --+ oo, the expression for the perturbation Ha.miltonian in eqs. (a-6) of Gras-

Martf and Ritchie (1985) is reproduced.
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Appendix B

Table of frequentlY used sYmbols

A
Au

A;nt

&

b
B
C
D

dE ld"s
f ",*(r)

I

G
h

-h(p)

Iy

i^( r )

Jo(r)
j*(r)

h - (o )

k

E
M
rn

n
p

P

a
R

H"-aker constant (van der Waa,ls interaction)

Hamaker constant for liquid-substrate interaction

Hamaker constant for particleJiqui d interaction

parti cle-size- related parameter ; particle radius

d.imensionless parameter (energy ioss): ps(u r)' fr! I o

general coefrcient for particle-liquid interaction

"mplitude of the osciliation of the particle

depth of cylindrical hoie

energy loss of particle per unit path length

complementary iogistic function, (f + exn(rcc))-1

gravity acceleration at the Ea,rth's surface

d,uuldz at the reference Plane
liquid depth

function defining the shape of the bottom of the liquid

bump shape parameter in the scaled-shape approximation

dimensionless function, defined in eq. (2-29).

Bessel function of the first kind of order zero

d.jmensionless function defined in eq. (2.42).

modified Bessei function of the second kind of order rn

modulus of f,

wavevector, reciprocal of y' in Fourier transforms

molecular (atomic) mass of the liquid

integer exponent for the particle-liquid interaction

number density of the liquid

pressure

radius of cylindrical hole

charge of particle

height of particle over reference plane; particle-liquid distance
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.Ro average value of .R

rs dimensionless parameter (energy Loss): E2 psg f o

B* minimum particle-liquid distance for stable equilibrium

Rk,, response function for the surface of a semi-infinite viscous liquid

R?,. response function for the surface of an ideal liquid

n "reduced" particle-surface distance , ,/F4.

t timel also, dimensionless dummy va.riable in integrals

a* maximum height for a stable bump on the liquid surface

, u(p) meridian curve for the perturbed liquid surface

U (p) amplitude of the oscillation of the liquid surface

A(p) equilibrium meridian curve for the liquid surface

uob) meridian curve for the unperturbed liquid surface

6 potential energy of interaction between two unit volumes

V6 binding potential energy

ab binding potential energy per unit volume of liquid

V;nt interaction(pa.rticie-liquid)potentialenergr

uint interaction (pa,rticle-liquid) potential energy per unit volume of liquid

ap(*) van der Waals potential of a unit volume of liquid in front of semiin-
finite solid

Vptonor interaction (particle-liquid) potential energy due to the unperturbed
planar surface

V"t surface tension energy

Vot total potential energy

W oscillation frequency of particle

6 velocity of a liquid element

umin minimum phase velocity of ripple waves

wp modulus of do

rip velocity of particle

z vertical position relative to the reference plane

a atomic polarizability of the liquid
^t Euler'e ga,mma, 0.5772156...

'tt, infinitesimal damping in ideal liquids

6 Dirac delta

LV potential energy of the particle-liquid system due to the bump

6b) phase of the oscillation of the liquid surface, relative to the partide

O velocity potential in an ideal liquid

O(r) Heaviside step function

q dynamic viscosity of liquid

A atom-atom van der Waals coefficient
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u kinematic viscositY

p distance to the sYmmetrY axis

po density of the liquid

F vector of horizontal Position
o surface tension coefficient

{ generalized capillary constant, !q;/G
(t angular frequency

ttk angular frequency corresponding to wavevector k iu aa ideal liquid
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