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We investigate coupling of localized spins in a semiconductor quantum dot embedded in a microcavity. The
lowest cavity mode and the quantum dot exciton are coupled and close in energy, forming a polariton. The
fermions forming the exciton interact with localized spins via exchange. Exact diagonalization of a Hamil-
tonian in which photons, spins, and excitons are treated quantum mechanically shows that a single polariton
induces a sizable indirect anisotropic exchange interaction between spins. At sufficiently low temperatures
strong ferromagnetic correlations show up without an appreciable increase in exciton population. In the case of
a �Cd,Mn�Te quantum dot, Mn-Mn ferromagnetic coupling is still significant at 1 K: spin-spin correlation
around 3 for exciton occupation smaller than 0.3. We find that the interaction mediated by photon-polaritons is
10 times stronger than the one induced by a classical field for equal Rabi splitting.
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Control of exchange interactions in solid-state environ-
ments has become a strategic target in the development of
spintronics and quantum computing.1–3 Artificial control of
direct exchange interactions, which occur at length scales of
one lattice spacing, is hardly possible with current day tech-
nologies. In contrast, indirect exchange interactions �IEI’s� of
spins sitting several nanometers away can be tuned, taking
advantage of the optical and electrical manipulation of the
intermediate fermions afforded in semiconducting
hosts.1,2,4–8 The local spins could be provided by nuclei,
electrons bound to donors,4,6 or d electrons of magnetic
impurities.7,8 Laser-induced IEI’s in semiconductors can be
tuned by changing the laser frequency, intensity, and polar-
ization. Above gap excitation6,9 provides real carriers that
mediate “RKKY-like” exchange. Below gap excitation in-
duces an optical coherence between conduction and valence
bands able to mediate exchange interactions between local-
ized spins.4,8 The strength of the “optical RKKY” �ORKKY�
exchange interaction is determined by the intensity of the
laser, proportional to the square of the Rabi energy �, and by
the detuning �=Eg−�L between the semiconductor gap and
the laser frequency.4 When ���, the laser-matter coupling
can be treated in perturbation theory,4 which gives a coupling
strength ��2 /�3.

Motivated by recent experimental results, we propose a
system where the optical exchange interaction is greatly en-
hanced: a semiconductor micropillar cylindric cavity,10–12

made of CdTe with inclusions of CdTe quantum dots13,14

doped with a few Mn atoms. The Mn spins are exchange
coupled to both electrons and holes confined in the quantum
dots.13,14 Recent experiments show that it is possible to
fabricate dots with a single Mn atom inside.14 In turn,
quantum-dot electron-hole pairs �excitons� are coupled to
the confined photon field. Pillar microcavities based on
CdMnTe/CdMgTe heterostructures have been fabricated11

featuring strong coupling between two-dimensional �2D� ex-

citons with 0D photons with a Rabi energy as high as
16 meV, which can hardly be obtained with cw lasers. The
strong-coupling regime between III–V quantum dot excitons
and 0D photons in 0D cavities has been recently reported,
with a Rabi couplings as big as �0.4 meV.12 On the other
side, there is experimental9 and theoretical7 evidence that the
effective Mn-Mn interactions mediated by fermions with full
3D confinement are strongly enhanced compared with the
case of bulk fermions.

The exact solution of Hamiltonian, considering all de-
grees of freedom fully quantum mechanically, shows that
confinement of both light and intermediate fermions yields
an enhancement of the ORKKY interaction. For cavity
modes below the exciton threshold ���0� and at sufficiently
low temperatures, strong ferromagnetic coupling shows up
without a significant increase in exciton density. Exchange
coupling is so big that calculations for a �Cd,Mn�Te quantum
dot indicate that a single polariton can induce ferromagnetic
coupling between two localized spins at temperatures of 1 K.

The model. The dot that confines conduction-band elec-
trons �creation operator c�

† , where � denotes the spin� and
valence-band electrons �creation operator v�

†� �Ref. 15� has
intraband-level spacing larger than all the other interband
energy scales, so that we only keep the lowest orbital level in
each band, 	c and 	v. These levels have a twofold spin de-
generacy. Their orbital wave functions are 
c�r�� and 
v�r��,
respectively. The electric field of the lowest cavity mode lies
in the plane perpendicular to the axis of the cylinder. So
there are two degenerate cavity modes associated with the
two possible polarization states in that plane. Their energy
�� is close to the quantum-dot band gap. We choose circu-
larly polarized cavity modes and, after canonical quantiza-
tion, the corresponding photon creation operator is denoted
by b�

†, where �=L ,R. We assume a cavity with an infinite
quality factor.16

PHYSICAL REVIEW B 72, 245311 �2005�

1098-0121/2005/72�24�/245311�5�/$23.00 ©2005 The American Physical Society245311-1

http://dx.doi.org/10.1103/PhysRevB.72.245311


The Hamiltonian we consider here has three terms,
H=H0+Hg+HJ. The first describes the Hamiltonian for de-
coupled cavity photons and electrons,

H0 = �
�

��b�
†b� + �

�

�	vv�
†v� + 	cc�

†c�� . �1�

All results presented below correspond to 	v=0 and 	c=Eg,
where Eg is the semiconductor band gap.

The light-matter coupling Hamiltonian is

Hg = g�
�,�

�b�
† + b���c�

†v� + v�
†c����,�, �2�

where we have assumed that the hole is purely heavy, which
leads to the standard spin selective coupling4,8,17 that associ-
ates photon polarization and fermion spin degrees of free-
dom. This coupling breaks spin rotational invariance and
privileges the axis of the cavity, ẑ. The value of g depends on
the amplitude of the cavity mode in the dot and plays the
same role than the Rabi energy � in the case of a photoex-
cited semiconductor.4,8 We take g=5 meV which is within
the range of Rabi splittings reported in the literature for CdTe
nanopillars �larger values have been reported
experimentally11�. Another key quantity is the detuning
�=Eg−��. For N=1 excitation the ground-state manifold is
mainly photonic for �0, mainly excitonic for ��0, and it
is a compensated mixture around �=0.

The exchange interaction between the fermions and the
spin M =5/2 of the Mn impurities reads

HJ = �
I,f

JfM� I · S� f�x�I� , �3�

where S� f�r�I� stands for local spin density of the f =v ,c elec-

tron and M� I is the Mn spin located at r�I. The electron spin
density is

S� f�r�I� =
1

2
�
 f�r�I��2c�

†c�����,��, �4�

where �� are the Pauli matrices. The strength of the interac-
tion depends both on the exchange constant of the material Jf
and on the localization degree of the carrier, �
 f�r�I��2. We
consider a hard-wall quantum dot, with lateral dimensions
L�10 nm and total volume �1200 nm3. In such a dot, a
realistic value for the exchange interaction between a
conduction- �valence-� band electron and a Mn spin is
Jc=−0.1 meV �Jv=−0.5 meV�. These values were used in all
calculations discussed hereafter.

The band gap in �Cd,Mn�Te is the largest energy scale
�Eg�2 eV�. Therefore the effect of the terms that do not
conserve the number of excitons plus photons is negligible
and they can safely be removed. This permits to work in
subspaces with N excitations. Here we consider the coupling
between two Mn impurities in the presence of N=1 polari-
tons. We define a spin-spin correlation

�M� 1 · M� 2	 =
1

Z
�

i

��i�M� 1 · M� 2��i	e−Ei/kBT �5�

where Z is the partition function and the sum runs over the
eigenstates �i of the Hamiltonian with energies Ei.

Results for quantized cavity modes. Figure 1 depicts re-
sults for out-of-plane �M1

z M2
z	 and in-plane �M1

xM2
x +M1

yM2
y	

spin-spin correlations and the exciton occupation number
�nexc� versus �, for g=5 meV, T=0.01, and 1 K. We high-
light the following results: �i� strong spin-spin correlations
may show up for �g�0 and negligible nexc, �ii� the ex-
change interaction is anisotropic and the correlation shifts
from out of plane to in plane as � goes through zero, and �iii�
the coupling may be antiferromagnetic in one of the spin
components, while being ferromagnetic for the spin as a
whole.

Analysis of the many-body spectrum of the Hamiltonian,
shown in Fig. 2 for the case of two spin-1 /2 spins coupled to

FIG. 1. Spin correlation functions and exciton occupation num-
ber versus the detuning parameter �, for spin-5 /2 impurities.
g=5 meV and T=0.01 K �upper� and 1 K �lower�.

FIG. 2. Energy levels for spin-1 /2 impurities calculated either
without interactions �left� incorporating light-matter coupling
�middle� or with the full interacting Hamiltonian �right�. The energy
scale in the first two cases �third case� is given on the left �right�
vertical axis. The degeneracy of each state is also indicated. All
results correspond to �=10 meV and g=5 meV. Energies referred
to the ground state of the full Hamiltonian in each case.
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one exciton polariton, helps to understand the results of Fig.
1. Hereafter we refer to photonic �excitonic� configurations
to those having one �no� photon and no �one� exciton. For
g=0 and no exchange interaction, the ground state is eight-
fold degenerate: two photon configurations �L or R�, no ex-
citon, and four impurity configurations �see Fig. 2 left�.
Switching light-matter coupling does not remove the degen-
eracy of the ground state. This is so because each configura-
tion with a R �L� photon couples only to one exciton con-
figuration having a conduction-band electron with spin up
�down�; see Fig. 2, middle. In these states ST

z =Sv
z +Sc

z =0.
States with ST

z = ±1 do not couple with light, and its energy is
not modified. The way exchange coupling removes this de-
generacy �without mixing degenerate states� is better under-
stood by rewriting HJ as

HJ = Jv�M� 1 + M� 2� · �S�v + S�c� + �Jc − Jv��M� 1 + M� 2� · S�c.

�6�

Degeneracy is lifted in first order as diagonal elements from
the second term in HJ give nonzero contributions. As
Jc−Jv�0, the two states in which the two impurities have
parallel spins antiferromagnetically �ferromagnetically�
coupled with the photon and conduction band electron lower
�increase� their energy �see Fig. 2, right�. The configurations
having the two impurities with opposite spins do not change
their energy in first order �higher-order corrections modify
slightly this result�. Then, the ground state is no longer eight-
fold degenerate but rather twofold: two photonic configura-
tions with impurities having spins that are parallel to each
other and opposite to the photon polarization, slightly mixed
with one excitonic configuration each. Consequently, the cor-
relation is totally out of plane. Exactly the same happens for
Mi=5/2 spins, except for the fact that now there are 36 local
spin configurations and that the resulting exchange splittings,
which scale with Mi, are larger. Thus, the same physics un-
derlies the results of Fig. 1.

The changes in anisotropy and the antiferromagnetic cor-
relation that show up as � becomes negative can be ex-
plained as follows. For negative detuning the ground state is
composed of all excitonic configurations with ST

z =0, plus a
small photonic contribution. Excitonic configurations with
ST

z = ±1 have greater energy as they do not interact with light.
But as a consequence of the ferromagnetic coupling between
the impurities and exciton, energy is minimized if the exciton
spin is not zero. Thus, it must lie in the x-y plane and the
spin of the impurities must also lie mostly in that plane. This
favors in-plane ferromagnetic correlation between impuri-
ties, plus a small out-of-plane correlation whose character
�ferromagnetic or antiferromagnetic� crucially depends on
detuning and temperature �for very large detuning or very
large temperatures, isotropy is recovered�.

Figure 3 shows the spin-spin correlation versus nexc �var-
ied by changing g� for several temperatures and �=10 meV.
At temperatures T�0.1 K, the spin-spin correlation has a
nonmonotonous relation with the exciton density, which re-
flects the failure of perturbation theory in g when nexc�0.2.
In addition, at T=1 K, significant spin-spin correlations are
obtained for nexc�0.3. The spin-spin correlation monotoni-

cally increases with the exciton population in the quantum
case. This is due to the fact that the first-order correction,
which lifts the degeneracy of the ground state, is propor-
tional to nexc. Figure 4 shows the in-plane and out-of-plane
spin-spin correlation versus exciton population for
�=10 meV and T=0.1 K. As could be inferred from Fig. 1
and the related discussion for this positive detuning, the spin-
spin correlation is mostly out of plane. The vanishing of
in-plane correlation as the exciton occupation increases can
be understood as follows. As excitons with Sz=0 are coupled
to light, their energy increases with light-matter coupling
�and, thus, with exciton occupation number�, diminishing
their contribution to the ground state �see also preceding
paragraph�.

The behavior of the spin-spin correlation versus nexc
resembles that of correlation versus coupling J in a
Heisenberg Hamiltonian. In fact, in the case of two

spin-1 /2 impurities the spin-spin correlation �M� 1 ·M� 2	
= �3/4��1−exp�−J /kBT�� / �3+exp�−J /kBT�� shows a behav-
ior similar to that of Fig. 3. Thus, we have attempted to fit

FIG. 3. Total spin-spin correlation versus exciton occupation
number for spin-5 /2 impurities and four temperatures. Calculations
were carried out by varying g and with fixed detuning �=10 meV.
The results derived from a classical treatement of the photon field
�see text� is also shown �thick solid line�.

FIG. 4. In-plane and out-of-plane spin-spin correlation versus
exciton occupation number for spin-5 /2 impurities. Calculations
were carried out by varying g and with fixed detuning �=10 meV.
The results were obtained for T=0.1 K and valence- and
conduction-band exchange couplings of Jv=−0.5 meV and
Jc=−0.1 meV, respectively.
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the exact results for the spin-spin correlation by means of an
anisotropic Heisenberg Hamiltonian

Hef f = − Jx�M1
xM2

x + M1
yM2

y� − JzM1
z M2

z . �7�

The two parameters were fitted to give the spin-spin correla-
tion over the temperature range T=0–6 K. Remarkably, it is
always possible to find Jx and Jz such that correlations are
similar to a few percent. Fittings improve significantly away
from �=0. The results for �=10 meV are shown in Fig. 5. In
this case Jz is almost an order of magnitude larger than Jx.
Both parameters vary linearly with nexc �the fitting for Jz is
shown in Fig. 5�.

Results in the semiclassical limit. In order to ascertain the
differences between the original ORKKY proposal and this
work, we consider a spin-doped dot driven by a classical
electromagnetic field. For a cw laser and within the rotating-
wave approximation, two modifications have to be intro-
duced in the full Hamiltonian:8 �i� the quantized photon op-
erators are removed from H0 and the semiconductor gap Eg
is replaced by � and �ii� and the light-matter coupling of Eq.
�2� is written as

Hg,cl = �
�

g�c�
†v� + v�

†c�� ,

where we assume equal amplitudes for the two circular po-
larizations of the exciting classical laser. Results obtained
through exact diagonalization of such a Hamiltonian are
shown in Figs. 3, 5, and 6. Comparing with the full quantum
solution we note that �i� the spin-spin correlation is substan-
tially smaller �see Fig. 3�, �ii� the correlation does not satu-
rate as a function of g, but rather decreases at large g �Fig.
3�, �iii� the effective Heisenberg Hamiltonian is isotropic and
has a coupling constant almost an order of magnitude smaller
�Fig. 5�, and �iv� nexc increases with g at a faster pace �inset
of Fig. 5�.

Insight into these results is gained by inspection of the
Hamiltonian spectrum for the case of spin-1 /2 local spins.
Without interactions and for ��0 �see Fig. 6� the ground
state is fourfold degenerate: four configurations of the impu-
rities spin and no exciton �there are no photon degrees of
freedom�. When g�0, the light-matter interaction couples
the bright exciton configurations the zero-exciton configura-
tions. Since we are imposing a polarization state in the laser,
there is only one bright exciton and three dark exciton states,
with fourfold degeneracy due to the two underlying spins
1/2. When exchange interaction is switched on, it yields no
contribution to linear order in J. Consequently, the ground
state is perturbed by the exchange interaction only to second
order, leading to a much smaller splitting than in the quan-
tum case �Fig. 6, right� and, thus, to a large reduction of the
effective interaction between impurities. The behavior of the
exchange splitting as a function of g is governed by the
exciton content of the lower polariton branch on one side and
the energy splitting between the lower and upper polariton
branches on the other. This results in the nonmonotonic be-
havior of the exchange splitting and the magnetic correla-
tions as a function of g in the semiclassical case �see Fig. 3�.
A related result not shown in the figures is that the effective
exchange coupling is proportional to nexc only for small val-
ues of the exciton population �as opposed to the quantum
case where a linear relation between both quantities was
found over a wide range; see Fig. 5�. Perturbation theory
correctly reproduces this linear relationship at small nexc.

8

Summarizing, we have studied the indirect exchange in-
teraction between two spins in a cavity-dot system with one
polariton. At T�0.1 K, maximum spin correlation is ob-
tained for negligible exciton occupation numbers. The aniso-
tropy of the exchange interaction can be tuned by varying �.
In addition it is possible to fit the numerical results for the
spin-spin correlation by means of an anisotropic Heisenberg
Hamiltonian. We find that the quantized electromagnetic
field of a single photon in a cavity mode happens to induce a
signicantly larger ORKKY interaction than a classical field
yielding the same Rabi energy.
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FIG. 5. Jx �dotted line� and Jz �solid line�, parameters of the
Hamiltonian of Eq. �7�, fitted to give the exact spin-spin correlation,
versus the exciton occupation number. Calculations were carried
out by varying g and with fixed detuning �=10 meV. The fitting of
the numerical results for Jz by means of a straight line �circles� is
also shown. Chain lines show the results obtained by treating the
photon field classically �see text�.

FIG. 6. Same as Fig. 2 but treating the photon field
classically.
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