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Abstract: Within the framework of Einstein’s General Relativity we study strange quark stars assum-
ing an interacting equation-of-state. Taking into account the presence of anisotropies in a sphere
made of ultra dense matter, we employ the formalism based on the complexity factor. We integrate
the structure equations numerically imposing the appropriate conditions both at the center and at the
surface of the stars, thus obtaining interior solutions describing hydrostatic equilibrium. Making use
of well-established criteria, we demonstrate that the solutions obtained here are well behaved and
realistic. A comparison with another, more conventional approach, is made as well. Our numerical
results are summarized in a number of figures.

Keywords: relativistic stars; complexity factor formalism; anisotropy

1. Introduction

Unlike many other forms of matter, relativistic compact stars [1–4], which are formed
during the final stages of stellar evolution, are excellent cosmic probes to study the proper-
ties of matter under exceptionally extreme conditions. Supernova explosions, either Type
Ia or Type II, are the best known mechanisms to produce compact stars. Type Ia Super-
novas occur when white dwarfs accrete matter from a companion in a binary (e.g., [5]).
Type II corresponds to the core collapse of massive stars; although the mass range is not
well defined, the current estimates predict a range from 8 to 30 solar masses (e.g., [6]).
Although the most likely stellar remnants of these events are neutron stars, they could also
form many other kinds of compact stars. Matter inside such objects is characterized by
ultra-high mass/energy densities, for which the usual description of astrophysical plasmas
in terms of non-relativistic Newtonian fluids is inadequate. Therefore, those very dense
compact objects are relativistic in nature, and as such they are only properly described
within the framework of Einstein’s General Relativity (GR) [7].

Neutron stars (NSs) are exciting astronomical objects, since understanding and ex-
plaining their properties, as well as their observed complex phenomena, require bringing
together several scientific disciplines and lines of research, such as nuclear particle physics,
astrophysics and gravitational physics. As NSs are the densest objects in the Universe after
black holes, they can be used to probe, test and study properties of matter in an extreme
gravitational regime, conditions that cannot be reproduced in earth-based experiments.
For instance, supermassive star core collapses are known to trigger a complex network
of physical processes that amplify magnetic fields up to tens of tera-tesla. This dramatic
event involves neutrino emissions, convection [8] and magnetorotational instabilities [9],
accompanied by a turbulent dynamo affecting the synthesis of heavy nuclides by r- and
other atomic process nuclei (e.g., [10]). The result is the formation of a compact star with a
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strong magnetic field in its interior, possibly with a high degree of anisotropy in the local
equation of state.

Therefore, those objects constitute an excellent cosmic laboratory to explore and
possibly constrain non-conventional physics, as well as alternative theories of gravity.

Strange quark stars (QSs) [11–16], although at the moment theorized and less standard
astronomical objects than NSs, may be viewed as ultra-compact neutron stars. Since quark
matter is by assumption absolutely stable, it may be the true ground state of hadronic
matter [17,18]. Therefore, this new class of relativistic compact objects has been proposed as
an alternative to typical NSs. Though as of today they remain hypothetical objects, quarks
stars cannot conclusively be ruled out yet. In fact investigating their properties is well
motivated, both from the theoretical and observational point of view. For example, there
are some claims in the literature that there are currently some observed compact objects
exhibiting peculiar features, such as small radii for instance, that cannot be explained
by the usual hadronic equations-of-state used in NS studies, see e.g., [19–21], and also
Table 5 of [14] and the references therein. The present study is also relevant for the possible
implications to understand the nature of compact stars. Recently, a few authors suggested
that strange matter could exist in the core of NS-hybrid stars [22–24], while others claim
such stars are almost indistinguishable from NS [25]. In addition to that, strange quark
stars may explain some puzzling super-luminous supernovae [26,27], which occur in about
one out of every 1000 supernovae explosions, and which are more than 100 times more
luminous than regular supernovae. One plausible explanation is that since quark stars are
much more stable than NSs, they could explain the origin of the huge amount of energy
released in super-luminous supernovae. Many works have been recently proposed to
validate their existence in different astrophysical scenarios [28,29].

In studies of compact objects, the authors usually focus their attention on relativistic
stars made of isotropic matter, such that Pr = PT , where Pr is the radial pressure, and PT
is the tangential pressure. However, celestial bodies are not necessarily made of isotropic
matter alone. As a matter of fact, it is now known that under certain conditions the fluid
representing matter content may become anisotropic. The review article of Ruderman [30]
mentioned for the first time such a possibility: the author observed that interactions among
relativistic particles in a very dense nuclear matter medium could generate a non-vanishing
anisotropic factor. Studies on anisotropies in relativistic stars received a boost thanks to
the subsequent work of [31]. Indeed, anisotropies may arise in many different physical
situations of a dense matter medium, such as in the presence of strong magnetic fields [32,
33], in phase transitions [34], in pion condensation [35], slow rotation [36], viscosity-
induced anisotropy [37], a mixture of two fluids [38] or in the presence of type 3A super-
fluid [39] (see also [40–42] and the references therein for more recent works on the topic).
In those works, relativistic models of anisotropic quark stars were studied, and the energy
conditions were shown to be fulfilled. In particular, in [40] an exact analytic solution was
obtained, in [41] an attempt was made to find a singularity-free solution to Einstein’s field
equations and in [42] the Homotopy Perturbation Method was employed, which is a tool
that facilitates the ability to tackle Einstein’s field equations. Furthermore, alternative
approaches have been considered to incorporate new anisotropic solutions to already
known isotropic ones [43–45].

In this work we propose to obtain interior solutions of relativistic stars, and in particu-
lar, of quark stars made of anisotropic matter, within the approach based on the complexity
factor formalism. Originally, the new definition of the complexity factor was only investi-
gated from a mathematical point of view, see [46–49] and the references therein. However,
the real usefulness of such a definition becomes evident when we make use of it as a
supplementary condition to close the set of structure equations describing the hydrostatic
equilibrium of a self-gravitating spherical configuration. Moreover, the complexity factor
may be used as a self-consistent way to incorporate anisotropies, which are generated in
the presence of ultra dense matter in relativistic objects, as already mentioned before.
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The plan of our work in the present article is the following: after this introductory
section, we review the description of relativistic stars in the framework of Einstein’s theory
in Section 2, while in the third section we present the vanishing complexity formalism.
Next, in Section 4 we show and discuss our numerical results, and finally we finish our
work with some concluding remarks in the last section. We work in geometrical units
where G = 1 = c, and we adopt the mostly negative metric signature in four space-time
dimensions, namely +,−,−,−.

2. Relativistic Stars in General Relativity

Let us start considering a static and spherically symmetric object in an anisotropic
background bounded by a spherical surface Σ. Assuming a line element that is written in
Schwarzschild-like coordinates, i.e.,

ds2 = eνdt2 − eλdr2 − r2dΩ2. (1)

The functions ν(r) and λ(r) are the metric potentials and depend on the radial coordinate
only, whereas dΩ2 ≡

(
dθ2 + sin2 θdφ2) corresponds to the element of solid angle. We will

take: x0 = t; x1 = r; x2 = θ; x3 = φ. In the absence of a cosmological constant term,
the classical Einstein field equations acquire the simple form:

Gν
µ = 8πGTν

µ , (2)

with G being Newton’s constant (taken to be unity in the following for simplicity). Now,
in the co-moving frame, the physical matter content is an anisotropic fluid of energy density
ρ, radial pressure Pr, and tangential pressure P⊥, i.e., the covariant energy–momentum
tensor in (local) Minkowski coordinates is then written as Tµ

ν = {ρ, Pr, P⊥, P⊥} and the field
equations can be written as:

ρ = − 1
8π

[
− 1

r2 + e−λ

(
1
r2 −

λ′

r

)]
, (3)

Pr = − 1
8π

[
1
r2 − e−λ

(
1
r2 +

ν′

r

)]
, (4)

P⊥ =
1

32π
e−λ

(
2ν′′ + ν′2 − λ′ν′ + 2

ν′ − λ′

r

)
, (5)

where the symbol prime (′) denotes the derivative in relation to r.
Combining Equations (3)–(5), we obtain the hydrostatic equilibrium equation, best

known as the generalized Tolman–Opphenheimer–Volkoff equation, which takes the sim-
plest form

− 1
2

ν′(ρ + Pr)− P′r +
2
r
(P⊥ − Pr) = 0. (6)

Such an equation can be understood as the balance between the following three forces:
(i) gravitational, Fg, (ii) hydrostatic, Fr and (iii) anisotropic, Fp, defined according to the
following expressions

Fg = −ν′(ρ + Pr)

2
, Fr = −P′r and Fp =

2Π
r

. (7)

At this point it should be mentioned that the anisotropic factor, Π (sometimes also referred
to as ∆), is defined as usual, i.e., Π = P⊥ − Pr. Accordingly, Equation (6), now reads

Fg + Fr + Fp = 0. (8)

To clarify the situation, the last equation implies that this compact star results from the
equilibrium between these three different forces, as is mentioned in Ref. [50]. In particular,
if Fp = 0, we obtain the standard TOV equation. Moreover, in cases where P⊥ > Pr (or
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equivalently Π > 0), Fp > 0 causes a repulsive force in Equation (8) that counteracts the
attractive force given by the combination Fg + Fr. On the contrary, if we consider the case
of P⊥ < Pr (or Π < 0), Fp < 0 is also an attractive force that adds to the other ones.

To remove the ν′-dependence in Equation (6), we will take advantage of the following
relation

1
2

ν′ =
m + 4πPrr3

r(r− 2m)
, (9)

and we then rewrite the generalized TOV equation as

P′r = −
(m + 4πPrr3)

r(r− 2m)
(ρ + Pr) +

2
r
(P⊥ − Pr). (10)

In addition, m is the mass function, obtained by:

R3
232 = 1− e−λ =

2m
r

, (11)

or,

m = 4π
∫ r

0
r̃2ρ dr̃. (12)

The energy-momentum tensor can be rewritten as follows

Tµ
ν = ρuµuν − Phµ

ν + Πµ
ν . (13)

From the expression of Tν
µ , we have to point out that the four-velocity is taken to be

uµ = (e−
ν
2 , 0, 0, 0), and the four-acceleration is aα = uα

;βuβ, whose any non-vanishing

component is a1 = −ν′/2. Subsequently, the set {Πµ
ν , Π, hµ

ν , sµ, P} is defined as

Πµ
ν = Π

(
sµsν +

1
3

hµ
ν

)
(14)

Π = P⊥ − Pr (15)

hµ
ν = δ

µ
ν − uµuν (16)

sµ = (0, e−
λ
2 , 0, 0) (17)

P ≡ 1
3

(
Pr + 2P⊥

)
(18)

with the properties sµuµ = 0 and sµsµ = −1. For the exterior solution, we match the
problem with Schwarzschild space-time, i.e.,

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1
dr2 − r2dΩ2. (19)

We have to complete the problem with the appropriate matching conditions on the surface
r = R = constant, with R being the radius of the star. Thus, by demanding continuity of
the first and the second fundamental forms across that surface, we have

eνΣ = 1− 2M
R

, (20)

e−λΣ = 1− 2M
R

, (21)

[Pr]Σ = 0, (22)

where M is the mass of the star, while the subscript Σ indicates that the quantity is evaluated
on the boundary surface Σ. To finish, let us mention that the last three equations are the
necessary and sufficient conditions for a smooth matching of the interior and exterior
solutions, (1) and (19) respectively, on the surface Σ.
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3. Vanishing Complexity Factor Formalism

The present section summarizes the main ingredient behind the complexity factor
formalism and its importance in astrophysical scenarios. To start, we should mention
the original paper of Luis Herrera (L.H.) [51], in which the study of static anisotropic
self-gravitating objects was performed. In that paper, the author introduced a modern
definition of complexity and was motivated mainly by two concrete problems present in old
descriptions: (i) the probability distribution is replaced by the energy density of the fluid
distribution [52], and (ii) a complete inclusion of the components of the energy density fluid
is missing, and the unique inclusion is the energy density of the fluid (ignoring possible
additional contributions such as pressure). These two critical points are, in principle,
the primary motivation used by L.H. to modify the more traditional complexity definition.

Albeit the standard definition of complexity was first introduced as a mathematical
treatment only (see [46–49] and the references therein), its importance becomes evident
when we recognize that such a condition can be used as an alternative route to bypass
a standard ingredient in stellar interiors: the election of certain profiles of the system.
Thus, the complexity factor formalism, or, more precisely, its simplified version, namely,
when the complexity factor is zero, allows us to close the system and obtain novel and
non-trivial spherically symmetric solutions unknown up to now. Thus, the vanishing
complexity formalism offers a parallel way to deal with anisotropies in relativistic stars
(see for instance [53,54]).

Now, let us move to the basic details behind the method. The essence of the complexity
factor formalism emerges when we check the orthogonal splitting of the Riemann tensor
for static self-gravitating fluids with spherical symmetry (please, for a detailed explanation,
see [51] and also [55]). The (orthogonal) decomposition of the Riemann tensor is usually
tedious labor and was well-studied in the original paper, thus we will avoid repetitions.
We will take advantage of some helpful definitions:

Yαβ = Rαγβδuγuδ, (23)

Zαβ = R∗αγβδuγuδ =
1
2

ηαγεµRεµ
βδuγuδ, (24)

Xαβ = R∗αγβδuγuδ =
1
2

η
εµ

αγ R∗εµβδuγuδ, (25)

where the symbol ∗ is the dual tensor, i.e.,

R∗αβγδ =
1
2

ηεµγδR εµ
αβ (26)

and ηεµγδ is the well-known Levi–Civita tensor. Utilizing the decomposition of the Riemann
tensor, the set of tensors {Yαβ, Zαβ, Xαβ} can be written in a convenient way, in terms of the
physical variables, namely,

Yαβ =
4π

3
(ρ + 3P)hαβ + 4πΠαβ + Eαβ, (27)

Zαβ = 0, (28)

Xαβ =
8π

3
ρhαβ + 4πΠαβ − Eαβ. (29)

Also, the tensor Eαβ (defined as Eαβ = Cαγβδuγuδ) can be written as

Eαβ = E
(

sαsβ +
1
3

hαβ

)
, (30)
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where E is precisely

E = − e−λ

4

[
ν′′ +

ν′2 − λ′ν′

2
− ν′ − λ′

r
+

2(1− eλ)

r2

]
, (31)

satisfying the following properties:

Eα
α = 0, Eαγ = E(αγ), Eαγuγ = 0. (32)

At this point it is essential to mention that the tensors {Yαβ, Zαβ, Xαβ} can be expressed in
terms of alternative scalar functions, as was previously discussed in [56]. Now, consider the
following tensors: Xαβ and Yαβ in the static case. Based on that, it is possible to define the
so-called structure scalars XT , XTF, YT , YTF, in terms of the physical variables, as follows:

XT = 8πρ, (33)

XTF =
4π

r3

∫ r

0
r̃3ρ′dr̃, (34)

YT = 4π(ρ + 3Pr − 2Π), (35)

YTF = 8πΠ− 4π

r3

∫ r

0
r̃3ρ′dr̃. (36)

From Equations (34)–(36), the local anisotropy of pressure is obtained utilizing XTF and
YTF with help of the following relation:

8πΠ = XTF + YTF. (37)

The vanishing complexity condition, YTF = 0, implies the following relation between the
energy density and the anisotropic factor

Π(r) =
1

2r3

∫ r

0
r̃3ρ′(r̃)dr̃. (38)

Thus, for a given density profile ρ(r), we can compute the anisotropic factor for a self-
gravitating system. Notice that the classical formalism, i.e., selecting a suitable form
of the anisotropic factor by hand (among other alternatives), has also been significantly
investigated over the years (see, for instance, [29,43,57–67] and the references therein). As
the complexity factor formalism in the context of relativistic stars is so helpful, we will
follow this idea and contrast the results obtained following such an approach with solutions
coming from the canonical method, i.e., taking by hand the anisotropic factor, for instance.

4. Results and Discussion

In the present paper we have investigated within GR anisotropic stars made of quark
matter in light of the vanishing complexity formalism. In particular, we compute numeri-
cally interior solutions of realistic spherical configurations of anisotropic matter, and we
compare our solution against a more conventional approach, i.e., assuming an ansatz for
the anisotropic factor by hand. For quark matter we adopt the interacting equation-of-state,
Pr(ρ), given by [68,69]

Pr =
1
3
(ρ− 4B)− m2

s
3π

√
ρ− B

a4

+
m4

s
12π2

[
1− 1

a4
+ 3 ln

(
8π

3m2
s

√
ρ− B

a4

)]
, (39)

where Pr is the radial pressure, and ρ is the energy density of homogeneously distributed
quark matter (also to O (m4

s ) in the Bag model). For the purpose of the present analysis,
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following Beringer et al [70], we take the strange quark mass (ms) to be 100 MeV, while the
accepted values of the bag constant, B, lie within the range 57 ≤ B ≤ 92 MeV/fm3 [71,72].
Also, the parameter a4 comes from QCD corrections on the pressure of the quark-free Fermi
sea, and it is directly related with the mass-radius relations of quark stars. Note that as far
as the EoS is concerned, only the radial pressure is relevant. The tangential pressure has
already been defined in the Introduction as well as after Equation (2).

After the numerical computations, we display in a number of figures, several quantities
of interest. In Figures 1–4, on the x-axis we put the normalized radial coordinate r/R, while
on the y-axis we put the quantities of interest, such as the mass of the star in solar masses,
dimensionless quantities (for instance, the relativistic adiabatic index), and normalized
quantities (e.g., the pressures and the energy density as well as the anisotropic factor in
units of the bag constant, B). The curves exhibit the usual behaviour observed in interior
solutions describing hydrostatic equilibrium. In particular, the mass function increases
starting from 0 at the centre, while its mass at r = R corresponds to the star’s mass.
The energy density and the pressures start from their central value and monotonically
decrease until the radial pressure vanishes at the star’s surface. In contrast, the energy
density acquires a surface value. The energy density and the pressures remain positive
throughout the star, while the energy density always remains larger than the pressures,
such that the energy conditions are fulfilled. Moreover, both sound speeds vary slowly
with the radial coordinate, taking values within the range 0–1 throughout the star, so
causality is not violated. The anisotropic factor turns out to be negative, which is always
the case within the vanishing complexity formalism. Finally, the relativistic adiabatic index
increases monotonically and rapidly acquires large values as we approach the surface of
the star. At the same time, it always remains larger than the Newtonian value Γ0 = 4/3.
In particular, we notice that: (i) the mass function increase, the anisotropic factor decrease
and the energy density and pressures decrease throughout the star, (ii) the speed of sound,
radial and tangential, increase and decrease, respectively, and both are lower than c2

0 ≡ 1,
the relativistic adiabatic index, Γ(r), increase and it is always higher than Γ0 ≡ 4/3, (iii) the
corresponding energy conditions are also satisfied. Thus, in light of the these numerical
results, we can confirm that the complexity factor formalism is a solid approach to obtain
well-defined solutions in the context of compact stars.

As a supplementary independent check, we have obtained, numerically again, interior
solutions using a more standard approach, i.e., adding external constraints to close the
system of differential equations. As a toy model, we have considered an anisotropic factor,
Π(r), as follows [73–77]

Π(r) = κ Pr(r) [1− e−λ(r)] = κ Pr(r)
2m
r

, (40)

characterized by a dimensionless parameter, κ, which encodes the strength of the anisotropy.
Also, we consider several values from κ = −1 to κ = −10.
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0.00
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r /R

m
(r
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M

☉

0.0 0.2 0.4 0.6 0.8 1.0
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-0.25
-0.20
-0.15
-0.10
-0.05
0.00

r /R

Δ
(r
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B

0.0 0.2 0.4 0.6 0.8 1.0
-1
0
1
2
3
4
5
6

r/R

ρ
(r
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B

p r
(r
)/
B

p t
(r
)/
B

Figure 1. Anisotropic SQ stars within the complexity factor: mass function in solar masses (left
panel), anisotropic factor (middle panel), and energy density and pressures (right panel) versus the
radial coordinate throughout the star.
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c 0
2

c r
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c t
2
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r /R

Γ
(r
)

Γ
0

Figure 2. Anisotropic SQ stars within the complexity factor: speed of sounds (left panel) and
relativistic adiabatic index (right panel) versus the radial coordinate throughout the star. The
horizontal straight line corresponds to the value Γ0 = 4/3.
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(r
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p r
(r
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+
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Figure 3. Anisotropic QS stars within the complexity factor: energy conditions versus the radial
coordinate throughout the star.
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r /R

c
s
2

Figure 4. Anisotropic QS stars considering a more standard approach and assuming (i) κ = −1
(dotted red line), (ii) κ = −6 (dashed red line), (iii) κ = −10 (dot-dashed red line), for: mass function
in solar masses (left panel), anisotropic factor (middle panel), and sound speeds (right panel) versus
the radial coordinate throughout the star. In particular, for the right-hand panel, we have plotted
tangential (red color) and radial (cyan color) c2

s , respectively. For comparison, we added our solution
utilizing the complexity formalism (solid red line).

Our main results may be summarized as follows: the conventional method predicts
more massive objects in comparison to the stars within the vanishing complexity formal-
ism. The mass of the object decreases with the anisotropic factor, approaching the mass
corresponding to the method based on vanishing complexity. Eventually, causality is
violated as the tangential speed of sound becomes negative, and therefore the solution is
no longer realistic.

Finally, in Figure (5), we show the mass-to-radius relationship for anisotropic stars for
both approaches. First we study anisotropies within the vanishing complexity formalism,
and we obtain the curve in red. Next, when we consider the conventional method, since
now the ansatz for the anisotropic factor is characterized by a continuous parameter, we
can observe the impact of that parameter on the profiles, corresponding to the other 3
curves in the figure. Increasing the anisotropy, the profile is gradually shifted towards the
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one corresponding to complexity. But at some point causality is violated, and therefore the
solution is not realistic/viable any more. That is precisely the point where we must stop.
The last allowed profile remains quite far away from the one obtained within complexity.

Before we conclude our work, a final comment is in order. In the present article our
main goal was to study the implications of the formalism based on vanishing complexity
factor, and compare to a more standard approach. It would be interesting, however, to study
the stability of anisotropic stars as well, analyzing radial oscillation modes and computing
the corresponding frequencies. As this investigation lies beyond the scope of the present
work, we propose to postpone it for the time being, and we hope to be able to do so in the
future.

Complexity Method

Conventional Method (κ = -1)

Conventional Method (κ = -3)

Conventional Method (κ = -6)

3 4 5 6 7 8 9
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

R(km)

M
(M

⊙
)

Figure 5. Mass-radius profiles obtained by two alternative methods: (i) the vanishing complexity
method (solid red line), and (ii) the conventional method for: κ = −1 (cyan dashed line), κ = −3
(dashed purple line), and κ = −6 (dot-dashed orange line).

5. Conclusions

To summarize our work, in the present article we have obtained interior solutions
of strange quark stars made of anisotropic matter. Assuming an interacting equation-of-
state, we have taken into account the presence of anisotropies generated by ultra dense
quark matter. The anisotropic factor has been introduced employing the formalism based
on the complexity factor, and the structure equations have been integrated numerically.
The solutions have been shown to be well-behaved and realistic. Moreover, we have made
a comparison with another more conventional approach, where the form of the anisotropic
factor is introduced by hand. Finally, we have obtained the mass-to-radius relationships
within both methods, namely (i) employing the complexity formalism (where there are no
free parameters), and (ii) adopting a certain form for the anisotropic factor (used in previous
works, characterized by a free parameter). Our results show that as the anisotropy inceases,
thus varying the free parameter, the profile is shifted towards the one corresponding to the
complexity factor formalism.
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