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Abstract

In this paper we have given conditions on exponential polynomials P, (s) of Dirichlet type to
be attained the equality between each of two pairs of bounds, called essential bounds, ap, (s),
o~ and bp, (5), po associated with P, (s). The reciprocal question has been also treated. The
bounds ap, sy, bp,(s) are defined as the end-points of the minimal closed and bounded real
interval I = [ap,(s), bp,(s)] such that all the zeros of P, (s) are contained in the strip / x R
of the complex plane C. The bounds py, po are defined as the unique real solutions of Henry
equations of P, (s). Some applications to the partial sums of the Riemann zeta function have
been also showed.

Keywords Dirichlet polynomials - Zeros of exponential polynomials - Diophantine and
rational dependence - Zeros of partial sums of the Riemann zeta function

Mathematics Subject Classification Primary 30B50 - 11M41; Secondary 30D05

1 Introduction

An integer N > 1, non-null complex numbers «; and positive real numbers A; < --- < Ay
define an exponential polynomial of the form

N
P(s)=1+4) aje ™, s=o+iteC, (1.1)
j=1

where «; are called the coefficients and A ; the exponents, or frequencies, of P(s). An
immediate property is satisfied:

Hm P(s)= lim Q(s)=1, (1.2)
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_####_ Page2of17 G. Mora, E. Benitez

where Q(s) := (x;,l e’V P(s). On the other hand, any non-constant exponential polynomial
has infinitely many zeros as a consequence of Hadamard’s Factorization Theorem [2, p. 151]
or from Pdlya’s Theorem (see [12, p. 71]). Therefore, since P(s) and Q(s) have exactly the
same zeros, by (1.2) it follows the existence of a constant A > 0 such that P(s) # 0 for
all s with s = o such that |o| > A. This means that the two half planes {s : ¢ < —A},
{s : 0 > A} are zero-free for P (s). Consequently for any P (s) of the form (1.1) there exist
two real numbers ap,(s), bp,(s) defined as

ap(s) :=inf{o : P(s) =0}, bp) :=sup{o : P(s) =0}. (1.3)

On the other hand, given an exponential polynomial P (s) we have the equations, with p as
unknown,

N-1 N
lanle™ N =14 ajle™ i, 1= lajle™", (1.4)
j=1 j=1

called Henry’s equations [7]. By Pdlya Criterium [13, p. 46], each equation of (1.4) has
a unique real solution denoted by pyn and pp, respectively. Therefore to an exponential
polynomial P(s) of the form (1.1) we can associated the numbers ap(s), bp(s), defined in
(1.3), and pyn, po, defined in (1.4). These four numbers will be named essential bounds
associated with P(s).

An elementary analysis of the real functions

N—-1 N
Fp) = lale ™ — | 14+ Y lejle™™ |, g(p)i=1=) lajle ™,
j=1 j=1

whose unique real zeros are py and pg respectively, proves that there is no zero of P (s) at the
left of py neither at the right of pg. That is, if s is a zero of P (s), necessarily py < Rs < po.
Therefore py < ap(s) and bp(s) < po. Since itis always true that ap(s) < bp(), the essential
bounds of any exponential polynomial P (s) of the form (1.1) are related by the inequalities

PN = ap(s) < bpis) < po. (1.5)

Furthermore, noticing that any non-constant exponential polynomial P (s) has infinitely many
zeros, the closure of the real parts of its zeros

Rp) :={o : P(s) =0}, (1.6)
is a non-empty-set. From (1.5), it follows that

Rp(s) Claps), brisyl C lown, pol- (L.7)

It is evident that if N = 1 (the trivial case) the two Henry’s equations are equal, so the
numbers py and pg coincide. Then, from (1.5), the four bounds are equal and the exponential
polynomial P (s) has infinitely many zeros aligned. Consequently, in order to avoid the trivial
case, from now on, we will assume that N > 1 in the expression that defines an exponential
polynomial P (s) of the form (1.1). That is, we will consider exponential polynomials with
at least three non-null terms.

For a given P (s) of the form (1.1) it would not be too much difficult to obtain computa-
tionally the values of py, po by means of Henry’s equations (1.4). However we could not say
the same for finding an analytical expression for py, po, as well as for the numbers ap ),
bp(s), when N — oo. Furthermore, even in the case to have analytical expressions of those
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Essential bounds of Dirichlet polynomials Page3of 17  _####_

numbers, as usually they are asymptotic, the differences between the bounds py, ap(s) and
00, bp(s), if there are, are really not easy to determine. For instance, for the special type of
Dirichlet polynomials &, (s) := Z.I;zl j ¢, 1i.e., the nth partial sums of the series Zj’il Jj s,
o > 1, that defines the Riemann zeta function, we have the estimates

4 loglogn
b,y =1+ <; -1 +0(1)) 71%%5 n— 0o,
and
log2 .
ag,(s) = ————7= + An, limsup [A,] <log2, n>72,
log(m) n— o0

found in 2001 [8] and 2015 [10], respectively. By comparing the previous bounds a,(s),
b¢, (s) with the solutions of (1.4) for py, po, we can see that computationally oy, ag,(s) and
00, bz, (s) are indistinguishable when # is large. The difficulty to settle the equality or not
between pg and b, () is specially hard in this case. Regarding to py and ag, (), to appreciate
such difference the value of |py — a¢,(s)| would have to be greater than log 2, but usually it
does not occur, as we can see in [10].

In the same way that is relevant the abscissa of convergence for a Dirichlet series [1, p.
165] (very interesting works on this subject and generalizations can be seen, for instance, in
[4,5]), it is also relevant the essential bounds for a Dirichlet polynomial. In a recent article
[14] both notions, i.e., the abscissa of convergence of an ordinary Dirichlet series, whose
coefficients o, are defined by «,, := f(n) (f denotes a multiplicative function [1, p. 138]
) and the essential bound bp, s corresponding to the Nth partial sum Py (s) of the given
series, have been related. Important results have been obtained in the aforementioned paper
such as an analytical expression for bp, (s) that generalizes the obtained for b, (5) in [8] by
Montgomery and Vaughan.

In the present paper, for a given exponential P (s) of the form (1.1) we have treated the
problem of the equality between the bounds py, ap) and pg, bp(s). Our study has been
focused on a class of exponential polynomials that we have called Dirichlet polynomials
because they are partial sums of ordinary Dirichlet series [1, p. 161]. That is, we have
considered the class of normalized exponential polynomials of the form

n—1

o
Py(s) = 1 +Z(;T’1)” >2, aj >0,a;0,—1 #O0forsome j <n—1. (1.8)
j=1

To be more concrete, in the present paper we have found the conditions that must be
imposed on a Dirichlet polynomial P, (s) to have either

PN = ap,(s) (1.9)

or

0o =bp,s). (1.10)

The converse question is relevant and it also has been studied. Throughout the manuscript we
have demonstrated that the aforementioned conditions are linked to the notions of diophantine
and rational dependence (see below for a precise definition). We will show that the exponential
polynomials of the class of prime Dirichlet polynomials (see below Definition 2.1) satisfy
the property (1.9), whereas the exponential polynomials of the class of strict prime Dirichlet
polynomials (see below Definition 2.2) satisfy both properties (1.9) and (1.10). To prove the
main results of the paper we have used analytical-arithmetical techniques. For instance, it
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_####_ Pagedof 17 G. Mora, E. Benitez

has been used a characterization of the set (1.6) (see [3, Theorem 3.1], [11, Theorem 1] that
is crucial to prove Theorem 3.1 and Theorem 3.2. This theorem generalizes [9, Theorem 3]
(see below Example 3.2). Another important result that we have handled has been Bohr’s
equivalence theorem [1, Theorem 8.16] used to prove Theorem 4.1. Among the applications
to the partial sums of the Riemann zeta function (see the Sect. 5 in the manuscript), we have
obtained a characterization of the set of all prime numbers by means of those partial sums
n(s) that satisfy the property py = ag, (s)-

2 Preliminaries

Firstly we introduce two remarkable classes of Dirichlet polynomials.

Definition 2.1 A Dirichlet polynomial P, (s) of the form (1.8) is said to be a prime Dirichlet
polynomial if and only if # is a prime number. The class of all prime Dirichlet polynomials
will be denoted as P.

For instance, the Dirichlet polynomials Ps(s) := 14+ 275 +375 +47° 4+ 575, P;(s) :=
1 4+27% +47% + 7% are in the class P.
A special subclass of P is the following.

Definition 2.2 A Dirichlet polynomial P,(s) of the form (1.8) is said to be a strict prime
Dirichlet polynomial if and only if 7 is a prime number and o; # Ofor j = p —1,0; =0
for all j # p — 1, for all primes p with p < n. The class of all strict prime Dirichlet
polynomials will be denoted as Ps;.

For instance, the prime Dirichlet polynomials Q3(s) := 1 +27° +37%, Os(s) := 1 +
275 4+ 37% 4 579 are in the class Py.

In order to use some results already known on exponential polynomials, in the next result
we prove that the class of Dirichlet polynomials is a subclass of a more general class of
exponential polynomials that can be written in the form

N
P(s):=1+) ajeV", ajeR a1 #0, N>1, Q.1
j=1

where y; - r represents the inner product of y; = (v, ¥j,» - - - » ¥j)» non-null vectors of RM,
M > 1, distinct, with non-negative integers components, by a vector r = (ry, 2, ..., ry) of
RM with positive rationally independent components (i.e., the equation 22/1:1 €xry = 0, with
€ € Q, implies that e, = O forallk = 1, ..., M). Observe that any exponential polynomial
P (s) of the form (2.1) is in turn a particular case of exponential polynomial of the form (1.1)
by increasingly ordering the exponents A; :=y; -r,1 < j < N.

Lemma 2.1 Any Dirichlet polynomial of the form (1.8) can be expressed in the form (2.1)
with M > 1.

Proof Let P,(s) = 1+ Zj;} ﬁ’l—)s be a Dirichlet polynomial of the form (1.8). Then we
have

1
d+p°
For a given integer n > 2, consider all prime numbers not greater than n, denoted as p; <
p2 <--- < pi, <n.Hence p; =2, pp =3, etc., and py, is the last prime not exceeding n,

=e¢~s10804)  forevery j=1,...,n—1. (2.2)
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where k, represents the number of primes p such that p < n, so k, > 2. Take M = k, and
define

r = (log p1,log p2, ..., log pi,). (2.3)

It is immediate to check that the numbers log p1, log p> ..., log py, are rationally indepen-
dent. By virtue of Fundamental Theorem of Arithmetic write

j+l:p’lnj’ -p?jz--~pzljk” forevery j =1,...,n—1
and then

log(j + 1) =mj log p1 + mj,log p» + - +mj log pg,. 2.4
Now we define

Vi =W Vips - Viy) == (mjl,mjz,...,mjk”),j =1,....n—1. 2.5)

In particular if j + 1is prime, i.e.if j +1 = p,, withm € {1, 2, ..., k,}, then the vector y;
is given by

yj =(0,...,1,...0), where I is the mth component of y;. (2.6)

Then, from (2.5) and taking into account the definition of the vector r, it follows that y; - r =
log(1 + j) forevery j = 1,...,n — 1. Therefore by taking N = n — 1 (see (2.1), noticing
(2.2), we get

n—1 N
P,(s) =1+ Zaje—slog(l-ﬁ-j) =1+ Zaje_syj.r.
j=1 =

It means that P,(s) can be written in the form (2.1), where the vector r is given by (2.3) and
the vectors y; by (2.5). Then the lemma follows. O

3 The property py = ap,(s) in the class of Dirichlet polynomials

In this section we will analyse the property py = ap, (s) for the class of Dirichlet polynomials
(see (1.8)). For this, firstly we note that if some coefficient o of P,(s) = 1 + Z;’;{ (117’1)\
is equal to 0, by removing the corresponding term, we can write P, (s) under the form

m
Po(s) =1+ Bje "8 with0 < Bj.m =2, 3.1
j=1
where B; = a; for the a; # 0, and positive integers 2 < ny <nz < --- < ny, =n.
We introduce the following concepts.

Definition 3.1 Given an integer n > 2 and integers 2 < nj < np < --- < ng, we will say
that log n is diophantinally dependent on logn ;, 1 < j < k, if and only if there are integers
8j, 1 < j <k, such that

k
logn =Y 8;logn;. (3.2)
j=1
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Definition 3.2 Given an integer n > 2 and integers 2 < nj < np < --- < ng, we will say
that log n is rationally dependent on logn, 1 < j < k, if and only if there are rationals €},
1 < j <k, such that

k

logn = Zej logn;.
Jj=1

Observe that if log n is diophantinally dependent onlogn;, 1 < j < k, then in particular
log n is rationally dependentonlogn;, 1 < j < k. The converse is not true. Indeed, noticing

2
log36 = 3 log 8 4+1og9, (3.3)

we can see that log 36 is rationally dependent on log 8 and log 9, but it is not diophantinally
dependent.

It is worth to stress that logn can be rationally independent of logn;, 1 < j < k, but
the set {logn,logn;,1 < j < k} can be rationally dependent. For instance, log 2250 is
rationally independent of log 30 and log 900. Indeed, assume there are rationals €1, €3 such
that log 2250 = €1 1og 30 + €2 1og 900. Then, since 30 = 2 -3 -5, 900 = 22.32.52 and
2250 = 2 - 32 . 5% we have

log 2250 =log2 4+ 2log3 + 3log5 = (1 4+ 2¢2)(log2 + log 3 4 1log 5). 3.4

But log 2, log 3 and log 5 are rationally independent because 2, 3 and 5 are primes. Then by
identifying the coefficients of log 2, log3 and log 5 in both sides of (3.4), we are led to a
contradiction. Therefore log 2250 is rationally independent of log 30 and log 900. However,
the numbers {log 2250, log 30, log 900} are rationally dependent. Indeed, the equation

Alog2250 4+ Blog30+ Clog900 =0

has non-null solutions, it is satisfied for A =0, B =1and C = —1/2.
The next result requires a characterization of the set defined in (1.6) (see for instance [3,
Theorem 3.1], [11, Theorem 1]).

Theorem 3.1 Given an integer n > 2, if a Dirichlet polynomial P, (s) written in the form
(3.1) satisfies the property py = ap,s), then logn is diophantinally independent of logn j,
1<j<m

Proof Let P, (s) be a Dirichlet polynomial of the form (3.1) that satisfies the property py =
ap,(s)- Since it is always true that ap,(s) € Rp,(5) (see (1.3) and (1.6)), then py € Rp,(5). By
applying [3, Theorem 3.1], there exists a vector 6 = (01, 6a,...,0y) € RM, M < k, (see
the proof of Lemma 2.1), such that

m
1+ 3 e P ioenieinid = o, (3.5)
j=1

where y; are the vectors defined in (2.5) and y; - 6 denotes the inner product of y; by 6.
From (3.5) and noticing n,, = n, it follows that

m—1
|ﬂm€7pN logneiy,,l‘0| =1+ Z ﬁje*,ON loglzjeiyj~9 ) (3.6)
Jj=1
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Now we write the right hand side of (3.6) as

+ Bre” oy logn ty19+ 4t 1 + Bm_ie —PN 10g tin—1 i Yim—
m—1 m—1

e—PNnlogniivi0) 4

’ _|,_ /3 lepr logny—1 ei}’nzfl -0

+ 1 +'B e —pN logn,— 1

Then, from (3.6) and (3.7), we deduce that

m—1
Be PN logn <14 Z ,Bje_pN lognj
j=1

160

3.7

(3.8)

But, taking into account the definition of py (see Eq. (1.4)), the inequality in (3.8) becomes

an equalit

y. Now we recall the property:

Given z, w € C with zw # 0, one has |z + w| = |z| + |w| if and only if there e

such that

w = Az.

xists A > 0

Then, noticing the above property, in each summand of (3.7), necessarily it must be
e7i? = 0foreach 1 < Jj <m — 1. Since |e”’f“9| = 1, it means that

Therefore,

Let {q1,q2, - ..
obtain the prime factorization of the numbers {n, na, ...,
vector r := (logqy,loggs, ...,

Vi = 1foralll <j<m—1l,s0y;-0=nljl; €Z,1I;even.
substituting in (3.5), it follows ¢!?»? < 0. Consequently,

olvmd _ -1, soym -0 =muly, Iy €Z,1, odd.

the vector y; = (yj1, ..., ¥jm) (see (2.4), (2.5)) is such that

M

logn; = Z vjkloggk, with yj > 0 integers.
k=1

Then the above equality can be written as

lognj =yj-r, foralll <j<m.

(3.9)

(3.10)

,qm} be the minimal set of ordered prime numbers that are necessary to
nm—1,n}. Then, from (2.3), the
log gar). Noticing the expression (3.1), foreach 1 < j <m,

(3.11)

Assume logn is not diophantinally independent of logn;, 1 < j < m — 1. It means that
there are integers (§; )] 1 ! such that logn = Z?’;ll 8jlogn;. Then, since n, = n,by (3.11),
we can write

m—1

logn =y -r= ZSj(yj -T).
Jj=1

Therefore,

m—1
—251‘)//‘ -r=0
j=1

(3.12)
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Since {gx : 1 <k < M} are primes, the set {loggy : 1 <k < M} is rationally independent,
so, from (3.12), we infer that y,, = Z'}’;ll djy;. Then, by multiplying by 6, we have y,, -6 =

Z;’:ll 8j(yj - 6). Now, by dividing by 7, we are led to the following contradiction

m—1

1 NS
;(ym-m—;ﬂ(y, 0). (3.13)

Indeed, because (3.9), the right hand side of (3.13) is an even integer whereas, from (3.10),
the left hand side is odd. This completes the proof. O

The next example proves that the converse of the previous theorem is not true in general.

Example 3.1 The Dirichlet polynomial
- —s 35 —5
Pig(s):=1+4+2-8°+2-9 +%-36

does not satisfy the property py = ap,(s). However log 36 is diophantinally independent of
log 8 and log 9.

Indeed, in (3.3) we have seen that log 36 is diophantinally independent of log 8 and log 9.
From (1.4), py is the unique real solution of the equation

35
— .36 =14+2-8"42.977, (3.14)
36

that clearly is satisfied for p = —1, 50 py = —1. Assume py = apy(s), SO —1 = apyg(s)-

Since {2, 3} is the minimal set of ordered prime numbers that are necessary to obtain the
prime factorization of {8, 9, 36}, the vectors y; (see (2.5)) are y; = (3,0), y2 = (0, 2) and
y3 = (2, 2). Then, since always it is true that apy;s) € Rpyq(s) (see (1.3) and (1.6)), from [3,
Theorem 3.1] there exists a vector § = (0, 62) € R? such that

. { 35 ,
1428610 42.90120 4 ' B 3673 = 0, (3.15)
where y; -0, j = 1,2, 3, denotes the inner product in R2. From (3.15), we have
1356730 = [1 + 1677 + 1861727,
Therefore
35 = |1 + 1610 + 18727,

which means that we are in a particular case of (3.6). Then, we get y; - 0 = 7l;, [; € Z,
where [; is even for j = 1, 2 (see (3.9)). Consequently e'”! 0 = /120 = 1, By substituting
in (3.15), it follows that

&t = 1, (3.16)

Nevertheless, y; - 0 = 301 = wly, y» - 0 = 26, = ml>. Then
2
y3-0 =201 +20, = g]‘[ll + mlp, with [; even for j =1, 2,

. 22 . ;2 e . i2
50, 730 = ¢13™h oIl — o157h Byt it is immediate that /3711 £ —1 for any /| even
integer. This contradicts (3.16). Consequently, py 7# @py(s)-
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To guarantee the validity of the converse of the above result we need a more restric-
tive condition that of the diophantine independence. Such condition is exactly the rational
independence.

Theorem 3.2 Given an integer n > 2. If in a Dirichlet polynomial P, (s) written in the form
(3.1), logn is rationally independent of logn, 1 < j < m, then P, (s) satisfies the property
PN = ap,(s)-

Proof Let{q1, g2, ..., qum} be the minimal set of ordered primes numbers that it is necessary
to obtain the prime factorization of {ny, no, ..., n,—1,n, = n}. Then there are integers
8jk 20,1 < j<m,1 <k < M,such that we can write

=gy,
so the vectors y; (see (2.5)) are
vi=01,...,0;m), 1=<j=<m.
Consequently
M
lognj =Y Sjxlogqr, 1<j<m. (3.17)
k=1

Hence, since logn is rationally independent of logn;, 1 < j < m — I, the vector y,, is
rationally independent of the vectors y;, 1 < j < m — 1. First we claim that M > 2, i.e.,
we need at least two primes {q, , gx,} to obtain the prime factorization of n;, 1 < j < m.

St .
Otherwise, assume all n; = qkf“, 1 < j <mforsomel <k < M.Sincen; > 2 for all
1 < j < m(see (3.1)), necessarily 8, > Oforall 1 < j < m. Then we can write

Ok Sk,
10g 7 = Sk 102 qiy = Suuky - log g1 = " logny + 0logny + -+~ + 0logny—1
31k, 31k,
that contradicts the fact of log n is rationally independent of logn;, 1 < j <m — 1.
With the aim to exhibit the reasoning of the proof, we start by proving the theorem for
m = 2 (the minimum value for m). We claim that the system y; - 6 =0, 2 -0 = 7w, hasa
solution, where the unknown is the vector & = (61, ..., 0j). Indeed, by writing the system
of the usual form

81101 + -+ 81m0y =0
) 3.18
52191+-~-+82M9M=7T} (3.18)
it is immediate that
rank<511 fSlM) —2,
&1 ... bom M
because the vector y» = (821, ..., dap) is rationally independent of y; = (611, ...,81m)-
Hence
rank 511 ... 81M> — rank 511 ... Sim O ’
521 52M I M 521 82M b
and then, by Rouché-Frobenius Theorem, the system (3.18) has a solution. Ip means that
there exists a vector # such that y; -8 = 0, y» - 0 = 7. Then "9 = 1, 20 = —1,

i.e., it fulfills (3.9) and (3.10). Consequently, for m = 2, (3.5) follows. Then by applying [3,
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Theorem 3.1], py € Rp, (s) (see (1.6)). Now, by using (1.5), we have py = ap, (). Therefore
the theorem is true for m = 2. Now we study the general case M > 2, m > 2.

Since logn is rationally independent of logn;, 1 < j < m, the system logn =
Z;-"Z_ll Xjlogn; has no solution in Q. Hence, by using (3.17), Rouché-Frobenius Theo-
rem says us that the matrices

St S ... St S S ..o dm—11 Omi
12 S ... dm-12 ’ 12 S ... dm—12  Om2 . (3.19)
Sim YoM ... Sm—1m Sim Som oo Om—tm Omm

have different rank. Denote A j/x(m—1) and By, the matrices of (3.19), respectively. Then
if R := rankA ysx(m—1), necessarily rankBy/x,» = R + 1 because By« has one column
more than Ay n—1). Now we consider the system y; -0 = 0,9, -0 =0,...,y, -0 =,
written as

81101+ -+ 81mOu =0
(3.20)
101 + -+ 0umu =71

We claim that (3.20) has solution. To show that, it is enough to prove that the matrices

511 12 ... Oim i1 12 ... Sim O
81 b2 ... boum ’ So1 S ... Som 0 3.21)
(Sml Bmz . SmM (Sml sz - SmM T

have equal rank. Indeed, denote as C,xm and Dy, (m+1) the matrices of (3.21), respec-
tively. Now we observe that C,, s is the transposed matrix of Bjpsyx,,, SO rankCy,xpy =
rankByxm = R + 1. Since D, (m+1) has one column more than C, %y, the maximum
value of rank D, « (m+1) 1S R + 2. However it is not possible. Indeed, first consider the case
m = M +1.Inthis case, we have det Dy, » (m+41) = ndetAzm_l)XM = mwdetA prx (m—1), Where
A/(m_l)xM denotes the transposed matrix of Apsxn—1). Hence, if rank D, 5 (m+1) = R + 2,
necessarily detD, » (p+1) # 0, s0 detAy < (m—1) # 0, and then R = rankA prx(n—1) = M =
m — 1. But, on the other hand,

rankByswxm = R+ 1 <min{M,m} < M = R,

which is absurdum. Consequently m #* M + 1. Assume m < M + 1. Since R :=
rankA pr s (m—1) < min{M, m — 1} = m — 1, in A py (n—1) there are R rationally independent
columns. In B/, there are R + 1 rationally independent columns, being the last one of
those. Hence in C;, « s there are R+ 1 rationally independent rows, being the last one of those.
Consequently in Dy, x (m+1) there are exactly R + 1 rationally independent rows because if a
new row were rationally independent of the others, then rank D, x (m+1) = R + 2. However,
as the last component of such new row is a 0, it would mean that the rank By, = R+ 2. But
this is a contradiction since rankBysx,, = R + 1. Finally, we analyse the case m > M + 1.
In this case R := rankAp;x(n—1) < M and then in Apsx(n—1) there are R rationally inde-
pendent rows. In Bjsx, there are R + 1 rationally independent rows, being the last one of
those. Hence in C we have R + 1 rationally independent columns, being the last column one
of those. If rank Dy, (m+1) = R + 2, it would mean that the last column contributes to the
number of rationally independent columns. Hence, there is a square submatrix of Dy, x (pm+1),
say E(r+2)x(R+2), that contains the last column, such that detE(r42)x(r+2) 7 0. Since the
last column is of the form

@ Springer

[ SPI

Journal: 13398 Article No.: 1045 [ JTYPESET [_]DISK [_]LE [_]CP Disp.:2021/4/11 Pages: 17 Layout: Small




G
]
]
S
(=W}
-
o
=
+—
=
<

332

333

334

335

336

337

338

339

340

34

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

Essential bounds of Dirichlet polynomials Page 110f 17  _####_

(=]

T

we have detE(R+2)X(R+2) = ﬂdetF(R+1)><(R+1), where F(R+1)><(R+l) is the submatrix of E
obtained by deleting the last column and the last row of E(g2)x(r+2). Hence F(ry1)x(r+1)
is a submatrix of A/(m_l)xM with

detF(r41yx(r+1) # 0.

Then, it means that rankAszl)X y = R+1.Butthisacontradiction because rankA’(mfl)>< =
rankA prx(m—1) = R. Consequently (3.20) has solution. That is, there exists a vector 6 such
thaty; -0 =0,92-0 =0, ..., Y -0 = . Then the conditions (3.9) and (3.10) are fulfilled.
Consequently (3.5) follows. Hence by applying [3, Theorem 3.1], py € Rp,(5) (see (1.6))
and it implies that py = ap,(s). Now the proof is completed. O

In [9, Theorem 3] was proved that if the exponents (the logn ; in (3.1)) of an exponential
polynomial are rationally independents, then the property py = ap,(s) follows. However,
in Theorem 3.2, for assuring that py = ap, (s), it is only needed that log n does not depend
rationally on {logn; : 1 < j < m — 1}. This condition is less restrictive than the rational
independence of the set {logn; : 1 < j < m} as we have seen in a preceding example (see
(3.4)). Therefore the previous Theorem 3.2 generalizes [9, Theorem 3] such as we point out
by means of the following example:

Example 3.2 Consider the Dirichlet polynomial (see (3.4))

931
P =14+30"° 00~% + ——22507°.
2250(8) + +9 + 2550

Since log 2250 does not depend rationally on {log 30, log 900}, the Theorem 3.2 implies that
Ps0(s) satisfies the property py = ap,,5s) = —1 (it can be also checked that (3.5) is
fulfilled for 6 = (r, 7,0)and y; = (1, 1, 1), y» = (2, 2, 2), y3 = (1, 2, 3)). However, as we
saw, the set {log 30, log 900, log 2250} is rationally dependent. Consequently, the property
PN = apy,s,(s) Would not be able deduced from [9, Theorem 3].

In the next result we prove that the exponential polynomials of the class of prime Dirichlet
polynomials satisfy the property py = ap,s).

Theorem 3.3 Any prime Dirichlet polynomial P, (s) satisfies the property py = ap,s).-
Proof We know that any prime Dirichlet Polynomial P,(s) can be written under the form

(3.1) as

m
Py(s) =1+ Zﬁje_slognj, 0<Bj,m=2,

j=1
with positive integers 2 < ny; < np < --- < n, = n with n prime. Let {g1, g2, ..., gL} be
the minimal set of ordered prime numbers that it is necessary to obtain the prime factorization
of the numbers of the set {n1, nz, ..., n,,—1}. Then there are integers 8 > 0,1 < j <m—1,
. Si1 8 8
1 <k < L, such that we can write n; = qulqz"z .. .qL"L. Hence
L
logn; =Y 8 logqu. (3.22)
k=1
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Now, by assuming that logn is rationally dependent of logn;, 1 < j < m — 1, there are
rationals €; such that

m—1

logn = Zej logn;.
j=1

Consequently, from (3.22),

m—1 L
logn =Y "€; ¥ 8jxloggs. (3.23)
j=1 k=1
Sincenisprimeandn > njforalll < j <m—1,itfollowsthatn ¢ {g1, g2,..., qr}. Taking

into account that the logarithms of a set of prime numbers define a rationally independent set,
the coefficient of each logarithm of the left hand side of (3.23) must be equal to the coefficient
of the same logarithm of the right hand side one. But this leads us a contradiction because the
coefficient of logn in the left hand side of (3.23) is 1 whereas the coefficient of logn in the
right hand side is 0. This means that log n is rationally independent oflogn;, 1 < j <m—1.
Then by applying the previous theorem, P, (s) satisfies the property py = ap, (). O

4 A characterization of Dirichlet polynomials in terms of pg = bp,(s)

In the next result we characterize the class of Dirichlet polynomials that satisfy the property
Po = bp,s)-
Theorem 4.1 Given an integer n > 2, a Dirichlet polynomial
— ®j = .
P,(s) =1+ Z m—}-an-ln , o >0, a1 >0, “4.1)
j=p—1

Jorall primes p with p < n, satisfies the property po = bp,(s) if and onlym|+ma+---+m,
is odd, where pi’” . p? 2. pzzk" is the prime factorization of n and py,, being the last prime
not exceeding n.

Proof We first prove the sufficiency. Consider the exponential polynomial

1 aj o —s
j=p

Define a function f : N — C as
fm)y = (Fp)" (f(p)) 2 (f(prp)tm ,m e Nym > 1, f(1) = 1, 4.2)

where f(p) = —1 for any p prime and p{" pr'2 . .. pZ’: being the prime factorization of m.
It is immediate that f is a completely multiplicative function [1, p. 138]. Then, because of
mi+my+---+m is odd, from (4.2), we have

fn) = (=)™ =

This proves that Q,, (s) is an exponential polynomial that is Bohr equivalent to P, (s) (see for
instance [1, Theorem 8.12]). By (1.4), po satisfies

1 =a,_je Mo 4 Z ajePoloelth) (4.3)
j=p—1
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s0 pg is a zero of O, (s). Then by Bohr’s equivalence theorem [1, Theorem 8.16], there exists
azero of P,(s) inevery strip S5 := {s : po—8 < Ns < po}, for arbitrary § > 0. It means that
sup{fis : Py(s) = 0} > po. But bp,(5) := sup{Ns : P,(s) = 0} (see (1.3)), 80 bp,(s) = po.
Then, from (1.5), we infer that p9 = bp, (5). Consequently the sufficiency follows.

Reciprocally, let P, (s) be a Dirichlet polynomial of the form (4.1) satisfying pg = bp,(s).
If n is prime, n = py, and then the prime factorization of n coincides with py,, so m; = 0
forall/ # k, and m; = 1 forl = k,. Hence m| +my + --- +m, = 1 and the necessity
follows in this case. We assume n is composite. Since po = bp,(s) and bp, () € Rp,(s), from
[3, Theorem 3.1], there exists a vector 0 = (01, 02, ..., Oy) with M = k, such that

1+ an_le—pologneiyn_1~0 + Z aje—polog(j+1)eiyj~0 =0, (4.4)
Jj=p—1
where yj, j =1, ..., n— 1, are the vectors defined in (2.5) and p runs on the prime numbers

less than n. From (4.4) we have

1 = |ay,_jerologngivait 4 Z aje oIt iy ol 4.5)

j=p—1
Taking into account that in the right hand side of (4.5) there are k;,, + 1 summands, we put

B ) 1 3 .
aje polog2 ,iy1-6 =k, —aje polog2ety1-9’

n

and write (4.5) as

1= |ay_je logn ,iyn-1-0 + Lale""o log2 ,iyi-6

n

1 , o
+ Z (k*ale_pologze‘yl'e +aje_p°1°g(~’+l)e’yf'9> . (4.6)

n

For instance, for n = 8, the number of primes p < 8, denoted as kg, is 4, namely, 2,3, 5 and 7.
Hence the right hand side of (4.5) has 5 summands and then, for certain 6 = (01, 6, 63, 6s4),
it can be expressed as

_ ; | ; | :
1 = age pglogSezw-9+Zale polog2ezy1-9+1ale pglogZezyl.Q

. 1 . .
+ape " log3 ,iva:6 4 —qje ™ log2 iyt 4 aye P log5 ,iys-0
1 —polog2 Jiy-0 —polog7 iye-6
+Zale 0 et 4+ age™ ™ et

Here, according to the prime factorization of the numbers 2, 3, 5, 7 and 8, respectively, the
vectors y,_1, with p prime less than 8, and y,,_1, for n = 8 (see (2.6)) are

y1 =(1,0,0,0),9 =(0,1,0,0), ¥4 = (0,0,1,0), 6 = (0,0,0, 1), 7 = (3,0, 0, 0).
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Then, from (4.6), we have

. 1 .
1< anilefpolognezykr@ + —qje ™ log2 ,iyi-0

n

+ 2
j=p—-1
j>1

1 _ . _ . .
— e~ Polog2,ivi0 +aje polog(j+1) iy, | 4.7

n

Now, as in Theorem 3.1, we use the property that for any z, w € C with zw # 0, we have
|z + w| = |z| + |w]| if and only if there exists A > O such that w = Az. If there is either a
summand of the form

1 B ) _ , .
—aje p010g261y1-9+aje polog(]+1)ety_,~9 ,

n

forj=p—1,j>1,

or the summand

_ _— 1 _ i
e POIOgnel}/n—lg_'_iale polog2 ,iyi-6

n

Ap—1

such that one has

1 _ _ A
< —aje Polog2 +aje polog(j+1)

n

1 B . _ . .
;ale p010g2etyl9+aje polog(j+1D) ,iy;-0
n

or

_ 1 _
<ay_ie pologn + —aje pologZ’
n

e—rologn yiyn—1-0 4 iale_po log2 ,iy1-0
n

Op—1

then, noticing (4.3), we are led to the following contradiction:
1 < Z aje—pobg(jH)+an_le—p010gn =1.
j=p—1
Therefore, forevery j = p— 1> 1, j =n — 1, there exists A; > 0 such that
e IOBHD i) A_,»kiale*m log2 iy 6

n
Since é“j > 0forall j =p—1> 1land j = n — 1, it means that ¢/Vi=¥D? > 0, so
e'Vi=v)% = 1. Hence
vj-0=y1-0+2ml;,lje€Z, forallj=p—1>1landj=n—1 4.8)

Then e/7i? = &1 for j = p — 1 and j = n — 1, so by substituting it in (4.4) we have

M0 | o _jemPologn Z aje—volog(jﬂ) -1
Jj=p—1

Now, noticing (4.3), we deduce that e"? = _1. Then, y1 -0 = mty, with 1 € Z odd.
Therefore, from (4.8), we get

yj-0=mtj, tj€Z oddforall j=p—1,j=n—1. (4.9)

From (2.6) the vectors y; corresponding to each prime p < n, with j = p — 1, are of the
form

y1=(1,0,...0),»»=(0,1,0,...0),...,%,-1 =(0,0,...,0, 1),
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whereas the vector y,_; corresponding to n, according to its prime factorization, is
Yn—1 = (my,my,...myg,).
Therefore, it follows that
vji-0=0;,j=p—1 and y,—1-0 =m0 +mab + -+ my,b,. (4.10)
Then, from (4.9), (4.10) and (4.8), we infer

Tlp—1 = Yn—1-0
=m0 +mabr + - - -+ my, O, =m0y +mo(61 +2nh) + - --
+my, (01 + 2mly,) = (my +mo 4 ...+ my, )01 + 2nl, forsome [ e Z.
“4.11)

By (4.9) and (4.10), we have y; - 6 = wt; = 01 with t; odd. Now, by substituting 0; in (4.11)
and dividing that expression by m, we get

the1=(my+my+---+m )ty +21, 1 €Z. (4.12)

Then, since t; and #,,_1 are odd, the relation (4.12) implies that necessarily m 1 +mo+-- - - +my,
is odd. Consequently the theorem follows. O

In the next result we prove that all the exponential polynomials of the class Py, (see
Definition 2.2) satisfy the properties (1.9) and (1.10).

Theorem 4.2 Any strict prime Dirichlet polynomial satisfies the properties py = ap,(s) and
0 = bp,(s)-

Proof Let P,(s) be a strict prime Dirichlet polynomial. Then in particular P, (s) is a prime
Dirichlet polynomial, so by Theorem 3.3, P, (s) satisfies the property oy = ap,(s). On the
other hand, P, (s) is of the form (4.1) and since n is prime,n = py, (see the statement of

Theorem 4.1). Hence the prime factorization of nis py, andthenm| =mp = --- =my,_1 =
0 and my, = 1. Therefore, m; +m> + -+ + m, = 1,80 odd. Then, Theorem 4.1 applies
and consequently P, (s) fulfills the property po = bp, ). ]

5 Applications

As an application of the previous results we obtain a characterization of the set of prime
numbers by means of the partial sums of the Riemann zeta function that satisfy the property

PN = A, (s)-

Theorem 5.1 A positive integer n is prime if and only if the partial sum of the Riemann zeta
function &, (s) = Z’}:l J ¥ satisfies the property pn = ag,(s)-

Proof If n = 2, the zeros of {,(s) are given by the formula s, = %{;Z)m, k € 7Z.Then all the
zeros of {»(s) are imaginary, so ag,(s) = 0 (see (1.3)), and py is the unique real solution of
the equation 27° =1, so py = 0 (see (1.4)). Therefore py = ag, () and then the necessity
follows forn = 2. Assumen > 2is prime. Let {, (s) be a partial sum with n prime. Then &, (s)

is a prime Dirichlet polynomial (see Definition 2.1). Therefore, by applying Theorem 3.3,
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n (s) satisfies the property oy = ag, (s)- Reciprocally, suppose that ¢, (s) satisfies the property
PN = ag,(s).- We write

n—1 n—1
) =1+ (+D 7 =14) ¢ *lebth,
j=1 j=1
Hence ¢, (s) is a Dirichlet polynomial of the form (3.1) with 8; = 1 andn; = j +1, for each
1 <j <n—1=m,andn, = n. Then, by applying Theorem 3.1, logn is diophantinally
independent of {logn; : 1 < j < m}. This means that n is prime. Indeed, assume 7 is

m
composite. Then n = p{"'.p5% ... pknk” , where p1, pa, ..., pk, are the prime numbers less
thann and my, my, ..., m, are non negative integers with at least one of them, say m;, with
m; > 0. Then
logn =mlog pi + mplog py + -+ +m, log py,. (5.1)

Sincenj = j+ land 1 < j <n — 1, noticing n is composite, one has py, < n and then
Dk, < n — 1. Therefore

{p1.p2,....pK,} CA:={deN:1<d<n-1}.

Then the expression (5.1) can be written as

kn
logn =Y mjlogp;+ Y Ologd. (5.2)

j=1 d composite €A

But it is clear that (5.2) is a contradiction because it would mean that log n is diophantinally
dependent on {logn; : 1 < j < m}. Then n is prime and consequently the theorem follows.
]

Remark 5.1 We point out that the necessity of the above theorem could be also obtained as a
consequence of a result contained in [6, Proposition 5]. Indeed, there it was proved that for
n prime one has

sup{o : G,_1(0) =n°} = sup{o : G, (s) =0}, (5.3)

where G, (s) := 1 +2° + --- + n®. By Pélya Criterium [13, p. 46], G,,—1(0) = n° has
only one real solution. Then, noticing that the nth partial sum of the Riemann zeta function,
Ln(s) = Z'l’-:l J 7%, is such that ¢,(—s) = Gp(s) for all s € C, from equality (5.3), it
follows that —py = —dag,(s)> SO PN = dg,(s)-
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