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Abstract

In this paper we associate with an infinite family of real extended functions
defined on a locally convex space, a sum, called robust sum, which is always
well-defined. We also associate with that family of functions a dual pair of
problems formed by the unconstrained minimization of its robust sum and the
so-called optimistic dual. For such a dual pair, we characterize weak duality,
zero duality gap, and strong duality, and their corresponding stable versions,
in terms of multifunctions associated with the given family of functions and a
given approximation parameter ¢ > 0 which is related to the e-subdifferential
of the robust sum of the family. We also consider the particular case when
all functions of the family are convex, assumption allowing to characterize the
duality properties in terms of closedness conditions.
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1 Introduction

Given a locally convex Hausdorff topological vector space X and an infinite family
(fi);er of functions f; : X — R := RU {400} for all i € I (situation in the sequel
denoted as (f;);c; C (Rso)™) of objective proper functions, we are concerned with the
uncertain problem of minimizing a finite but unknown sum of the objective functions
fi- Adopting the robust optimization approach under uncertainty (see [4], [7], [8], [13]),
and taking the set F (I) of non-empty finite subsets of / as uncertainty set, the robust
counterpart of this uncertain problem is

RP inf su i (). 1.1
RP) nf s YA (11)
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This kind of problem arises in situations where one must minimize the robust-L,
(pseudo) norm function ||h||, defined on X by

1A, () == [ sup Zm ]p_ sup [Zm GROO,

JeF(I ZEJ JeF(I) e

for any infinite family h = (h;);e; of functions h; : X — R,i € I, and p > 1. Since
the exact value of ||h||, can hardly be computed, in practice it should be replaced

by the maximum of [>°,_; [h;|” } for a sample of non-empty finite sets J picked at

random from 7. This way, [ZZE 5 |hal? } Z can be interpreted as an uncertain function
with uncertain parameter J ranging on the uncertainty set F (I).

As a first example, in the extension of the classical least squares linear regression
model (see, e.g., [1, Subsection 3.2.1]) to the case of infinite point clouds {(¢;, s;), i € [} C
R2, when the shape of the latter set suggests a linear dependence of magnitude s with
respect to magnitude ¢, the problem consists in computing the ordinate at the origin,
x1, and the slope, x4, of the line s = x1 + xot better fitted to that set. To find it, one
should minimize ||h||3 (21, 22) on R2, where the i—th component of the residual func-
tion h, is h; (1, z2) := x1 + x2t; — s;, © € 1. In the terminology of robust optimization,
the uncertain objective function ), |h; () |* at x represents the sum of squares error
for the line s = x; + x4t relative to the finite point cloud {(¢;, s;), i € J}, the worst-case
objective function sup jezy > ;e s [P (z)|? is the least upper bound, for J € F (I), of
the errors corresponding to that line, and a robust optimal solution of (RP) is a best
infinite regression line for the point cloud {(¢;, s;), i € I}.

A second example comes from the search of a best approximate solution to an incon-
sistent system {(a;,z) < b;, ¢ € I} in R". Denote by h (z) the residual of x € R, i.e.,
h; (z) := max {(a;, z) — b;.0}, i € I. When [ is finite, the minimization of the L, norm
of the residual vector h (z) on R” is a convex optimization problem [1, page 120] that
can be reformulated as a linear programming problem for p € {1, 00} by using the lin-
earization technique described in [1, Subsubsection 1.1.5.4] or directly solved by means
of ad hoc numerical methods for p = 2 (see [16] and references therein). Assuming that
I is the union of a discrete set with a finite union of pairwise disjoint boxes as well as
the continuity on these boxes of the function i — (a;, b;), [10] analyzes the minimiza-
tion of the components of the residual function h, involving integrals whose existence is
guaranteed by the continuity assumption. One can get rid of any assumption on [ and
the function i — (a;, b;) by considering the minimization of the robust pseudonorm
function ||h (z) ||, for an arbitrary infinite set /, in which case an optimal solution of
(RP) provides a best robust-L,, approximate solution of {(a;,z) <b;, i € I}.

The third example is an extension of the classical Markowitz [15] portfolio model,
which is based on historical return data allowing to estimate the expected return and
the expected variance (identified with the risk) of each portfolio. We now briefly de-
scribe Markowitz’s model. The decision maker (DM) tries to invest, in an optimal way,
a unit of capital into a finite set I of assets with expected return r;, 7 € I, and estimated
covariance v;; of the returns of assets ¢, j € /. In the absence of other constraints, the



DM has to decide the amount x; to be invested at asset ¢ € I, so that the expected

return ) r;z; is maximized while the expected variance ) v;;z;x; is minimized. In
iel ijel
other words, she must solve the ordinary bi-objective problem

(Pl) max Z?"iﬂﬁi

el

min Z Vi il
1,5€l

s.t. le S 1,
el
z;>0,i€ 1.

This model implicitly assumes a quadratic utility (or risk) function, but there exists
a wide literature on utility functions in portfolio models [12]. Taking into account
the almost unlimited number of existing assets in the global economy, it is natural to
replace (P;) by the following bi-objective infinite dimensional optimization problem
involving robust sums of linear functions and quadratic forms:

(P2) min  supjerm) 2 ies (—7iti)
Min - SUPgeermz) D jyek Vi it
st SUPjermy Dics Ti < 1,
ZT; Z O,Z € N.

It is worth observing that this third example involves a problem of minimizing a vector-
valued robust sum function under some constraints. In this paper, however, we consider
only unconstrained scalar problems. The class of vector robust sum problems with
constraints will be considered in another work.

The aim of this paper is to establish some duality principles for the problem (RP)
and to characterize in various ways the zero duality gap property. We call robust sum
of the family (fi),.; C (R)”, represented by Zfe] fi + X — R, the objective
function of (RP), namely,

The term “robust sum” is not new in the literature, but it has been only used in the
framework of the uncertain optimization of finite sums (see, e.g., 2], [5]).

In the case where all functions f; are non-negative,

Z,.P;I fiz) =) fi(x):= lim ) > fila),Vr e X, (1.2)
ieJ

JeF(
el (

where the limit is taken respect to the directed set F (I) ordered by the inclusion
relation. The advantage of the robust sum Zi ; Ji in comparison with the infinite
sum Yy ., fi is that Zf;] fi (x) is well defined for each x € X while ) ., fi (+) may
not exist (see Remark 2.1 and Lemma 2.6 below). Formulas for the subdifferential of
> icr fi in the case that all functions f; are continuous have been given in [18] and



[19, Proposition 2.3], while duality theorems on infinite sums of proper, convex and
lower semicontinuous (Isc in short) functions can be found in [14, Section 3]. The
mentioned subdifferential formulas and duality theorems for ). ; f; have been used
in [19, Proposition 2.3] and [14, Section 5] to obtain error bounds for convex infinite
systems and optimality conditions for convex infinite programs, respectively.

Throughout this paper we assume that all functions f;, i € I, are proper, as well as
their robust sum f := Zfe ; fi- The paper is organized as follows. Section 2 introduces
the robust sum of an infinite family in R, and analyzes its relationship with the infinite
sum of the family. Sections 3, 4 and 5 provide results characterizing weak duality, zero
duality gap, and strong duality, for the robust sum of a family of arbitrary functions,
respectively, in terms of multifunctions associated with (f;),.;. Section 6 analyzes
the robust sum under the assumption that (f;),.; is a family of proper, Isc and convex
functions; the main result of this section is Theorem 6.1, which characterizes the strong
zero duality gap of f under a closedness assumption instead of e-subdifferentials and
epigraphs of the family of corresponding conjugate functions, as in [14, Theorem 3.2]
for .., fi- Example 6.1 shows that the properness of a family of continuous affine
functions (f;),.; does not imply the properness of its robust sum and illustrates the
checkability of the conditions involved in the duality theorems. Finally, Section 7
provides a stable zero duality theorem for the infinite sum of proper, Isc, and non-
negative convex functions (as in the above infinite regression problem).

2 Some rules for the robust sum

We associate with a given infinite family of extended real numbers (a;),.; (situation in

iel
the sequel denoted as (a;);.; € (Roo)") its robust sum

ZZ} a; == sup Zaz, (2.1)

JeF(I) ic]

together with its inferior and superior limits,

lim inf a; == sup inf a;,
J€.7:(I) ; Je]:(])JCKE]:(I)Z

€K
and
lim sup a; == inf sup a;,
JeF(I) ; JeF(I) JCKE]—'([)leZK
respectively.

Lemma 2.1 One has

—00 SuD a.; < E —"—OO 2.2
< : p 7 i I = ) ( )
a/nd
— <1|“|l|lf i < E . 2.3
oo ) a; i = ( )



Proof. Let j € I. Setting J = {j} in (2.1) we get

R
—00 < a; < Zidai < 400

Taking the supremum over j € I, (2.2) holds true.
Let J € F(I). We have

R
—00 < 1nf a; < a; a; < 400
KE]: Z_Z v Zie[ Z_+

ieJ

Taking the supremum over J € F (I), (2.3) holds true. 1

We also define the infinite sum of the family (a;);.; as

icl

provided that the unconditional limit thrﬂ_nj > iy @ exists as a member of R, i.e.,
S

—oo < liminf a; = llmsupZaZ < 400.

Jer ) ieJ JeFI) ey

In the case when (;),.; € [0, +oc]", we have

OSZZ}ai:Zai < +o0.

el

For each 6 € R we consider #' := max {#,0} and #~ := max {—6,0}.

+
Lemma 2.2 (Zf;lal) :Zlel =Y a.

el

Proof. Since a; < a;r and a;“ > 0 for all 7 € I, we have

Zzela < Zze] i Z +

el

+
Since >,.;a > 0 we obtain (ZZGI > < Y icrai . Let us prove the reverse in-
equality. Let J € F(I)and K; :={i€ J:a;>0}.If K; =0 then y,_;af =0 <
+
<ZR ai) . If, alternatively, K; # ) then

el
n
ngaz—‘i_: Zal<zz€] - (Zzelaz) ‘

ieJ €Ky



+
In both cases we have Y, ;a < (Zf; / ai> , and, since J € F (I) is arbitrary, we

obtain
R

"
Za;r - Zie[ a;r < <ZiREI a,) ’

iel
and the proof is complete. §

As an immediate consequence of Lemma 2.2 we have:

Lemma 2.3 One has A

Zielai E]R(:)Za;“ < 400.

el

Lemma 2.4 Next statements are equivalent:

(i) supa; > 0.
el

(ii) S0 a; > 0.
R
(”Z> Zie[ a; = Zie[ aj'

Proof. One has [(i) = (i1)] by Lemma 2.1 and [(ii) = (7)] by Lemma 2.2. Assume
now that (i) does not hold, i.e., there exists ¢ > 0 such that a; < —¢ for all i € [.
For each J € F (I) we have ) ._;a; < —¢ x card J < —e¢. Since J is arbitrary we get

Zfa a; < —e and (7ii) does not hold. So, [(ii7) = (i)] and the proof is complete. &

Lemma 2.5 One has

R Zie] (l;‘—7 Zf S‘u? a; Z 07
o i€ 2.4
Zie] @i sup a;, if supa; <0. (24)

il il
Proof. If supa; > 0, (2.4) holds by Lemma 2.4. Assume now that supa; < 0. By
il icl
Lemma 2.1 we have just to check that Zf;l a; < sg) a;. Let J € F(I). Picking j € J,
we have
> a; < a; <supa,
icJ iel

and, since J is arbitrary, we are done. 1

Remark 2.1 We note that ZZP; 7 a; always exists in R, while Zie 1 @; may not exist in

R. This is for instance the case when I = N and a; = (—1)i ora; = (2—1)1 In both cases
we have ), ; a; = 400 and, by Lemma 2.3, Zil a; = +o0, while there are subnets

of {Zze 7 ai} JeF(D) converging towards distinct limits, so that ), , a; does not exist in

R. However, in the case when Zﬁ[ a; €R, >, a; does exist in RU{—o0} as the next
lemma shows.



Lemma 2.6 Assume that ZZE I

+00, and in the first case it holds ) ..,

a; € R. Then either Y, .;a; < +o0 or ), a; =

a; € R while in the latter one, ). ; a; = —00.

Proof. Since Zf;[ a; € R, Lemma 2.3 says that ), ; a;" < +o0.
Assume that > ., a; < 400. Then,

el Vi

DD DR CETIEDY

a’ — a, = a—a; )= a; € R.
Zie[ v iel z’el( ¢ ") iel "

Assume that ), , a; = +oo and let us prove that ), , a; = —o0.
Let r € R and s := ZZE] ;€ R. There exist Jy, Jy € F (I) such that,

VieF(I), hcJ = Z,gajgsﬂ,

VieF(), JoC J:>Zieja; >s+1—r.
Thus, for each J € F (I) such that J; U Jy C J, we have

E a; = g a; — E a; <r,
icJ ieJ ieJ

which means that =—00. i

ZGI

Example 2.1 Let [ =N and, for each i € I,

B { %2, if 1 1s even,
a; =

—21, if i is odd.

By Lemma 2.5 we have Zi[ = 0 = ’2r—2 and, since ) ., a; = +00, by Lemma
2.6, we have ), a; = —00.

3 Weak duality

We now introduce the notation that will be used in the rest of the paper. The topo-
logical dual space of X is denoted by X*. We denote by Ox and 0% the null vector of
X and X*, respectively. The closure of a subset A C X will be denoted by A and the
same symbol will be used for the closure of a subset of the dual space X*.

Given a function h € EX, its domain is the set domh := {z € X : h(z) < +oo}
its epigraph is epih := {(z,r) € X x R : h(z) < r}, its strict epigraph is ep1 h :
{(z,r) € X xR : h(z) < r}, and its Fenchel conjugate is the function h* € R such
that h*(z*) := sup{(z*,x) — h(x) : x € X} for any z* € X*. Moreover, the Isc hull of
h is the function 7 € R whose epigraph epi h is the closure of epih in X x R.

Given € € R, we denote by [h <¢] := {x € X : h(x) < e} the lower level set of h at
level €. The definition of the strict lower level set [h < €] is similar.



Given € > 0, we define the e—minimizers of h as

. {{xeX:h(x)ginfh—l—e}, if infh € R,
€ —argminh := ; X X

, else.

Given a € X and € > 0, we denote by

O h(a) = { é)iz: € X* : h(z) > h(a) + (z*,2 —a) —e,Vo € X}, ;flsiéfa) € R,

the e—subdifferential of h at a. For ¢ = 0 one sets Oh(a) instead of 9°h(a). By definition,
0°h : X = X* is a multifunction whose inverse multifunction we denote by M°®h :
X* = X. For each 2 € X™ one has

Meh(z") = { e —argmin(h — z*), if h*(z*) € R,

] 0, else.

The multifunction M<h(-) will be of a crucial importance in the paper. Notice that,
with the rule (+00) — (—00) = (—00) + (4+00) = 400, one has

r € M°h(z") <= 2" € O°h(z) < h(x) + h*(z") < (", x) + ¢. (3.1)

We are now turmng back to the problem (RP) defined in (1.1) by an infinite family
(fi)ier € (R ) of proper functions with f = ZZE ; fi, which is assumed to be proper
as well. Note that as the functions f, f; are proper, the conjugate functions f*, f7,
1 € I, never take the value —oo.

For each z* € X* consider the dual pair of problems

(RP;-)  inf[f(x) — (2", 2)],

zeX

(RD,) sup  — Z fi(z
JeF(I) py
(z})ies€(X*)’
DiesTi=e"

It is clear that (RP) is nothing else but (RPy,. ) and from now on, we will write (RP)
and (RD) instead of (RPy,.) and (RDy,. ), respectively. Note that (RD) is nothing
but the optimistic dual problem of (RP).

Let us now introduce the function ¢ : X* — R defined as
. X* J x % * *
o (x* .—Jell}f {Zf (2]) ey € (X7) ,inx},Vz‘ e X"
i€J
Then it is clear that for each z* € X*,

inf(RP,«) = —f*(z*) and sup(RD.:) = —p(z*).



Proposition 3.1 (Weak duality) For each x* € X* we have
—00 < sup(RD,+) < inf(RP,+) < 400,

or, equivalently,
—o0 < f*(z%) < p(z¥) < 4o0. (3.2)

Proof. Since f is proper, its conjugate does not take the value —oo. Let z* €
X Je F), (x)),c; € (X*)J,Za:;‘ = 2*, and r € X. One has to check that

icJ
(x*,z) — f(z) < Z 15 (zF) . By definition of f we have
icJ
Y@= (afa) — fi(@) = (@ma) =Y filw) 2 (@ x) = f(2),
ieJ ieJ ieJ

as by the definition of f, Z,EJ file) < f(x)forallz € X. n

4 Zero duality gap

Definition 4.1 We say that the robust sum problem (RP.«) has zero duality gap at a
gwen x* € X* if
inf(RP,+) = sup(RD,+), (4.1)

(or equivalently, f*(z*) = ¢ (x*)). If (4.1) holds at each z* € X*, we will say that
(RP.+), seen as a parametric problem, has stable zero duality gap.

The characterization of the zero duality gap involves two mutually inverse multifunc-
tions associated with the given family of functions (f;);.; with robust sum f.

For each a > 0 let us define S¢ : X = F (I) such that

0, else,

5% () ::{ {JeF): f(x) <X, filz)+a}, ifredomf,

and T7 : F (I) = X such that

T (J) = {x E€dom f: f(x) < Zilei (:1:)—|—a}.
So, for any (z,J) € X x F (I) we have
J e St (z) =z eTf(J).

We first characterize the zero duality gap at a fixed 2* € X* and then the same
property on the whole of X*, i.e., the so-called stable zero duality gap.



4.1 Zero duality at a given linear functional

Let us now put in light a necessary condition for the robust sum problem to have zero
duality gap at a given z* € X*. So, assume that

[r@") =z p(a") eR (4.2)
(see the weak duality (3.2)) and let € > 0. For any > 0 and = € M® f(x*), one has
f) = ("o < —f* (@) +e < —p(@") +e+n.

Then, by definition of ¢, there exist J € F(I) and (7)., € (X*)” such that

ZiEJ z; =z and Z
fla)— (@ m) < =) fr (@) +e+n.

ieJ

This last inequality can be rewritten as

[f (@) =) filw)

icJ

+ Y Ufi(@) + f7 (2]) = (af,0)] S e+,

e

All the above brackets being non-negative, there exists (a, (g;) ) € Ry x R such

that o+ >, &; = +nand

ieJ

fl@)=) fi(w) Saand fi(2) + £ (2}) = (2}, 2) < epi €.

ieJ

In other words,
v e Ty (J) and v € M® f(x7),Vi € J. (4.3)

Hence we have quoted that for any = € M* f(2*) and any n > 0, there exist J € F (1),
(27);es € (X*)” and (v, (€4);c5) € Ry xRY such that ZZEJ i = a8 =+
and (4.3) holds.

Thus, if (4.2) holds, then, for any € > 0 we have M¢f(z*) C N¢f(x*), where the
multifunction N°f : X* = X is defined, for each z* € X*, by

Nef(z*) = ﬂ U U U (TJ? (J) ﬂ (ﬂ Mazf(x:)>> . (4.4)
7]>0 JeF(I) (;L-;‘)ieje(x*)J (a!(si)ieJ)ER+ XRi il
Ties wp=a* atiegei=etn

Since M¢ f(z*) = 0 when f* (z*) ¢ R, we can state:

Lemma 4.1 If (RP,+) has zero duality gap at z* € X*, then

Mef(x*) C Nef(z"),Ve > 0.

10



It turns out that the reverse inclusion always holds:

Lemma 4.2 For any x* € X*, it holds

Mef(z*) D N f(x*),Ve > 0.
If, moreover, f*(x*) = p(x*), then

Mef(2*) = N°f(a*), Ve > 0.

Proof. Let € > 0 and x ¢ M®f(x*). If f (z) = 400, then, by definition of T (.J) , we
have T¢ (J) = () for any (o, J) € Ry x F (I). Consequently, x ¢ N°f(z*) = 0.
Assume now that f (z) € R. Since x ¢ M*® f(x*), there exists > 0 such that
flo)+ @) = @ 2) > e+ (4.5)

Let us suppose now that x € N°f(z*). Then, there exist J € F (I), (z7),c; € (x*)”,
and (a,(g;),c;) € Ry x Ry such that Ziejx;‘ =2 a+) ;& = €+mn, and
z e Ty (J)N (Nics M= f(7)) . By definition of ¢ we thus have f*(z*) < ¢ (z*) <
Z~ sz‘* (x}) and, so,

1€

P+ @) - ) < (1) = H@)] + S0 @)+ ) - ata)
Sa+) . 8=+, <

which contradicts (4.5). So, z ¢ N¢f(z*) and we are done. 1

We now observe that the converse statement in Lemma 4.1 always holds. In fact, we
can prove a little more:

Lemma 4.3 Let 2* € X* and assume that there exists € > 0 such that
Mef(z*) C Nef(z"),Ve €]0,2[.
Then f* (x*) = ¢ (z*).

Proof. We have just to check that ¢ (z*) < f* (2*). This is obvious if f* (z*) = +o0.
Assume now that f* (z*) € R. Let us assume that ¢ (z*) > f* (2*).

There exists € € ]0,2[ such that
o (z*) > f*(x") + 3e. (4.6)

Let us pick x € Me¢f(z*), which is non-empty since f*(z*) € R. By hypothesis
r € N°f(x*) and, by (4.4), with n = ¢, there exist J € F(I), (2}),.; € (X*)J, and

11



(v, (€1);e;) € Ry xR such that ZZEJ vi = a+) 6 =2 f(x)=) i, fi(x) <
a, and f; (z) + fF (xf) < (a},x) + &, for all i € J. We thus have
—fr (@) < fl) = (a7, x)
— 1@ - £ 40|+ DU+ 7 ) - fat)] = X1 )

icJ

icJ icJ
<o+ Ye—3 @)

= icJ
S 26 — @ (l’*) )

which contradicts (4.6). So, ¢ (z*) < f*(2*), which together with the weak duality
shows that ¢ (z*) = f* (z*) and we are done. 1

We now state the main result of this section.

Theorem 4.1 (Zero duality gap) Let (f;);.; be a family of proper functions with

f= ZZ 7 fi proper, and let x* € X*. The next statements are equivalent:
(1) (RPy+) has zero duality gap,
(i1) Mef(z*) = Nef(z*),Ve >0,
(i13) There exists € > 0 such that
M f(z*) = N°f(z*),Ve €]0,2],
(iv) There exists € > 0 such that
Me f(z*) C Nef(z*),Ve €]0,2[.

Proof. Lemma 4.2 says that [(¢) = (i7)], while [(ii) == (4¢7)] and [(iii) = (iv)]
are obvious. Finally, [(iv) = (¢)] is Lemma 4.3. 1
4.2 Stable zero duality gap

We now characterize stable zero duality gap for the robust sum problem. To this
end, let us introduce I f := (N*f )~!, i.e., the inverse multifunction of N¢f. One has
I°f : X = X* and, for any (z*,z) € X* x X,

gt €ll°f () <= x € N°f (2").
The next explicit formula holds:

Lemma 4.4 For any (z,¢) € X x R, we have

rf@= U U U Y on@. (47)

n>0 0<asetn JESF(@)  (g),.,€R] €]
ZieJ gi=etn—«

12



Proof. By (4.4) we have z* € II°f (z) if and only if for any > 0 there exist
J e F(I), (x7),, € (X*), and (a, (64);e;) € Ry x R such that Z‘GJI: = 1z,
a+ 8 =c+n xeTf(J) (ie, J € SF(x)), and z € [, M fi(x]) (ie,
xf € 0% f; (x) for all i € J). This exactly means that z* belongs to the set in the right
hand side of (4.7). &

Lemma 4.5 For any (z,e) € X x R, one has
[Ef(x) cof(x).

Proof. Let z* € 1I°f (z) . We have z € N°f (2*) and, by Lemma 4.2, x € M®f(x*),
that means z* € 0°f (x). 1

We now characterize the stable zero duality gap for the robust sum problem.

Theorem 4.2 (Stable zero duality gap) Let (f;);;
with f = Zf; ; [i (z) proper. The next statements are equivalent:
(i) [*(27) = ¢ (27) V2" € X7,

(it) O°f (z) =1I°f (x),¥ (z,e) € X x R4,

(i43) There exists € > 0 such that

be a family of proper functions

0 f (2) = IFf (2) ¥ (.2) € X x 0,2,
(iv) There exists € > 0 such that
Ff(x) CIFf(z),V(x,e) € X x]0,2].

Proof. [(i) = (ii)] Let (z,e) € X x R,. We know that z* € 9°f (x) if and only if
x € M®f(x*). By Theorem 4.1, M® f(x*) = N¢ f(z*). So,

e df(r)<=re Nf(a") <= a" €lI°f (v)

and (77) holds.

[(i1) = (417)] and [(#i1) = (iv)] are obvious.

[(vi) = (i)] Let (z*,¢) € X* x ]0,€[ and z € M®f(z*). We have * € 0°f (x) and,
by Theorem 4.1, x* € II°f (x) , that means x € N¢f(z*). So, M® f(z*) C N¢f(z*) for
any ¢ € |0,2[, and, again by Theorem 4.1, f* (z*) = ¢ (z*). &

5 Strong duality

Definition 5.1 We say that the robust sum problem (RP.+) has a strong zero duality
gap at a giwen x* € X* if there exist J € F (I) and (z7),., € (X*) such that z* =

Z x; and
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inf(RP,+) = Zf = sup(RD,+). (5.1)

1€J
If the above condition holds at each x* € X* we will say that (RP,+) has a stable strong
zero duality gap.

To characterize the strong zero duality gap of the robust sum problem (RP,), let us
fix some notation first. Given x* € X*, ¢ >0, J € F(I), (2}).es € (X*)”, define

U T ()N (Niey Mo f (7)) ifZ]x;k = z*,
3 *\ L, a,(g;); R, xRY ic
B(J’(mz)ieJ)f(x ) T ( (a-!—)ZGzJE?]i@;Ls *
0, else.

Theorem 5.1 (Strong zero duality gap) Let (f;),c; be a family of proper functions

with f = ZZ ; fi proper, and let x* € X*. The next statements are equivalent:
(1) The robust sum problem (RP,«) has a strong zero duality gap,

(i1) 3J € F(I), (x})ies € (X*): Mef(z*) = B(ai(mj)iej)f(x*), Ve >0,

(iii) There existz >0, J € F(I), (})ies € (X*)? such that

Maf(x*) = B(EJ7($;)i€J)f($*), V€ € ]O,g[, (5.2)

Proof. [(i) = (ii)] By the very definition of B{; (@?); f(@), (4.4), and Lemma 4.2
we have

Uetenf @) C© Nef(z*) C M*f (%),
Let x € M®f(z*). By (i) there exist J € F(I), (})ies € (X*)” such that ), z} = z*

and
> f(] z*) < (2%, z) — f(z) +e

e
Consequently,

S FED + file) = o) | + [f@) =Y fil)| < e
ieJ icJ
Since all the above brackets are non negative, there exist (a, (¢;);) € Ry x R such
that f(r) — > ;c; fi(z) < «, that means z € Tf(J), a + ) ,c;& = ¢, and for each
1€ J,
fz*<x;k) + fZ(ZE) - <IL‘:,ZL’> < &
that means © € N, M® fi(z}). So x € B&(x;)ig)f(x*) and (i7) holds.
[(i1) = (i77)] is obvious.
[(i19) = (7)] Assume that (i7i) holds. So, there exist € > 0, J € F(I), (z})ics €
(X*)7 such that (5.2) holds. Let us first prove that »_,_; f(z}) < f*(2*). Assume the
contrary, i.e., there exists ¢ > 0, that we can choose ¢ < €, such that

(@) +e< Y fra) (5.3)

e

14



We have f*(z*) € R. Picking z € Mef(z*) which is non-empty, we have z €
BfJ’(xZ)ieJ)f(a;*) and hence, there exist (a, (g;);) € Ry x Ry such that o+, ;& = ¢,
Yoics i =a and v € TF(J) N (Nies M= fi(x7)). Then

dofr@) < Y ) — filr) +a] = (@tw) =D file)+ ) e

ieJ icJ icJ icJ
< (@h o) — f(o)+a+ Zei = (x*,x) — f(x)+¢
icd
< @) +e,

which contradicts (5.3). We then have

pla*) <D [ (@) < fo(@7) < pla).
icJ
So, p(x*) = > .o, fi(x)) = f*(a*) with ), , o7 = =¥, that means that (i) holds.
In order to characterize the stable strong zero duality gap for the robust sum problem
(RP,+), let us introduce, for each € > 0, the set-valued mapping N¢f : X* =2 X defined
by
NS f(a®) = U Blytyiend (@), Va* e X7,

Jef(l),(m;)ieJe(x*)J

Yiegzi=z*

and its inverse II5f : X = X*. For each (z,2*) € X x X* one has
a2t ellif (z) <= 2z e N;f(z").

More explicitly one has straightforwardly, for each x € X,

r@=U U U Donw,

0<a<e JES?(m) (Ei)ieJeRi e

2icgEi=E—

where S¢ (z) = {J € F(I) : > i, fiz) + a > f(x) € R} as in Section 4. We have
NS f(a") C (N°f)(a") € (M*f)(z7),
and, passing to the inverse multivalued mappings,

(IEf)(x) C (IIFf)(z) C O° f(x), Vo € X, Ve > 0. (5.4)

Theorem 5.2 (Stable strong zero duality gap) Let (f;),.; be a family of proper
functions with f = ZZRE ; fi proper. The next statements are equivalent:

(1) The robust sum problem (RP,+) has stable strong zero duality gap,

(i) O°f (x) = II5f (x) ,V (2,6) € X X Ry,

(13i) T2 > 0: 0°f (z) = TIEf (x) ,V (z,e) € X x [0,2].
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Proof. [(i) = (4i)] We only have to prove the inclusion “C" in (ii). So, let z* €
O f(x). By (i), there exist J € F(I), (})ics € (X*)” such that }_,_; 2} = z* and

D fE) = @) < (ot a) = fa) +e

e

Consequently,

> [+ filw) = o) + [f) = D fr(ad)] <

ieJ ieJ

and there exist ((¢;)ies, @) € RY xR such that f7(z})+f;(z)—(x}, z) < e, foreachi € J,
f(z)=3c, filz) <a,and a+) ", ;& =e. Wethushavea* =3, ;a7 €. 0 fi(x)
with 0 < a <e, J € S§(z), and ), ;& = € — a, that means x* € (II{f)(x), and (ii)
holds.

[(i1) = (i73)] is obvious.

[(i11) = (1)] Let a* € X*. If f*(2*) = 400 then p(z*) = +00 and f has obviously a
strong zero duality gap at z*. Since dom f # () we have f*(x*) # —oo and it remains
to consider the case f*(z*) € R. Pick x € MF®f(x*) which is non-empty, and set
e = f*(z*) + f(x) — (z*,z). One has ¢ € [0,g], * € 0°f(x) and, by (iii), there
exist a € [0,¢], J € S¥(x), (2])ics € (X*)7, (€i)ics € R such that o+ 3", ;& = ¢,
Y ics i =", and x; € 0% f;(x) for each i € J. We thus have

pla) < Y f@) <Y (@) - filw) +

icJ icJ

= (e 2) =) filr)+ ) e
icJ icJ

< (zfz)— f(r)+a+ Z&?i

icJ

= (¢ x) = f(x) +e= [(2") < p(a7).

Consequently, f*(z*) = >, [ (x}) with J € F(I) and )., x; = z*, that means f*
has strong zero duality gap at z* and we are done. 1

6 Duality for the robust sum of closed convex func-
tions

Denote by co A the convex hull of A C X* xR, by A its closure w.r.t. the w*—topology
and by €0A its w*—closed convex hull. We also denote by I" (X) the set of all proper
convex lsc functions on X. In this section we assume that

(fi)iey CT'(X) and dom f # 0 (6.1)

(recall that f = Zf;[ fi)- We thus have f € I'(X).
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Let us introduce the set

U Ziejepifi*7

JeF(I)
which is related with the function
- X* J x % * *
o (z* ‘_Jél}f {Zf (@]) ey € (X7) ,;xi—x},%@ e X",
by the (easily checkable) double inclusion
epiy ¢ C A Cepip. (6.2)
Thus,
coA = coepip. (6.3)
Lemma 6.1 Assume that (6.1) holds. Then ¢* = f and epi f* = coA.

Proof. We have ¢ = Jg;f[) (Lies f7), where

Oics f7 ( 1nf{2f :fo:x*},Vx*EX*,

1€J ieJ

is the infimal convolution of the finite family of functions {f*,i € J} . So,

ot = suwp (Dicsf7)" = sup > fr*= sup Zfz—

JEF(I) JeF(I) =S JeF(I) g
For the second statement, one has f* = ¢** and, since f* is proper, epi f* = epi p** =
coepip = oA (the last equality follows from (6.3)). 1
To go further let us recall the following notions (see, e.g., [3], [6], and [9]).

Definition 6.1 A subset A C X* x R is said to be closed (respectively, closed convez)
regarding another subset B C X* xR if BNA = BN A (respectively, BNt6A = BNA).

Theorem 6.1 (Strong zero duality gap under convexity) Assume that (6.1) holds
and let x* € X*. The next statements are equivalent:

(1) The robust sum problem (RP,«) has a strong zero duality gap,

(17) A is closed convex regarding {z*} x R.

Proof. Assume that f* (z*) = +00. By Lemma 6.1, we have ({z*} x R)NcoA = 0
and (iz) holds. By Proposition 3.1, ¢ (z*) = 400 and (¢) holds too. So, in this case,
both statements (i) and (i7) hold. Thus, we can assume that f* (z*) < +oc.

[(i) = (i7)] Let r € R be such that (z*,r) € co.A. By Lemma 6.1 we have f* (z*) <r
and, by (i), there exist J € F (I) and (z}),., € (X*)” such that Z xf = x* and
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Z o f# (z¥) < r. From this last inequality, there exists (r;).., € R’ such

that fi (xf) <y, for all i € J, and Z,GJ r; = r. It follows that

(x*,r) = Z (xf,r;) € Zepi ffe A

ieJ ieJ

e

[(i1) = (4)] Since f is proper we have r := f* (z*) € R and, by Lemma 6.1, (z*,r) €
coA. Then, by (i), (z*,7) € A and there exist J € F(I), (z}),c, € (X*)”, and
(r:);c; € R’ such that Zx = z* Zrl =r, and f*(z7) < r; for all ¢ € J. Then,

icJ icJ
again by Proposition 3.1, we have

<SS REE S == ) < o),

e ieJ

that means that (7) holds. ]

Since A is closed convex if and only if it is closed convex regarding {z*} x R for all
r* € X*, we have:

Corollary 6.1 (Stable strong zero duality gap) Assume that (6.1) holds. The
next statements are equivalent:

(i) The robust sum problem (RP.«) has stable strong zero duality gap,

(i1) A is closed and convez.

We now consider the simple, but non-trivial case that (f;),.; is a family of affine
functions with a proper robust sum f.

Example 6.1 Let

fi:(af,->—ti, (CL;, ti)EX*XR, \V/iEI,

be a family of continuous ajﬁne functions. According to Remark 2.1, if af = 0% for

all v € I, we may have f = Zlel( ti);c; = +00 or not depending on the given family

(ti);c; of real numbers; in particular, by Lemma 2.5, f is finite whenever 1n§ t; > 0.
1€

So, to ensure the properness of f = Zlel fi, we suppose the existence of T € X and
M € R such that
> (a7 —t;) <M, VJ e F(I). (6.4)

icJ

For each i € I, we have f; = dq: + t;, where 6, : X* — RU{+o00} represents the
indicator function of aj, i.e., 0.+ (v*) = 0, if ¥* = a, and d,: (2*) = +00, otherwise.
Defining A : F (I) — X* such that A(J) = .., af, the functwn © writes

¢ (x*):= inf th, Vot e X7,

JeA—1(x*)
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The robust sum problem (RP,+) has a zero duality gap means that

inf sup Z ((af —a*,2) — t;) = Sup Zt (6.5)

r€X JeF(I) p JEA-L( Py

We note that, given € > 0,

: * ok
if 2* =aj,

, else.

Me fi(z*) = { gQ

Consequently, from (4.4),

Nfa =) U T ). (6.6)

n>0 jeA—1(z*)
By Theorem 4.1, (6.5) holds if and only if

MifEy =) |J T7(J), ve>o.

n>0 jeA—1(z*)

By (6.6) one has z* € (N":f)f1 (x) if and only if for each n > 0 there exists J € F (I)
such that x* € A(J) and J € S]Ef" (x), that means

I*Eﬂ U Za:

n>0 JES;+7’(I) eJ
Consequently, from Theorem 4.2, (6.5) holds for each z* € X* if and only if

ﬂ U Zaz, (x,e) € X x Ry.

n>0 JESE+n(r) i€J

Regarding the closedness criteria in Theorem 6.1 and Corollary 6.1, observe that

A U > epi ff

Jer(n) 1€J

- U {5 @)+ toxr <]

s the union of infinitely many vertical closed half-lines.

It is worth observing that in case all functions are linear (i.e., t; =0 for all i € 1),

A is closed (convezx, respectively) if and only if {Z af:JeF (I)} is closed (convez).
icJ

When I is countable (as in the robust sums of linear functions in the third example

19



of the introduction), {Z al:JeF (I)} is countable too, so that it cannot be conver.

ieJ
Finally, in the simplest case that all functwns are constants (i.e., af = Ox+ for all
i € I and, according to (6.4), 0 = Zzel —t; € R), we have {OX*} | —6,+00] C
A C {0x+} x [0, +o0[ and either A = {0x+}x] — 0, +00] or A ={0x+} x [0, +00].

So, A is convex. However, A is closed if and only if there exists J € F(I) such that

ieJ

7 Duality for the infinite sum of non-negative con-
vex functions and related situations

The case that the functions f;, ¢ € I, are non-negative presents many specificities. For
example, in such a case the robust sum coincides with the infinite sum, i.e.,

Zelf _JE}H ;f% Zﬁ Vr e X.

el

As in Section 2, the limit is taken with respect to the directed set F (I) ordered by the
inclusion relation. We have the next important convexity properties.

Lemma 7.1 Assume that f; > 0 for each i € I. Then the set A = U > epi f¥ and

JeF(I) e

the function o are convew.

Proof. Let (z*,7r),(y*,s) € Aand t € [0,1]. There exist J, K € F (I) such that
(x*,7) € X2 e epi f} and (y*,s) € D) epi fi.

Let [ € I. As f; > 0, we have f; (0x~) <0, that is (0x+,0) € epi f;*. Let L := JUK €
F(I). Since (0x+,0) € epiff for all I € L, (z*,7),(y*,s) € > ,c epif;” which is a
convex subset of A. Thus, (1 —¢t) (z*,r) +t (y*,s) € A and A is convex.

The convexity of ¢ is a consequence of (6.2). In fact, we have
p(x*)=inf{reR: (z",r) € A} ,Vz* € X*,

which is a convex functions thanks to the convexity of A. |

In what follows we assume that

(fi)ier CT(X), f= Z fi is proper, and A = U Z epi f; is convex. (7.1)

JEF(I)

Lemma 7.2 Assume that (7.1) holds. Then f* =% (the w*-lsc hull of ¢).

k%

Proof. By Lemma 6.1, we have ¢** = f*. As shown in the proof of Lemma 7.1,
¢ is convex due to the convexity of A. Since f is proper, one has dom ¢* # ) and,
consequently, @ = ™ = f*. |
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Lemma 7.3 Assume that (7.1) holds. Then for any x € X and any € > 0, we have
O f (x) =TI f ().

Proof. If f(x) = +oo, then 0°f (z) = II5f (x) = §. Assume now f(z) € R. By
Lemma 7.2, f* = % and it now follows from (3 1) that

Ff@) =7 (o)t (@) <e = [p— (o) + @) <], (7.2)

As¢* (x) = [ () (by Lemma 6.1), we have 0 = f(r)—¢*(2) = inf {o — (- 2) + f ()} < e.
By [11, Lemma 1.1] (applies to the function o— (-, z)+ f () we have [90 — o+ f@) < 5] -
[o— () + f (z) < ]. Taking (7.2) into account, we have
Ffx)=le—{2)+f(z) <el
Now it is straightforward to check that [p — (-, x) + f (z) < ] C TI5f (x), and hence,
OFflx)=lp— (o) + f(z) <e] C If ().

It now follows from (5.4) and Lemma 4.5,

IEf(2) C I°f(2) C &f(2) C TEf(a).

Since 0° f (x) is w*-closed, we get 0° f (x) =I5 f (). ]

Theorem 7.1 (Stable zero duality gap under convexity) Assume that (7.1) holds.
The next statements are equivalent:

(1) The robust sum problem (RP,~) has stable zero duality gap,

(i7) e f (2) =I5 f (x), Vo € X, Ve >0,

(i13) There exists € > 0 such that

1= f (ZL‘) =1ILf (ZL‘), V(I,é) € X X ]075[7

(1v) There exists § > 0 such that

Ff(x)C Hs‘sf() V(z,e) € X x]0,400].

Proof. The equivalence of (i), (ii) and (7i7) follows from Theorem 4.2 and Lemma
7.3.

[(i) = (iv)] By Theorem 4.2 we have 0°f (z) = II* f (z) . Now

v) = (I (x) C IEf (2)

n>0

and (iv) holds with 6 = 2.
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[(iv) = ()] Assume that (i) does not hold and let § > 0. We will show that there
exist z € X and € > 0 such that

I/ (2) ¢ T f (). (7.3)

Since (i) does not hold, there exist 2* € X* and € > 0 such that f* (z*) +ed < ¢ (z*).
Pick T € 0° f* (z*) (which is non-empty since € > 0). We have z* € 0°f () =I5 f (T).
Assume that «* € IIZ f (%) . Then, exist o € [0,e0], J € 5S¢ (T), (€i);c, € RY, and
x; € 0% f; (T) for all i € J, such that o + >, e; =ed and ), ;27 = 2*. Then

p(zm) <X f ()

g%@m@—ﬁm+@
= (2*,T) — ;fi(f)+85—a

(%) — f(Z)+a+ed —a

which contradicts f* (%) +¢e6 < ¢ (z*). So z* ¢ II2° f (Z), (7.3) is proved and the proof
is complete. 1

Corollary 7.1 Assume that (7.1) holds and T f (x) is w*-closed for each x € X and
e > 0. Then the robust sum problem (RP,«) has stable zero duality gap.

Proof. Under the assumption, it follows from Lemma 7.3 that 0°f () = IIsf (z) =
IIE f (x), which means that statement (iv) of Theorem 7.1 holds with 6 = 1. 1§
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