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Axial irradiance for spherically aberrated
holographic optical elements
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The effect of third-order balanced spherical aberration on the axial irradiance of holographic lenses is considered.
It is shown that the number of principal maxima of axial irradiance increases for large aberrations, and the
position of these points can be different from the position of the minimum aberration variance point.

The properties and characteristics of the axial ir-
radiance of optical systems have been the sub-
ject of several papers published over the past few
years.'-9 When aberrations are present the prin-
cipal maximum of the axial irradiance lies not at
the Gaussian image point but at an axial point
closer to it (for large Fresnel numbers). How-
ever, the axial irradiance distribution has not
been sufficiently studied for optical systems with
large aberrations, such as holographic optical ele-
ments. In this Letter we obtain the axial irradi-
ance for holographic lenses (HL's) with a circular
pupil (and analyze certain properties of this irradi-
ance) from a knowledge of its third-order spherical
aberration. We consider HL's in the presence not
only of small but also of large spherical aberrations.

For simplicity, we consider a spherically aberrated
in-line HL with a uniformly illuminated circular pupil
with a diameter D. Its axial irradiance at a distance
z from the exit pupil plane of the holographic lens,
I(z), i.e., the irradiance distribution along the line
joining the center of the hologram and the Gaussian
image point (z axis for an in-line HL), may be written
as5

(1)

where

U(z) = f exp[i2iwF(p, z)]pdp. (2)

In Eqs. (1) and (2), zg determines the position of
the Gaussian image point, p is in units of D/2, and
(D(p,z) is the phase aberration. The normalization
factor 4(zg/Z) 2 in Eq. (1) ensures that we have unit
irradiance at the Gaussian image point in the ab-
sence of aberrations. For third-order spherical and
defocus aberrations, (D(p,z) = W20p 2

+ W40p 4 , where
W20 = FD2/8AC denotes the defocus coefficient and is
a function of z, and W40 = -SD4/128A, denotes the
coefficient for third-order spherical aberration. W40

and W20 are in units of the wavelength. S and F
are given by'0

S = Z3 z 3 + ( Z 3 1 )

F = 1 - 1 ,
zg z

(3)

(4)

where (L is the quotient between the reconstruction,
A,, and the recording, Ar, wavelengths and Zr, Zo, Zc,
and zg are the coordinates of the reference, object,
reconstruction, and Gaussian image point sources,
respectively. With the following change in the
variable:

2/ p2 +W20
u = 2 W2 0

if W40 > 0

I (5)

if W40 < 0

Eq. (2) can be rewritten as

U(z) = 1/ exp(-igW 202/2W40)
411 1W401

X f12 exp(±igu2/2) du,
w1

where

+ W2 0UF1W40 +' >2 = 2g +W20 U2 = 2 W40I ±'- 
1 W4 0l

(6)

(7)

and + and - refer to the situations for which
W40 > 0 (S < 0) and W40 < 0 (S > 0), respectively.
The axial irradiance I(z) can be obtained analyt-
ically from Eqs. (1), (6), and (7), and when the
integration is carried out the result obtained is

I (Z) =4W I ( i) 2 [Cu2) - C(ul)]'
+ [S(u2) - S(Ul)]2,

where C(*) and S( ) are the Fresnel integrals."
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I(z) = 4( Zg ) 21 U(Z)12,
Z

(8)
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Now we determine the amount of defocus W20 so
that the variance of the phase aberration (F(p,z)
across the exit pupil of the HL is minimized, and
we find that the optimum value is W20 = -W4 0, or
F, = SD 4/16, where F, is the coefficient of defocus
evaluated at zP on the optical axis for which the vari-
ance is minimized, i.e., Fp = (1/zg) - (1/zp). It is
easy to obtain

D 2 zg
P D 2 + 8AcW4ozg (9)

For a small spherical aberration, in the best fo-
cal plane5"12 W20 = -W 4 0. If we make the following
change in the variable z' = z - z,, we recognize that
z' represents the algebraic distance from an arbitrary
point z to the point z, for which the variance of the
phase aberration across the pupil is minimized. For
HL's, the Fresnel number N = D2 /4Aczg is large, and
therefore z and zp must be nearly equal to zg for
adequate image quality. If D varies between 4 and
9 cm, A, = 633 nm, and zg = 40 cm, we have HL's
with f-numbers between 10 and 4.44, and N takes
values between 1600 and 8000. For optical systems
with large Fresnel numbers (N >> 10) it must be true
that z' << zp, Zg, and, using z' = z - zp, we may write
Eq. (4) in the approximate form

__8A~W 4o z'F , Fp + z1 = _4 + -. (10)

Also, taking into account that zg/z - 1, we replace
z with zg in the inverse square dependence on z in
Eq. (8), and we obtain the irradiance distribution in
the form

I(z') = 4I2W {[C(+2) - C(ui)]2 + [S(i 2) -

(11)

where I(z') = I(z) and

al=- -jW 40 ± (D/ZP) 2 Z', (12a)
8A,-V/iW40

a2 = 8I (D/z-)W z (12b)

In Eqs. (12) the superscript corresponds to S < 0, the
subscript corresponds to S > 0, and Uj (z/) = uj(z), j =
1,2. It is easy to see that al(-z') = -z 2(z'), and
then Uj(z/) = uj(z), j = 1,2. It is easy to see that
al(-z') = -i 2(z'), and then 1(z') = I(-z'), i.e., the
axial irradiance is symmetrical around zp(z') = 0,
which corresponds to W20 = -W40, and this point
lies midway between the marginal and the Gaussian
points obtained with ray tracing. For z' = 0, the
axial irradiance is given by

I (0) = 4 {c1( w ) + S iw )}* (13)

For example, if W40 = 1, we obtain 1(0) = 80%.
When the expressions for the Fresnel integrals are

considered and the cosine and the sine are expanded

under the integral signs into power series and inte-
grated term by term" it is easy to see that, when
W40 - 0, 7(0) = 1, and it is clear that in the absence
of spherical aberration the axial irradiance is one at
the Gaussian image point. When the asymptotic ap-
proximations for the Fresnel integrals" (which pro-
vide a good approximation to the integrals when the
argument is large) are used in the following manner:

CMu) -1 + 1 )sin 7ru2),

S(u)~ 2~ -( 1 )COS( 2 ) (14)

Eq. (13) takes the approximate form

i(0) iii1oi{1 + 12Wo
( si IW401 CO 2 7rW4010

IW1 [sin( 2 iw40 ) -cos( 2 w4 ) ]
(15)

This is an oscillatory function with a decreasing am-
plitude, and it is applicable for 1W4 0I - 1.5 with a
relative error s 5% with respect to the exact result
obtained from Eq. (13).

We now apply the above equations to obtain
some numerical results on the axial irradiance for
in-line HL's in the presence of third-order spher-
ical aberration. We analyze HL's recorded with
a reference-divergent spherical wave and with an
object-convergent spherical wave whose curvature
centers are placed at Zr = -120 cm and zo = 60 cm,
respectively, and with a recording wavelength Ar =
633 nm. The two source points are situated on the
Z axis normal to the HL plane. HL's are recon-
structed with a collimated beam (z, = -o) with a wave-
length Ac = Ar (/i = 1). For this readout geometry
the Gaussian image point is situated at zg = 40 cm,
and the image wave is convergent. This geome-
try ensures that the Gaussian image point (being a
secondary image of the object point in a holographic
sense13) that is treated as an image of the reconstruc-
tion point is affected only by spherical aberration.
Using Eq. (3), we obtain S = -1.04167 x 10-5 cmi3.
Six different lens diameters are considered: D =
4,5,6,7,8, and 9 cm, and for these diameters W40
takes the values of 0.33, 0.80, 1.67, 3.09, 5.27, and
8.44 (in units of the wavelength), respectively. From
Eq. (9) we calculate the corresponding values for zp
for each lens diameter D, and we obtain zp = 39.9833,
39.9740, 39.9625, 39.9490, 39.9334, and 39.9158 cm
for D = 4,5,6,7,8, and 9 cm, respectively.

Figure 1 shows the axial irradiances as functions
of z' for each lens diameter considered, calculated
with Eqs. (12) and (13). As we can see from this fig-
ure, for small spherical aberrations (small values of
D) we have only one point at which the adial irradi-
ance is maximum, and this is the point z' = 0 with
respect to which the variance of the phase aberra-
tion across the pupil is minimized. For these situa-
tions there is only one diffraction focus.7 However,
when D (and therefore spherical aberration as well)
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Fig. 1. Axial irradiance for different lens diameters.
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Fig. 2. (a) Irradiance for the point with respect to which
the aberration variance is minimum, and (b) maximum
irradiance obtained, both as functions of the modulus of
the coefficient of spherical aberration IW401 (in units of
the wavelength).

is increased, there are different points on the op-
tical axis with maximum axial irradiance (there is
more than one diffraction focus), and the number of
these points increases when aberration increases too.

Also, at zp(z' = 0) the axial irradiance can take both
maximum and minimum values, i.e., for large values
of spherical aberration it is possible that zP may not
be a diffraction focus, and then the best image plane
is not placed in the z = z, plane.14 Figure 2 shows
the irradiance for zP and for the maximum axial irra-
diance, both as functions of 1W401. From Figs. 1 and
2 we can conclude that only for small spherical aber-
rations (up to a value of W40 = - 2.3) the irradiance is
maximum at zP with respect to which the aberration
variance is minimum. For large spherical aberra-
tions, zP sometimes has a maximum irradiance value;
however, this fact does not imply that zP determines
the best image plane.15

Summarizing, in this Letter we describe the influ-
ence of third-order spherical aberrations on the axial
irradiance of in-line HL's in terms of an analytic for-
mula. We apply this study to recognize that an HL
can have more than one diffraction focus for large
values of spherical aberration. Also it is possible
that the point with respect to which the aberration
variance is minimum does not coincide with a point
with maximum axial irradiance and only for a small
spherical aberration (W40 < 2.3) is the maximum
of axial irradiance, at the point associated with the
minimum aberration variance. Finally, the study
presented in this Letter can also be extended to re-
fractive lenses.
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