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On the basis of conditionally-periodic solutions of Hamiltonian systems at resonance of main frequencies
Cassini's motions, their stability, Cassini's angle and periods of free librations of the Moon and Mercury
have been recently studied and determined. The generalized formulations of Cassini's laws for the
motion of the Moon and Mercury, that are considered as absolutely rigid non-spherical bodies, have been
determined. The study of the second approximation equations of the desired quasi-periodic solutions in
the case of the Moon allows us to determine the constant components of the first order for six Andoyer
variables and the constant component of the second order for the angular velocity of the Moon. These
effects are caused by the influence of the third harmonic of selenopotential. In this paper, these effects
are described by analytical formulas, the dynamic and geometric interpretations are given, and a new
interpretation of Mercury's motion under the generalized Cassini's laws has been proposed. Predictions
of the existence of free librations of significant amplitude in the Mercury longitude, that are confirmed by
the radar measurements data of the Mercury angular velocity, and in its pole motion in the body and in
space have been made. The mechanism describing free librations of celestial bodies and their pole os-
cillations has been proposed due to the forced relative oscillations and wobble of the core-mantle system
of celestial bodies (Moon, Mercury, Earth and other bodies in the solar system) under gravitational action
of the external celestial bodies. The paper shows that the ascending node of equator of Mercury (and the
intermediate plane orthogonal to the angular momentum) of epoch 2000.0 on the ecliptic does not
coincide with the ascending node of orbital plane of Mercury on the same plane, and is ahead of it at an
angle 23º4’. Angular momentum vector of the rotational motion of Mercury forms a constant angle rG ¼
401±101 with normal to the moveable plane of its orbit. The observed inclination of the angular veloc-
ityru ¼ 201±001, can be considered as a possible evidence of a significant amplitude of the poles free
motion of the Mercury rotation axis (c amplitude of about 20- 40).
© 2018 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier
B.V. on behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The motion of the Moon on the Cassini's laws has been studied
by a number of scientists [1e5], and other followers. In recent de-
cades, due to the rapid space explorations, a lot of progress in the
Moon and Mercury exploration have been made. It is largely driven
by an unprecedented accuracy of modern laser measurement to the
Moon (about 1 mm), prominent on the accuracy of interferometric
radar measurements of the Mercury rotational motion [6].
Increasingly higher demands are made to describe the translational
and rotational motion of the Moon, its tidal deformations and non-
ion and hosting by Elsevier B.V. on behalf of KeAi Communications Co., Ltd. This is an
s/by-nc-nd/4.0/).
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tidal effects [7e9]. Developed and being implemented are the
fantastic scientific projects on the study of the Moon's rotation
method of cross-location of the satellites and the Moon, through a
telescope that is mounted to the polar region of the Moon (Selena
and Japanese projects ILOM). In this paper, we use high-precision
results on the study of the gravitational field of the Moon [10] to
study the basic laws of the Moon motion by the Cassini and subtle
effects of constant angular displacements of the Moon axes of
inertia and its angular velocity with relation to the base orbital
coordinate system and with respect to Cassini's reference frame.

Precision results of the study of the Mercury rotation using the
radar ground-based observations and new data on its gravitational
field [6,11] are used to interpret the motion of Mercury by the
generalized Cassini-Colombo laws, formulated for Mercury [1e3,12].

The closest theory of the Moon physical libration which isn't
analytical and is based generally on old ideas of the Moon libration
and the results of processing the laser observations statistical data
of the Moon [13]. In connectionwith the planned space missions to
the Moon, the demands to the theories of the Moon physical
libration and to its models sharply increase. Precise measurements
of the Moon orientation and its temporal changes open up new
possibilities for studying the internal structure and internal dy-
namics of the Moon and its deformations. Investigation of the
Moon inner dynamics as a system of shells (solid core, liquid core,
mantle, crust) is of a great interest for the construction of this
theory, as well as for explaining the observed non-tidal variations
of the light-reflecting distances to the reflectors on the Moon, for
studying the features of its tectonic structures, flow, etc. Thework is
aimed at creating a new analytical theory of the Moon physical li-
brations, which satisfies modern requirements to the accuracy of
determining the orientation and rotation of theMoon. The theory is
intended for effective interpretation of observational data (both
laser observations and observations that will be obtained during
the implementation of future spacemissions to theMoon (Japanese
project ILOM, etc.)). To solve the problems stated above, a new
dynamic research of the perturbed Moon rotational motion is
needed to determine the parameters of the Moon free librations.

Dynamic studies of these patterns and effects in the motion of
the Moon will always be one of the central problems of lunar
exploration. The research is based on the equations of rotational
motion of the Moon in Andoyer's variables and analytical method
for the construction of quasi-periodic solutions of Hamiltonian
systems at the resonance of the fundamental frequencies [14]. In
the paper, theMoon ismodeled as non-spherical solid body. Amore
realistic models of the Moon (deformable by the terrestrial and
solar tides, with a liquid core, with the displaced liquid core, etc.)
will be discussed in subsequent papers. On relevant phenomenawe
have obtained the most accurate values of the parameters. We
discuss the fundamental problem of excitating the free oscillations
and the free librations in the rotational motion of the Moon, Mer-
cury and other solar system bodies.
2. Cassini's motions of the Moon

2.1. Canonical equations of rotational motion of the Moon in
Andoyer variables referred to the moveable ecliptic plane

Let CMXYZ be the moving coordinate system connected with the
ecliptic of date with the origin in the center of mass of the Moon CM
andwith axis CMX, directed upward to themean node of lunar orbit
on the ecliptic plane of date [15]. Let CMxhz be a system of principal
axes of inertia of the Moon. The axes CMx, CMh and CMz correspond
to the principal moments of inertia A, B and C respectively. We will
study the rotation of the Moon, considered as a rigid body.
The rotational motion of the Moon will be described by the
Andoyer variables, classified in the main moveable coordinate
system of ecliptic of date:

L;G;H; l; g;hðq; rÞ (1)

x ¼ ðL;G;HÞT; y ¼ ðl; g;hÞT (2)

(x; y and z ¼ ðx; yÞT is matrix notation of variables).here G is the
module of vector of angular momentum of rotational motion of the
MoonG, L is a projection of vectorG on the axis of inertia of theMoon
CMz,H is a projection of vectorG on normalnE to the ecliptic plane of
date CMXY , l is an angle of own rotation of the Moon, measured from
the planeQG, orthogonal to the vector G, g is a longitude of ascending
node of the equatorial plane of the Moon CMxh on a intermediate
plane QG, h is a longitude of ascending node of the plane QG on the
base coordinate plane CMXY , measured from the axis CMX. We
introduce the angles of inclinations q and r: q is an inclination of the
plane CMxh of the Moon to intermediate plane QG, an angle r is an
inclination of the planeQG to ecliptic plane of date [15]. Thereforewe
have: cos q ¼ L=G; cos r ¼ H=G. Note also that the longitude h is
measured from the moving point on ecliptic of date Um, cor-
responding to the mean position of the node of the lunar orbit.
We also introduce into consideration the longitude h ¼ hþ U of
the intermediate plane, measured from the mean point of the
equinox of date along the ecliptic of epoch, and then along the
ecliptic of date, as was the custom in the analytic theory of the
rotational motion of the Moon [15].

Let the axes of inertia CMx, CMh and CMz correspond to axial
moments of inertia A, B and C, for which B>C >A and, respectively,

J2 ¼ 2B� C � A
2mr20

;C22 ¼ C � A
4mr20

;
B� A
mr20

¼ J2 þ 2C22;

B� C
mr20

¼ J2 � 2C22:
(3)

here m and r0 is a mass and mean radius of the satellite.

2.2. The rotational motion of the rigid Moon on Cassini's laws

In the Andoyer variables (1)e(2) the equations of the Moon
rotational motion take the following standard canonical form:

dx
dt

¼ � vF
vyT

;
dy
dt

¼ � vF
vxT

(4)

F ¼ F0ðGÞ þ mF1ðx; y; tÞ þ m2F2ðx; y; tÞ þ :::; (5)

here F0 ¼ G2

2B � nUG is the Hamiltonian of the Moon unperturbed
rotational motion. G2

2B is a kinetic energy of rotational motion of
the Moon, considered as homogeneous sphere. mF1ðx; y; tÞ þ
m2F2ðx; y; tÞ þ ::: is a perturbed Hamiltonian, representing the terms
of the first, second and higher orders with respect to small
parameter m characterizing the closeness of the inertia ellipsoid of
the Moon to the sphere and a small rate of precession of the lunar
orbit [15]. The terms of the first-order in (5) are determined by

mF1 ¼ mT1 þ mE1 � mU1; (6)

Analyzing the terms of the Hamiltonian F we can see that the
terms of the first order mF1 with respect to m include the second
harmonic of the force function of theMoon � mU1 ¼ �Uð2Þ

M , caused
by the gravitational attraction of the Earth, as well as the kinetic
energy of rotational motion mT1, due to its nonsphericity,
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mT1 ¼ 1
2

�
1
C
� sin2 l

A
� cos2 l

B

�
L2 þ 1

2

�
sin2 l
A

þ cos2 l
B

� 1
B

�
G2

(7)

and additional term mE1 ¼ nUðG� HÞ.
The terms of the second order should include the third and

higher harmonics of the force function of the Moon-Earth system

UðnÞ
M and the second harmonic of the force function of the Moon-

Sun system UMS:m2F2 ¼ � UMS �
P
n�3

UðnÞ
M . In this case all the

terms of specified force functions should be represented by explicit
functions of Andoyer variables. Similar workwas done earlier in the
construction of the analytic theory of the rotational motion of the
Moon [15] and substantially developed in this work, especially in
the study of constant displacements of axes of inertia of the Moon
in the intermediate and in the basic spatial coordinate systemwith
respect to their Cassini's positions.

Very extensive algebra on the construction of the trigonometric
series of force functions in the Andoyer variables for brevity is not
shownhere. These constructionsaremade for twobasicmodelsof the
Moon orbital motion: lunar orbit for high-precision, described by the
modern theoryof theMoonorbitalmotion and its simplifiedversion -
for a uniformly precessingmeanplane of lunar orbit on ecliptic plane
of date, saving a constant angle of inclinationof the orbital plane. Both
models allow us to explore as the basic laws of motion of the Moon,
and so the subtle resonance effects in the vicinity of Cassini'smotions.
The following is a detailed description of these effects.

In this paper we have used two sets of coefficients of seleno-
potential (second and third harmonics), Cnm, Snm and Cnm, Snm. The
first of these corresponds to the standard representation of the
force function in the coordinate system associated with the Moon,
CMxhz. It is noted that the axis of rotation corresponds to the axis of
inertia of the Moon CMh, and the axis CMx corresponds to the Moon
geocentric radius vector. Coefficients Cnm,Snm are the common
standard coefficients of selenopotential calculated in the main
selenographic coordinate system. They are referred to seleno-
graphic coordinate system CMxhz. Between the axes of the two
coordinate systems we have the simple relations: x ¼ � x, h ¼ z,
z ¼ h. The simple relations between these two sets of coefficients
Cnm, Snm and Cnm, Snm are shown as (8).

The parameters of the gravitational field of the Moon Cnm, Snm
(for second, third and fourth harmonics) have approximately the
same order of magnitude � 10�4 [10]. Consequently, the opportu-
nity to introduce a small parameter m by the formulas:

Cnm ¼ mCð0Þ
nm; Snm ¼ mSð0Þnm;m ¼ 10�4;

ðn ¼ 2;3; :::; m ¼ 0;1;2; :::;nÞ
(8)

where Cð0Þ
nm, S

ð0Þ
nm are fixed numerical values of the order of unity.

Conditions (8) actually means that the distribution of density of the
Moon is close to the concentric. The remaining terms of the
Hamiltonian F, representing the force functions of the gravitational
interaction between the Moon and the planets Ui and the corre-
sponding harmonics of the force function UMS (of the Moon e the
Sun system), the terms due to themobility of the ecliptic of date, we
refer to members of the third order with respect to m [15].

The current state of study of the Moon rotational motion is
described in detail in monograph [8]. In this paper, we continue to
develop a method of constructing of the analytical theory of lunar
physical librations, the basis of which was made by the author
[14,15]. A method for constructing the analytical theory of lunar
physical librations on the basis of the formulated model problem is
to implement the following program of research of solutions of
equations (4)e(8), which provides:
1. Investigation of generating periodic solutions of (4)e(8)
(explanation of Cassini's laws, the determination of parameter of
physical librations of the Moon r0 - the angle of Cassini),

2. Generalized Cassini's laws and fine stationary dynamical reso-
nance effects in the rotation of the Moon, due to the third and
higherharmonics of the force functionof theMoon-Earth system;

3. Construction of conditionally - periodic solution of system
(4)e(8), which describes an intermediate rotational motion of
the Moon in the vicinity of Cassini's motion,

4. Investigation of a neighborhood of a conditionally - periodic
solutions on the basis of the variation equations (the stability of
the intermediate rotary motion of the Moon, the determination
of free librations, resonant librations of the Moon and subtle
resonance effects);

5. Study of the influence of secular orbital perturbations in the
motion of the Moon, the Sun on the rotational motion of the
Moon (the influence of these orbital perturbations on the mo-
tion of the Moon in accordance with Cassini's laws, on the
structure of short-period perturbations in the rotation of the
Moon); construction of perturbations of mixed type,

6. Investigation of the effects of long-period secular perturbations
in the orbital motion of the Moon and the Sun (with Milanko-
vitch periods from tens to hundreds of thousands of years) for
the rotation of the Moon;

7. Nonlinear analysis of the vicinity of a conditionally periodic so-
lution (the determination of resonance effects in the rotation of
the Moon of the second order with respect to amplitudes of
resonant librations). In this paper we concentrate on the first two
paragraphs.

2.3. Cassini's laws in case of an accurate theory of lunar orbital
motion

If m ¼ 0 the Hamiltonian equations (4) and (5) have a periodic
solution:

L ¼ L0;G ¼ G0;H ¼ H0; l ¼ l0; g ¼ F þ g0;h ¼ h0;
G0

B
¼ nF : (9)

here L0, G0, H0, l0, g0, h0 are constants (initial values of corre-
sponding variables). The theorem is valid due to Yu.V. Barkin
[14,15].

Theorem 1. If generating values of variables (9) satisfy the
conditions

vhF1i
vu0

¼ 0; (10)

D1 ¼ v2F0
vG2

0

s0;D2 ¼ det
v2hF1i
vu0vu

T
0
s0; (11)

where

u0 ¼ ðl0; g0;h0; L0;H0ÞT

hF1i ¼
1

ð2pÞ4
ð2p
0

ð2p
0

ð2p
0

ð2p
0

F1ðL0;G0;H0; l0; F

þ g0; lM; lS; F;DÞdlMdlSdFdD; (12)

then in the neighborhood of this solution by approximate
method can make formal series in integer degrees of a small
parameter m, representing the conditionally-periodic solution of
the lunar rotation problem (4)-(7).
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Calculating the average value of the perturbing function by the
formula (12) and resolving the equation (10) we obtain generating
solution:

l0 ¼ 0; g0 ¼ 0; h0 ¼ p; q0 ¼ p

2
; r0 ¼ r0

�
C20;C22; FU;A

ðjÞ
n

�
(13)

where the constant value of inclination r ¼ r0 (of angle of Cassini)
is obtained from the Ref. [14] equation 14 and 15

Bcos 2 rþ Аsin 2 rþ Ycos rþ Usin r ¼ 0 (14)

where
B ¼ �J2
X
n5

ð � 1Þn5Að1Þ
0:0:0:0:n5

þ C22
X
n5

ð � 1Þn5
�
Að1Þ
0:0:2:0:n5

þ Að1Þ
0:0:�2:0:n5

�
;

Y ¼ C22
X
n5

ð � 1Þn5
�
Að1Þ
0:0:2:0:n5

� Að1Þ
0:0:�2:0:n5

�
;U ¼ 1

3
I
nFnU
n20

þ 1
2
C22
X
n5

ð � 1Þn5
�
Að2Þ
0:0:2:0:n5

� Að2Þ
0:0:�2:0:n5

�
:

А ¼ 1
4
J2
X
n5

ð � 1Þn5
�
2Að0Þ

0:0:0:0:n5
� Að2Þ

0:0:0:0:n5

�
þ 1
4
C22
X
n5

ð � 1Þn5
�
Að2Þ
0:0:2:0:n5

þ Að2Þ
0:0:�2:0:n5

� 2Að0Þ
0:0:2:0:n5

� 2Að0Þ
0:0:�2:0:n5

�
(15)
In equations 14 and 15 J2 and C22 are general coefficients of the
second harmonic of selenopotential, n20 ¼ fmE=a3 is a fundamental
frequency, a is the mean value of semi-axis major, f is a gravita-
tional constant, mE is the Earth mass, I ¼ 0:392 is a dimensionless
moment of inertia of the Moon. In equations 14 and 15 we have
used some new notations: FU ¼ nF jnUj=n20 and Að0Þ

n , Að1Þ
n , Að2Þ

n are
numerical coefficients in standard trigonometric developments of
some spherical functions of the lunar geocentric spherical co-
ordinates, describing the perturbed orbital motion of the Moon
[16]. The main coefficients that are involved in determining the
angle of Cassini r ¼ r0, by (14) e (15), were obtained from the
relevant tables of Kinoshita and are listed in Table 1.

For the fundamental frequencies of the problem have been
taken the known values: nF ¼ 17395266"10 (1/yr),
n0 ¼ 17325643"7931 (1/yr).

Equations 14 and 15 was first obtained and studied by the
author [14,15]. On the basis of this equation the corresponding
values r0 have been calculated. Determined values are changed in
domain [15]: r0 ¼ 103204100

; 35 ÷ 103204200
; 41. Modern calcula-

tions for the angle r0 have confirmed the correctness of the
analytical constructions of analytical theory [15] on the base of the
new tables of values of the coefficients Að0Þ

n , Að1Þ
n Að2Þ

n [17,18], an
appropriate choice of the ecliptic of date and initial epoch. Esti-
mated value of the angle r0 was r ¼ r0 ¼ 1032040}0 ¼ 1054444.
This value is in good agreement with the values of the parameter
obtained on the basis of the laser observation data [8].
Table 1
Main coefficients of perturbed orbital motion of the Moon.

Að0Þ
0:0:2:0:0 ¼ 59582� 10�7 Að2Þ

0:0:2:0:2 ¼ 9880167� 10�7

Að0Þ
0:0:0:0:0 ¼ 56� 10�7 Að2Þ

0:0:�2:0:2 ¼ 40� 10�7

Að0Þ
0:0:0:0:0 ¼ 4963033� 10�7 Að2Þ

0:0:0:0:0 ¼ � 1� 10�7

Að1Þ
0:0:�2:0:1 ¼ 833� 10�7 Að2Þ

0:0:0:0:1 ¼ � 41� 10�7

Að1Þ
0:0:2:0:2 ¼ 190� 10�7 Að2Þ

0:0:0:0:2 ¼ 40439� 10�7

Að1Þ
0:0:2:0:1 ¼ � 443828� 10�7 Að1Þ

0:0:0:0:1 ¼ 448718� 10�7

Að1Þ
0:0:0:0:0 ¼ � 207� 10�7
The first condition (11) is satisfied, as D1 ¼ 1=Bs0 and the
second was written in explicit form and it was shown that for the
solution (13) e (15) D2s0. Thus, in the neighborhood of the found
generating solution a conditionally periodic solution of the prob-
lem (4) e (7) can be constructed in the form:

z ¼ zð0Þ þ mzð1Þ þ m2zð2Þ þ :::; (16)

where zð0Þ is a generating solution described by the formulas
(13)e(15) and zðsÞðs ¼ 1;2; ::: Þ are conditionally - periodic time
functions with the determined frequency basis.

Note, that the analysis of the solution neighborhood (13) e (15)
indicates that all the necessary conditions of stability of discussed
solution are satisfied. The results of the mechanical and geometric
interpretation of the already obtained solution are formulated as a
theorem.

Theorem 2. The generating periodic solution for conditionally -
periodic solution corresponding to the Moon perturbed rotation is
determined by formulas (13)e(15) and describes the following
fundamental regularities in the Moon motion:

1. within a mean period of time (equal to the draconic month
Tdraconic ¼ 27:22days) between the two consecutive passages of
the center of mass of the Moon through a mean ascending node
of its orbit on the ecliptic of date theMoonmakes one revolution
about its polar axis of inertia CMh in the coordinate reference
system CMXYZ connected with mean moveable node of the lu-
nar orbit;

2. the axis CMh corresponds to the maximal moment of inertia B,
and at the moment of the Moon center of mass passing of the
mean orbit node of the Moon another axis of inertia CMx, cor-
responding to a minimal moment of inertia A, is directed along
the line of nodes;

3. in Cassini’s motion an angular momentum vector of the Moon
rotation G and its angular velocity vector u coincide with the
inertia axis of the Moon CMh;

4. the vector G forms a constant angle r0 with the normal vector to
the ecliptic plane of date nE, about which it describes in the
space a cone with half-anglea r0 with the time period TU ¼ 2p=
jnUj ¼ 18:5995 years;

5. the orbit plane, the intermediate plane QG normal to the angular
momentum vector G, and equatorial plane of the Moon (plane
CMxz in our notations) have the same line of nodes on the
ecliptic of date NN0, with the longitude of the general
descending nodes of the planes QG and CMxz being equal to the
mean longitude of the ascending node of the orbit plane of the
center of mass of the Moon;

6. the inertia axis of the Moon CMh, the vector of normal to the
ecliptic plane of date nE, the angular momentum vector of the
Moon rotation G and the angular velocity vector of the Moon
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rotation u lie in the same plane, orthogonal to the line of nodes
NN0 on ecliptic of date;

7. the value of the angle between the normal to ecliptic plane of date
nE and vectorsG,u coincidingwith theMoon axisCMh is obtained
from equations 14 and 15 depending on the dynamic parameters
J2 и C22 (oblatenesses of the Moon), from the parameter of
mobility of the Moon's orbital plane FU (its precession) and on
corresponding parameters AðjÞ

n characterizing the perturbed lunar
orbital motion (numerical value of the parameter r0 ¼ 103204100

).

The regularities mentioned 1 - 7 in particular thoroughly explain
all statements of classical empirical Cassini’s laws, and contain
some additions and specifications related to the orientation of the
vectors G, u, of the lunar inertia ellipsoid orientation, stability of
Cassini’s motions. Last aspects of the problem and generally dy-
namics of the Moon did not considered by Cassini.
3. Fine dynamical regularities in the Moon rotation

3.1. Fine dynamical effects in the rotation of the Moon, caused by
the third harmonic of the force function of the Moon-Earth system

The equations for second-order perturbations x2 and y2 are
obtained from the general formulas of the method of constructing
of conditionally - periodic solutions of Hamiltonian systems at
resonances [15] and have the form:
dx2
dt

¼ � v2F1
vlvyT

l1 �
v2F1
vgvyT

g1 �
v2F1
vhvyT

h1 �
v2F1
vLvyT

L1 �
v2F1
vgvyT

G1 �
v2F1
vhvyT

H1 �
vF2
vyT

dy2
dt

¼ v2F1
vlvxT

l1 þ
v2F1
vgvxT

g1 þ
v2F1
vhvxT

h1 þ
v2F1
vLvxT

L1 þ
v2F1
vgvxT

G1 þ
v2F1
vhvxT

H1 þ
vF2
vxT

þ
 
0;

v2F0
vG2 G2;0

!T (17)
Partial derivatives F1 are computed by generating the values of
variables (13), corresponding to the motion of the Moon by Cassini's
laws. In Ref. (17) x1 ¼ ðL1;G1;H1Þ and y1 ¼ ðl1; g1;h1Þ are first-order
perturbations of the canonical Andoyer variables. They contain the
constant components x1 ¼ ðL1;G1;H1Þ and y1 ¼ ðl1; g1;h1Þ, and so
pure conditionally - periodic components: ~x1 ¼ ð~L1; ~G1;

~H1Þ and ~y1 ¼
ð~l1; ~g1; ~h1Þ. First-approximation equations allowed us to identify
components ~x1 and ~y1 and only one constant component G1 ¼ 0.

The basic equations for the determination of the constant
components of the first approximation for the other variables are
obtained from the equations for the second approximation (17) and
have the following form [15]:
v2hF1i
vlvyT

l1 þ
v2hF1i
vgvyT

g1 þ
v2hF1i
vhvyT

h1 þ
v2hF1i
vLvyT

L1 þ
v2hF1i
vgvyT

G1 þ
v2hF1i
vhvyT

H1þ

þ
Dv2~F1
vlvyT

~l1
E
þ
D v2~F1
vgvyT

~g1
E
þ
D v2~F1
vhvyT

~h1
E
þ
D v2~F1
vLvyT

~L1
E
þ
D v2~F1
vGvyT

~H1

E
þ

v2hF1i
vlvxT

l1 þ
v2hF1i
vgvxT

g1 þ
v2hF1i
vhvxT

h1 þ
v2hF1i
vLvxT

L1 þ
v2〈F〉1
vgvxT

G1 þ
v2hF1i
vhvxT

H1 þ
 

þ
Dv2~F1
vlvxT

~l1
E
þ
D v2~F1
vgvxT

~g1
E
þ
D v2~F1
vhvxT

~h1
E
þ
D v2~F1
vLvxT

~L1
E
þ
D v2~F1
vGvxT

~G1

E
þ

In this paper we confine ourselves to the effects of permanent
displacements directly from the third harmonic of the force func-
tion. This means that, formally, here we do not consider the
following small terms on the right sides of equation (18):

�
v2~F1
vlvxT

~l1

�
;

�
v2~F1
vgvxT

~g1

�
;

�
v2~F1
vhvxT

~h1

�
;

�
v2~F1
vLvxT

~L1

�
;

�
v2~F1
vGvxT

~G1

�
;

�
v2~F1
vHvxT

~H1

�

Sign ~f means that in the function f computed by generating
values of Andoyer variables (13)e(15) only the purely conditionally
- periodic terms are saved. The sign 〈f 〉 indicates the average value
of function of Andoyer variables f calculated by generating their
values and taking into account the resonance relations between the
corresponding frequencies. For the second partial derivatives of the
averaged function hF1i, we can use standard concepts previously
used [15]:

vhF1i
vxvxT

¼ Bn20
G2 f ðx;xÞ1 ;

vhF1i
vyvxT

¼ Bn20
G

f ðx;yÞ1 ;
vhF1i
vyvyT

¼ Bn20f
ðy;yÞ
1 : (19)

The result is a simplified system of algebraic equations:
v2hF1i
vlvzT

l1 þ
v2hF1i
vgvzT

g1 þ
v2hF1i
vhvzT

h1 þ
v2hF1i
vLvzT

L1 þ
v2hF1i
vGvzT

G1 þ
v2hF1i
vHvzT

H1

þ vhF2i
vzT

¼0

(20)

z ¼ ðL;H; l; g; hÞT:
This paper uses a combined method for calculating of de-

rivatives in equation (20). Namely, the first derivatives vhF2i
vzT calcu-

lated for the model of the orbital motion of the Moon on a
D v2~F1
vHvyT

~H1

E
þ vhF2i

vyT
¼ 0

0;
v2F0
vG2 G2;0

!T

þ

D v2~F1
vHvxT

~H1

E
þ vhF2i

vxT
¼ 0

(18)
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uniformly precessing elliptical orbit, and the second derivatives
v2hF1i
vzvzT are calculated as specified for the precessing elliptical orbit,
and by accurate description of the orbital motion of the Moon.

Without going into details, and omitting the complicated calcu-
lations, we present the final formula for the constant components of
the first-order perturbations of the canonical Andoyer variables x1 ¼
ðL1;G1;H1Þ and y1 ¼ ðl1; g1;h1Þ and inclinations q and r(q1 and r1),
and components of the angular velocity corresponding to the orig-
inal coordinate axes of the Moon CMxhz p, q and r(p1, q1 and r1):
m
L1
G

¼ � n20
If ðL;LÞ0 u2

,
r0
a

h�
11S31 þ 20S32

�
PX�4:1

1 þ
�
S31 þ 4S32

�
QX�4:3

3

i

m
H1

G
¼ n20

sin rIf ðH;HÞ0 u2
,
r0
a

h�
C31 þ 30C33

�
RX�4:1

1 þ
�
C31 � 2C33

�
SX�4:3

3

i

ml1 ¼ � 1

If ðl;lÞ
,
r0
a

h�
S31 þ 90S33

�
PX�4:1

1 þ
�
S31 � 6S33

�
QX�4:3

3

i

mg1 ¼ �1
I
,
r0
a
,

f ðg;hÞ0 � f ðh;hÞ0

f ðg;gÞ0 f ðh;hÞ0 �
�
f ðg;hÞ0

�2
h�

C30 þ 10C32

�
PX�4:1

1 þ
�
C30 � 6C32

�
QX�4:3

3

i

mh1 ¼ �1
I
,
r0
a
,

f ðg;hÞ0 � f ðg;gÞ0

f ðg;gÞ0 f ðh;hÞ0 �
�
f ðg;hÞ0

�2
h�

C30 þ 10C32

�
PX�4:1

1 þ
�
C30 � 6C32

�
QX�4:3

3

i

mq1 ¼ n20
If ðL;LÞ0 u2

,
r0
a

h�
11S31 þ 20S32

�
PX�4:1

1 þ
�
S31 þ 4S32

�
QX�4:3

3

i

mr1 ¼ � n20
sin2 rIf ðH;HÞ0 u2

,
r0
a

h�
C31 þ 30C33

�
RX�4:1

1 þ
�
C31 � 2C33

�
SX�4:3

3

i

p1 ¼ ul1; q1 ¼ u
G1

G
¼ 0; r1 ¼ �uq1;G1 ¼ 0:

(21)
To formulae (21) we add formula for the constant component of
the angular momentum of the Moon of the second order G2, which
also follows from the algebraic equation (18):

m2
G2

G
¼ cot r

n20
Iu2

r0
a

h�
C31 þ30C33

�
RX�4:1

1 þ
�
C31 �2C33

�
SX�4:3

3

i
(22)
mf ðL;LÞ0 ¼ 1
I
ðJ2 � 2C22Þ

(
1� 3

8
n20
u2

h
� 2
�
2� 3 sin2 r

�
Xð�3:0Þ
0 þ ð1þ co

mf ðH;HÞ0 ¼ nU sin i

u sin3 r
� 3
2I
,
n20
u2

�
J2X

ð�3:0Þ
0 þ C22X

ð�3:2Þ
2

�

mf ðl;lÞ0 ¼ u2

In20
ðJ2 þ 2C22Þ

(
1þ 3

8
n20
u2

h
2
�
2� 3 sin2 r

�
Xð�3:0Þ
0 þ ð1þ cos

mf ðg;gÞ0 ¼ mf ðg;hÞ0 ¼ 3
I
C22ð1þ cos rÞ2Xð�3:2Þ

2

mf ðh;hÞ0 ¼ nUu

n20
sin r sin iþ 3

I
C22ð1þ cos rÞ2Xð�3:2Þ

2

where n20 ¼ fmE=a3 (f is a gravitational constant,mE is a mass of the
Earth), u ¼ nF is a frequency of argument Fof the lunar orbital
motion. For the second partial derivatives of the function hF1i we
will use the standard notations in accordance with equation (19):
v2hF1i
vL2

¼ 1
B
f ðL;LÞ0 ;

v2hF1i
vH2 ¼ 1

B
f ðH;HÞ0 ;

v2hF1i
vl2

¼ Bn20f
ðl;lÞ
0 ;

v2hF1i
vg2

¼ Bn20f
ðg;gÞ
0 ;

v2hF1i
vgvh

¼ Bn20f
ðg;hÞ
0 ;

v2hF1i
vh2

¼ Bn20f
ðh;hÞ
0 (23)

In the case of the model of uniformly precessing orbit of the
Moon dimensionless coefficients, f ðL;LÞ0 , f ðH;HÞ0 , …, f ðh;hÞ0 , are deter-
mined by:
s rÞ2Xð�3:2Þ
2

i)

rÞ2Xð�3:2Þ
2

i) (24)
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here i ¼ 5
�
16 is the constant angle of inclination of the plane

of lunar orbit to the ecliptic plane. nUis the constant rate of pre-
cession of the lunar orbit with a period of 18.599 years. Frequencies
n0 and nF have values nF ¼ 17395266}10(1/yr) and n0 ¼
17325643}7931(1/yr). r ¼ 6

�
782 is a unperturbed value of the

angle of inclination of axis of theMoon rotation relatively to normal
to the plane of its mean orbit. Note that in this case the Andoyer
variables are referred to precessing orbital plane. In the case of
high-precision lunar orbit to study the rotational motion of the
Moonwe have used Andoyer variables referred to the ecliptic plane,
as it was assumed in the analytic theory of the author [15].

In the case of high-precision lunar orbit the values of the
dimensionless coefficients, f ðL;LÞ0 , f ðH;HÞ0 , …, f ðh;hÞ0 (21) are calculated
by more complex formulas obtained in Ref. [15], and depend on all
coefficients from the Table 1:

mf ðg;hÞ0 ¼673:1132�10�6; mf ðg;gÞ0 ¼672:2999�10�6

mf ðH;HÞ0 ¼�4:331321; mf ðh;hÞ0 ¼671:6517�10�6

mf ðL;LÞ0 ¼mf ðq;qÞ0 ¼410:4448�10�6; mf ðl;lÞ0 ¼2506:765�10�6

(25)

For the analysis of the constant components of perturbations of
the first order, we have used two models of the orbital motion of
the Moon and in both cases obtained results were in good agree-
ment. Here we give only sample estimates of these constants
including accurate model of selenopotential (its second and third
harmonics), obtained by Japanese scientists on the basis of data of a
space mission “Selena” [10].

In the formulae (21) and (22) r0=a ¼ 4:521� 10�3 is a ratio of
mean radius of theMoon to unperturbed value of semi-axis of lunar
orbit. Eccentricity functions Xð�4;1Þ

1 ðeÞ,Xð�4;3Þ
3 ðeÞ and values of

others functions from (21) are given by:
X�3:0
0 ðeÞ ¼ 1þ 3

2
e2 þ 15

8
e4 þ 35

16
e6; X�3:2

2 ðeÞ ¼ 1� 5
2
e2 þ 39

48
e4 � 175

1440
e6

X�4;1
1 ðeÞ ¼ 1þ 2e2 þ 239

64
e4 þ 3323

576
e6; X�4;3

3 ðeÞ ¼ 1� 6e2 þ 423
64

e4 � 10000
5120

e6

P ¼ 3
64

ð1þ cos rÞ
�
1þ 10 cos r� 15cos2 r

�
; Q ¼ 15

64
ð1þ cos rÞ3

R ¼ 3
64

sin r
�
11� 10 cos r� 45cos2 r

�
; S ¼ 45

64
sin rð1þ cos rÞ2

(26)
If we neglect the small values of the eccentricity of the orbit and
take into account the small values of angles r, for example, for some
other's synchronous satellites of planets, then we have:

Xð�4;1Þ
1 ðeÞ ¼ 1;Xð�4;3Þ

3 ðeÞ ¼ 1; P ¼ �3
8
;Q ¼ 15

8
;R ¼ �33

16
sin r;

S ¼ 45
16

sin rA (27)

Simplified expressions for (24) take the form:
f ðl;lÞ0 ¼4
I
ðJ2þ2C22Þ;f ðg;gÞ0 ¼ f ðg;hÞ0 ¼12

I
C22;f

ðh;hÞ
0 ¼nU

n0
sinrsiniþ12

I
C22;

f ðL;LÞ0 ¼1
I
ðJ2�2C22Þ;f ðH;HÞ0 ¼ nU sini

usin3r
� 3
2I
ðJ2þC22Þ;

f ðh;hÞ0 �f ðg;hÞ0 ¼�nUu

n20
$
sinrsini
cosh

¼nU
n0

sinrsini:

(28)

We emphasize that in (24), (25) and (28) we have used the
standard notations for the coefficients of selenopotential J2 and C22.
Simplified formulae (21) and (22) take the form:

m
L1
G

¼ 9n20
4If ðL;LÞ0 u2

S31
r0
a
;mq1 ¼ � 9n20

4If ðL;LÞ0 u2
S31

r0
a

m
H1

G
¼ 9n20

4If ðH;HÞ0 u2

�
C31 � 10C33

� r0
a
;

mr1 ¼ � 9n20
4 sin rIf ðH;HÞ0 u2

�
C31 � 10C33

� r0
a

ml1 ¼ 3

2If ðl;lÞ
�
S31 � 30S33

� r0
a
;

mg1 ¼ �3
2I

f ðg;hÞ0 � f ðh;hÞ0

f ðg;gÞ0 f ðh;hÞ0 �
�
f ðg;hÞ0

�2
�
C30 � 10C32

� r0
a

mh1 ¼ �3
2I

f ðg;hÞ0 � f ðg;gÞ0

f ðg;gÞ0 f ðh;hÞ0 �
�
f ðg;hÞ0

�2
�
C30 � 10C32

� r0
a
: (29)
In the case of a uniformly precessing orbit f ðg;hÞ0 ¼ f ðg;gÞ0 and we
obtain h1 ¼ 0,

g1 ¼ 3

2If ðg;gÞ0

�
C30 � 10C32

� r0
a
:

In (21), (29) coefficients J2, C22 and C30, C31, C32, C33, S31, S32, S33
are the coefficients of the standard representation of selenopo-
tential, but recorded in oblique coordinate system CMxhz (with
non-standard orientation). They are connected with the generally
accepted values of the coefficients of selenopotential J2, C22 and
C30, C31, C32, C33, S31, S32, S33 by the simple relations:



C20 ¼ �1
2
ðC20 þ 6C22Þ;C21 ¼ �2S22; S21 ¼ S21; S22 ¼ �1

2
C21;C22 ¼ 1

4
ð � C20 þ 2C22Þ

C30 ¼ �3
2
ðS31 þ 10S33Þ;C31 ¼ 1

4
ðC31 � 30C33Þ;C32 ¼ 1

4
ð � S31 þ 6S33Þ;C33 ¼ 1

8
ðC31 � 2C33Þ

S31 ¼ �1
4
ð10C32 þ C30Þ; S32 ¼ �S32; S33 ¼ 1

24
ð6C32 � C30Þ:

(30)
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We will use the high-precision values of selenopotential co-
efficients obtained in implementing Selena lunar mission (values
are given in units 1� 10�6) [10]:
C20 ¼ �203:4495±0:0037; C21 ¼ 0:0147±0:0014; S21 ¼ �0:0205±0:0014;
C22 ¼ 22:3722±0:0008; C30 ¼ �8:4328±0:0046; C31 ¼ 28:4646±0:0019;
S31 ¼ 5:8777±0:0015; C32 ¼ 4:8428±0:0006; S32 ¼ 1:6754±0:0005;
C33 ¼ 1:7132±0:0002; S33 ¼ �0:2428±0:0002:

(31)
As a result, by formulae (29)e(31) we obtain the following es-
timates of the constant components of Andoyer variables and
constant components of the angular velocity of the Moon:
mq1 ¼ 130
00
391±0

00
035; mr1 ¼ �7

00
3276±0

00
0006; ml1 ¼ 80

00
9399±0

00
0151

mg1 ¼ 44
00
8621±0

00
0256; mh1 ¼ 24

00
9649±0

00
0143; m

�
g1 þ h1

�
¼ 69

00
8270±0

00
0399

mp1=u ¼ 80
00
9399±0

00
0151; m2q2

.
u ¼ ð�4:1606±0:0003Þ � 10�6; mr1=u ¼ �130

00
391±0

00
035

(32)

Table 2
Free and resonant librations of the Moon. Amplitudes, periods, variations of the
corresponding classical variables.

N Variables Theory analytical Theory empirical Periods, days

1 dP1 �3003060 �300306 27257.273
2 dP1 �0000320 �000032 27.296
3 dP1 0000250 000025 27.932
4 dP2 8001830 800183 27257.273
5 dP2 0000320 000032 27.296
6 dP2 000001 000002 27.312
7 dtK 1007570 100735 1056.210
8 dtK 0000774 000077 27.185
9 dtK �0000328 �000032 27.239
10 drK 5007402 500753 27.185
11 drK 2004330 200437 27.239
12 drK 0000320 000029 8822.883
13 IdsK 5007402 500758 27.185
14 IdsK �2004330 �200443 27.239
15 IdsK �0000320 000033 8822.883
The solution (32) describes a number of interesting dynamic
effects in the rotational motion of the Moon, which in spite of the
fine structure can be considered as clarifies of Cassini's laws, which
describe the main features and characteristics of the resonant
rotation of the Moon, regarded as some average rotational motion
in Cassini's style.

In this paper, we omit a detailed derivation of the formulas for
the frequencies and periods of free librations of the Moon and
formulas for solving variational equations in the Anduaye variables,
and give the final results for their subsequent analysis and the
transition to variations of the classical variables of the theory
of physical libration of the Moon, which were obtained in the
work [19]. In this paper, in the beginning, the solution of the
variational equations was obtained in Anduaye variables z ¼ ðl; g;h;
lc; L;G;H; LcÞ and then it was transformed to known classical vari-
ables Z ¼ ðP1; P2; t; r; IsÞ [13] (see Table 2).

The table shows a fairly close agreement between the analytical
theory being developed here [19,20], and the empirical theory
constructed from laser observations [13].

Theorem3. Themotion according to Cassini’s laws is described by
the generating solution (13) e (15). Mean values of the variables z
describe the perturbed mean intermediate rotational Moon motion
close to the Cassini’s motion having the following regularities:

1. the mean longitude of the descending node of intermediate
plane QG orthogonal to the vector of angular momentum G in
the ecliptic date differs from the mean longitude of the
ascending node of the lunar orbit by mh1 ¼ 24

00
9649±0

00
0143;
2. the mean value of the angle between the ecliptic date and in-
termediate plane differs from the generating value r0 by mr1 ¼
� 7

00
3276±0

00
0006;
3. in the average position the Moon angular velocity vector u

does not coincide with the polar inertia axes Oh and its orien-
tation is determined by the angles: mq1 ¼ 130

00
391±0

00
035, ml1 ¼
80
00
9399±0

00
0151;

4. themean values of equatorial projections of theMoon rotational
angular velocityu on its principal inertia axes are different from
zero and consist: mp1=u ¼ 80

00
9399±0

00
0151, mr1=u ¼ �

130
00
391±0

00
035;

5. the mean Moon rotational angular velocity in the coordinate
system CMXYZ differs from its unperturbed value u ¼ nF ; and
its value is determined by the formula m2q2=u ¼ ð�
4:1606±0:0003Þ� 10�6.
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All dynamic effects described in 1 - 5 are caused by the in-
fluence of the third harmonic of the Earth-Moon force function
UM . Define contributions in discussed phenomena will give also
another perturbing factors (more high harmonics of force
functions, gravitational attraction of the Sun and planets and
oth.).

Constant components (32) were calculated for the most modern
model of the gravitational potential of the Moon, obtained on the
base of Selena mission data [10]. For comparison, we have calcu-
lated the values of (29) obtained for the model of selenopotential
LURE2 [8] (1 unit¼10�6):

C20 ¼ �203:8;C22 ¼ 22:4;C30 ¼ �10:44;C31 ¼ 28:6;
S31 ¼ 8:8;C32 ¼ 4:8; S32 ¼ 1:7;C33 ¼ 2:7; S33 ¼ �1:1: (33)

Coefficients (33) allow us to describe these effects in the rotation
of the Moon:

q1 ¼ 124
00
326; r1 ¼ �8

00
4103; l1 ¼ 79

00
376

g1 ¼ 142
00
477; h1 ¼ 79

00
2742; g1 þ h1 ¼ 221

00
751

(34)

Calculated values of the constants (32) and (34) obtained for
different models of selenopotential are in good agreement with
each other. But the constants mg1, mh1 and mðg1 þ h1Þ from equa-
tions (32) and (34) have a significant distinguish. Therefore, addi-
tional studies are necessary for constant components of the various
dynamical and geometric characteristics of the rotational motion of
the Moon, and the further development and refinement of models
of selenopotential.
4. About the angles of inclination of the rotational axis and
the angular momentum of Mercury

4.1. Model

Resonant motion of Mercury on Cassini have been studied well-
known authors: Colombo, Beletskii, Peale, etc. [21,22]]. Moreover,
asa rule for theperturbedorbitalmotionwas takenonthemotionofa
uniformly precessing orbit (with a constant angular velocity nU <0)
withconstantangleof inclinationoforbitplane i relatively to thebase
plane (ecliptic plane or Laplace plane). The orbit is elliptical and is
characterized by constant eccentricity e. In this study, the rotational
motionofMercury (asacelestial bodywithnonspherical rigidmantle
and liquid core) on an evolving orbit, referred not to the Laplace
plane and to ecliptic plane of the given epoch. We take into account
not only the uniform precession of the orbit plane (the secular
change in longitude of the ascending node of the orbit U), but the
slow change in orbital inclination (i) with small angular velocity ni.

As the basemodel of Mercury's orbit in the study of its rotational
motion in this paper we take the mean orbit of this planet, whose
parameters are given in the famous website http://ssd.jpl.nasa.gov/
(J2000) (epoch ¼ J2000 ¼ 2000 January 1.5):

i ¼ 700028806;nU ¼ dU
dt

¼ �446}30ð1=cyÞ;ni ¼
di
dt

¼ �23}57ð1=cyÞ: (35)

Period of orbital motion of Mercury is Tn ¼ 2p=n ¼ 87:969 days
(n in the mean orbital motion) and period of progressive precession
of the line of node of the orbit plane on the Laplacian plane is TU ¼
2p=jnUj ¼ 278898 years.

An estimation of the inclination angle of the angular mo-
mentum relatively to the normal to the mean orbital plane rG,
is made on the basis of non-normalized values of the co-
efficients of the second harmonic of the gravitational field of
Mercury J2 andC22 (gravity model HgM001 MESSENGER) [11]
on parameters of physical liberations and internal structure of
this planet:

J2 ¼ ð1:92±0:65Þ � 10�5;C22 ¼ ð0:81±0:08Þ � 10�5;Cm=mr2

¼ 0:160±0:018;

(36)

derived fromsatellite observations byapparatusMessenger, ground-
based radar observations [6e14]: ðB� AÞ=Cm ¼ ð2:03±0:12Þ� 10�4,
ru ¼ 201±001 and based on theoretical estimates [23]: C=ðmR2Þ ¼
0:35;Cm=C ¼ 0:5±0:07. Here C and Cm are polar moments of inertia
of Mercury and its mantle, m and R are mass and mean radius of
Mercury.
4.2. Cassini's motion of Mercury

Based on the method of investigation of resonant rotational
motion of Mercury, developed in [21,22,24], for considered here the
model of an evolving orbit, we obtain the following analytical ex-
pressions and numerical characteristics of the generalized Cassini's
motion of Mercury (for the unperturbed values of the ascending
node h0 and inclination angle rG of the vector angular momentum
of the planet relative to the ecliptic of 2000.0):

h0 ¼ arctanð � ni=nU sin iÞ ¼ 23
�
3677; (37)

rG ¼ �nU
n0

sin i
cos h0

�
nU
n0

cos iþ 1
I

�
J2C

ð�3:0Þ
0 þ 2C22X

ð�3:2Þ
N

�	�1

¼ 402±104:

(38)

From these formulas it follows that due to influence of the angle
h0 the value of Cassini's angle rG increases at 8.94%, compared with
an earlier value for h0 ¼ 0 [21,22,24].
5. Conclusion

This paper gives the fullest and most detailed analytical
description of the effects of constant angular displacements of
axes of inertia of the Moon relatively to their positions and
angular displacements of the axis of rotation of the Moon rela-
tively to the pole of the polar axis of inertia. We have identified a
subtle effect of the second order, which manifests itself in
reducing the mean angular velocity of the Moon's due to gravi-
tational influence of gravity through the third harmonic of sele-
nopotential. The generalized Cassini's laws describing as the main
regularities in the rotation of the Moon, and subtle patterns and
dynamic effects of the first and second order of smallness with
respect to dynamic oblatenesses of the Moon have been formu-
lated and revised.

On the basis of a special approach the basic laws of the reso-
nant rotation of Mercury, when as a primary coordinate plane
shall not Laplace plane and the ecliptic of the given epoch have
been studied. If the secular change in inclination of the orbit of
Mercury to exclude from consideration, then the equations (37)
and (38) can be simplified and its solution will be h0 ¼ 0 and rG ¼
309±103. That solution with h0 ¼ 0 (for others values of Mercury
parameters) before, starting with the pioneering works of
Colombo, Beletskii, Peale et al., have been studied actively. We
emphasize here that the rotational motion is not attributable to
the Laplace plane for the Mercury, and with respect to the mean
ecliptic and equinox of epoch 2000.0. In [22] we have assumed

http://ssd.jpl.nasa.gov/
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the existence of large amplitude free librations of Mercury in
longitude with a period of 12 years despite the claim that the free
vibrations of the poles of Mercury have completely subside within
a relatively short period of time [23]. As the main mechanism of
excitation of free oscillations was proposed mechanism of forced
relative oscillations of the core and mantle of the planet (which
are non-spherical bodies and occupy the eccentric positions
relative to each other) under the gravitational attraction of the
Sun and the planets and due to perturbations in orbital motion.
Naturally, this same mechanism is responsible for the excitation
of free motion of the pole and the free oscillations of angular
momentum vector in space. The results of this study can be
regarded as a confirmation of the existence of long-period (not
Euler) oscillations of the rotation axis of Mercury with an
amplitude of about 20- 40. And if the prediction of the free libra-
tions in longitude [21,22] has already received confirmation [6], to
confirm the free oscillations of the pole axis of rotation of Mer-
cury in the body and the free oscillations of angular momentum
vector in space should be a new and more accurate data on the
gravitational field of Mercury and its librations. This issue should
contribute to research on the MESSENGER spacecraft on mercu-
rial orbit in 2011. The action of the mechanism of forced swing
and wobble of the core and mantle of Mercury (and of others
solar system bodies) should lead to the formation of active
geological structures with an asymmetric distribution with
respect to the northern and southern hemisphere and especially
pronounced in polar regions. The first position was clear evidence
in the asymmetric distribution of scarps and ridges of Mercury.
We expect that the second assumption will be confirmed in
studies of the polar regions of the MESSENGER spacecraft in 2011.
In conclusion remarks that the phenomenon revealed the lines
shift of nodes h0 ¼ 23

�
4 can make some adjustments in the

calculation according to radar observations of Mercury's rotation
carried out in Ref. [6]. The new objectives and new proposals for
the study of rotation, the internal structure and internal dynamics
of the Moon and Mercury and another's planets and satellites
have been formulated [8,9,25].
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