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Abstract 

Optimal flowback water desalination is critical to improve overall efficiency and 

sustainability of shale gas production. Nonetheless, great uncertainty in well data from 

shale plays strongly hinders the design task. In this work, we introduce a new 

stochastic multiscenario optimization model for the robust design of desalination 

systems under uncertainty. A zero-liquid discharge (ZLD) system composed by 

multiple-effect evaporation with mechanical vapor recompression (MEE-MVR) is 

proposed for the desalination of high-salinity shale gas flowback water. Salinity and 

flowrate of flowback water are both considered as uncertain design parameters, which 

are described by correlated scenarios with given probability of occurrence. The set of 

scenarios is generated via Monte Carlo sampling technique from a multivariate normal 

distribution. ZLD operation is ensured by the design constraint that allows brine 

concentration near to salt saturation conditions for all scenarios. The stochastic 

multiscenario nonlinear programming (NLP) model is optimized in GAMS, through 

the minimization of the expected total annualized cost. Risk analysis based on 

cumulative probability curves is performed in the uncertain search space, to support 

decision-makers towards the selection of more robust ZLD desalination systems 

applied to shale gas flowback water. 
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1. Introduction 

Optimal management of flowback water from shale gas industry to allow its recycling 

is essential to improve overall process efficiency and sustainability. Consequently, 

advanced technologies are required for the desalination of large amounts of high-

salinity shale gas flowback water. Notwithstanding, great uncertainty related to well 

data from shale plays (including wastewater salinity and flowrate) strongly hampers 

the system design task. In general, deterministic modelling approaches cannot provide 

all flexibility needed by the system when design parameters present variability. For 

this reason, sub-optimal solutions described by impaired energy performance are 

generally obtained when considering distinct feeding scenarios. Furthermore, the 

decision-maker has no information about the influence of uncertain design parameters 

on the obtained optimal system configuration. Dealing with uncertain search space is 

critical in optimization under uncertainty. This is due to the very large-scale models 

that frequently arise from their formulation (Sahinidis, 2004). In this way, stochastic 

sampling-based programming models can be utilized to address the robust design 

issue. 

Zero-liquid discharge (ZLD) operations have received an increased interest in recent 

years. Chung et al. (2016) studied ZLD desalination for high-salinity applications via 

multistage vacuum membrane distillation. The latter authors focused their efforts on 

the application of a finite differences method for process numerical simulations. Han 

et al. (2017) developed mathematical models for zero-emission desalination of 

seawater. Their simulation results, based on energy and exergy analyses, show MEE-

MVR more effective than SEE-MVR. Onishi et al. (2017a) addressed ZLD 

desalination to shale gas flowback water. A superstructure-based non-linear 

programming (NLP) model is used to optimize several SEE/MEE-MVR 

configurations. Their results indicate MEE system with single-stage vapor 



 

recompression as the most cost-effective desalination process. Onishi et al. (2017b) 

extended their previous work for the rigorous design of ZLD systems, allowing more 

precise estimation of heat transfer coefficients and equipment features. Although 

aforementioned studies are important contributions to PSE field, none of them have 

considered uncertainty to enhance system robustness and flexibility. 

In this work, we introduce a new stochastic multiscenario model for the robust design 

of ZLD desalination systems under uncertainty. The MEE-MVR system is essentially 

composed by several horizontal-tube evaporation effects driven by a mechanical vapor 

compressor. ZLD process is ensured by a design constraint that allows brine salt 

concentration near to saturation conditions in the uncertain search space. In this new 

approach, flowback water salinity and flowrate are both treated as uncertain design 

parameters. We assume that these uncertain parameters can be explicitly expressed 

through a set of correlated feeding scenarios with given probability of occurrence. 

Different feeding water scenarios described via multivariate normal distribution are 

generated via Monte Carlo sampling technique. The stochastic multiscenario NLP-

based model is implemented in GAMS, and solved through the minimization of the 

expected total annualized cost. A case study is performed to assess the robust design 

and financial risk of ZLD desalination systems using the proposed stochastic 

multiscenario model.  

2. Problem Definition 

Given is a high-salinity stream of shale gas flowback water, with known inlet state 

(described by temperature, and mean values for salt concentration and flowrate) and 

target condition defined by the ZLD specification. Furthermore, desalination system 

(including multiple-effect evaporator, mechanical vapor compressor, flashing tanks, 

preheater, mixers and pumps) and energy services (steam and electricity) are also 

provided with their corresponding costs. Salt concentration and flowrate of the inlet 

water stream are both considered as uncertain design parameters that can be explicitly 

expressed by a set of correlated feeding scenarios (treated as input design parameters 



in the stochastic modelling approach). The uncertainty is mainly related to the great 

variability presented in well data from real shale plays. ZLD operation in uncertain 

search space is ensured by a design constraint, which allows brine discharge 

concentration close to salt saturation condition (300 g kg-1) for all scenarios. The main 

goal is to obtain a robust design of ZLD desalination systems by reducing brine 

discharges, whilst accounting for different feeding scenarios. Nonetheless, the MEE-

MVR system should be able to efficiently operate at ZLD condition in a large range of 

correlated feeding scenarios. For this purpose, the ZLD system is optimized via 

stochastic modelling approach through the minimization of the expected total 

annualized cost. The objective function is composed by the contributions related to 

capital investment (scenario independent variable) and operational expenses (scenario-

dependent variables). The developed stochastic multiscenario NLP-based model and 

correlated feeding scenarios generation are presented in the next sections. 

3. Stochastic Modelling Approach 

The mathematical formulation for the optimal ZLD system design under uncertainty 

is based on our previous deterministic optimization models proposed in Onishi et al. 

(2017a; 2017b). Hence, the optimization model includes sizing equations for the MEE-

MVR equipment (multiple-effect horizontal-tube evaporator, mechanical vapor 

compressor, flashing tanks and preheater), mass and energy balances in all mixing 

points, temperature and pressure feasibilities, design constraints (including restrictions 

on temperatures and ZLD operation) and objective function. In this new stochastic 

modelling approach, the model should explicitly consider the effect of the design 

parameters uncertainty. Thus, the optimization variables are classified into two groups: 

scenario independent and scenario-dependent variables (Sahinidis, 2004). The first 

group is not affected by the materialization of the uncertainty in the search space, while 

the second one is highly influenced by the uncertain design parameters. Whilst the 

scenario independent group comprise equipment sizing-related variables (e.g., 

volumes and heat transfer areas), all remaining optimization variables are considered 



 

as scenario-dependent recourses against infeasibilities. We highlight that uncertainty 

associated to the design parameters has also effect on the objective function. As a 

consequence, the resulting (stochastic multiscenario NLP-based) model is optimized 

through the minimization of the expected value of the objective distribution, described 

by the total annualized cost. The stochastic objective function for the minimization of 

the expected total annualized cost ( ExpTAC ) is given by Eq. (1): 

( ) ( ) ( )min    

s.t.      all equality and inequality constraints 
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In which sprob  is the probability of occurrence of the scenario s . We assume the same 

occurrence probability for all correlated feeding water scenarios. The total annualized 

cost distribution ( sTAC ) is composed by the contributions associated to the capital 

investment ( CAPEX ) and operational expenses ( sOPEX ) for each scenario s . Note that 

capital investment in equipment is scenario independent in consequence of the sizing-

related variables. On other words, while operating expenses should capture energy 

consumption variability in the uncertain search space, equipment capacities and, 

consequently, capital cost should be equal for all scenarios. As a result, the 

optimization to obtain a robust design that is able to operate in a large range of 

correlated scenarios frequently leads to worst case capacity solutions. For avoiding 

oversized equipment, we consider an external steam source to provide additional 

energy to the ZLD system. Yet, the optimal MEE-MVR system should achieve ZLD 

operation in the all uncertain space. The ZLD condition for each correlated scenario is 

ensured by the following constraint: 

,          1,     = brine design

i sS S i s S              (2) 

The ZLD constraint reduces the uncertain search space to obtain only feasible solutions 

that reach the minimum design salinity requirement defined by the parameter designS . 

Clearly, lower total costs should be expected under weaker brine salinity restrictions. 

The resulting stochastic multiscenario model was implemented in GAMS (version 



24.7.4) and optimized with the interior-point local solver IPOPT (using sub-solver 

CPLEX). The model was solved with a personal computer with an Intel Core i5-

2520M 2.5 GHz processor and 8 GB RAM running Windows 10. The CPU time for 

stochastic optimizations did not exceed 60 s. Note that the MEE-MVR system should 

operate at low temperatures and pressures to avoid rusting, fouling and instability 

problems. Therefore, lower and upper bounds on such decision variables are decisive 

to properly design ZLD systems. Moreover, high nonlinearity and non-convexity of 

physical properties, boiling point elevation (BPE) and cost correlations further 

increases the complexity model. 

4. Correlated Scenarios Generation 

Correlated feeding scenarios are generated via Monte Carlo sampling technique from 

a multivariate normal (Gaussian) distribution by a random number generator 

algorithm. The latter was implemented in MATLAB based on the Mersenne twister 

algorithm proposed by Matsumoto and Nishimura (1998). The probability density 

function for continuous random variables ( 1 2, , , dX X X ) can be expressed as follows: 

2 11
1 2 2

( , , , ) 1 (2 ) | |exp ( ) ( )T
X df X X X X X          (3) 

In which  represents the dimensional vector d  with the expected mean (nominal) 

values of each random variable. | |  is the determinant of the dXd  covariance matrix 

. While the diagonal element of the matrix  is a symmetric positive matrix that 

contain the variances 2  for each variable, non-diagonal elements of  indicate the 

covariances between variables  ij  obtained from the correlation symmetric matrix ij

: 

2 2
ij ij i j               (4) 

This symmetric matrix relates each pair of correlated random variables, wherein non-

diagonal elements can assume values between –1 and 1. Based on real information, we 



 

assume the uncertain correlated parameters have negative correlation (with values 

ranging between –1 and 0). The generated feeding scenarios are depicted in Figure 1.  

 

Figure 1. Correlated feeding scenarios generated via Monte Carlo sampling technique 

by multivariate normal (Gaussian) distribution, considering 10 % of standard deviation 

from expected mean (nominal) values and matrix correlation of –0.7 (200 scenarios). 

5. Case Study 

A case study is carried out to appraise the proposed stochastic modelling approach as 

the robust design of ZLD systems. In this example, we consider expected mean values 

equal to 8.68 kg s-1 for the shale gas flowback water flowrate, and 80 g kg-1 for its 

salinity. Moreover, standard deviations equal to 5, 10 and 20 % from mean values are 

considered for the uncertain design parameters. Correlated scenarios are generated 

from a multivariate normal distribution, considering a matrix correlation of –0.7 for 

each standard deviation. Initially, we compare deterministic and stochastic solutions 

to assess the applicability of the proposed stochastic approach. Afterwards, we utilize 

the new stochastic model to address the well data uncertainty through an economic 

risk analysis. 

Hence, we firstly solve the deterministic model through the minimization of the total 

annualized cost. Note that a deterministic model can be easily obtained from stochastic 

approach by setting one single scenario, which should correspond to expected mean 

values for the uncertain parameters. In this case, the total annualized cost for the 



optimal ZLD system is equal to 1055 kUS$ y-1. This value represents a freshwater 

production cost of ~5.3 US$ m-3. After that, stochastic optimization is performed by 

fixing all equipment capacities obtained from the deterministic solution, in order to 

evaluate the system performance under distinct scenarios. The stochastic solution 

presents an expected total annualized cost equal to 1129 kUS$ y-1. Thus, the total cost 

is ~7 % higher than the deterministic solution. This is a result of the operating 

conditions adjustment to operate in all distinct feeding scenarios. We emphasize that 

more than 50 % of the feeding scenarios exhibits operational expenses much higher 

than the deterministic solution (e.g., scenario 200 shows an increment of ~200 % in 

operational costs). The latter results highlight the importance of considering a 

stochastic model to solve this type of problem. 

Cumulative probability curves for the economic ZLD system performance are 

displayed in Figure 2. In this figure, the vertical axis indicates the probability of 

achieving an economic performance lesser or equal to a target value given in the 

horizontal axis. A thorough examination of these curves reveals that the consideration 

of uncertain parameters with higher standard deviations implies riskier decision-

making. This is due to higher standard deviation curves present lower probability of 

reaching a desired economic performance. For instance, 20 % curve presents ~8 % of 

probability of exceeding the target cost of 1351 kUS$ y-1, while this probability is null 

for the 5 % curve.  

 



 

Figure 2. Cumulative probability curves for the ZLD system economic performance. 

6. Conclusions 

A new stochastic multiscenario optimization model is introduced for the robust design 

of ZLD desalination systems under uncertainty. The ZLD desalination process for 

shale gas flowback water is performed through a MEE-MVR system. For ensuring the 

goal of ZLD operation in the uncertain space, we define the discharge brine salinity 

close to salt saturation condition as a design constraint for all scenarios. Flowback 

water salinity and flowrate are both considered as uncertain design parameters. These 

uncertain parameters are mathematically modelled as a set of correlated scenarios with 

given probability of occurrence. The correlated scenarios are generated from a 

multivariate normal distribution via Monte Carlo sampling technique with a symmetric 

correlation matrix. We highlight that uncertainty is mainly due to the great variability 

observed in shale well data. Thus, the model is aimed at obtaining the robust design of 

ZLD systems through lessening brine discharges, while accounting for different 

correlated feeding scenarios. The stochastic multiscenario NLP-based model is 

implemented in GAMS, and optimized by the minimization of the expected total 

annualized cost of the desalination process. 

Comparative results between deterministic and stochastic (with fixed deterministic 

solution) approaches indicate that operational expenses can be prohibitive for some 

correlated scenarios. This is because the ZLD process is not able to provide all system 

flexibility required against feeding variability conditions. These results highlight the 

importance of the proposed stochastic model to optimize systems subjected to design 

parameters uncertainty. Furthermore, cumulative probability curves show that higher 

standard deviations for uncertain parameters imply riskier decision-making. This is a 

consequence of their increased probability of exceeding a target total annualized cost.  
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