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ABSTRACT

Closed-form exact solutions for an oscillator with anti-symmetric quadratic nonlinearity are derived
from the first integral of the nonlinear differential equation governing the behaviour of this oscillator.
The mathematical model is an ordinary second order differential equation in which the sign of the
quadratic nonlinear term changes. Two parameters characterize this oscillator: the coefficient of the
linear term and the coefficient of the quadratic term. Not only the common case in which both
coefficients are positive but also all possible combinations of positive and negative signs of these
coefficients which provide periodic motions are considered, giving rise to four different cases. Three
different periods and solutions are obtained, since the same result is valid in two of these cases. An
interesting feature is that oscillatory motions whose equilibrium points are not at x = 0 are also
considered. The periods are given in terms of an incomplete or complete elliptic integral of the first
kind, and the exact solutions are expressed as functions including Jacobi elliptic cosine or sine

functions.

Keywords: Dynamical systems; Nonlinear oscillators; Conservative systems; Elliptic integrals;

Jacobi elliptic functions

PACS: 05.45.-a, 02.30.Hq, 05.10.-a



A. Beléndez et al. Indian Journal of Physics - ISSN 0973-1458
Indian ] Phys (2018) 92(4):495-506 DOI 10.1007/s12648-017-1125-9

1. Introduction

Mathematical models based on nonlinear oscillators have been widely used, not only in
mechanics but also in other branches of physics, mathematics or engineering [1-4]. In
conservative nonlinear oscillators the restoring force is not dependent on time, the total
energy is constant [2,3] and any oscillation is stationary. The solutions for this type of
oscillators are periodic and range over a continuous interval of initial values [5]. In this paper
we obtain closed-form exact expressions for the period and solution of an anti-symmetric
quadratic nonlinear oscillator with linear and nonlinear terms, modelled by the following

second-order differential equation

2
X
?+a1x+a2 sgn(x)x* =0 (1)

where a; and a, are the coefficients of the linear and nonlinear terms, respectively.
Cveticanin analysed the vibrations of this oscillator when a; > 0 [6] and made a qualitative
analysis of the differential equation in (1) for both mass-hard and mass-soft spring systems.
She also derived the exact solution to the anti-symmetric quadratic equation when a; > 0
using Jacobi elliptic functions [6]. Elias Zufiga obtained the exact solution to the quadratic
mixed-parity Helmholtz—Duffing oscillator [7]; Jin-wen Zhu derived the exact solution to a
damped quadratic non-linear oscillator [8], and Marinca and Herisanu obtained explicit and
exact solutions to cubic Duffing and double-well Duffing equations [9]. However, none of
these authors solved the nonlinear differential equation but assumed that its exact solution is
given by an equation which includes the dn Jacobian elliptic function and five unknown
parameters that need to be determined. When a; = 0 and a, > 0, Eq. (1) corresponds to a truly
nonlinear oscillator [10] for which exact expressions for the period and solution have already
been obtained [11]. However, as far as we know, for the general situation described by Eq.
(1), only analytical approximate expressions for the exact period and exact solution have so
far been obtained. Mickens and Mixon [12] obtained accurate analytical approximate
solutions to an anti-symmetric quadratic non-linear oscillator using the generalized harmonic
balance method, as did Chen et al [13] using the elliptic perturbation method. Beléndez et al
approximately solved this nonlinear oscillator when a; = 0 using a modified He’s homotopy
perturbation method [14] as well as a novel rational harmonic balance approach [15].

Recently, Cveticanin et al [16] obtained solutions to oscillators with symmetric and
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asymmetric quadratic nonlinearity in the form of Jacobi elliptic functions. The case in which
coefficients a; and a, are both positive is the most commonly analysed. However, we
obtained exact approximate solutions not only when both coefficients are positive but also
for all possible combinations of positive and negative values of these coefficients which
provide periodic motions. In this paper we obtain exact expressions for the period and
solution of an anti-symmetric quadratic nonlinear oscillator modelled by Eq. (1). Unlike the
procedure followed by other authors [6-9,16], instead of assuming an expression for the
solution we solve the nonlinear differential equation exactly. The various combinations of

positive and negative signs of these coefficients give rise to four different cases. In three of

these ((a) @1 20, a2 >0, and xo > 0, (b) a1 <0, a2 > 0 and x, >-3a,/2a,,and (c) a1 >0, a; <
0 and O<x,<-a,/a,) the system oscillates around the equilibrium position x = 0 with
x €[-x,,x,], where xo > 0 is the oscillation amplitude. However, there is still one more case
((d)a1>0,a2<0,and 0> x, >-3a,/2a, or 3a,/2a,<x,<0) in which the system does not
oscillate around the position x = 0 where x €[-x,x,], but around the equilibrium position
x=-a /a, where x€[x,x,] (when 0>x >-3a,/2a,) or x=a,/a, where x E[x,x]
(when 3a, /2a, < x,<0). Three different sets of closed-form expressions for the exact period

and solution were obtained. Some examples are analysed and plots including periods,

solutions or phase-diagrams are presented and discussed.

2. Solution when a; >0, a, > 0 and x, > 0

Consider the anti-symmetric quadratic nonlinear oscillator given in Eq. (1) with initial

conditions
dx
0)=4 —(0)=0 2
x(0) dt( ) (2)

In Eq. (1) we assume that the coefficients of the linear and the nonlinear terms satisfy the

inequalities

a =0 a,>0 (3)



A. Beléndez et al. Indian Journal of Physics - ISSN 0973-1458
Indian ] Phys (2018) 92(4):495-506 DOI 10.1007/s12648-017-1125-9

This system corresponds to a nonlinear oscillator for which the nonlinear function
f(x)=ax+a, sgn(x)x’ is odd, i.e. f(-x)=-f(x) and satisfies the condition x f(x)>0
when x €[-x,,x,], x = 0, where xo > 0 is the initial amplitude. This system oscillates around
the equilibrium position x = 0 and the period, 7, and periodic solution, x, are dependent on

the oscillation amplitude x.

In order to obtain the exact period and periodic solution to Eq. (1), we take into account that

this is a conservative system and has the following first integral

2
(d_) + alx2 + ga2 sgn(x)x’ = alxg + %azxg =0 (4)
t

which can be written as follows

(%) —a,(x-x")+ zaz (x; —sgn(x)x*) (5)
dr 3

From this equation we obtain

1/ﬁdt == dx (6)
3 \/3a

—L(x) - x*)+(x; —sgn(x)x’)

where the sign (£) is chosen taking into account the sign of dx/dz in each quadrant.
From Eq. (6) we obtain ¢ as a function of x for the following cases:

(a) Trajectory 1 — 2 (0 <¢<7/4 and xo > x > 0), x is positive and dx/d¢ is negative.

(b) Trajectory 2 — 3 (7/4 <t < 7/2 and 0 > x > —xy), x is negative and dx/dt is negative.
(c) Trajectory 3 — 4 (772 <t <37/4 and —xo < x < 0), x is negative and dx/dt is positive.
(d) Trajectory 4 — 1 (37/4 <¢t< T and 0 <x < xy), x is positive and dx/d¢ is positive:

For the first time interval (0 < ¢ < 7/4, trajectory 1 — 2) the deflection is positive (x > 0) and
from Eq. (6) it follows that
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1/%dt =— dx (7)
3 \/3a

1 2 2 3 3
— (X, =X )+(xX, =X
5y o =X )+ )

and after some mathematical operations we obtain
2 t X
2% [ar-- [ & ®)
3 0 %J 3 3a

a
(x,-x) x+ X, + - x+x§+—1x0
2a, 2a

2

which can be written as

2 o
==y = ©)
30 s Jla-0x-0) +p7]
where
a=x, (10)
0=—l%—§ﬂ- (11)
2 4a2
3, 3 9(a)
2 al al
= |=x7+—Lx -—|-1L 12
e M2°16&J (12

The value of the integral in Eq. (9) is given in GR’s book a=x=b>c [17, 6™ edition,
Formula 3.138, Integral 8, page 260]; however, we found an error in the calculation (an
inverse cotangent function is included instead of an arctangent function). Consequently, we

solved the integral ourselves (see Appendix A) and obtained the following result (Eq.

(A11)):
2arctan a—x,p—0+a (13)
V p 2p

p=y(o-ay+p’ (14)

du IF

) Ja-lx-0r+p'] Vp

where
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and F(¢,m) is the incomplete elliptic integral of the first kind defined as follows [15]

¢ do
F(p.m)= | —— (15)
fo V1-msin’0

Therefore, from Egs. (10)-(15) it follows that

3
p= | TLx +3x7 (16)
a2
3a, +6a,x,

8\/3612 (ax,+ azxé)

(17)

1
=—+
2
where m is the parameter and & is the elliptic modulus. The inverse function of F(¢,m) is

given by the Jacobi amplitude ¢ [18,19]
F™'(u,m) = ¢ = am(u,m) (18)
whose cosine is the Jacobi cosine function, cn [19]
cos ¢ = cos(am(u,m)) = cn(u,m) (19)

In order to introduce an “arccos” function in Eq. (14) we take into account that

2arctanz = ¢ (20)
where
2= [ Q1)
p
From Eq. (20) we obtain
tan? - (22)

Taking into account the trigonometric formula

g I-cos¢ (23)

it follows that
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cos¢ = 1= 22 (24)
I+z
which allows Eq. (14) to be written as
fa dr _ F arccos(p_a+x),p_a+a) (25)
“Va-vi-0y+p] p pra-x)  2p

From Egs. (9), (19) and (25), it follows that

p-arx . /zazpt,p_o"’a (26)
p+ta-—x 3 2p

Substituting Egs. (10), (11), (12), (16) and (17) into Eq. (26) gives

l-cnf(4a,(ax, +a,x)) 1/41
3a,(axy+a,x, ,m

3a
=x — 1 2
X, (?) X, X, + 3x0

1/4 (27)
% 1+cn((‘3‘a2(a1xo +a2x§)) t,m)

which is valid for trajectory 1 — 2 and m is given in Eq. (17).

The period of oscillation is four times the time taken by the oscillator to go from x =0 to x =
xo. This results in

T-4|3 fa @ 4|3 F2arctan\/§,w (28)
V20, )0 Jfa-oia-or+p1 V200, P2

and substituting Egs. (10), (11), (16) and (17) into Eq. (28) gives

26

= 2_.2\1/4
(Ba,a,x, +3a;x;)

1/4 1
F'| 2arctan _ %% ,—
3a, +3a,x, 2

3a1 + 6a2xo

+
8\/3a2 (ax,+ 3a2x§)

T (29)

Taking into account Eq. (25) the exact period can also be written as

2
T 2\/3 \3a,x, +3a,x; - \/Zxo 1 3a, +6a,x, (30)

= — ;1’| arccos ,2+
3a,a,x, +3a;x \/ 2 \/ 2
(aa,x, 2 %) 3ax, +3a,x; +4/a, x, 8y/3a,(ax, +3a,x;)

which can be written as follows
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_F(¢,.m)
Q

T (1)

where

«/3a1x0 + 3a2x§ - \/Zxo (32)
\/3a1x0 + 3a2x§ + \/Zxo

Q(a,,a,,x,) = L(3alazxo + 3a22x§)]/4 (33)

26

¢,(a,,a,,x,) = arccos

and m is given in Eq. (17).

In the next time-motion interval (7/4 <t < T/2, trajectory 2 — 3) the deflection is negative, x

< 0 and from Eq. (6) it follows that

2 t X
22 (7 dr-- f & (34)
3 Jrni 0

301 2 2 3.3
— (X, =X )+(X +X
\/2%(0 )+ (x, +x7)

where 7 is the period of oscillation given in Eq. (29). Let x = —y, then Eq. (34) becomes

2a T\ ™ dy
E(f‘z)—fo 3

301 2 2 3 3
—(x; - +(x -
\/2a2(° Y)+(xg=y7)

which can be written as follows

S e e

3a 3a
I NI T NERS
2 2

The values of the two integrals on the right-hand side of Eq. (36) are

%o 2
J 2 =t 67)
0 \/3411 3 4

2 (g =y +(x) = 37)
2
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fo dy _ | F arccos(p_a_x),p_20+a) (38)
-x 3 +0+Xx

\/"‘ (2= y)a(xiophy VP ? P
2a2

where Egs. (25) and (29) have been taken into account. Substituting Egs. (37) and (38) into

Eq. (34) gives
p-a-x_ . /2a_2p Tr_, p-otra (39)
pHo+x 3 \2 2p

After some simplifications, the solution for trajectory 2 — 1 can be written as follows
5 1/4
3 l—cn((‘s‘az(alx0 +a,x, )) (t—g),m)
x, (1) ==x,+ |—Lx, +3x] " (40)
a
2 1+cn((‘3‘a2(a1x0 +a2x§)) (t—T),m)

where we take into account that ¢n(z, - z,;m) = cn(z, — z,;m) [16]. For trajectory 3 — 4 (7/2

<t < 37/4) the deflection is also negative (x < 0) and it can easily be verified that the same

solution as that given in Eq. (40) is obtained.

Finally, for the last time interval (37/4 <t < T, trajectory 4 — 1) the deflection is positive
and from Eq. (6) it follows that

1/2&1” dt=fx dr (41)
3 Ji3r4 0\/ 34 34

(x, —x){x2 +(x0 +21)x+xé +21xO]

a a

2 2

which can be written as follows

e e

\/;Zl(xg —x2)+(x3 ) 1 (xg —x2)+(x3 )
2

2,

After simplifying the solution for 3 — 4 may be written as follows
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4 2 1/4
3 I-cn (gaz(alx0 +a,x, ) (t-T),m
x,(t)=x,- [—Lx,+3x; — (43)
% 1+Cn((‘3‘a2(a1xo +a2x§ ) (t—T),m)

Then, the exact solution to Eq. (1) for the first period (0 < ¢ < 7) can be written as the

following piecewise function

T
x (1), O=st=—
(D 2
T T T
x(t)=4 -x |t—-—|, —=t=— 44
(1) ( 2) n n (44)
x (t=T), %SI<T

where x(¢) is a continuous function over the entire domain and x,(¢), x»(t) and x.(¢) are given

in Egs. (27), (40) and (43), respectively.

In summary, when a; > 0 and a; > 0, and for all values of the initial amplitude (xo > 0), the
exact period is given by Eq. (29) and the exact solution is a piece-wise continuous time-
dependent function composed of three parts defined separately over two quarter-period and

one half-period intervals as can be seen in Eq. (44).

We can obtain the period when a; = 0 and a; = 1, which corresponds to a truly nonlinear

oscillator [10]

2

C:i—f +sgn(x)x* =0 (45)
t

From Eq. (29) the period of this truly nonlinear oscillator is

34,8 ) 1) 243 3”“J§F B-1) 2+443) 6.86926 .
\/7 arctan 372 = \/7 f S ~ (46)
X, X, 3-1

o
which coincides with the value given in [7]

7 |87 I(1/3) _6.86926 @
3x, ['(5/6) Jg

T= F

arccos(

10
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3. Solution when a, <0, a, > 0 and x, > -3a,/2a,

We assumed that a; > 0 and a, > 0 (Eq. (3)) in order to obtain the exact period and exact
solution given in Egs. (27), (30), (40) and (43) which are valid for all values of the initial
amplitude (xo > 0). However, under certain conditions these equations are also valid even
though a; and a, are not both positive. A dynamical study of the nonlinear differential
equation given in Eq. (1) showed that its motion is periodic with a centre at (0,0) in the

following situations:

(@) a,20, a,>0, x,>0
3ay

(b) a<0, a,>0, x,>—— ¢ (48)
2a

() a,>0, a,<0, O0<x,<—

The phase plots in Figure 1 illustrate three examples of these situations. Figure 1 (a) shows
the behaviour of the oscillator when a; = 1, a, = 1 and xo = 1 (xo must be > 0, (a)). Figure 1
(b) shows its behaviour when a; = —1, @ = 1 and xp = 1.6 (xo must be > 3/2, (b)), whereas
Figure 1 (c) shows the phase plot when a; = 1, a, =—1 and xp = 0.9 (xo must be < 1, (c)). As
can be seen in these figures, the system oscillates around the equilibrium position x = 0 and

the periodic solution x satisfies the conditionx €[-x,x,], where xo > 0 is the oscillation

amplitude. Egs. (27), (30), (40) and (43) can be used to obtain the period and solution in

cases (a) and (b), i.e., they are valid for (a) a; > 0, a, > 0 and xo > 0, and (b) a; <0, a, >0
3‘a1‘

and x, >——. However, in case (c) in Eq. (48) it is necessary to obtain the equation for the

2a2

period again since if a, < 0, the root ,/2a, /3 is not a real number and so Eq. (6) can not be

used.

11
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Figure 1.- Phase plot for (a) a; = 1 and a, = 1 with xo = 1 (xo must be > 0, (a)), (b) a; =—1 and a, =
1 with x¢ = 1.6 (xo must be > 3/2, (b)), and (¢) a; = 1 and a; = —1 with xo = 0.9 (xo must
be <1, (¢)).

12
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4. Solution when a; > 0, a, <0 and 0 < xy < —a4/a,

In order to obtain the exact solution when a@; >0, a; <0 and O<x,<a,/ ‘az‘ (Eq. (48¢)) in

which case the system oscillates around the equilibrium position x = 0 and the periodic

solution x satisfies the condition x €[-x,x,], we proceed as follows. From Eq. (5) and

considering that x > 0, we obtain 7 as a function of x as follows
-2
di=s dx (49)
3a, 5 3.3
\/_2611(XO —-X )_(x() —-X )

2

Taking into account that @; < 0 and a, <0, Eq. (49) can be written as

-2a t b dx
2| dr== 50
V' 3 fo fx\/(a—x)(b—x)(x—c) G

where constants a, b and c satisfy the condition that a > b > x > ¢ and are given as follows

0= 4L(_3al ~2ax, -3\ ~4aax, - 4ax: ) (51)
a2

b=x, (52)

Cc= %(—3% - 2a2x0 + \/g\/3a12 - 4a1a2xo - 4a22xg ) (53)
a

2

The value of the integral in Eq. (50) when a=x=b>c is [17, 6" edition, Formula 3.131,
Integral 4, page 250]

b dx 2
- F (o, 54
fx\/(a—x)(x—b)(x—c) NP (54)

F(¢,m) is the incomplete elliptic integral of the first kind defined in Eq. (15) and

0 = arcsin (a=c)b-x) (55)
\ (b-c)a-x)

(56)

13
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Substitution of these results into Eq. (50) gives the following equation for ¢ as a function of x

t=2 f#F arcsin /(a—c)(xo—x)’xo—c) (57)
2a,(c-a) (x,—-c)a-x) a-c

The period of oscillation is four times the time taken by the oscillator to go from x = x to x =

0. Therefore
T=8 #F arcsin (@=c), , Y= ¢ (58)
2a,(c-a) (x,—¢c)a a-c

which finally can be written as follows

T=8\/%F arcsin\/ 20 CI)—3a1—6a2xO) (59)

9a, +6a,x, + @’ 20
where @, which is a function of a1, a, and xy, is defined as follows

D(a,,a,,x,) = \/g\/3a|2 —-4aa,x, - 4a§x§ (60)

From Eq. (57) it follows that if 0 <7 < 7/4 then

arcsin ’(a—c)(A—x)’A—c]=11/2612(0—(1)l (61)
(A=c)a-x) a-c| 2 3

The inverse function of the incomplete elliptical function of the first kind in Eq. (61) is the

F

Jacobi sine function sn. Therefore

’(a—c)(xo—x) =sn(l /2a2(c—a) t,xo—c) 62)
(x,—c)a-x) 2 3 a-c

and after some mathematical operations, when 0 < ¢ < 7/4 we finally obtain the following

solution

9a, +6a.x. +D
_ 1 270 Sn2

2P 2\3 2P

ey (I>—3a]—6a2x0)
2 b

x (1) =x, (63)
N 9a,+6a,x,+® ,

sn
29

2 o

2\3 20

1 (I)t’CD—3al—6a2xO)

14
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where @ is given in Eq. (60).

In a similar way it is possible to obtain the following equation for the exact solution when

T/4<t<3T/4
1_9al+6azx0+q) . 1 CI)(t_T),CI)—3a1—6a2x0]
2P 2V 3 2 2P
x, (1) =-x,
1+9a1+6a2x0+<l) 2 1 CI)(Z_T),(I)—3al—6a2xO)
20 2V3 2 29

and finally when 37/4 <t < T the exact solution is given by the following equation

1 \/g(t_T),q’-%-%xo
2\V3 2P

9a1 + 6(12360 +o
20

1-

sn’

x (f)=x
’ 9a, +6a,x,+®
+—

29

1

2
Sn

1\/80_7,)’(1)—3611—6612)(0
2\ 3 2d

(64)

(65)

Then, the exact solution to Eq. (1) when a; > 0 and a> < 0 can be written as the following

piecewise function

x(t)=

(66)

where the exact period 7 is given in Eq. (69). It is important to point out that when a; > 0 and

ax <0, Egs. (59), (63), (64) and (65) are valid provided that the initial amplitude x, satisfies

the condition 0 < X, <a, / ‘az‘ .

15
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In summary, in sections 2, 3 and 4 we obtained the exact periods and solutions for Eq. (1) for
all values of parameters a; and a, and oscillation amplitude xo for which this system

oscillates around the equilibrium position x = 0. These values are shown in Eq. (48). In this

case the period, 7, and the periodic solution, x, are dependent on xp and x € [-x,,x,].

Figure 2 shows the variation in the period in Eq. (30) as a function of the initial amplitude x,

when (a) a; = 1 and a, = 1, and (b) a; =—1 and a, = 1, as well as the variation in the period in
Eq. (5§9) when (c) a; = 1 and a, = —1. Given that the exact solutions for motion are known,

we can plot them as a function of time.

(b)

L Il L L L L Il L L L

0 MY L L MY M
0.0 0.5 1.0 1.5 2.0 2.5

L Il x
3.070
Figure 2.-  Exact period in Eq. (30) as a function of the initial amplitude x, for (a) a; = 1 and a» = 1,

and (b) a; =—1 and a, = 1, as well as the variation in the period in Eq. (5§9) when (c) a; =
1 and a, = 1.

Figure 3 shows the periodic solutions when (a) a1 = 1,a=1and x, = 1,and (b) a1 =-1, a2 =
1 and x, = 1.6. These solutions were obtained using the period and exact solution given in

Egs. (27), (30), (40) and (43) and their phase plots are shown in Figures 1 (a) and (b),

respectively. Finally, in Figure 3 (c) we plotted the exact solution when a; = 1, a; = -1 and x,

= 0.9 using the period and exact solution given in Egs. (59), (63), (64) and (65). The phase

plot for this situation is shown in Figure 1 (c).
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(a)
X
R f
-0.5}
—1.0?—
(b)

Figure 3.- Exact periodic solutions for an anti-symmetric quadratic oscillator when (a) a; =1, a, = 1
and xo = 1 using the period and exact solution given in Eqgs. (27), (30), (40) and (43), (b)
a; =-1, a, =1 and xo = 1.6 using the period and exact solution given in Egs. (27), (30),
(40) and (43), and (c) a; = 1, a, = —1 and xy = 0.9 using the exact period and solution
given in Eqgs. (59), (63), (64) and (65).
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5. Solution when a; <0, a, > 0 and 0 < xy <-3a,/2a,

Now we assume that the coefficients of the linear and the nonlinear terms satisfy the

condition
a <0 a, >0 (67)
with initial conditions

dx
x(0) = x, 4 (©=0 (68)

Unlike in the cases studied above, the initial amplitude is now denoted by x;. The phase plot

in Figure 1 (b) shows the behaviour of the oscillator when x, > —ji (a1 =-1,a=1 and xo

s

= 8/5 = 1.6 > 3/2). The oscillation is periodic with a centre at (0,0). In this situation, which
was discussed in Section 3, Egs. (27), (29), (40) and (43) must be used to obtain the exact

period and solution replacing 4 by x;.

3
0.4r 7
0.2+ 7
0.0 X
g x1 x0 |
-0.2r 7
-04r 7
T T R S SR S S R S R B
-2 -1 0 1 2
: : . . 3a
Figure 4.-  Phase plot showing the behaviour of the oscillator when 0 < x < —2—’ (ar=-1,a,=1
a

2
and xo=7/5 <3/2).

18



A. Beléndez et al. Indian Journal of Physics - ISSN 0973-1458
Indian ] Phys (2018) 92(4):495-506 DOI 10.1007/s12648-017-1125-9

The phase portrait in Figure 4 shows the behaviour of the oscillator when 0 < x, < —;i (a1

a,

= -1, a2 =1 and xo = 7/5 = 1.4 < 3/2). Three equilibrium points can be seen. There are

centres at (xa,/a,,0) as well as a saddle at (0,0). Now the system oscillates around the

equilibrium position x = —-a, /a, (wWhen x €[x,x ] and 0 < x; < x <xp) or x = a,/a, (when
q p 1 2 12770 1 2

24 x, <0). It is important to point out that now the differential equation given in Eq. (1)

2a2

2

: . . : . d°x .
governs the motion of a mixed-parity nonlinear oscillator, F+alx+azx2 =0, which has
t

asymmetric quadratic nonlinearity with a positive quadratic term.

We shall now obtain the period and solution corresponding to the right orbit in Figure 4 for
which x > 0 considering that xo is the highest value of x. From Eq. (6) and considering that x
> (), we obtain ¢ as a function of x as follows
2
% df=- © (69)
3a
\/2611()(; —xz)+(xl2 -x7)

2

which can be written as

2a2 t . x dx
\/;fo dr _fxo \/(xo -x)(x=x)(x-x,) (70)

where x; and x;, are defined by the following equations

X, = %(—3% -2a,x,+ \/5\/3a§ -4aa,x, - 4a§x§ ) (71)
2

X, = ﬁ(—&ll -2a,x, - \/5\/3a12 -4a,a,x, - 4ax, ) (72)

2

xo and x; are shown in Figure 4 when a; = —1, a = 1 and xo = 7/5. In this case the
equilibrium point is at x = —a,/a, (x = 1 and v = 0). It can easily be verified that the right

orbit in Figure 4 satisfies the inequalities

X ZX=X >X (73)
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Now the period, 7, and the periodic solution, x, are dependent on xo and x €[x,,x,]. The
following integral is valid for azx=b>c [17, 6™ edition, Formula 3.131, Integral 6, page

250]

fa dx _ 2
x \/(a—x)(x—b)(x—c) \/a—c

F(A,p) (74)

where F(A,p) is the incomplete elliptic integral of the first kind defined in Eq. (15) and A and

p are given by the following equations

A = arcsin (75)
a_
a-b
p= (76)
a-c

Then the value of the integral in Eq. (70) is

t=2 ;F arcsin |0~ , i (77)
2a,(x,-x,) X, =X, X,—X,

As can be seen in Figure 4, the period of oscillation is twice the time taken by the oscillator

to go from x = x to x = x;. Therefore

T=4 ;F arcsin XO—XI’XO—XI =4 3 F E,xo_xl (78)
2a,(x,—x,) X, =X, X,—X, 2a,(x,-x,) \2 x,-x,

which finally can be written as follows

T-4 3 K(xo_xl) (79)

2a,(x,-x,) \x,-x,
where K(m) is the complete elliptic integral of the first kind defined as follows [16]

(80)

K( ) f.?r/2 dg
m ] —
0 \1-msin’@

Substituting Egs. (71) and (72) in Eq. (79), gives the exact period of oscillation as
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4\/8 K 3a,+6a,x, - \/g \/ 3a12 -4aa,x, - 4a§x§

T =
\/3a1 +6a,x, + \/5\/3a12 ~daax,—-4alx; |34 +6a,x + \/g\/3a12 - 4a,a,x, - 4a;x;

(81)

which satisfies the condition 7(x;) = T(xo). Taking into account the definition given in Eq.

(60), the period can also be written as follows

N

\/3a1 + 6a2x0 +Od

3al + 6a2x0 -o
3a1 + 6a2xo +d

T=

(82)

In order to obtain the solution x as a function of time ¢, from Eq. (77) it follows that

arcsin 20— YoTh | ( X))t (83)
X,=X, X,—X, 2
Xy =X 12
l‘
Y —x, ( \/ ( x,)

Then the exact solution is given by the equation

x(t) =x, = (x, x)sn[ 1/ 2 (x, - x,)"t, 'x') (85)
x2

Finally, taking into account Egs. (60), (71) and (72) the exact solution may be expressed as

\3a,+6 +(I> -d
x(t)=xl—i(3a +6a,x —d))sn2 i ol 34 +04,%, (86)

4a, 20 2\/_ 3a +6a,x, +®

2

F

which may be written as

) (84)

When a; < 0 and a, > 0, Egs. (82) and (86) are valid provided that the initial position x

. o\ 3a
satisfies the condition 0 <x, <— , except for the equilibrium point (when xo = a, / ‘az‘ ).
Z‘a

2

As can be seen, in this case the exact solution is not a piece-wise function and using only one

equation it is possible to describe the oscillatory motion of the system for any value of time.
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The expressions for the period and exact solution corresponding to the left orbit in Figure 4,
i.e., when x < 0 can be obtained following the same procedure as that used when x > 0 and is

not included here.

Figure 5 shows the variation in period as a function of initial position when a; =—1 and a; =
1. (a) 0 <xo <—-3a1/2a, = 3/2, section 5, Eq. (81), and (b) xo > —3ai/2a, = 3/2, section 3, Eq.
(30). As can be seen the motion is not periodic when the initial position is —3a;/2a,. Figure 6
(a) shows the plot of displacement x as a function of time # when a; = -1, a; = 1 and xo =7/5
= 1.4. The displacement was obtained using Eq. (86). In this example, and from Eq. (81), it
follows that

X, = %(1 57 ) ~0.427492 (87)

16|

(b)

4 I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.0 05 1.0 1.5 2.0 2.5 70

Figure 5.- Exact period as a function of the initial position xo for @y = -1 and a, = 1. (a)

3 3
O<x, < 24 %, section 5, Eq. (81), and (b) x, > —2i = % , section 3, Eq. (30).

2a2 a,

As can be easily verified in Figure 6 (a), the oscillatory motion of this system is bounded

between x, = %(1 + \/5 ) ~0.427492 and xy = 7/5 = 1.4 and the equilibrium point is located at

x=a, /‘az‘ =1.
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(a)

0 1 2 3 4 5 6 7t
(b)
X
0.2F
1 1 1 P - 1 1 1 t
0 1 2 3 4 5 6 7

Figure 6.- Exact periodic solution for an anti-symmetric quadratic oscillator when (a) a; =1, a, =1
and xo = 7/5 = 1.4. This displacement was obtained using Eq. (86), and (b) a; =-1,a, =1

and x, = %(1 /57 ) ~0.427492 . In this situation, x, = 7/5 = 1.4.

Figure 6 (b) shows displacement x as a function of time ¢ when a; = -1, a, = 1 and

X, = %(1 + \/5 ) ~(0.427492 . In this case x; = 7/5 = 1.4. The equation of the separatrix orbit

may be obtained from Eq. (86). For this orbitx, = -3a, /2a, and the period T'in Eq. (82) is

infinite. Substituting x, =-3a, / 2a, in Eq. (86) gives
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Eq. (86) allows us to obtain the equation of the separatrix orbit. For this orbitx, =-3a, /2a,

and the period T'in Eq. (82) is infinite. Substituting x, = -3a, / 2a, in Eq. (86) we obtain

x (1) = -;’% + 3% tanh? (% [-a, z) (88)

2 2a2

and the velocity is

v (0)= %tanh(é\/—ial t)[l— tanh? (% —a, z)} (89)

2

which gives the following relationship between v, and x4

vjs (x,)= —%xi (3a, +2a,x ) (90)
for x,=-3a,/2a,>0 and

vjs (x,)= —%xi (Ba, £2a,x, ) 91)

for x,=3a,/2a,<0. For both initial conditions, x, =-3a, /2a,>0 and x,=3a,/2a,<0,

the separatrix curve has a fish-shaped form and corresponds to a homoclinic orbit connecting
the hyperbolic fixed point x = 0 to itself. Figure 7 shows the phase-space curves when a; = —
1 and a, = 1 and combines the results analysed in sections 3 and 5. The separatrix curve
calculated using Eq. (91) is also plotted in this figure. There are three critical points, (ai/a»,0)

and (—ai/a»,0), which are centres, and (0,0), which is an unstable saddle point.

6. Conclusions

Oscillators with symmetric quadratic nonlinearity were analysed and closed-form
expressions for their exact periods and solutions for all possible oscillatory motions were
obtained. Four possible combinations of coefficients a; and a, were shown to give periodic
motions. In three of them ((a) @; > 0, a; > 0, and xo > 0, (b) a; <0, a, > 0 and x¢ > —3a1/2a,,
and (c) a; > 0, a < 0 and 0 < xy < —aj/ay) the system oscillates around the equilibrium

position x = 0 with x €[-x,x,], where xo > 0 is the oscillation amplitude. However, there is
still one more case ((d) a1 > 0, a2 <0, and 0> x, >-3a,/2a, or 3a,/2a, <x,<0) in which

the system does not oscillate around the position x = 0 with x €[-x,x,] but around the
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equilibrium position x = -a,/a, with x E[x,,x,] (when 0>x >-3a /2a,) or x = a,/a,
with x €[x,x,] (when 3a,/2a, <x, <0). Case (d) corresponds to a mixed-parity nonlinear

oscillator with asymmetric quadratic nonlinearity and a positive quadratic term.

v
I

1.0 -

0.5+ ey .

N v
0.0
L \

T
hY

/
\

4
|

\\ ,, \\ ;
\ JRe N / b
_0.5 [ \\‘__’/, \\‘___/, i
—1.0- ]
- 1.5 L1 | | | | ]
-2 -1 0 1 2
Figure 7.- Phase-space curves when a; = —1 and a, = 1 combining the results analysed in sections 3

and 5. The separatrix orbit (dashed line) as well as the critical points (+a;/a,,0), which are
centres, and (0,0), which is an unstable saddle point, are also included.

In cases (a) and (b) the exact period is given as a function which includes an incomplete
elliptic integral of the first kind and the exact solution is expressed as a piecewise function
including Jacobi elliptic cosine functions. In case (c) the exact period also includes an
incomplete elliptic integral of the first kind and the exact solution is also expressed as a
piecewise function but now it includes Jacobi elliptic sine functions. Finally, in case (d) the
exact period is given as a function which includes an incomplete elliptic integral of the first
kind, whereas the exact solution consists of a single function including Jacobi elliptic sine
functions. It was necessary to solve an integral (Eq. (9)) in order to obtain the exact solution
in cases (a) and (b). We found an error in the calculation of this integral in GR’s book [17]

and so we solved it ourselves.
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Appendix A
In GR’s book [17, 6™ edition, Formula 3.138, Integral 8, page 260] the solution of the
following integral may be found

a dx
I =
) J@=-)l(x-0) +p]

(A1)

This is the integral we needed to solve in Eq. (9) in order to obtain the exact period of the

nonlinear oscillator modelled by Eq. (1). The solution given in GR’s book is

2arccot a—x,p—a+a (A2)
\ » 2p

p=v(o-a)+p’ (A3)

and x < a. However, this solution is incorrect as shown below.

a dx 1
I = = F
) Ja-0lx-0r+p1 p

where

We consider the integral in Eq. (A1). The change of variable

a—-Xx

p

tan— = (A3)

gives

I _ fZarctan\/a’? ptal’l(@ / 2)d6 (A4)
0 cos*(6/ 2)\/p tan’ (8 /2)[(a -0 - ptan®(6/2))’ + p*]

which after some mathematical operations can be written as follows

I=Lf2arctan\/a’? de (AS)
Jpdo

\/0054(6 12)+sin*(0/2)+ 29D in? (0 2)cos? (61 2)
p
Taking into account the following trigonometric equations
0 . .0 (licosd) (1-cos) 1 1
cos* Z 4sin* L = | FEOSY | [ 17 COS =—(1+cos’0)=1-—sin’0 (A6)
2 2 2 2 2 2
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sin® 2 cos? @ = Lin2g (A7)
2 2 4

Eq. (AS) becomes

Zarctan\/i de
\/7.[ \/l_p—a+a . 2 (A9

sin“ @
2p

I__fZarctanr de

1- sm 6+ sm Zp
2 2p

Now considering an incomplete elliptic integral of the first kind defined in Eq. (15) and

introducing ¢ and m as follows

¢ =2arctan a; X (A9)
m=p—0+a (AlO)
2p

the correct solution for the integral in Eq. (A1) is

dx 1 F

1= A
) J@-0lx-0y +0’1 Ap

which is the equation we used in section 2.

2arctan a—x,p—a+a (A11)
\ » 2p
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