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We investigate the shape of the windows through which stars may escape from a galaxy 

model ed by a bi–symmetrical potential made up of a two–dimensional harmonic oscilla- 

tor with quartic perturbing terms. The escape from the potential well is governed by the 

unstable periodic orbits in the openings of the potential. The unstable and stable mani- 

folds to these periodic orbits reveal the way test particles escape from the potential well. 

Our main objective is to compute accurately these manifolds to analy z e the shapes and 

sizes of the windows of escape, founding that they consist of a “main window ” and of a 

hierarchy of secondary spiral windows. We have also found that the shape and the way 

this hierarchy is constructed depend on the energy of the system. This study is performed 

through the study of intersections of stable and unstable manifolds in the x − ˙ x Poincaré

phase plane. 

© 2017 Published by Elsevier Inc. 
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1. Introduction 

The phenomenon of escapes from a dynamical system, especially the escape of stars from stellar systems has been an

active field of research during the last decades [1–8,11,12,17–19,21,22] . In [11] , Contopoulos explored escapes from dynamical

systems representing the central part of perturbed galaxies, with Hamiltonian [20] 

H = 

1 

2 

( ̇ x 2 + 

˙ y 2 ) + 

1 

2 

(x 2 + y 2 ) − μx 2 y 2 . (1)

This system have quadruple symmetry and four openings to infinity. Every opening is bridged by an unstable periodic orbit

called a Lyapunov orbit, which governs the escape to infinity from the potential well. The asymptotic curves of the Lyapunov

periodic orbits make infinite rotations around some “limiting curves ”. The proportion of escaping orbits and the direction

of escape depend on the topology of the asymptotic surfaces of the Lyapunov periodic orbits. This is investigated in [12] by

Contopoulos and Kauffman. The “basins ” of escape toward different directions, and of the fast and the slow escapes for

various values of the perturbation parameter ( μ) are determined. In 1996, Siopis et al. [19] performed a numerical study of

the escape properties of three two–dimensional, time–independent potentials possessing different symmetries. It was found,

for all three cases, that (i) there is a rather abrupt transition in the behaviour of the late–time probability of escape, when

the value of a coupling parameter, μ, exceeds a critical value, μ2 . For μ > μ2 , it was found that (ii) the escape probability

manifests an initial convergence towards a nearly time–independent value, p 0 ( μ), which exhibits a simple scaling that may

be universal. However, (iii) at later times the escape probability slowly decays to zero as a power–law function of time.

Finally, it was found that (iv) in a statistical sense, orbits that escape from the system at late times tend to have short time

Lyapunov exponents which are lower than for orbits that escape at early times. Navarro and Henrard [18] examined the
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shape of the windows through which test particles may escape in the simplified Hamiltonian system (1) . Here, the authors

analy z ed the shapes and sizes of the windows of escape of stars from a simplified galactic model, founding that they consist

of a “main window ” and of a hierarchy of secondary windows. A very large part of the main window is actually made of

“just passing through ”stars and may not be very interesting for galactic studies. Hence the importance of the secondary

windows, their intricate spiral structures and the fractality of the basin boundaries. 

In 2004, Contopoulos and Efstathiou [13] studied in detail the form of the asymptotic manifolds of a central unstable

periodic orbit. The form of the escape regions and the infinite spirals of the asymptotic manifolds around the escape regions

were given, as well as the computation of the escape rate for different values of the energy and the percentage of orbits

that escape after a finite number of iterations. The problem of the escape in galactic potentials has been recently revisited

by Zotos [21,22] , who has investigated the structure of the phase space of the dynamical system described by (1) . 

In [5] , Barrio and coworkers explored the appearance of different kinds of fractal structures in Hénon–Heiles potentials

in the unbounded range. In [6] , they found that open Hamiltonians present safe bounded regular regions inside the escape

region that have significant size and that can be located with precision. Therefore, it is possible to find regions of nonzero

measure with stable periodic or quasi–periodic orbits far from the last KAM tori and far from the escape energy. Later, in [7] ,

the authors make use of recent computational techniques in the numerical study of qualitative properties of Hamiltonian

systems of two degrees of freedom. These numerical methods are based on the computation of the OFLI2 Chaos Indicator,

the Crash Test and exit basins and the skeleton of symmetric periodic orbits. 

The aim of this article is to better understand the properties of the escape of orbits in a simple local galactic Hamiltonian

describing the motion near the cent er of a elliptical galaxy. In the present work, we study the potential 

W (x, y ) = 

1 

2 

(ω 

2 
1 x 

2 + ω 

2 
2 y 

2 ) − μ
[
β(x 4 + y 4 ) + 2 αx 2 y 2 

]
, (2) 

where ω 1 , ω 2 are the unperturbed frequencies of oscillation along the x and y axis respectively, μ > 0 is the perturbation

strength, and α and β are positive parameters [9] . Here, we analy z e the case ω 1 , ω 2 = ω = 1 , that is, the 1: 1 resonance

case. A description of the Hamiltonian to the potential (2) , given by 

H = 

1 

2 

( ̇ x 2 + 

˙ y 2 ) + 

1 

2 

(x 2 + y 2 ) − μ
[
β(x 4 + y 4 ) + 2 αx 2 y 2 

]
, (3) 

can be found in [10] . It is actually a member of the Verhulst family of galactic potentials (see [20] for a review). 

We will compute the asymptotic manifolds to the Lyapunov periodic orbits in the openings of the potential in order to

show that the mechanism described in [18] is valid also in this case. As in the simplified model described there, we show

that the intricate spiral structures of the secondary windows governs the rate of escape: there are “first order ”, infinitely

winding spirals, but also “second order ” spirals composed themselves of an infinity of layers, “third order ” spirals formed

by an infinity of second order spirals, and so on. 

We have also found that the shape and size of the spirals, as well as the number of “main ” first order spirals, depend on

the energy of the system. We show this fact carrying out the analysis for two values of the energy. 

In order to investigate the size, shape and properties of the regions of phase space leading to escape, it is necessary

to understand the geometry of the stable manifolds to the “guardian” periodic orbits. We will do so by investigating the

intersections of the stable and unstable manifolds with a surface of section. This has been the strategy of Contopoulos and

coworkers [11,12] and Navarro and Henrard [18] . 

In our analysis, we will take as surface of section the plane y = 0 , and use a sixth order expansion of the stable and

unstable manifolds in order to obtain precise initial conditions far enough from the unstable “guardian orbit” to start a safe

computation of these manifolds. 

2. Symmetries of the p roblem 

There are two different cases of the xy plane in the Hamiltonian (3) , depending on the relation between α and β: (a)

α > β . (b) β > α. In all these situations, there is a critical value of the energy ( h c ) such that, for larger values of h , the

potential well opens up to infinity and test particles may escape. This critical value is given by 

h c = 

1 

8 μ(α + β) 

when α > β , and 

h c = 

1 

16 μβ

if α < β . These values can be computed using the method described in [9] . The curves of zero velocity of the Hamiltonian

system (3) are given by the relation 

f (x 2 , y 2 ) = h − 1 

(x 2 + y 2 ) + μ
[
β(x 4 + y 4 ) + 2 αx 2 y 2 

]
= 0 . (4)
2 
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The points of the xy plane where the curve of zero velocity opens are the saddle–points of (4) . In order to calculate these

points, we first solve the system 

∂ f 

∂x 
= 4 μαxy 2 − x − 4 μβx 3 = 0 , 

∂ f 

∂y 
= 4 μβy 3 − y + 4 μαx 2 y = 0 . (5)

The solutions of (5) are the critical points of (4) . The saddle–points of (4) are those of the critical points satisfying the

condition 

S = 

(
∂ 2 f 

∂x 2 

)(
∂ 2 f 

∂y 2 

)
−

(
∂ 2 f 

∂ x∂ y 

)2 

< 0 . 

In addition to the trivial solution x = y = 0 , there are three sets of solutions to (5) . If α > β , there are four saddle–points in

the xy plane, given by 

x 2 = 

α − β

4 μ(α2 − β2 ) 
, y 2 = 

α − β

4 μ(α2 − β2 ) 
. (6)

Substituting the solution (6) into Eq. (4) , we get the critical value 

h c = 

1 

8 μ(α + β) 
. 

If α < β , we get two sets of two saddle–points, given by 

x = 0 , y 2 = 

1 

4 μβ
, (7)

and 

x 2 = 

1 

4 μβ
, y = 0 . (8)

If we substitute Eq. (7) (or (8) ) into Eq. (4) , we get the critical value 

h c = 

1 

16 μβ
. 

In our analysis, we will consider the following values of the parameters of the system: μ = 2 . 64 , α = 1 . 2 and β = 0 . 8 .

The critical value of the energy associated to these values of the parameters is h c = 0 . 0236742 . For each larger value of h ,

there is an unstable periodic orbit across the opening, bouncing back and forth between the two “walls” of the pass (see

Fig. 1 ). 

It has been long recognized [11,18] that these unstable periodic orbits are, in some sense, the guardians of the pass: orbits

going through the pass are shepherded by the stable and unstable manifolds of the periodic orbit. This can be explained in

the following way: a continuous variation of initial conditions may lead from an orbit which “bounces back” in the pass and

returns inside the well to an orbit which passes through, a very non–continuous behavior. The only way this can happen

is that somewhere between these two orbits there is a third one which stays in the pass for an infinite amount of time.

Indeed, the general solution X ( x (0), t ) is a continuous function of the initial condition x (0) for any finite time t . 

Due to the symmetries of the potential, the well opens up, for values of the energy larger than the critical value h c , at

four places along the diagonals of the configuration space (x = ±y ) (left panel of Fig. 1 ). The phase space of Hamiltonian

(3) is symmetric with respect to each of the two coordinates ( x , y ) (and their velocities) and with respect to time (and

velocities) reversal, i.e. if ( x (t) , y (t) , ˙ x (t) , ˙ y (t) ) is an orbit, then the following are also orbits 

(a) x (t) , y (t) , ˙ x (t) , ˙ y (t) , 
(b) −x (t) , y (t) , − ˙ x (t) , ˙ y (t) , 
(c) x (t) , −y (t) , ˙ x (t) , − ˙ y (t) , 
(d) −x (t) , −y (t) , − ˙ x (t) , − ˙ y (t) , 
(e) x (−t) , y (−t) , − ˙ x (−t) , − ˙ y (−t) , 
(f) −x (−t) , y (−t) , ˙ x (−t) , − ˙ y (−t) , 
(g) x (−t) , −y (−t) , − ˙ x (−t) , ˙ y (−t) , 
(h) −x (−t) , −y (−t) , ˙ x (−t) , ˙ y (−t) . 

(9)

Hence it is enough to compute the sections of the stable manifold to one periodic orbit (let us take as (a) the stable

manifold to the periodic orbit in the upper–right corner) in order to know by symmetry the sections of the stable and

unstable manifolds of the four guardian periodic orbits. This is shown in Fig. 2 . 
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Fig. 1. Curves of zero velocity for μ = 2 . 64 , β = 0 . 8 , α = 1 . 2 and different values of the energy larger than the critical value: h 1 = 0 . 024 , h 2 = 0 . 025 and 

h 3 = 0 . 026 (left panel). As the energy of the system grows, the windows of the potential well become wider. In the right panel, we show an orbit belonging 

to the stable manifold to the periodic orbit “guarding” the upper–right opening in the potential well for μ = 2 . 64 , β = 0 . 8 , α = 1 . 2 and h = 0 . 024 . The 

guardian orbit is the almost straight line barring the opening. The orbit belonging to the stable manifold is computed backward in time starting from initial 

conditions computed from a sixth order approximation. 

Table 1 

Initial conditions of the periodic orbits. 

x 0 = y 0 ˙ x 0 = − ˙ y 0 T /2 h 

0.21734562531516654 −0 . 01805225411091489 5.02737847236132162 0.024 

0.21654774943831516 −0 . 03644103615670809 5.63431613577672052 0.0249 
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3. Computation of the s table and u nstable m anifolds 

Due to the instability of the periodic orbit, we have determined one of them for a value of the energy slightly larger

than the critical value following a geometrical approach, and then we have continued the family of periodic orbits taking

the energy as parameter. In our study, we analy z e the periodic orbits given by the initial conditions we show in Table 1 . 

As mentioned in the introduction, the stable manifolds to the “guardian” unstable periodic orbits form the boundaries

of the escape windows we wish to analy z e. For the computation of the initial part of these stable manifolds (and of the

unstable manifolds as well), we shall follow the scheme proposed by Deprit and Henrard [15] . The stable manifold to a

periodic orbit ( x ∗( t ), y ∗( t )) of period T is represented by series 

x (t, ε) = x ∗(t) + εu (t) , u (t) = 

∑ 

j≥1 

ε j−1 e − jat x j (t) , 

y (t, ε) = y ∗(t) + εv (t) , v (t) = 

∑ 

j≥1 

ε j−1 e − jat y j (t) , 
(10) 

where the coefficients x j ( t ) and y j ( t ) are periodic with period T and a is the (positive) characteristic exponent of the periodic

orbit. The unstable manifold is represented by similar series with the exponent −a replaced by + a . When ε is equal to zero,

we recover the periodic orbit. Substituting the series (10) in the differential equations derived from the Hamiltonian (3) , we

obtain 

ü = W 

∗
xx u + W 

∗
xy v + 

∑ 

i ≥1 

ε i −1 
∑ 

j≥0 

c j 
i 

(
∂ i W 

∂ x j ∂ y i − j 

)∗
u 

j v i , 

v̈ = W 

∗
yx u + W 

∗
yy v + 

∑ 

i ≥1 

ε i −1 
∑ 

j≥0 

c j 
i 

(
∂ i + j+1 W 

∂ x j ∂ y i − j 

)∗
u 

j v i , (11) 

where we have used the notation f ∗ for the function f evaluated along the periodic solution [ f ∗(t) = f (x ∗(t) , y ∗(t))] . Ex-

panding u ( t ) and v (t) in powers of ε, the Eq. (11) lead to a recursive set of linear equations for the coefficients x ( t )
k 
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Fig. 2. The first intersection of the two surfaces of section ( y = 0 , ˙ y > 0 ) and ( y = 0 , ˙ y < 0 ) with the symmetrics (enumerated in Eq. (9) ) of the (internal 

part of the) stable manifold. The areas in medium grey correspond to orbits leaving the potential well. Areas in light grey correspond to orbits coming 

from “outside” and which, as a consequence, do not have any antecedents on the surfaces of section. Of course areas with dark grey correspond to orbits 

“just passing through” the potential well. 
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 104 

105 

 106 

 107 

 108 

 109 

110 
and y k ( t ), 

k 2 a 2 x k + 2 ka ̇ x k + ẍ k = W 

∗
xx x k + W 

∗
xy y k + �k (t) , 

k 2 a 2 y k + 2 ka ̇ y k + ÿ k = W 

∗
xy x k + W 

∗
yy y k + �k (t) , (12)

where the periodic functions �k ( t ) and �k ( t ) are the contributions of the summations over j in (6) multiplied by e jat . These

contributions can readily be computed at order k and are periodic if the x 	 ( t ) and y 	 ( t ) (for 	 < k ) are known and periodic. 

For k = 1 the functions �k ( t ) and �k ( t ) vanishes and the system (12) is singular. A non–trivial solution is given by the

solution of the linear system of variational equations corresponding to the eigenvalue a of the principal matrix. In order

to compute it we integrate numerically the two isoenergetic solutions of the variational equations, the initial conditions

of which are perpendicular to the initial velocity of the periodic orbit (see [15] ). In this way we avoid the eigenspace

corresponding to the double zero–eigenvalue. 
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Q3 
The initial conditions are 

u (0) = v (0) = 0 , ˙ u (0) = − ˙ y ∗(0) , ˙ v (0) = 

˙ x ∗(0) , 

and 

u (0) = − ˙ y ∗(0) , v (0) = 

˙ x ∗(0) , ˙ u (0) = σ ˙ x ∗(0) , ˙ v (0) = σ ˙ y ∗(0) , 

with 

σ = 

1 

V 

3 

(
˙ x ∗(0) W 

∗
y (0) − ˙ y ∗(0) W 

∗
x (0) 

)
, 

where V is the initial velocity on the periodic orbit. We select as solution the linear combination of these two variations

which, after a period T , reproduces its initial condition multiplied by the factor exp ( aT ). 
Fig. 3. First section ( y = 0 , ˙ y > 0 ) of the stable manifold to the first quadrant guardian periodic orbit (on the left panel), for h = 0 . 024 (first row) and 

h = 0 . 0249 (second row). On the right panel we have also reproduced (in light blue) the section of the unstable manifold to the third quadrant periodic 

orbit. The area inside both sections corresponds to orbits coming from infinity from lower–left, passing through the potential well once, and disappearing 

to infinity to the upper–right. The two remaining crescents (in white) will have antecedents on the surface of section ( Fig. 4 ). (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version of this article.) 
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The periodic orbit and this solution of the variational equations are expanded in Fourier series and thereby the recursive

Eq. (12) can be written as a recursive set of linear systems for the Fourier coefficients of the periodic functions x j ( t ) and

y j ( t ). 

4. The b oundaries of the e scape w indows 

We have integrated numerically and backward (using Lie series of order 20 [16] ) some 1 0 0 0 0 0 0 orbits belonging to the

stable manifold to the first quadrant guardian, until they cross the hyperplane y = 0 (with ˙ y > 0 ). The initial conditions were

computed by keeping the value of ε exp ( at ) fixed at 0.0 0 01 and choosing 1 0 0 0 0 0 0 equidistant values of the initial time t .

In Fig. 3 (left panel), we show the first section of the stable manifold to the first quadrant guardian periodic orbit for two

different values of the energy, h = 0 . 024 and h = 0 . 0249 . The resulting section is very similar in both cases. By symmetry we

can also plot the trace of the unstable manifold to the third quadrant guardian (right panel). We observe that the two “rings”

intersect. Orbits starting inside both rings are coming from the lower–left infinity and are going to the upper–right infinity.
Fig. 4. Second section ( y = 0 , ˙ y < 0 ) of the stable manifold to the upper–right guardian periodic orbit (left panel), for h = 0 . 024 (first row) and h = 0 . 0249 

(second row). The section is composed of two tongues, images of the two crescents of the right panel of Fig. 3 , winding around the stable manifold to the 

third quadrant periodic orbit (shown in dark blue). Also shown (in light blue) is the section of the unstable manifold to the upper–right guardian periodic 

orbit. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Please cite this article as: J.F. Navarro, Windows for escaping particles in quartic galactic potentials, Applied Mathematics 

and Computation (2017), http://dx.doi.org/10.1016/j.amc.2017.01.040 

Original text:
Original text:
B

Original text:
Original text:
E

Original text:
Original text:
W

http://dx.doi.org/10.1016/j.amc.2017.01.040
iMac
Nota adhesiva
Marked definida por iMac

iMac
Nota adhesiva
Marked definida por iMac

iMac
Nota adhesiva
Marked definida por iMac



8 J.F. Navarro / Applied Mathematics and Computation xxx (2017) xxx–xxx 

ARTICLE IN PRESS 

JID: AMC [m3Gsc; January 19, 2017;14:45 ] 

Fig. 5. Second section ( y = 0 , ˙ y < 0 ) of the stable manifold to the upper–right guardian periodic orbit, for h ∗ = 0 . 024120 0 017 . The section is composed of 

two tongues, winding around the stable manifold to the third quadrant periodic orbit (shown in dark blue). Also shown (in light blue) is the section of the 

unstable manifold to the upper–right guardian periodic orbit, tangent to the tongues of the stable manifold. (For interpretation of the references to color 

in this figure legend, the reader is referred to the web version of this article.) 
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They just pass through the center of the galaxy. On the other hand, orbits starting from one of the two crescents shown in

the right panel of Fig. 3 originate inside the galaxy (and of course escape in the future by the upper–right window), and we

can consider their previous intersections with the surface of section. 

The second intersection, shown in Fig. 4 (left panel), is composed of two “tongues ” which spiral around the stable man-

ifold to the third quadrant guardian orbit. The spirals are infinite, but of course we have computed (and shown in Fig. 4 )

only a part of them. We also show in Fig. 4 the ring created by the unstable manifold to the first quadrant orbit ( Fig. 2 ).

Orbits starting inside this ring, and inside one of the two tongues, come from infinity by the upper–right window and leave

the galaxy by the same window after two crossings of the axis y = 0 . Orbits inside the tongues but outside the light blue

area of Fig. 4 (right panel) have a previous intersection with the surface of section. 

Let us remark that there is a difference in the way the intersection between the stable manifold to the upper–right

guardian periodic orbit and the unstable manifold to the upper–right guardian periodic orbit takes place for h = 0 . 024 and

h = 0 . 0249 . For h = 0 . 024 , the big lobe of the tongue of the stable manifold does not intersect the unstable manifold ( Fig. 4 ,

right panel, first row). However, this part of the tongue of the stable manifold is completely covered by the unstable man-

ifold to the upper–right guardian periodic orbit for h = 0 . 0249 , as it is shown in Fig. 4 (right panel, second row). In both

cases, as commented before, orbits inside the tongues but outside the light blue area of Fig. 4 (right panel) have a previous

intersection with the surface of section. There exists a value of h ∗ ∈ (0.024, 0.0249) such that the lobe of the second sec-

tion of the stable manifold to the upper–right guardian periodic orbit results to be tangent to the unstable manifold to the

upper–right periodic orbit. This bifurcation value is h ∗ = 0 . 024120 0 017 . In Fig. 5 , we show the second section for this value

of the energy. 

Following these later orbits backward, we compute the third section (see Fig. 6 ). As a consequence of the way in which

the second section of the stable manifold to the upper–right guardian periodic orbit intersects the unstable manifold to the

upper–right periodic orbit, for the two values of the energy, the shape of the third section is completely different for both

values. 

Let us analy z e first the third section for h = 0 . 024 . In this case, the section is composed of two “simple ” tongues (the

“hook–shaped ” ones) plus two “complex ” tongues. The complex ones are “Russian dolls”, composed of “subtongues” embed-

ded inside each other. Only a few of these subtongues have been computed, but there are an infinity of those subtongues.

All these tongues are infinitely winding around the stable manifold to the first quadrant guardian (already shown in Fig. 3 ).

Orbits starting inside this later manifold (in the area shown in dark blue grey) are those which escape directly by the first

quadrant window. 

In Fig. 7 , we show a detail of the composition of the “Russian dolls ” structure. The fate of the orbits starting inside

the complex tongues alternates according to the parity of the number of subtongues in which they are embedded. Those

starting from the area shown in black and grey tones in Fig. 7 (right panel) are mapped on the pieces of the tongues of the

second section which are not inside the light blue area ( Fig. 4 , right panel, first row). 
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Fig. 6. Third section ( y = 0 , ˙ y > 0 ) of the stable manifold to the first quadrant periodic orbit, for h = 0 . 024 (first row) and h = 0 . 0249 (second row). The 

section for h = 0 . 024 is composed of two simple tongues and two complex ones. The simple tongues are the harpoon–shaped ones. The complex tongues 

are “Russian dolls ” composed of an infinity of “subtongues ” embedded inside each other. All these tongues wind around the stable manifold to the first 

quadrant (in dark blue in left panel). In the right panel, we also represent in light blue the unstable manifold to the third quadrant periodic orbit. The 

section for h = 0 . 0249 has a simpler structure. There are two complex tongues, “Russian dolls ” composed of an infinity of “subtongues ” embedded inside 

each other. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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When h = 0 . 0249 , the section is composed of two “complex ” tongues. These tongues, as before, are “Russian dolls”,

composed of subtongues’ embedded inside each other. We have only computed a few of these subtongues, but there are an

infinity of them. All these tongues are infinitely winding around the stable manifold to the first quadrant guardian periodic

orbit (already shown in Fig. 3 ). Orbits starting inside this later manifold (in the area shown in dark blue grey) are those

which escape directly by the first quadrant window. 

In Fig. 8 , we represent a detail of the third section, to analy z e the fate of the orbits starting inside the complex tongues.

The orbits starting from the area shown in grey tones in Fig. 8 (right panel) are mapped on the pieces of the tongues of the

second section which are not inside the light blue area ( Fig. 4 , right panel, second row). 

We also reproduce in Fig. 6 the trace of the unstable manifold to the third quadrant periodic orbit (shown in light blue

grey in the right panel of Fig. 3 ). Orbits inside it and inside the tongues come from infinity by the lower–left window; the

others have antecedents on the surface of section and we could compute them backward to a fourth intersection with the
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Fig. 7. Detail of the third section ( y = 0 , ˙ y > 0 ) of the stable manifold to the first quadrant periodic orbit for h = 0 . 024 . The section is composed of two 

simple tongues plus two complex ones. Here, we show one of the two simple tongues (in black) and one complex tongue (colo red in tones of grey), a 

“Russian doll ” composed of an infinity of subtongues embedded inside each other. These subtongues are colo red in tones of grey. We also represent in light 

blue the unstable manifold to the third quadrant periodic orbit. In the right panel, we reproduce a part of the infinite set of tongues infinitely winding 

around the stable manifold to the first quadrant periodic orbit. (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 

Fig. 8. Detail of the third section ( y = 0 , ˙ y > 0 ) of the stable manifold to the first quadrant periodic orbit for h = 0 . 0249 . The section is composed of two 

complex tongues. We show one of the two complex tongues (in grey), a “Russian doll ” composed of an infinity of subtongues embedded inside each other. 

These subtongues are colo red in grey. The orbits starting from the area shown in grey tones are mapped on the pieces of the tongues of the second section 

which are not inside the light blue area ( Fig. 4 , right panel, second row). We represent in light blue the unstable manifold to the third quadrant periodic 

orbit. In the right panel, we also reproduce a part of the infinite set of tongues infinitely winding around the stable manifold to the first quadrant periodic 

orbit (not represented here for the sake of simplicity). (For interpretation of the references to color in this figure legend, the reader is referred to the web 

version of this article.) 
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surface of section. The result of this intersection is shown in Fig. 9 , for h = 0 . 024 and h = 0 . 0249 . As we see, the scheme is

the same as before. We have also represented (in light blue grey) the section of the unstable manifold to the upper–right

periodic orbit. We observe that this manifold intersects the fourth section, but we will not analy z e it as the procedure is

basically the same than in the previous intersections. 

In Figs. 10 and 11 , we show the relation between the tongues in the third and fourth sections of the stable manifold to

the first quadrant periodic orbit. 

5. Conclusions 

In this paper, we study the properties of the escape of orbits in a simple Hamiltonian model describing the motion near

the cent e r of an elliptical galaxy. For certain values of the energy, the potential well opens up to infinity and test particles

may escape. Every opening is bridged by an unstable periodic orbit called a Lyapunov orbit, which governs the escape
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Fig. 9. Fourth section ( y = 0 , ˙ y < 0 ) of the stable manifold to the first quadrant periodic orbit, for h = 0 . 024 (first row) and h = 0 . 0249 (second row). As 

in Fig. 6 , the section is composed by complex tongues composed of an infinity of subtongues embedded inside each other. All these tongues wind around 

the stable manifold to the third quadrant periodic orbit. 
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to infinity from the potential well. The sets of escaping orbits are limited by the stable and unstable manifolds to these

periodic orbits. In [18] , Navarro and Henrard computed the intersections of these manifolds with a surface of section in

order to clarify the shapes and sizes of the windows of escape of stars. We found that in the system given by Hamiltonian

(1) , these windows consist of a “main window ” and of a hierarchy of secondary windows. A very large part of the main

window is actually made of “just passing through ” stars and may not be very interesting for galactic studies. Hence the

importance of the secondary windows, their intricate spiral structures and the fractality of the basin boundaries. 

Here, we have analy z ed the same problem in a more complex Hamiltonian, given by (3) . We have also investigated the

intersections of the stable and unstable manifolds to the guardian periodic orbits with a surface of section, just to find the

same mechanism governing the escape from the potential well. As in Hamiltonian (1) , we have shown that the intricate

spiral structures of the secondary windows governs the rate of escape: there are “first-order ”, infinitely winding spirals, but

also “second order ” spirals composed themselves of an infinity of layers, “third order ” spirals formed by an infinity of second

order spirals, and so on. 
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Fig. 10. Transformation of the tongues of the third section in the tongues of the fourth section integrating backward, for h = 0024 . 

Fig. 11. Transformation of the tongues of the third section in the tongues of the fourth section integrating backward, for h = 00249 . 
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We have found that the number of “main ” tongues in the third intersection of the stable manifold to the upper–right

guardian periodic orbit with the surface of section y = 0 , ˙ y > 0 depends on the energy of the system. This is a conse-

quence of the geometric shape of the tongues in the second section ( y = 0 , ˙ y < 0 ) of the stable manifold to the upper–right

guardian periodic orbit (see Fig. 4 , left panel), and the way this curve intersects with the unstable manifold to the upper–

right guardian periodic orbit. For h = 0 . 024 , the intersection originates four tongues, two simple and two complex. For

h = 0 . 0249 , there are only two complex tongues, composed of subtongues embedded inside each other. In spite of the fact

that these geometric differences between both values of the energy exist, we can conclude that the mechanism to explain

the escape of stars from the potential well is the same that in the case of Hamiltonian (1) . 
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