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Summary

This memory is divided in two parts. The �rst one is the result of the research done in

the University of Alicante under the supervision of Dr. María Dolores Fajardo-Gómez

from January, 2013, until May, 2016, and it is the central part of the thesis. The second

one is a joined work with Dr. Alberto Seeger, in the University of Avignon, during a

temporary stay of three months in 2015.

The main purpose in the �rst part is to study evenly convex optimization prob-

lems. These problems are nothing else than problems whose feasible set and involved

functions are evenly convex, but what are they exactly? Evenly convex sets, e-convex

in short, were de�ned by Fenchel in [36] and since then, they have been often applied

in mathematical programming. For instance, one of the most important applications

of these sets has been on the solvability of systems containing an arbitrary number of

convex inequalities as constraints, as one can see in [39, 41].

Since their de�nition, analyzing their properties and possible characterizations via

separation theorems have been a challenging area in optimization community. For

instance, in [53], some important properties are written by means of their sections and

projections, and in [29], a separational characterization of e-convex sets is provided.

Regarding e-convex functions, they were de�ned naturally in [65] as those functions

whose epigraph is an e-convex set in the product space. As a direct consequence of

Hahn-Banach theorem, every closed convex set is e-convex, so the framework provided

by e-convex functions is more general than the one given by lower semicontinuous

and convex functions. In [59] they were characterized as the supremum of a certain

III



IV Summary

kind of a�ne functions, extending in this way the characterization of closed convex

functions as the supremum of a�ne minorant functions. Moreover, in this mentioned

work a suitable conjugation scheme for these functions is provided and the celebrated

Fenchel-Moreau theorem for e-convex functions can be found. This scheme is inpired

on a survey done by Martínez-Legaz in 1988, [57], where generalized convex duality

theory, based on Fenchel-Moreau conjugation, is applied to quasiconvex programming.

As a result of this research, one can say that the c-conjugation scheme is to e-convex

functions what Fenchel conjugation pattern is to convex and lower semicontinuous ones.

Given a primal problem (P ) and its dual one (D), we denote their optimal values

by v(P ) and v(D), respectively. Conditions for strong duality, i.e., v(P ) = v(D)

being (D) solvable, are known as regularity conditions and they are classi�ed in two

groups: interiority-type and closedness-type regularity conditions. The �rst type is

characterized by being expressed using some kind of interiors and, the second one, by

being expressed in terms of epigraphs of conjugate functions. Interiority-type regularity

conditions have been popular in the past, see [8, 9, 16, 22, 28, 74] for instance, but

closedness-type ones have also become interesting lately as one can see, for instance,

in [7, 13, 19, 20] or [25].

Throughout this memory, we will usually compare e-convex setting with classical

context. By the classical context we mean when the dual problem is written via the

Fenchel conjugate and convexity and lower semicontinuity are used in the regularity

conditions. As we mentioned before, e-convexity generalizes convexity and lower semi-

continuity and, as we will recall in Chapter 0, the c-conjugation scheme generalizes

Fenchel one. Hence, the following question arises naturally, what would happen if we

worked with the more general framework of e-convex functions and the c-conjugation

scheme? How would the equivalent regularity conditions look like?

Our motivation comes from [35] and [34]. In the �rst one, Fenchel dual problem

is obtained applying the perturbational approach and the c-conjugation scheme and a

regularity condition for strong duality via epigraphs is derived. In the second paper, a
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general dual problem for a primal one is obtained by means of the same focusing and

two general regularity conditions for strong duality are established, being one of them

written via epigraphs. The other regularity condition is inspired on an interiority-type

condition from [74].

The regularity conditions obtained in [34] and [35] are written via the analogous

sets used in the classical context, but replacing Fenchel conjugate scheme, lower semi-

continuity and closedness by c-conjugation pattern, e-convexity and e′-convexity. The

latter concept of convexity appeared for the �rst time in [35] while Fajardo et al. tried

to extend some well-known properties for lower semicontinuous and convex functions

to e-convex ones. In the light of the similarities pointed out at the beginning of this

paragraph, we wonder if the following relation would also be held

(∗)


convexity + lower semicontinuity + Fenchel conjugate scheme

m

e′ -convexity + c-conjugate scheme

if we worked with other types of dual problems in evenly convex optimization and their

equivalent regularity conditions from the classical context.

Motivated by this fact, we have started our research with Chapter 0, where apart

from collecting all the necessary results from the specialized literature for the devel-

opment of this memory, we also extend some important properties regarding e-convex

sets and functions from the �nite dimensional case to the in�nite one. Furthermore,

we also prove that the regularity conditions obtained in [34] for general strong duality,

are also su�cient for general stable strong duality. As we will see later on in Chapter

0, stable strong duality means the ful�lment of strong duality even when the objective

function in the primal problem is perturbed by arbitrary continuous linear functionals.

In Chapter 1, we de�ne two operators which will allow us to characterize the e′-



VI Summary

convexity of a given subset. These de�nitions are based on the weak dual cone and the

symmetrical expression from [37], and in the negative polar cone presented in [36]. In

spite of the fact that they will not be used in the rest of the chapters, they let us know

some basic algebraic properties of this kind of sets. We also study if closed convex sets

continue being e′-convex, but unfortunately, they do not. After this fact, we move onto

proper and improper e′-convex functions and we study their basic properties as well as

some su�cient conditions to know whether an e′-convex function has e-convex domain.

Once we have strengthened our knowledge about this kind of sets and functions, and

to continue the line of research presented in (∗), we focus on di�erent dual problems

obtained, all of them, by means of the perturbational approach and the c-conjugation

scheme. After getting from a di�erent way a more suitable expression of Fenchel dual

problem than the one obtained in [35], and noticing that the functions only need to

be proper to this commitment, in Chapter 2 we recover both, the e-convex counter-

part of the classical su�cient conditions for strong Fenchel duality, and the existing

relationship between them. We also provide a characterization for strong and stable

strong Fenchel duality inspired on a regularity condition from [55]. As it occurs with its

classical version, this condition can be expressed in an alternative way via a particular

inclusion of the epigraphs of the c-conjugate functions involved in the primal problem.

In Chapter 3 we get Lagrange dual problem following the same steps as in Chapter

2. We derive the e-convex counterpart of the so-called closed cone constraint quali�-

cation, (CCCQ), used in [38] to characterize Lagrange duality in the classical context.

Nevertheless, this condition ends up being only su�cient. Moreover, the two gen-

eral regularity conditions derived in [34] are adapted into Lagrange case and, after

a comparison between them, we get that the (CCCQ)-type one is weaker than the

closedness-type regularity condition. Following the aim of getting a characterization

for such duality, our inspiration comes from [55] and we get a necessary and su�-

cient condition for strong, and stable strong, Lagrange duality written via inequalities.

Unlike it happens in the classical context, the e-convex counterpart of the classical
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characterization of stable strong Lagrange duality is not necessary in our setting.

Finally, once we have dealt with Fenchel and Lagrange dual problems, next chapter

is bounded to be written: Fenchel-Lagrange dual problem. The layout of this chapter

is analogous to Chapter 3, but now we start with two sections where we analyze the

relationships between the optimal values, optimal solutions and solvability of the three

dual problems dealt in this memory. Examples showing that the obtained inequalities

can be strictly ful�lled are provided, as well as su�cient conditions for equality. From

[55], we obtain a characterization of strong Fenchel-Lagrange duality which admits an

equivalent formulation via epigraphs as it happened in Fenchel and Lagrange cases.

We derive the counterpart of (RCFL) from [14] in our setting, but unlike it happens

there, it is not necessary for strong Fenchel-Lagrange duality. We also adapt the two

general regularity conditions derived in [34] and we study the relation between all of

them. Finally, we extend the characterization done for strong duality into stable strong

duality expressing this condition via inequalities and via epigraphs.

Regarding the second part, the main purpose is to obtain the conic version of the

ellipsoid covering problem. Given a dataset of a �nite collection of vectors scattered in

the space, we address the problem of computing the ellipsoidal cone of minimal volume

that contains all the vectors, called the outer ellipsoidal cone. We start giving two

possible representations for an ellipsoidal cone, one in terms of a non-singular matrix

and the other one by using the semi-axes that de�ne the ellipsoidal cone.

No matter the used representation, the outer ellipsoidal cone is obtained from the

solution of a non-convex optimization problem. To get the solution, we will use a

solver available in Matlab. This solver is �fmincon�, and since the objective problem

is non-convex, the solver does not need to give us a global solution. For this reason,

the more �reasonable� is the initial point, the better is the obtained solution, at least

in principle. Hence, in order to get a global solution we initialize the solver with

some di�erent starting cones and we compare the obtained solutions, declaring that
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the global solution is the best solution among them.

One possible approximation to the ellipsoidal cone is the celebrated ice-cream cone

or revolution cone. We continue this chapter making a comparison between sphericity

and ellipsoidality, i.e., in how good sphericity can be to solve our problem. We de�ne

some kind of ratios to measure the level of sphericity of the outer ellipsoidal cone and

we provide an example where it is shown that this cone, the revolution cone, can be a

really bad solution.

Next section clari�es some possible geometrical missunderstandings with reference

to ellipsoidal cones and cones generated by an ellipsoid. If the ellipsoid is centered

upwards, both cones coincide, but it is not the case when the ellipsoid is built with

spread points in the space. We provide the way to compute its volume and this formula

will be used in the following section to compare this solution with the real one, the one

given by the outer ellipsoidal cone. Because both concepts can be confused naively,

the ellipsoidal cone generated by an ellipsoid can be referred as the fake ellipsoidal

cone. Figures 5.1 and 5.3 serve to clarify the geometrical di�erences between these two

ellipsoidal cones.

In the following section, we carry out several tests to analyze the performance of the

ellipsoidal cone approach. We study the e�ects of the distribution of the datapoints,

the cardinality of the dataset, the in�uence of the dimension of the underlying space

and the one of the ellipsoidality. Since the fake ellipsoidal cone is quite reasonable to be

implemented, we study the di�erences between the true and the fake outer ellipsoidal

cones focusing on the quality of the obtained solutions.

Finally, in the last section we treat very roughly the idea of outliers. Among all

the existing possibilities when one deals with this issue, we suggest a possibility of

assessing the in�uence of each point making a kind of ratio which measures the volume

reduction after dropping out each one of the points in the dataset.
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Part I

Regularity conditions in

evenly convex optimization problems

1





Chapter 0

Preliminaries

In this chapter we will �x some notation and theoretical results that will appear

throughout this memory. For the sake of better understanding, we have decided to

classify them according to what mathematical area they come from. We point out that

some of the results are taken from the specialized literature, whereas some others are

original results needed for the development of this work.

0.1 Topological de�nitions

In this section we will collect the de�nitions and results related with topology or general

topological vector spaces.

De�nition 0.1.1. [67, Page 47] Given a general topological vector space X, in brief

tvs, it is a locally convex space, in short lcs, if it is a Hausdor� space and there exists a

convex local base for the zero vector. A local base centered in the origin is a collection of

subsets, B, such that if U ⊆ B, then U contains a neighbourhood of 0, and, moreover,

for each neighbourhood V verifying 0 ∈ V , there exists a neighbourhood in the base,

U ∈ B, where 0 ∈ U ⊆ V .

Unless we state other hypothesis, X will be a lcs equipped with the weak topology

induced by X∗, σ(X,X∗). We denote by X∗ the topological dual space of X endowed

3



4 CHAPTER 0. Preliminaries

with the weak* topology induced by X, σ(X∗, X). Whenever we work with the product

of two locally convex spaces, the dual product that will be used is

〈(x, y), (x∗, y∗)〉 = 〈x, x∗〉+ 〈y, y∗〉 ,

where 〈x, x∗〉 denotes x∗ (x), for all x ∈ X and x∗ ∈ X∗. For a set D ⊆ X (resp.

D ⊆ X∗), its closure, boundary and interior of D (resp. weak* closure, boundary and

interior of D) are denoted by clD, bdD and intD, respectively. If D 6= ∅, the notation

δD will stand for the indicator function of D de�ned as δD : X → R := R∪{±∞} such

that

δD(x) =

 0 if x ∈ D,

+∞ otherwise.

De�nition 0.1.2. [66, Def. 1.8] We say that a tvs is a F-space if it is metrizable with

a metric which is invariant under traslations and under which it is complete. We say

that an arbitrary space is Fréchet if it is a locally convex F -space.

We remark that every Fréchet space is a F -space but the backwards does not hold

in general as one can see in [66, Sect 1.9]. The following de�nition plays a protagonic

role in this memory and in linear semi-in�nite programming as it is shown in [40].

De�nition 0.1.3. [40, Page 47] Given T an arbitrary index set and X ⊆ R. The

following statements hold

(i) If T = N and X = R, RT represents the space of all the sequences in R.

(ii) If T is arbitrary and 0 ∈ X ⊆ R,X(T ) represents the set of all functions λ : T → X

that vanish everywhere except on a �nite subset of T , the so-called supporting

set of λ which is denoted by

suppλ := {t ∈ T |λt 6= 0} .

The elements of X(T ) are said to be generalized �nite sequences in X.
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(iii) In the particular case where X = R, R(T ) is a linear space whereas R(T )
+ is a

convex cone whose elements are non-negative and have �nite support.

The following comment deserves a carefully reading. On the one hand, for every

index set T , the dual space of RT can be identi�ed with R(T ) with the following duality

product

λb =
∑

t∈suppλ

λt · bt,

for all λ ∈ R(T ) and b ∈ RT , if and only if RT is equipped with the product topology,

see [54]. On the other hand, if we want this space to be a Fréchet one, according to

De�nition 0.1.2 and as it is explained in [61], we have to force the index set T to be,

at most, a countable set. This fact will be of interest throughout this memory.

Finally, let us present a generalized concept of the interior of a given subset in a

Hausdor� tvs which was introduced by Borwein and Lewis in [22]. Related to this new

type of interior, we present the following de�nition which can be found in [74].

De�nition 0.1.4. Let M ⊆ Y be a linear subspace of a general vector space Y and

let A ⊆ Y be a non-empty subset. The algebraic interior of A with respect M is

aintM A = {a ∈ Y | ∀x ∈M,∃δ > 0 | ∀λ ∈ [0, δ] , a+ λx ∈ A} .

If M = aff(A−A), being aff A the a�ne hull of A, aintM A is denoted by i A and it is

called the relative algebraic interior of A. Moreover, if A ⊆ Y is convex, the segment

[a, x[= {(1− λ)a+ λx |λ ∈ [0, 1[} ⊆ i A for all a ∈ i A and x ∈ A, and the following

properties hold

i) a ∈ iA if and only if cone (A− a) is a linear subspace of Y,

ii) a ∈ i A if and only if ∀x ∈ A, ∃λ > 0 such that (1 + λ)a− λx ∈ A,

being coneA the convex conic hull of A, i.e., the smallest convex cone containing the set

A and the origin. Finally, we will denote by icA the subset of i A such that cone(A−a)

is, in addition, closed.
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Remark 0.1.5. Observe that whenever A ⊆ X is a convex set icA ⊆ qriA, being

qri A the quasi relative interior of the set A according to De�nition 2.3 from [22].

Moreover, icA = sqri A being sqri A the strong quasi relative interior of the convex set

A according to [8].

0.2 E-convex sets and functions

The class of evenly convex sets, e-convex in short, was introduced by Fenchel, [36], to

extend polarity theory to closed convex sets. They were de�ned as those sets which can

be written as the intersection of an arbitrary family, possibly empty, of open halfspaces,

i.e.,

σ = {x ∈ Rn | 〈at, x〉 > bt, t ∈ E ; 〈at, x〉 ≥ bt, t ∈ D} ,

where E andD have empty intersection and they are not simultaneously empty, at ∈ Rn

and bt ∈ R for all t ∈ E ∪ D. Before going ahead in this section, let us explain very

brie�y, why we are working with locally convex spaces. To this aim, we will need next

result which is known as the geometrical form of Hahn-Banach theorem.

Theorem 0.2.1. [67, Sect. 3.1.] Let L be a tvs, M be a linear manifold in L and

A ⊆ L be a non-empty open convex set not intersectingM . Then, there exists a closed

hyperplane in L containing M which does not intersect A.

Since X is assumed to be a lcs, according to [67, Page 48] it holds X∗ 6= {0}, so

there are open halfspaces in X and, since every closed convex set can be expressed as

the intersection of a family of open halfspaces, a direct application of Theorem 0.2.1

assures that every open or closed convex set is, automatically, e-convex.

Once we have explained why locally convex spaces are used, let us continue with

the purpose of this introductory section. Based on the separation idea that makes open

and closed convex sets to be e-convex as well, in this memory we will deal with the
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following characterization of e-convex sets. According to [29], a set C ⊆ X is e-convex

if for every x0 /∈ C, there exists x∗ ∈ X∗ such that 〈x− x0, x
∗〉 < 0, for all x ∈ C, i.e.,

we will say that a set is e-convex whenever for every point outside the set there always

exists a hyperplane containing the point and not meeting the set. There exist some

other characterizations of this class of sets which have been deduced in [39], but the

most useful one from the point of view of the applicability is the one expressed above.

E-convex sets have been applied to study the solvability of semi-in�nite linear sys-

tems containing in�nitely many strict inequalities as constraints in [39, 41], and some

important properties in terms of their sections and projections are given in [53]. Next

three propositions show basic properties which will be of interest during this work. In

spite of the fact that the proofs given in their references have been done in Rn, they

can be extended to a general lcs with no di�culties.

Proposition 0.2.2. [73] Let Ci ⊆ X e-convex for all i ∈ I with I an arbitrary index

set and α > 0. It holds

(i) ∩i∈ICi is e-convex.

(ii) αCi is e-convex.

(iii) If h : A→ B is a linear application between two topological vector spaces A and

B, h(Ci) is not e-convex in general.

A direct application of (iii) in Proposition 0.2.2 and a big di�erence with the class

of convex sets (see [63]), is that the projection of an e-convex set is not e-convex in

general. Moreover, the sum of two e-convex sets is not necessarily e-convex. Two

examples of these facts are Examples 0.2.8 and 3.1 from [73, 39], respectively.

Proposition 0.2.3. [65, Prop. 1.2] Let C1 ⊆ X and C2 ⊆ Y be two non-empty subsets

with X, Y two locally convex spaces. Then, C1 × C2 is e-convex in X × Y if and only

if C1 and C2 are e-convex sets in X and Y , respectively.
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The e-convex hull, econvK, of a setK ⊆ X is the smallest e-convex set that contains

K. This operator is well de�ned because X is e-convex and the class of e-convex sets

is closed under intersection. Moreover, if K ⊆ X is convex, K ⊆ econvK ⊆ clK.

Regarding this hull, we present the following property.

Proposition 0.2.4. [41, Prop. 2.3] Let C1 ⊆ X and C2 ⊆ Y two arbitrary e-convex

sets with X, Y two locally convex spaces. Then, it holds

econv (C1 × C2) = econvC1 × econvC2.

For a function f : X → R, we denote dom f = {x ∈ X : f(x) < +∞} the e�ective

domain of f and by epi f = {(x, r) ∈ X × R : f(x) ≤ r} its epigraph. We call f proper

if dom f 6= ∅ and f (x) > −∞, for all x ∈ X. Given f, g : X → R two proper convex

functions, the in�mal convolution of f and g is the function f�g : X → R de�ned as

(f�g)(x) := inf
x1+x2=x

{f(x1) + g(x2)} ,

and it is said to be exact at a point a ∈ X if (f�g)(a) = f(x) + g(a − x) for some

x ∈ X. The in�mal convolution is exact if it is exact at any x ∈ X.

A function f : X → R is said to be lower semicontinuous, in short lsc, at x0 ∈ X

if for all λ ∈ R such that λ < f (x0), there exists a neighborhood of x0, let us say Vx0 ,

such that λ < f(x) for all x ∈ Vx0 . We say that f is lsc if f is lsc at any point x0 ∈ X,

or, equivalently, if epi f is a closed set in X × R as [74, Th. 2.2.1] guarantees. The

lsc hull of f , cl f : X → R, is de�ned such that epi (cl f) = cl (epi f). Moreover, if

f : X → R, we say that it is closed if f = cl f , and if f is convex, cl f is convex as

well. Furthermore, if f is proper, closedness is equivalent to lower semicontinuity.

A suitable conjugation scheme for proper convex and lsc functions is the one o�ered

by the classical Fenchel conjugate. For a function f : X → R, its Fenchel conjugate

function is de�ned as f ∗ : X∗ → R such that

f(x∗) = sup
x∈X
{〈x, x∗〉 − f(x)} .
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For every f : X → R, its Fenchel conjugate f ∗ is always a lsc convex function, and

Fenchel-Moreau theorem ensures the equality f = f ∗∗ whenever f is a proper lsc con-

vex function, see [74, Th. 2.3.3].

On the other hand, according to [65], a function f : X → R is e-convex if its

epigraph is an e-convex set in X ×R. Clearly, any lsc convex function is e-convex, but

the converse statement does not hold as we can see in the following example.

Example 0.2.5. Let f : R→ R be the function de�ned as

f(x) =

 x if x > 0,

+∞ otherwise.

Clearly, epi f = {(x, y) ∈ R2 |x > 0, y ≥ x} is e-convex in R × R since for every

x0 /∈ epi f , there exists a non-trivial hyperplane whose intersection with epi f is empty.

However, taking the sequence {(xn, yn)}n∈N with xn = 1/n and yn = 1 for all n ∈ N,

it is clear that each point (xn, yn) ∈ epi f , for all n ∈ N, but limn→+∞(xn, yn) = (0, 1)

does not belong to epi f . Then, since f is proper and epi f is not closed, f is not lsc.

The e-convex hull of f , econv f : X → R, is de�ned as the largest e-convex minorant

of f . Next results show some important properties of e-convex functions which have

been presented in [65] for X = Rn, and whose proofs can be extended to a general lcs

with no extra e�ort.

Proposition 0.2.6. [65, Prop. 3.1] Let f : X → R be an e-convex function and let

α > 0. Then αf is an e-convex function.

Proposition 0.2.7. [65, Prop. 3.3] Let f, g : X → R be two proper e-convex functions.

Then f + g is also an e-convex function.

The following de�nition is taken from [59] and it will allow the extension of a result

for proper convex and lsc functions from [63] to the class of e-convex ones.
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De�nition 0.2.8. A function a : X → R is said to be e-a�ne if there exist x∗, y∗ ∈ X∗

and α, β ∈ R such that

a (x) =

 〈x, x
∗〉 − β if 〈x, y∗〉 < α,

+∞ otherwise.

For any f : X → R, Ef denotes the set of all e-a�ne functions minorizing f , that is,

Ef :=
{
a |X → R : a is e-a�ne and a ≤ f

}
.

Next example shows that the class of e-a�ne functions is not closed under the sum.

Example 0.2.9. Let us take the e-a�ne functions a1, a2 : R→ R de�ned as

a1(x) =

 2x− 1 if x < 0,

+∞ otherwise,

a2(x) =

 x if x > −1,

+∞ otherwise.

Then, de�ning a : R→ R such that

a(x) = a1(x) + a2(x) =

 3x− 1 if − 1 < x < 0

+∞ otherwise,

which is not e-a�ne according to De�nition 0.2.8.

From [59] we have the following characterization for a proper e-convex function

which can be understood as the e-convex version of the announced result from [63],

Theorem 12.1, for proper convex and lsc functions.

Theorem 0.2.10. Let f : X → R, f not identically +∞ or −∞. Then f is a proper

e-convex function if and only if

f = sup {a | a ∈ Ef} .
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Based on the generalized convex conjugation theory introduced by Moreau [60], a

suitable conjugation scheme for e-convex functions is provided in [59]. Let us de�ne

the space W := X∗×X∗×R throughout this memory. Consider the coupling functions

c : X ×W → R and c′ : W ×X → R given by

c(x, (x∗, y∗, α)) = c′ ((x∗, y∗, α), x) :=

 〈x, x
∗〉 if 〈x, y∗〉 < α,

+∞ otherwise.

For a function f : X → R, its c-conjugate f c : W → R is de�ned by

f c(x∗, y∗, α) := sup
x∈X
{c(x, (x∗, y∗, α))− f(x)} .

Similarly, the c′-conjugate of a function g : W → R is gc
′
: X → R de�ned by

gc
′
(x) := sup

(x∗,y∗,α)∈W
{c′ ((x∗, y∗, α), x)− g(x∗, y∗, α)} ,

with the following conventions

(+∞) + (−∞) = (−∞) + (+∞) = (+∞)− (+∞) = (−∞)− (−∞) = −∞.

Functions of the form x ∈ X → c(x, (x∗, y∗, α))− β ∈ R, with (x∗, y∗, α) ∈ W and

β ∈ R are called c-elementary ; in the same way, c ′-elementary functions are those of

the form (x∗, y∗, α) ∈ W → c(x, (x∗, y∗, α))− β ∈ R, with x ∈ X and β ∈ R.

In [59], it is shown that the family of the proper e-convex functions from X to R

along with the function identically equal to −∞ is, actually, the family of pointwise

suprema of sets of c-elementary functions. Using an analogous terminology, a function

g : W → R is said e′-convex if it is the pointwise supremum of sets of c′-elementary

functions. Moreover, the e′-convex hull of any function k : W → R is the largest

e′-convex minorant of k, and it is denoted by e′conv k. The following proposition can

be deduced from [58] and [59].

Proposition 0.2.11. Let f : X → R and g : W → R. Then
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(i) f c is e′-convex; gc
′
is e-convex.

(ii) If f has a proper e-convex minorant, econv f = f cc
′
; e′conv g = gc

′c.

(iii) If f does not take on the value −∞, then f is e-convex if and only if f = f cc
′
; g

is e′-convex if and only if g = gc
′c.

(iv) f cc
′ ≤ f ; gc

′c ≤ g.

Remark 0.2.12. [35, Page 379] According to (iii) in Proposition 0.2.11, given a

function f : X → R∪{+∞}, we say that it is e-convex in x ∈ X if f(x) = f cc
′
(x), and

if g : W → R, it is said to be e′-convex in (x∗, y∗, α) ∈ W if g(x∗, y∗, α) = gc
′c(x∗, y∗, α).

The following example clari�es the di�erence between using Fenchel or c-conjugate

schemes for e-convex functions.

Example 0.2.13. Let us consider the e-convex (but not lsc) function de�ned in Ex-

ample 0.2.5. Its c-conjugate function is f c : R× R× R→ R such that

f c(y, z, α) = sup
x>0
{c(x, (y, z, α))− x}

=

 supx>0 {xy − x} if z < 0, α ≥ 0 or z = 0, α > 0,

+∞ otherwise,

=

 0 if z < 0, α ≥ 0, y ≤ 1 or z = 0, α > 0, y ≤ 1,

+∞ otherwise,

so, dom f c =]−∞, 1]× (R− × R+\ {02}). If we compute (f c)c
′
: X → R, we get

(f c)c
′
(x) = sup

(y,z,α)∈R3

{c(x, (y, z, α))− f c(y, z, α)} =

 x if x > 0,

+∞ otherwise,

hence f = (f c)c
′
. To wind up this example, let us compute the double Fenchel conjugate

of f . Firstly, we compute f ∗ : R→ R, which is

f ∗(y) = sup
x∈R
{xy − f(x)} =

 0 if y ≤ 1,

+∞ otherwise.
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Finally,

f ∗∗(x) = sup
y∈R
{xy − f ∗(y)} =

 x if x ≥ 0,

+∞ otherwise,

and we get f 6= f ∗∗.

Next proposition shows the relation between e-convex and e′-convex functions and,

in the light of this result, in Chapter 1 we will make a deep study on the relationships

and properties that the class of e′-convex functions inherits from the e-convex one.

Proposition 0.2.14. [73, Prop. 2.4.11] If k : W → R is e′-convex, then it is e-convex.

De�nition 0.2.15. [35, Def. 2] A set D ⊆ W × R is e′-convex if there exists an

e′-convex function k : W → R such that D = epi k. The e′-convex hull of an arbitrary

set D ⊆ W × R is de�ned as the smallest e′-convex set containing D, and it will be

denoted by e′convD.

The following remark will be useful throughout this memory.

Remark 0.2.16. [35, Rem. 2] Given D ⊆ W × R, it holds

e′convD = epi f c
′c
D ,

where fD : W → R is de�ned as fD(y∗, z∗, α) := inf {a ∈ R | (y∗, z∗, α, a) ∈ D}.

Next de�nition plays a key role in this work. It can be understood as a su�-

cient condition for the additivity of e-a�ne funtions. Remind that as we have seen in

Example 0.2.9, this class of functions is not closed under the sum.

De�nition 0.2.17. [35, Def. 3] Consider two functions f, g : X → R. A function

a : X → R belongs to the set Ẽf,g if there exist a1 ∈ Ef , a2 ∈ Eg such that, if

a1(·) =

 〈·, x∗1〉 − β1 if 〈·, y∗1〉 < α1,

+∞ otherwise,
and a2(·) =

 〈·, x∗2〉 − β2 if 〈·, y∗2〉 < α2,

+∞ otherwise,
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then

a (·) =
(
a1+̃a2

)
(·) =

 〈·, x∗1 + x∗2〉 − (β1 + β2)

+∞

if 〈·, y∗1 + y∗2〉 < α1 + α2,

otherwise.

Given two proper e-convex functions f, g : X → R, the condition

f + g = sup
{
a | a ∈ Ẽf,g

}
(1)

will be useful in the following chapters so frequently. As said before, the class of e-a�ne

functions is not closed under the sum. Hence, condition (1) guarantees the additivity

when we are working with e-a�ne functions. Since dealing with the set Ẽf,g can be, in

principle, a bit coarse, we provide an example taken from [34] where (1) holds.

Example 0.2.18. Let us take X = R, f = δ[0,+∞[ and g = δ]−∞,0]. It is immediate

to see that f + g = δ{0}. Now, let us de�ne h := sup
{
a | a ∈ Ẽf,g

}
. Then, an e-a�ne

function a1 ∈ Ef if and only if

a1(x) =

 α1x− β1 if γ1x < δ1,

+∞ otherwise,

and since a1 ≤ f , (α1, β1, γ1, δ1) ∈ R− × R+ × R− × R++. Analogously, a2 ∈ Eg if and

only if

a2(x) =

 α2x− β2 if γ2x < δ2,

+∞ otherwise,

and since a2 ≤ g, (α2, β2, γ2, δ2) ∈ R+ × R+ × R+ × R++. We conclude that, a ∈ Ẽf,g
if and only if

a(x) =

 αx− β if γx < δ,

+∞ otherwise,

with (α, β, γ, δ) ∈ R× R+ × R× R++. Hence,

h = sup
{
a | a ∈ Ẽf,g

}
= δ{0} = f + g.
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Next result follows from Theorem 2 and Remark 12 in [59].

Theorem 0.2.19. Let f : X → R be a proper convex function. Then f is e-convex if

and only if f is lsc in econv(dom f).

Theorem 0.2.20. [35, Cor. 5] Let f, g : X → R be two proper e-convex functions

such that dom f ∩ dom g 6= ∅. Then

e′conv(epi f c + epi gc) = epi(f + g)c if and only if f + g = sup
{
a | a ∈ Ẽf,g

}
.

We �nish this section with several results which generalize some properties regarding

e-convex sets and functions which has been only analyzed in the �nite case in the

literature. The �rst one is shown in [39, Prop. 3.5] with X = Rn.

Proposition 0.2.21. Let X, Y be two topological vector spaces and T : X → Y

a continuous linear mapping. If H ⊆ Y is an open half-space such that H :=

{y ∈ Y | 〈y, y∗〉 < α}, with y∗ ∈ Y ∗ and α ∈ R, then

T−1(H) := {x ∈ X |T (x) ∈ H}

is e-convex in X. Consequently, if C ⊆ Y is e-convex, then T−1(C) is e-convex in X.

Proof. Let us start with the �rst part. To show that T−1(H) is e-convex, we will

proceed using its characterization. Let x0 /∈ T−1(H), which is equivalent to say that

T (x0) /∈ H. Now, using the de�nition of the set H we know that for all y ∈ H it follows

〈y, y∗〉 < α and 〈T (x0), y∗〉 ≥ α, which amounts to saying

〈y − T (x0), y∗〉 < 0, (2)

for all y ∈ H. Now, let us de�ne x∗ as the composition of y∗ and T , and take any

x ∈ T−1(H), i.e., T (x) ∈ H. Then, since T is linear and T (x) is an arbitrary point in

H, applying (2)

〈x− x0, x
∗〉 = x∗(x− x0) = y∗(T (x− x0)) = y∗(T (x)− T (x0)) < 0,
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so the set T−1(H) is e-convex in X. Let us focus on the second part. By the de�nition

of an e-convex set we know that C can be expressed as the intersection of a family of

open half-spaces, i.e., C =
⋂
i∈I Hi with Hi := {y ∈ Y | 〈y, y∗i 〉 < αi} and I an arbitrary

index set. Now, since

T−1(C) = T−1

(⋂
i∈I

Hi

)
=
⋂
i∈I

T−1(Hi),

by virtue of the �rst part of the proof and the fact that e-convex sets are closed under

arbitrary intersections, it follows that T−1(C) is e-convex in X.

Next propositions have been established in Rn in [65, Lem. 2.5, Th. 2.6, Prop. 2.7],

respectively. To extend them to a general lcs, we need the following result.

Lemma 0.2.22. [74, Prop. 2.1.4] Let X be a tvs and f : X → R be a convex function.

If there exists x0 ∈ X such that f(x0) = −∞, then f(x) = −∞ for every x ∈ i(dom f).

Proposition 0.2.23. If f : X → R is e-convex such that f(x0) = −∞ for some

x0 ∈ dom f , then f(x) = −∞ for all x ∈ dom f .

Proof. Since f is e-convex, it is also convex, so applying Lemma 0.2.22, we already

know that f(x) = −∞ for all x ∈ i(dom f). Now, take x ∈ dom f\ i(dom f) with

f(x) ∈ R. Then, (x, f(x)− 1) /∈ epi f , so by virtue of the e-convexity of f , there exists

(x∗, γ) ∈ X∗ × R such that

〈(x− x, λ− f(x) + 1), (x∗, γ)〉 < 0 (3)

for all (x, λ) ∈ epi f . Since x ∈ dom f\ i(dom f), the segment [a, x[⊆ i(dom f) for all

a ∈ i(dom f) according to the properties of i(·) presented in De�nition 0.1.4. Then,

we can de�ne {xλ}λ∈[0,1[ ⊆ [a, x[ such that xλ = λx + (1 − λ)a for all λ ∈ [0, 1[.

Since xλ ∈ [a, x[⊆ i(dom f), we get f(xλ) = −∞ for all λ ∈ [0, 1[, so the points

(xλ, f(x)) and (xλ, f(x) − 2), both belong to epi f . Substituting them in (3) we get

〈(xλ − x, 1), (x∗, γ)〉 < 0 and 〈(xλ − x,−1), (x∗, γ)〉 < 0, respectively. Taking the limit
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when λ goes to 1, we get γ = 0. To conclude, replacing γ = 0 in (3), we have

〈x− x, x∗〉 < 0 for all (x, λ) ∈ epi f , which is a contradiction with the fact that x

belongs to dom f . Hence, f(x) = −∞.

Proposition 0.2.24. Let f : X → R be an improper function such that f(x0) = −∞

for some x0 ∈ dom f . Then, f is e-convex if and only if dom f is e-convex and f ≡ −∞

on its domain.

Proof. It is a direct consequence of the above proposition, Proposition 0.2.3 and the

fact that epi f = dom f × R if f ≡ −∞ on its domain.

Proposition 0.2.25. Let f : X → R be a proper e-convex function upper bounded

on its domain, then dom f is e-convex.

Proof. The proof done in Proposition 2.7 in [65] can be extended to general spaces

with no extra e�ort.

0.3 Generalized convex duality

Let us consider X a lcs and the general optimization problem

(GP ) inf
x∈X

F (x) (4)

where F : X → R is a proper function. Applying the perturbational approach intro-

duced �rst by Ekeland and Teman in [33], whose key is to use a perturbation function

Φ : X × Θ → R, such that Φ(x, 0) = F (x), for all x ∈ X, being Θ the perturbation

variable space, a dual problem to (GP ) can be built as follows

(GD) sup
z∗∈Θ∗

−Φ∗(0, z∗) (5)

where Θ∗ is the topological dual space of Θ, and Φ∗ : X∗ × Θ∗ → R is the Fenchel

conjugate function of Φ. If we denote by v(GP ) and v(GD) the optimal values of the

primal and the dual problems de�ned in (4) and (5), respectively, a direct consequence
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of Fenchel-Young inequality is v(GP ) ≥ v(GD), situation known as weak duality. The

di�erence between the optimal values of the primal problem and the dual one is called

duality gap, and it is said that there exists strong duality when v(GP ) = v(GD) and

the dual problem is solvable. However, from the point of view of applicability, it is

also necessary to �nd out conditions guaranteeing strong duality even when the ob-

jective function of the primal problem is perturbed with linear continuous functionals,

situation called stable strong duality, see De�nition 0.3.1.

As we have brie�y mentioned in the Summary, su�cient conditions for strong du-

ality are called regularity conditions and they are classi�ed, mainly, in two di�erent

groups: interiority-type and closedness-type regularity conditions. In [8], it is provided

an overview on some classical interiority-type regularity conditions from [33], [64] and

[74] as well as several new ones. We also mention [23, 24, 25, 26] and [51] where other

kind of closedness-type regularity conditions can be found for particular cases of (GP )

and (GD).

Closedness-type regularity conditions have been used recently as a viable alternative

to their interiority-type counterparts. Apart from being a useful tool in mathematical

programming, general convex optimization and generalized duality among others �elds,

they are also applied in the theory of monotone operators and in variational analysis

as one can see in [10, 28] and [27], respectively.

Among all these applications, we are interested in how they in�uence in the study

of strong duality in convex optimization dealing with di�erent dual pairs. For instance,

for the optimization problem of minimizing the sum of two functions and its Fenchel

dual problem, su�cient conditions for stable strong Fenchel duality have been �rst

introduced in [23] and [25], and it was characterized by a much more general su�cient

condition written in terms of the epigraphs of the involved functions in [26] and [55].

For optimization problems with geometric and cone constraints and its Lagrange

dual problem, closedness-type regularity conditions were considered �rst in [51] and

[52]. In [12, 14], and [38] some su�cient conditions for stable strong Lagrange duality
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via epigraphs were derived.

Finally, for a primal problem and its Fenchel-Lagrange dual one, see Chapter 4,

regularity conditions for strong duality via epigraphs have also been written in [14].

In [12, 14], characterizations of strong and stable strong Fenchel-Lagrange duality are

obtained in terms of the epigraphs of conjugate functions.

For the three dual problems that we have mentioned, closedness-type regularity

conditions are weaker than the interiority-type ones as Boµ presents in [7] in the clas-

sical context but, what happens in the more general framework of e-convexity and

c-conjugation? A �rst answer to this question is given in [34], where apart from get-

ting a general dual problem called (GDc) whose structure is

(GDc) sup
u∗,v∗∈X∗,
α>0,

−Φc ((0, u∗) , (0, v∗) , α) (6)

two regularity conditions for general strong duality are also achieved. These announced

conditions are

(C4) X and Θ Fréchet, Φ e-convex and 0 ∈ aic (PrΘ (dom Φ)) ,

(C5) Φ proper and e-convex and PrW×R (epi Φc) e′-convex,
(7)

where PrY stands for the projection operator onto an arbitrary tvs Y . In [34] these

conditions are compared with a third one obtained in a previous work to study Fenchel

duality problem. Now, let us see in the following subsection that these conditions not

only assure strong duality in the general case, but also stable strong duality.

0.3.1 Stable strong duality

We introduce the concept of stable strong duality considering the extension of the

general problem

(GPx∗) inf
x∈X

Φ(x, 0) + 〈x, x∗〉
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for an arbitrary x∗ ∈ X∗. This means that we perturb the general problem with a

continuous linear functional, and a pertubation function for (GPx∗) will be Φx∗ : X ×

Θ→ R de�ned as

Φx∗ (x, u) := Φ (x, u) + 〈x, x∗〉 .

C-conjugating Φx∗ makes it possible to associate to (GPx∗) a dual problem verifying

weak duality. Letting Z = X × Θ, the appropriate coupling function for building the

c-conjugate of Φx∗ will be c : Z × Z∗ × Z∗ × R→ R such that

c ((x, u) , ((y∗, u∗) , (z∗, v∗) , α)) =

 〈x, y∗〉+ 〈u, u∗〉 if 〈x, z∗〉+ 〈u, v∗〉 < α,

+∞ otherwise.

We have Φc
x∗ : Z∗ × Z∗ × R→ R and

Φc
x∗ ((y∗, u∗) , (z∗, v∗) , α) = sup

(x,u)∈Z
{c ((x, u) , ((y∗, u∗) , (z∗, v∗) , α))− Φx∗ (x, u)}

= sup
(x,u)∈Z

{c ((x, u) , ((y∗ − x∗, u∗) , (z∗, v∗) , α))− Φ (x, u)}

= Φc ((y∗ − x∗, u∗) , (z∗, v∗) , α) .

Then, a dual problem associated to (GPx∗) is, according to (6),

(GDc,x∗) sup
u∗,v∗∈Θ∗,
α>0.

−Φc ((−x∗, u∗) , (0, v∗) , α)

De�nition 0.3.1. We say that stable strong duality holds for (GP ) and (GDc) if, for

all x∗ ∈ X∗, (GPx∗) and (GDc,x∗) we have strong duality, i.e.,

inf
x∈X

Φ(x, 0) + 〈x, x∗〉 = max
u∗,v∗∈Θ∗,

α>0

−Φc ((−x∗, u∗) , (0, v∗) , α) .

For easy of visualization, let us to recover conditions (C4) and (C5) from (7),

(C4) X and Θ Fréchet, Φ e-convex and 0 ∈ aic (PrΘ (dom Φ)) ,

(C5) Φ proper and e-convex and PrW×R (epi Φc) e′-convex.
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Clearly, since Φx∗ = Φ + 〈·, x∗〉 , we have that Φx∗ is proper and e-convex if and

only if Φ is proper and e-convex. Then, it follows that

(C4x∗) X and Θ Fréchet, Φ e-convex and 0 ∈ ic (PrΘ dom Φx∗ ) ,

(C5x∗) Φ proper and e-convex and PrW×R
(
epi Φc

x∗
)
e′-convex,

for all x∗ ∈ X∗, are, each of them, su�cient conditions for strong duality between

(GPx∗) and (GDx∗).

Remark 0.3.2. Condition (C4) is su�cient for the ful�lment of (C4x∗) for all x
∗ ∈ X∗

because dom Φx∗ = dom Φ. Hence (C4) implies stable strong duality for (GP ) and

(GDc).

Proposition 0.3.3. (C5) is equivalent to (C5x∗), for all x
∗ ∈ X∗. In particular (C5)

is a su�cient condition for stable strong duality.

Proof. Clearly, it is enough to see that

PrW×R (epi Φc
x∗) = PrW×R (epi Φc) + {(x∗, 0, 0, 0)} . (8)

If we proved (8), by virtue of Lemma 1.2.6, the proof would be completed. Let us

take x∗ ∈ X∗. A point ((y∗, u∗) , (z∗, v∗) , α, β) belongs to epi Φc
x∗ if and only if the

corresponding point ((y∗ − x∗, u∗) , (z∗, v∗) , α, β) belongs to epi Φc. We have

((y∗, u∗) , (z∗, v∗) , α, β) = ((y∗ − x∗, u∗) , (z∗, v∗) , α, β) + ((x∗, 0) , (0, 0) , 0, 0) ,

for each point ((y∗, u∗) , (z∗, v∗) , α, β) ∈ epi Φc
x∗ , then

epi Φc
x∗ ⊆ epi Φc + {((x∗, 0) , (0, 0) , 0, 0)} .

The reversed inclusion is analogous. Consequently, (8) holds.

Remark 0.3.4. There is no relationship between conditions (C4) and (C5) and, unfor-

tunately, none of them characterizes stable strong duality. This fact will be shown in

the following chapters, where Fenchel, Lagrange and Fenchel-Lagrange dual problems

are studied and these conditions are compared.
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As a conclusion, from the statement of conditions (C4) and (C5) in (7), one can

easily see that being able to determine whether a given set in W × R is e′-convex or

not, might be important in order to know if there is strong duality, or even stable

strong duality, between a primal and a dual problem when we use the perturbational

approach and the c-conjugation scheme. For this reason, the aim of next chapter is to

do some research about this class of sets (functions), �nding out what kind of relations

they have with e-convex sets (functions) and developing possible characterizations.



Chapter 1

E′-convex sets and functions.

Properties and characterizations

The idea of e′-convexity �rst appeared in [35] where the c-conjugation scheme is applied

to the sum of epigraphs of two c-conjugate functions. Given f, g : X → R two proper

e-convex functions such that dom f ∩ dom g 6= ∅, since

epi f c + epi gc ⊆ epi(f + g)c (1.1)

always holds, they tried to �nd a sort of hull such that it allows (1.1) to be an equal-

ity taking Theorem 1 from [35] as reference. Following this idea, in [35, Remark 1]

they showed that the e-convex hull was not enough to reach their purpose, fact that

motivated them to introduce a new type of convexity, the e′-convexity.

According to De�nition 0.2.15, an e′-convex set is de�ned over the space W × R.

Since this space can be a bit di�cult to deal with due to its high dimension, we will

try to obtain a characterization of such a kind of sets but not using ideas based on

separation hyperplanes. To achieve our goal and inspired in [36, 37], we shall de�ne two

new operators which will allow us to characterize the e′-convexity of a given subset and,

in spirit of [65], we will analyze the main properties that e′-convex sets and functions

inherit from the e-convex case.

23
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1.1 GDC and GSE operators. Characterization of e′-

convex sets

Given C ⊆ Rn and K ⊆ Rn×R, Fenchel in [36] and Goberna et al. in [37] de�ned, on

the one hand, the negative polar of C and, on the other hand, the weak dual cone of

C and the symmetrical expression of K, as the sets

Ce := {y ∈ Rn | 〈x, y〉 < 1, for all x ∈ C} ,

C≤ :=

{(
a

b

)
∈ Rn × R | 〈a, x〉 < b, for all x ∈ C

}
,

K≤ :=

{
x ∈ Rn | 〈a, x〉 < b, for all

(
a

b

)
∈ K

}
.

In [36] and [37] it was shown that a set C ⊆ Rn is e-convex if and only if

C = Cee or C = (C≤)≤, (1.2)

so a natural question arises: is it possible to adapt these operators into the e′-convexity

scheme keeping somehow that equality? To answer this question we will de�ne two new

operators which can be viewed as their e′-convex counterpart. Without further ado,

we establish the following two de�nitions.

De�nition 1.1.1. Let K ⊆ W × R. The General Dual Cone of K is the set

KGDC := {(x, γ) ∈ X × R | c′((x∗, y∗, α), x)− γ ≤ β, for all (x∗, y∗, α, β) ∈ K}

and, by convention, we establish that (∅W×R)GDC = X ×R, being ∅W×R the empty set

of the space W × R.

De�nition 1.1.2. Let H ⊆ X × R. The General Symmetrical Expression of H is the

set

HGSE := {(x∗, y∗, α, β) ∈ W × R | c′((x∗, y∗, α), x)− γ ≤ β, for all (x, γ) ∈ H}

and, by convention, we establish that (∅X×R)GSE = W ×R, being ∅X×R the empty set

of the space X × R.
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Now, we shall study what properties are veri�ed by these operators. First and

foremost, applying their de�nitions it is not di�cult to prove that given an arbitrary

set K ⊆ W × R, the following inclusion

K ⊆ (KGDC)GSE, (1.3)

is always ful�lled. To obtain the opposite containment, we need some extra results.

Proposition 1.1.3. Let K ⊆ W ×R and H ⊆ X×R. Then, the set KGDC is e-convex

and the set HGSE is e′-convex.

Proof. To begin with, suppose that the sets K and H are proper. To see that KGDC

is e-convex, we de�ne the function f : X → R such that

f(x) = sup
(x∗,y∗,α,β)∈K

{c(x, (x∗, y∗, α))− β} ,

with K ⊆ W × R. This function is e-convex by de�nition and it is easy to see that

(x, γ) ∈ epi f if and only if c(x, (x∗, y∗, α))− β ≤ γ, for all (x∗, y∗, α, β) ∈ K. This fact

is equivalent to c′((x∗, y∗, α), x) − γ ≤ β, for all (x∗, y∗, α, β) ∈ K, which means that

(x, γ) ∈ KGDC attending to De�nition 1.1.1. In this way, KGDC = epi f and KGDC is

an e-convex set of X × R.

Now we moved onto the second part. Let us de�ne g : W → R such that

g(x) = sup
(x,β)∈H

{c′((x∗, y∗, α), x)− β} ,

with H ⊆ X × R. Similarly, but applying De�nition 1.1.2 instead 1.1.1, we conclude

that HGSE = epi g and, consequently, HGSE is an e′-convex set in W × R.

To conclude the proof, it just remains to study the improper case. Let K = ∅W×R.

Applying De�nition 1.1.1, we have KGDC = X × R, so it is e-convex. Now, let K =

W × R. By De�nition 1.1.1, it yields KGDC = ∅X×R, which is, obviously, an e-convex

in X × R. Now, we focus on the second part. Let H = ∅X×R, then using De�nition

1.1.2, HSFV = W × R. If we de�ne the function h1 : W → R such that

h1(·) = sup
(x,β)∈{∅X×R}

{c′(·, x)− β} ≡ −∞,
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we get epih1 = W ×R and, according to De�nition 0.2.15, W ×R is an e′-convex set.

Finally, let H = X ×R. It is easy to show that HSFV = ∅W×R due to De�nition 1.1.2,

and if we de�ne the e′-convex function h2 : W → R such that

h2(·) = sup
(x,β)∈X×R

{c′(·, x)− β} ≡ +∞,

it holds epih2 = ∅W×R.

Now our purpose is to analyze the behavior of the operators GDC and GSE regard-

ing the inclusion and intersection. The proofs of the following lemmas are consequence

of De�nitions 1.1.1 and 1.1.2 and, for this reason, we have omitted them. Observe that

if in the second result H1 ∩ H2 = ∅X×R or K1 ∩ K2 = ∅W×R, the conclusion would

be trivial. Because of that, let us suppose that both pairs of sets have non-empty

intersection.

Lemma 1.1.4. Let K ⊆ W × R and H ⊆ X × R. If L ⊆ K and J ⊆ H, then

KGDC ⊆ LGDC and HGSE ⊆ JGSE.

Lemma 1.1.5. Let K1, K2 ⊆ W × R and H1, H2 ⊆ X × R. Then

(i) KGDC
1 ∩KGDC

2 ⊆ (K1 ∩K2)GDC ,

(ii) (H1)GSE ∩ (H2)GSE ⊆ (H1 ∩H2)GSE.

Motivated by (1.2), we establish the main result of this section.

Proposition 1.1.6. Let K ⊆ W × R, then K is e′-convex if and only if

K =
(
KGDC

)
GSE

. (1.4)

Proof. First, let us suppose that K is e′-convex. If K = ∅W×R, as we have seen in

Proposition 1.1.3, we have thatKGDC = X×R and (KGDC)GSE = (X×R)GSE = ∅W×R,

so (1.4) is ful�lled. If K = W ×R, applying (1.3) we easily get
(
KGDC

)
GSE

= W ×R.



1.2. Properties of e′-convex sets 27

Hence, we can assume that K is a proper subset of W × R. By hypothesis K is

e′-convex, so there exists a function h : W → R such that

h(·) = sup
(x,γ)∈∆

{c′(·, x)− γ} ,

where ∆ ⊆ X×R and epih = K. As K is a proper set, ∆ 6= ∅X×R and using De�nition

1.1.1, ∆ ⊆ KGDC since epih = K =
⋂

(x,γ)∈∆ epi {c′(·, x)− γ}. In this way, by virtue

of Lemma 1.1.4 we have

(KGDC)GSE ⊆ ∆GSE. (1.5)

Following the same steps as in Proposition 1.1.3, we obtain that ∆GSE = epih = K,

and by (1.5), (KGDC)GSE ⊆ ∆GSE = K. Finally, applying (1.3), we get (1.4).

Now, let us focus on the converse. IfK is improper, the proof ends straightforwardly.

Therefore, suppose that K ⊆ W ×R is a proper subset. Without loss of generality we

can take KGDC 6= ∅X×R, since otherwise, K = (KGDC)GSE = (∅X×R)GSE = W ×R and

the proof would end directly. For this reason, let h : W → R be a function such that

h(y∗, z∗, α) = sup
(x,γ)∈KGDC

{c′((y∗, z∗, α), x)− γ} .

Then (y∗, z∗, α, β) ∈ epih if and only if c′((y∗, z∗, α), x)− γ ≤ β, for all (x, γ) ∈ KGDC ,

or, equivalently, (y∗, z∗, α, β) ∈ (KGDC)GSE. By hypothesis this set is equal to K, so

we conclude that epih = K and K is an e′-convex set.

Remark 1.1.7. By virtue of (1.3), Proposition 1.1.6 can be simpli�ed as follows

K e′ -convex if and only if (KGDC)GSE ⊆ K.

Remark 1.1.8. Applying Proposition 1.1.3, we have that, for every K ⊆ W × R,

it holds K ⊆ e′convK ⊆ (KGDC)GSE. Using Lemma 1.1.4 and Proposition 1.1.6, a

simple calculation shows that (KGDC)GSE = e′convK.
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1.2 Properties of e′-convex sets

This section will be gathered to the analysis of those properties which do not hold

when e′-convexity is replaced by e-convexity. From Proposition 0.2.14, it is easy to see

that every e′-convex set is e-convex as well, so it is natural to wonder the following

question: what kind of di�erences does separate the class of e-convex sets (obviously

sets which are epigraphs and are contained in W ×R) from the class of e′-convex sets?

Ones of the simplest e-convex sets are those which are convex and open, but by

virtue of De�nition 0.2.15 we have that no proper e′-convex set contained inW ×R can

be open (note that we need this set to be the epigraph of a certain function). Another

type of e-convex sets which are important in convex optimization are proper closed

convex sets but, are they included in the family of e′-convex sets?

Proposition 1.2.1. No proper closed convex set which is the epigraph of a certain

function g : W → R is e′-convex.

Proof. Let K ⊆ W × R be a proper e′-convex set. By De�nition 0.2.15, we have that

there exists a function h : W → R de�ned as

h(y∗, z∗, α) = sup
(x,β)∈A×B

{c′((y∗, z∗, α), x)− β} ,

where A×B ⊆ X × R verifying

K = epih =
⋂

(x,β)∈A×B

epi(c(x, ·)− β). (1.6)

Now, the idea is to prove that K cannot be closed, and to do that, we shall check

that given any (x∗, y∗, α, γ) ∈ K, the point (x∗, 0, 0, γ) ∈ clK\K. It is clear that

(x∗, 0, 0, γ) /∈ K because this point does not belong to any epigraph of the c′-elementary

functions that build epih. By (1.6), K is the solution set of the system

{〈(x,−1), (x∗, γ)〉 ≤ β, 〈(x,−1), (y∗, α)〉 < 0, for all (x, β) ∈ A×B} .
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Bearing in mind that [39, Prop. 1.1] can be extended to general locally convex spaces

with no extra e�ort, we have

clK =
⋂

(x,β)∈A×B

{(x∗, y∗, α, γ) ∈ W | 〈(x,−1), (x∗, γ)〉 ≤ β, 〈(x,−1), (y∗, α)〉 ≤ 0} .

To conclude the proof, a matter of computation shows that (x∗, 0, 0, γ) ∈ clK since it

comes from a point (x∗, y∗, α, γ) which belongs to K.

Now, once we know that the class of e′-convex sets and the class of closed convex

sets have no set in common, let us continue our work analizing what kind of properties

the family of e′-convex sets veri�es.

Proposition 1.2.2. Let γ > 0 and K ⊆ W × R e′-convex, then γK is e′-convex.

Proof. We shall prove that γK is the epigraph of an e′-convex function. By hypothesis

K is e′-convex, so there exists h : W → R e′-convex function such that

h(y∗, z∗, α) := sup
(x,b)∈A×B

{c′((x∗, y∗, α), x)− b} ,

with A×B ⊆ X × R in such a way that epih = K. Now, let us de�ne the function

H(x∗, y∗, α) := γh

(
x∗

γ
,
y∗

γ
,
α

γ

)
, (1.7)

for all (x∗, y∗, α) ∈ W , with γ > 0 by hypothesis, and take an arbitrary point

(x∗, y∗, α, β) ∈ epiH. By virtue of (1.7),

γh

(
x∗

γ
,
y∗

γ
,
α

γ

)
≤ β,

or, equivalently, (
x∗

γ
,
y∗

γ
,
α

γ
,
β

γ

)
∈ epih = K,

so we can conclude that (x∗, y∗, α, β) ∈ γK. Consequently, epiH = γK and we only

have to prove that H is e′-convex. Since

c′
((

x∗

γ
,
y∗

γ
,
α

γ

)
, x

)
=

1

γ
· c′((x∗, y∗, α), x),
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we can write

H(x∗, y∗, α) = γ · sup
(x,b)∈A×B

{
1

γ
c′((x∗, y∗, α), x)− b

}
.

De�ning the set B := {β ∈ R | β = γb, with b ∈ B}, since γ is assumed to be strictly

positive, we get

H(x∗, y∗, α) = sup
(x,b)∈A×B

{c′((x∗, y∗, α), x)− γb} = sup
(x,b)∈A×B

{c′((x∗, y∗, α), x)− β} ,

and we conclude that H is an e′-convex function.

Proposition 1.2.3. Let K1, K2 ⊆ W × R e′-convex sets, then K1 ∩K2 is e′-convex.

Proof. Without loss of generality we can suppose that K1 ∩K2 6= ∅W×R because oth-

erwise it would be trivial. Due to De�nition 0.2.15, there exist

h1(·) = sup
(x,γ)∈A1×B1

{c′(·, x)− γ} and h2(·) = sup
(x,γ)∈A2×B2

{c′(·, x)− γ} ,

such that epih1 = K1 and epih2 = K2. Take the set A× B := (A1 × B1) ∪ (A2 × B2)

and the function

h(·) = sup
(x,γ)∈A×B

{c′(·, x)− γ} ,

which is e′-convex by de�nition. Then,

epih =
⋂

(x,γ)∈A×B

epi {c′(·, x)− γ} = epih1 ∩ epih2 = K1 ∩K2,

and the set K1 ∩K2 is e′-convex.

The above proposition can be generalized to an arbitrary index set I with no loss

of generality.

Corollary 1.2.4. Let {Ki}i∈I be a collection of e′-convex sets where I is an arbitrary

index, then the set
⋂
i∈I Ki is e

′-convex.

The proof of the next result is based on the de�nition of e′-convex hull and on the

above corollary.
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Proposition 1.2.5. Let {Ki}i∈I with I an arbitrary index set such that Ki ⊆ W ×R

for all i ∈ I, then

e′conv

(⋂
i∈I

Ki

)
⊆
⋂
i∈I

e′conv (Ki) .

Next result will be of interest in the following chapters where we will face the prob-

lem of getting regularity conditions in some dual pairs of evenly convex optimization

problems.

Lemma 1.2.6. Let C ⊆ W ×R be a non-empty set. Then, C is e′-convex if and only

if for all x∗ ∈ X∗ and δ ∈ R, C + {(x∗, 0, 0, δ)} is e′-convex.

Proof. Let us suppose that C is e′-convex. Take x∗ ∈ X∗ , δ ∈ R and de�ne the set

C ′ := C + {(x∗, 0, 0, δ)} . Name H : W → R a pointwise supremum function

H = sup
(x,β)∈A×B

{c (x, ·)− β} ,

being A×B a non-empty subset of X × R, such that

C = epiH =
⋂

(x,β)∈A×B

epi {c (x, ·)− β} .

Then

C ′ =

 ⋂
(x,β)∈A×B

epi {c (x, ·)− β}

+ {(x∗, 0, 0, δ)}

=
⋂

(x,β)∈A×B

[epi {c (x, ·)− β}+ {(x∗, 0, 0, δ)}] .

Now, for any (x, β) ∈ A×B, we have the following equalities

epi {c (x, ·)− β}+ {(x∗, 0, 0, δ)}

= {(y∗, z∗, α, γ) ∈ W × R | 〈x, y∗ − x∗〉 − β ≤ γ − δ, 〈x, z∗〉 < α}

= {(y∗, z∗, α, γ) ∈ W × R | 〈x, y∗〉 − (β + 〈x, x∗〉 − δ) ≤ γ, 〈x, z∗〉 < α} .

Now, let us de�ne the following set in R

B̂ =
{
β̂ ∈ R | β̂ = β + 〈x, x∗〉 − δ, for all (x, β) ∈ A×B

}
.
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Hence, we obtain, for any (x, β) ∈ A×B,

epi {c (x, ·)− β}+ {(x∗, 0, 0, δ)} = epi
{
c (x, ·)− β̂

}
with β̂ ∈ B̂. Then C ′ =

⋂
(x,β̂)∈A×B̂

epi
{
c (x, ·)− β̂

}
and it is e′-convex. The reverse

implication is immediate since C = C + {(0, 0, 0, 0)}.

Remark 1.2.7. In general, we cannot assure that the sum of an e′-convex set and a

point will be e′-convex. To show this fact, we need the following result.

Proposition 1.2.8. A necessary condition for a non-empty set K ⊆ R4 to be e′-convex

is that the boundary of its projection onto R2, corresponding to the second and third

coordinates, must contain the origin.

Proof. Let K be an e′-convex set in R4. Applying De�nition 0.2.15 it holds

K =
⋂

(a,b)∈A×B

epi {c(a, ·)− b} ,

where A×B ⊆ R2. Then, it is easy to see that PrR2(K), i.e., the projection of K onto

its second and third coordinates, is the solution set of the system

{ax− y < 0, a ∈ A} .

According to [39, Prop. 1.1], the solution set of the system {ax− y ≤ 0, a ∈ A} is

cl(PrR2(K)). Since 02 /∈ PrR2(K), we conclude 02 ∈ bd(PrR2(K)).

Example 1.2.9. Let X = R and C ⊆ R4 the e′-convex set

C = epi c (1, ·) =
{

(x, y, α, β) ∈ R4 |x− β ≤ 0, y − α < 0
}
.

Let us de�ne

C ′ := C + {(1, 1, 0, 0)} =
{

(x, y, α, β) ∈ R4 |x− β ≤ 1, y − α < 1
}
.

Then, since

PrR2(C ′) =
{

(y, α) ∈ R2 | y − α < 1
}
,

it is clear that 02 /∈ bd(PrR2(C ′)) and due to Proposition 1.2.8, we see that C ′ is not

e′-convex.
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1.3 E′-convex functions: properties and domain

This section is divided in three parts. The �rst one is devoted to �nd out some hy-

pothesis to ensure when an e-convex function g : W → R is e′-convex as well. In the

second part we will focus on the analysis of the main properties that e′-convex functions

satisfy and, �nally, in the last one we will obtain su�cient conditions to assure when

an e′-convex function has e-convex domain.

1.3.1 Su�cient conditions

In this subsection, what we do is to obtain some extra hypothesis which allow us to

achieve the backwards in Proposition 0.2.14. To this aim, we suggest two di�erent

possibilities. Firstly, we establish a condition under which a c′-elementary function

is e-a�ne, and secondly, we get a condition on the support of the supremum which

de�nes an e-convex function on W .

If we want an e-convex function to be e′-convex as well, we realize that it is equiv-

alent, somehow, to develop conditions guaranteeing when an e-a�ne function is also

c′-elementary. Observe that, as it is pointed out in [59, Page 611], e-a�ne functions are,

indeed, c-elementary functions, but, what kind of relations can be established between

the classes of e-a�ne and c′-elementary functions? Given a function h : W → R, we

have the following sets

Φc′h
:=

{
a : W → R | a is c′-elementary and a ≤ h

}
,

Eh :=
{
a : W → R | a is e-a�ne and a ≤ h

}
,

and one can easily check that Φc′h
⊆ Eh (see [73, Prop. 2.4.11]). For the sake of

completeness, we have decided to show the proof of this assertion. Let a : W → R be a

c′-elementary function, so there exists (x, µ) ∈ X × R such that for all (y∗, z∗, α) ∈ W

a(y∗, z∗, α) =

 〈x, y∗〉 − µ if 〈x, z∗〉 < α,

+∞ otherwise.
(1.8)
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Since x ∈ X ⊆ X∗∗, taking y = (x, 0, 0) ∈ W ∗ = X∗∗ ×X∗∗ × R, z = (0, x,−1) ∈ W ∗,

β = µ and γ = 0, we obtain that (1.8) can be rewritten as follows

a(y∗, z∗, α) =

 〈(x, 0, 0), (y∗, z∗, α)〉 − β if 〈(0, x,−1), (y∗, z∗, α)〉 < γ,

+∞ otherwise,

for all (y∗, z∗, α) ∈ W , so a is e-a�ne according to De�nition 0.2.8 and Φc′h
⊆ Eh.

Nevertheless, the converse inclusion does not hold in general as we show in the

following example.

Example 1.3.1. Let (x, 0, 1) ∈ W ∗, (0, x,−1) ∈ W ∗, β ∈ R and γ = 0 where x ∈ X

is arbitrary. With these data, the function b : W → R such that

b(y∗, z∗, α) =

 〈(x, 0, 1), (y∗, z∗, α)〉 − β if 〈(0, x,−1), (y∗, z∗, α)〉 < γ,

+∞ otherwise,

=

 〈x, y∗〉+ α− β if 〈x, z∗〉 < α,

+∞ otherwise,
(1.9)

is e-a�ne by construction but, if we de�ne µ := −α + β where α ∈ R is variable and

β ∈ R is �xed, we have that (1.9) cannot be c′-elementary because µ ∈ R would not be

constant when (y∗, z∗, α) ∈ W .

In the light of the previous example, we need to obtain conditions to ensure whether

an e-a�ne function is c′-elementary or not. According to De�nition 0.2.8, a function

a : W → R is said to be e-a�ne if there exist y = (y1, y2, y3) ∈ W ∗, z = (z1, z2, z3) ∈ W ∗

and β, γ ∈ R such that, for all (y∗, z∗, α) ∈ W ,

a(y∗, z∗, α) =

 〈(y1, y2, y3), (y∗, z∗, α)〉 − β if 〈(z1, z2, z3), (y∗, z∗, α)〉 < γ,

+∞ otherwise,

and, by de�nition, a function a is said to be c′-elementary if there exists (x, µ) ∈ X×R

such that (1.8) is veri�ed.
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In this way, if we suppose that a is e-a�ne, a will be c′-elementary if and only if

(C.1) : 〈y2, z
∗〉+ αy3 − β = µ is constant for all (y∗, z∗, α) ∈ W ;

(C.2) : 〈(z1, z2, z3), (y∗, z∗, α)〉 < γ must be equivalent to 〈x, z∗〉 < α;

(C.3) : y1 = z2 = x ∈ X ⊆ X∗∗.

Condition (C.1) yields whenever y2 = 0 = y3, and to obtain (C.2) and (C.3) we need

z1 = 0, z2 = x ∈ X, z3 = −1, γ = 0 and y1 = z2 = x,

respectively. Following this reasoning, the set

AEf :=
{
a : W → R | a ∈ Ef , y = (x, 0, 0), z = (0, x,−1), β ∈ R, γ = 0, x ∈ X

}
,

contains all the e-a�ne functions which are, in addition, c′-elementary and minorant

of f , so the inclusion AEf ⊆ Ef holds trivially. Attending to this set, next result arises

naturally and its proof is based on Theorem 0.2.10.

Proposition 1.3.2. Let h : W → R be a proper e-convex function. If Eh ⊆ AEh , then

h is e′-convex.

Now, we shall present a su�cient condition having to do with the domain of an

arbitrary e-convex function g : W → R. As the only functions which are completely

determined by their domains are the indicator functions, we present the following result.

Proposition 1.3.3. Let A = {x̂∗} × {0} × R++ ⊆ W . Then, δA : W → R is an

e′-convex function.

Proof. If we prove that δc
′c
A (x∗, y∗, α) = δA(x∗, y∗, α) for every (x∗, y∗, α) ∈ W , then,

according to Remark 0.2.12, the function δA will be e′-convex. Since

δc
′

A(x) = sup
(x∗,y∗,α)∈A

{c(x, (x∗, y∗, α))− δA(x∗, y∗, α)}

= sup
(x̂∗,0,α)∈A

{c(x, (x̂∗, 0, α))− 0} = 〈x, x̂∗〉 ,
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we have that dom δc
′
A = X and, consequently,

δc
′c
A (x∗, y∗, α) = sup

x∈X
{c(x, (x∗, y∗, α))− 〈x, x̂∗〉} .

Now, we have to study two di�erent cases. The �rst one is when (x∗, y∗, α) ∈ A, then

δc
′c
A (x∗, y∗, α) = sup

x∈X
{c(x, (x̂∗, 0, α))− 〈x, x̂∗〉} = 0 = δA(x∗, y∗, α).

Let us analyze what happens with (x∗, y∗, α) /∈ A. If y∗ 6= 0X∗ , we can always �nd

x ∈ X such that 〈x, y∗〉 ≥ α, independently of the value of α. If y∗ = 0X∗ and α ≤ 0,

we have that δc
′c
A (x∗, 0, α) = +∞. Finally, if y∗ = 0X∗ , α > 0 and x∗ 6= x̂∗, then a

matter of computation shows that

δc
′c
A (x∗, 0, α) = sup

x∈X
{〈x, x∗〉 − 〈x, x̂∗〉} = sup

x∈X
{〈x, x∗ − x̂∗〉} = +∞.

Hence, for every (x∗, y∗, α) /∈ A, we get

δc
′c
A (x∗, y∗, α) = +∞ = δA(x∗, y∗, α),

concluding that the function δA is e′-convex.

This proposition cannot be extended to the case when the �rst component of A

belongs to a bounded set. We close this subsection with the following example where

it is shown that this fact does not ensure the e′-convexity of the indicator function.

Example 1.3.4. Let A = (1, 2]× {0} × R++ ⊆ R3. If we compute

δc
′

A(x) = sup
(x∗,y∗,α)∈(1,2]×{0}×R++

{c(x, (x∗, 0, α))− δA(x∗, 0, α)}

= sup
x∗∈(1,2]

{〈x, x∗〉} < +∞,

for all x ∈ R, so dom δc
′
A = R. Now, if we take the point (1, 0, α) /∈ A, it holds that

δA(1, 0, α) = +∞ but

δc
′c
A (1, 0, α) = sup

x∈R

{
c(x, (1, 0, α))− sup

x∗∈(1,2]

{〈x, x∗〉}

}

= sup
x∈R

{
〈x, 1〉 − sup

x∗∈(1,2]

{〈x, x∗〉}

}
= 0.
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In this way, we have shown δc
′c
A (1, 0, α) = 0 < +∞ = δA(1, 0, α) and therefore δA is

not an e′-convex function according to Remark 0.2.12.

1.3.2 Properties of e′-convex functions

In this section we shall study some properties of e′-convex functions. Some of them

will be inherited from the e-convex case and some others will be lost in the e′-convex

setting. Applying its de�nition and due to Proposition 1.2.3, it is not di�cult to show

that this class of functions is closed under the supremum operator. Moreover, following

the same steps as in Proposition 1.2.2, we have next proposition.

Proposition 1.3.5. Let γ > 0 and h : W → R be an e′-convex function, then γh is

e′-convex.

Next result establishes one of the main di�erences between the class of e-convex

functions and the e′-convex ones. It shows that the class of e′-convex functions does

not generalize the class of lsc and convex functions, being its proof a direct consequence

of Proposition 1.2.1.

Corollary 1.3.6. No proper closed convex function g : W → R can be e′-convex.

Remark 1.3.7. According to the previous corollary, the set A in Proposition 1.3.3

cannot be closed and convex.

Let us continue with some more di�erences. Due to Proposition 0.2.7 we know

that the sum of two proper e-convex functions is e-convex as well. However, when

we change the setting of e-convexity by e′-convexity, this fact no longer holds as the

following example shows.

Example 1.3.8. Let h1, h2 : R3 → R be two e′-convex functions de�ned as

h1(y∗, z∗, α) = c′((y∗, z∗, α), 1) and h2(y∗, z∗, α) = c′((y∗, z∗, α),−1).
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If we de�ne the function h := h1 + h2, a matter of computation yields

domh = domh1 ∩ domh2

=
(
R×

{
(z∗, α) ∈ R2 | z∗ < α

})
∩
(
R×

{
(z∗, α) ∈ R2 | − z∗ < α

})
= R×

{
(z∗, α) ∈ R2 | − α < z∗ < α

}
=: Ω,

and

h(y∗, z∗, α) =

 0 if − α < z∗ < α,

+∞ otherwise.

Now, taking into account that the function

hc
′
(x) = sup

(y∗,z∗,α)∈Ω

{c′((y∗, z∗, α), x)− h(y∗, z∗, α)} = sup
(y∗,z∗,α)∈Ω

{c′((y∗, z∗, α), x)} ,

has domhc
′
= {0}, we get, for instance,

hc
′c(1, 2, 1) = sup

x∈{0}

{
〈x, 1〉 − hc′(x)

}
= 0,

but h(1, 2, 1) = +∞ since (1, 2, 1) /∈ domh. Hence, a straightforward application of

Proposition 0.2.11 shows that h is non-e′-convex.

To conclude this subsection, we shall check that the characterization o�ered by

Theorem 0.2.19 is not veri�ed in the subclass of proper e′-convex functions. Since

every proper e′-convex function is e-convex, due to Theorem 0.2.19 we have that every

proper e′-convex function is lsc in econv(domh). Parenthetically, and unlike it happens

with e-convex functions, the backwards does not hold for e′-convex functions.

Example 1.3.9. Let h : R3 → R such that h(·) = δC(·) with

C =
{

(x, y, z) ∈ R3 |x ∈ R, y = 0, z ∈ [1, 2]
}
.

Since C is a non-empty closed convex set and h is its indicator function, h is trivially a

proper closed convex function in econv(dom δC) = C and, therefore, e-convex. Never-

theless, by virtue of Corollary 1.3.6, no proper closed convex function can be e′-convex.



1.3.3. Domain of e′-convex functions 39

1.3.3 Domain of e′-convex functions

In this section we shall study conditions to know when an e′-convex function has e-

convex domain. As a consequence of Propositions 0.2.14, 0.2.23 and 0.2.24 we have the

following results.

Proposition 1.3.10. Let h : W → R be a function such that h(y∗0, z
∗
0 , α0) = −∞ for

some (y∗0, z
∗
0 , α0) ∈ domh. Then, if h is e′-convex, h equals −∞ over domh.

Proposition 1.3.11. Let h : W → R be an improper convex function. If h is e′-convex,

then domh is e-convex.

Example 1.2.5 from [73] serves to show that the converse in Proposition 1.3.11

does not hold in general. There, it is shown that not every improper convex function

whose domain is e-convex, is an e-convex function. As a consequence of the two last

propositions, we have the following result.

Corollary 1.3.12. Let h1, h2 be two e′-convex functions with at least one of them

improper. Then h1 + h2 is e′-convex and it has e-convex domain.

Since now, we have studied the relationship between an improper e′-convex function

and its domain. The purpose for the rest of the section is to analyze what happens in

the proper case, but before working with a general e′-convex function h : W → R, we

are going to face a particular case of such a kind of functions. The following result is

consequence of Propositions 0.2.14 and 0.2.25. As it happened for e-convex functions,

[65, Ex. 2.8], the converse in the following result does not hold in general.

Proposition 1.3.13. Let h : W → R be a proper e′-convex function upper bounded

on its domain, then domh is e-convex.

Now, let h : W → R be a general proper e′-convex function such that

h(·) = sup
(x,β)∈A×B

{c′(·, x)− β} , (1.10)
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being A×B a proper subset of X ×R. Establishing conditions so that the domain of

a general e′-convex function is e-convex can be a bit coarse and ambitious because the

set A×B could be arbitrary.

Remark 1.3.14. Observe that if the set B in (1.10) is not bounded from below, it

yields domh = ∅W . For this reason, from now on we will suppose this assumption over

the set B.

Thus, let us see an equivalent way to express the domain of a general function h

de�ned as in (1.10). Since

domh =

{
(x∗, y∗, α) ∈ dom(c′(·, x)− β), ∀(x, β) ∈ A×B, sup

A×B
{〈x, x∗〉 − β} < +∞

}
,

de�ning the sets, for all x ∈ A,

D := {x∗ ∈ X∗ | 〈x, x∗〉 ≤Mx∗ , for all x ∈ A} ,

Cx := {(y∗, α) ∈ X∗ × R | 〈x, y∗〉 < α} ,
(1.11)

being Mx∗ ∈ R a constant which depends on x∗, for all x∗ ∈ X∗, the following equality

o�ers no di�culty

domh = D ×
⋂
x∈A

Cx. (1.12)

Remark 1.3.15. From (1.12) we deduce that if h : W → R is a proper e′-convex

function, then domh 6= W .

Lemma 1.3.16. The set Cx is e-convex for every x ∈ A.

Proof. Let x ∈ A arbitrary and take (x,−1) belonging to X × R ⊆ (X∗ × R)∗. Then,

it is not di�cult to see that if (y∗0, α0) /∈ Cx, we have 〈(x,−1), ((y∗, α)− (y∗0, α0))〉 < 0,

for all (y, α) ∈ Cx. Hence, Cx is e-convex in X∗ × R, for all x ∈ A.

By Propositions 0.2.2 and 0.2.3 the class of e-convex sets is closed under the inter-

section and the �nite product so, if the set D was an e-convex subset of X∗, domh

would be e-convex in W . Clearly, if we found an upper bound for Mx∗ in (1.11) for all

x∗ ∈ D, we could easily prove that D is an e-convex set in X∗. This fact is shown in

the following result.
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Lemma 1.3.17. If there exist a constant M ∈ R such that 〈x, x∗〉 ≤ M for all x ∈ A

and for all x∗ ∈ D, then the set D de�ned in (1.11) is e-convex in X∗.

Proof. If D is an improper set in X∗, the proof ends straightforwardly. Hence, let us

suppose that there exists M ∈ R such that 〈x, x∗〉 ≤ M for all x ∈ A and for all

x∗ ∈ D. Take x∗ /∈ D, then there exists x ∈ A such that 〈x, x∗〉 > M . Since x ∈ A,

〈x, x∗〉 ≤M for all x∗ ∈ D. Then 〈x, x∗〉 ≤M < 〈x, x∗〉 , for all x∗ ∈ D or, equivalently,

〈x, x∗ − x∗〉 < 0 for all x∗ ∈ D, concluding that D is e-convex in X∗.

Following the purpose of developing conditions guaranteeing the e-convexity of the

set D, and looking back at its de�nition in (1.11) and (1.12), we observe that the set B

is not relevant to the e-convexity of domh. Hence, we will no include the set B in our

analysis but we will keep in mind the comment done in Remark 1.3.14. Next result is

a direct consequence of [62, Th. 6.4.1].

Proposition 1.3.18. Let h : W → R be the function de�ned in (1.10) with X a tvs.

If A is bounded, then domh is e-convex.

Proof. According to [62, Th. 6.4.1], the image of a bounded set through a continuous

linear functional is also bounded, so there exists an upper bound forMx∗ in (1.11) when

x∗ ∈ D and x ∈ A. Hence, according to Lemma 1.3.17, the set D is e-convex and, due

to Lemma 1.3.16 and Propositions 0.2.2 and 0.2.3, domh is e-convex in W .

The converse in Proposition 1.3.18 does not hold in general as we can see in the

following example.

Example 1.3.19. Let h : W → R be a function such that

h(·) = sup
(x,β)∈R×R+

{c′(·, x)− β} .

Hence, domh = {0} × {0} × R++, which is e-convex, h is e′-convex by hypothesis but

the set A is not bounded.
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To establish a second condition to ensure the e-convexity of the domain of a general

function h : W → R, we need the following de�nition.

De�nition 1.3.20. [66, Ch.2] Given X, Y two topological vector spaces and Γ a

collection of applications from X to Y . For each x ∈ X, the set Γ(x) := {g(x) : g ∈ Γ}

is de�ned as the orbit of x through Γ.

If we apply this de�nition in our framework, we have that

Γ = D =

{
x∗ ∈ X∗ | sup

x∈A
〈x, x∗〉 < +∞

}
,

where for each x ∈ A, its orbit is given by the set D(x) = {〈x, x∗〉 , x∗ ∈ D} . These sets

do not have to be bounded in R (to see this fact it is enough with taking X = R and

A = R+, then D(x) =]−∞, 0] for every x > 0 and D(0) = {0}), so we need to impose

this hypothesis as an assumption. This reasoning is summarized in the following result.

Proposition 1.3.21. Let X be a tvs, D ⊆ X∗ and A ⊆ X a compact convex set such

that the orbits, for each x ∈ A, are given by

D(x) = {〈x, x∗〉 , x∗ ∈ D} ⊆ R.

Then, domh is an e-convex set.

Proof. If A ⊆ X is a compact convex set and D(x) ⊆ R for all x ∈ A, Theorem 2.9

[66] allows us to claim that there exists a bounded set B ⊆ R such that x∗(A) ⊆ B

for all x∗ ∈ D, so x∗(x) ≤ M̂ for all x ∈ A and for all x∗ ∈ D, being M̂ ∈ R a �xed

constant. In this way, M̂ is the �nite desired bound for Mx∗ in (1.11), so D is e-convex

in X∗ and we conclude that domh is e-convex in the space W .

Remark 1.3.22. The convexity of the set A in the above proposition cannot be re-

moved as shows Exercise 8 in [66, Page 53].

Even though the majority of the results given in this chapter will not be of interest

to study strong duality in evenly convex optimization problems, they provide us with

a solid background in e′-convex sets, functions and their most important properties.

To begin with, let us start with Fenchel dual problem.



Chapter 2

Fenchel duality in evenly convex

optimization problems

In this chapter we will study Fenchel duality in evenly convex optimization. In Section

2.1, following the perturbational approach and and the c-conjugation scheme we will

provide a more suitable expression of Fenchel dual problem than the one got in [35].

Then, in Section 2.2 we will recover three regularity conditions for strong duality, one

from [35] and two more from [34], and the existing relationship between them. Inspired

on a condition stated in [55], in Section 2.3 we will obtain a characterization of strong

duality between a primal problem, consisting in minimizing the sum of two proper e-

convex functions, and its Fenchel dual problem obtained by the c-conjugation scheme

in a previous paper. In Section 2.4 we will check whether the regularity condition

derived in [35] is also su�cient for stable strong Fenchel duality. Finally, we will also

adapt the characterization deduced in Section 2.3 into such a kind of duality.

2.1 Fenchel dual problem

Let us consider the following optimization problem

(PF ) inf
x∈A,

f(x) (2.1)

43
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where f : X → R is a proper function and A ⊆ X is a non-empty set such that

dom f ∩ A 6= ∅. Using the perturbation function ΦF : X ×X → R de�ned as

ΦF (x, u) =

 f(x+ u) if x ∈ A,

+∞ otherwise,
(2.2)

and the classical conjugation scheme, it is not di�cult to obtain Fenchel dual problem

(DF ) supy∗∈X∗ {−f ∗(y∗)− δ∗A(−y∗)} . (2.3)

As it is shown in [35, Sect. 5], applying the same perturbation function ΦF but

replacing the classical Fenchel conjugation scheme by the c-conjugation one, it is also

possible to get a Fenchel dual problem, (D1
F ), whose structure is

(D1
F ) supy∗,v∗∈X∗,

α>0
{−pc(y∗, v∗, α)} , (2.4)

being pc : X∗ ×X∗ × R → R the c-conjugate function of the in�mum value function,

denoted by p : Θ→ R, such that

p(b) = inf
x∈X

ΦF (x, b). (2.5)

From the dual problem (2.4), it is possible to obtain a new dual problem which is

far more similar to the classical structure of Fenchel dual problem (2.3). The idea is to

bound from below the value of the dual problem (2.4). The following inequality was

shown in [35, Th.16], but for the sake of completeness, we have decided to add the

proof whose approach will help us in Chapter 4 with Fenchel-Lagrange dual problem,

sup
y∗,v∗∈X∗,

α>0

−pc(y∗, v∗, α) ≥ sup
y∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2)} . (2.6)

Let us see the non-trivial part of this assertion. Suppose that the left handside in

(2.6) is �nite, so we can restrict ourselves to those y∗, v∗ ∈ X∗ and α > 0 verifying

pc(y∗, v∗, α) is �nite. In this case, according to (2.5),

−pc(y∗, v∗, α) = − sup
u, x∈X

{c(u, (y∗, v∗, α))− f(x+ u)− δA(x)} .
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Introducing the new variable y := x+ u and from the �nitness of pc(y∗, v∗, α), we get

−pc(y∗, v∗, α) = − sup
x,y∈X

{〈y − x, y∗〉 − f(y)− δA(x)}

= −f ∗(y∗)− δ∗A(−y∗), (2.7)

with the implicit condition

〈y − x, v∗〉 < α, (2.8)

for all y ∈ dom f and x ∈ A. Now, if there exists α1 ∈ R verifying

dom f ⊆ {y ∈ X | 〈y, v∗〉 < α1} ,

A ⊆ {y ∈ X | 〈y,−v∗〉 < α− α1} ,
(2.9)

then f ∗(y∗) = f c(y∗, v∗, α1) and δ∗A(−y∗) = δcA(−y∗,−v∗, α− α1) and

−pc(y∗, v∗, α) = −f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α− α1).

Clearly, if there no exists such α1 ∈ R verifying (2.9), either f c(y∗, v∗, α) = +∞ or

δcA(−y∗,−v∗, α− α1) = +∞ and, trivially,

−pc(y∗, v∗, α) ≥ −f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α− α1).

Then, in both cases after introducing the new variable α2 := α−α1 and taking suprema,

we get (2.6). To conclude this discussion, let us see what happens when the supremum

in the left handside in (2.6) equals −∞, which actually means that pc(y∗, v∗, α) = +∞

at any point (y∗, v∗, α) ∈ W , i.e.,

pc ≡ +∞. (2.10)

To this purpose, we will see that, at any point,

f c(y∗, v∗, α1) + δcA(−y∗,−v∗, α− α1) = +∞.

Procceding by contradiction, if y∗, v∗ ∈ X∗, α > 0 and α1 ∈ R veri�ed

f c(y∗, v∗, α1) < +∞, with 〈y, v∗〉 < α1, ∀y ∈ dom f,

δcA(−y∗,−v∗, α− α1) < +∞, with 〈x,−v∗〉 < α− α1, ∀x ∈ A,
(2.11)
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as a direct consequence of (2.11) we would get

f ∗(y∗) + δ∗A(−y∗) < +∞,

〈y, v∗〉+ 〈x,−v∗〉 < α,

for all y ∈ dom f , x ∈ A and, by virtue of formulae (2.7,2.8), we would have that

pc(y∗, v∗, α) < +∞, which is a contradiction with (2.10).

Hence, taking α2 := α − α1 in (2.6), we get a dual problem that, for us, will be

Fenchel dual problem

(DF ) supy∗,v∗∈X∗,
α1+α2>0.

{−f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2)} (2.12)

Remark 2.1.1. We ought to observe that from weak duality and formula (2.6), we

have v(P ) ≥ v(D1
F ) ≥ v(DF ), so strong duality for (P )-(DF ) will imply strong duality

for (P )-(D1
F ).

We mention in passing that to obtain the dual problem, the function f and the set

A in the primal problem (PF ) do not need to be convex and lsc, when we use Fenchel

conjugate scheme, or e-convex, if we want to use the c-conjugation pattern. For both

approaches, the only properties which are needed are the properness over the function

and the non-emptyness over the feasible set.

However, if we want to develop regularity conditions for strong duality when we

work with the classical Fenchel conjugation scheme (see [7, 63] for instance), we need the

feasible set and the objective function to be, moreover, closed and convex, and convex

and lsc, respectively. Equivalent conditions need to be added when we deal with evenly

convex optimization problems. These conditions are that both, the feasible set and the

objective function, have to be e-convex. In the following section we present regularity

conditions for strong duality which have been obtained in the setting of evenly convex

optimization problems. To know more about them in the classical context we refer the

reader to [7].



2.2. Strong Fenchel duality 47

2.2 Strong Fenchel duality

In this section, our commitment will be getting regularity conditions for strong duality

between the primal problem (PF ) and the dual one (DF ) de�ned in (2.1) and (2.12),

respectively. As we have just explained, we add the hypothesis of f : X → R and

A ⊆ X to be an e-convex function and an e-convex set in X, respectively. For easy

of visualization, let us present the three regularity conditions that we will work on in

this section. The �rst two conditions have been introduced in (7), whereas the third

one was obtained in [35] as a su�cient condition for strong Fenchel duality in evenly

convex optimization problems.

(C4) X and Θ Fréchet, Φ e-convex and 0 ∈ aic (PrΘ (dom Φ)) ,

(C5) Φ proper and e-convex and PrW×R (epi Φc) e′-convex,

(CF) f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA is e′ -convex.

To begin with, let us start adapting the previous regularity conditions in order to

get strong duality between the problems (PF ) and (DF ) de�ned in Section 2.1. Next

result allows conditions (C4) and (C5) to be rewritten in a more accurate way.

Proposition 2.2.1. [34, Prop. 6.1] The function ΦF de�ned in (2.2) is proper and

e-convex. Moreover, PrX(dom ΦF ) = dom f − A.

Due to Proposition 2.2.1 and the fact that Θ = X in (2.2), we have

(C4F) X is a Frechet space and 0 ∈ ic(dom f − A),

(C5F) PrW×R(epi Φc
F ) is e′ -convex,

(CF) f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA is e′ -convex.

Given these three regularity conditions, in [34] it is shown that the only relationship

between them is that condition (CF) implies (C5F), see Proposition 6.3 and Examples

6.2, 6.6 and 6.7. To conclude this section, the following result shows an equivalent way

of checking (C5F).
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Proposition 2.2.2. [34, Prop. 5.4] Condition (C5F) holds if and only if

ΦF (·, 0)c = min
u∗,v∗∈Θ∗

Φc
F ((·, u∗), (·, v∗), ·),

being ΦF (·, 0) : X → R such that ΦF (·, 0)c : W → R.

2.3 A characterization for strong Fenchel duality

In the light of the fact that none of the previous regularity conditions are necessary for

strong Fenchel duality, our aim in this section is to �nd a characterization for such a

duality. Our motivation comes from [55]. There, given X, Y two locally convex spaces,

f : X → R ∪ {+∞}, g : Y → R ∪ {+∞} proper convex functions and A : X → Y a

linear operator such that A(dom f) ∩ dom g 6= ∅, the optimization problem

(PA) inf
x∈X
{f(x) + g(Ax)}

and its Fenchel dual problem

(DA) sup
y∈Y ∗A
{−f ∗(−A∗y∗)− g∗(y∗)}

where A∗ : Y ∗A → X∗ stands for the adjoint operator with Y ∗A ⊆ Y ∗ such that y∗ ∈ Y ∗A if

and only if A∗y∗ is de�ned by 〈A∗y∗, ·〉 = 〈y∗, A(·)〉 is continuous on X, are considered.

In this setting, as one can see in Theorem 4.4 from the mentioned paper, strong Fenchel

duality is equivalent to the following inequality

(FRC)A (f + g ◦ A)∗ (0) ≥ (f ∗�A∗g∗) (0) ,

together with the exactness of the in�mal convolution at the point 0.

As in [55], we will work in a more general situation than the one stated in Section

2.1. Instead of working with the primal problem (PF ) de�ned in (2.1), we will deal

with the optimization problem

(PFG) inf
x∈X,

f(x) + g(x) (2.13)
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where f, g : X → R are proper e-convex functions, with dom f ∩ dom g 6= ∅. It is clear

that the primal problem (PF ) de�ned in (2.1) is a particularization of (PFG) taking

g = δA. Fenchel dual problem of (PFG) was obtained in [35, Cor. 15] as

(DFG) sup
u∗,v∗∈X∗,
α1+α2>0,

{−f c (u∗, v∗, α1)− gc (−u∗,−v∗, α2)} (2.14)

under the ful�lment of dom f ∩ dom g 6= ∅, f + g = sup
{
a | a ∈ Ẽf,g

}
and being

f, g : X → R two proper e-convex functions as well. Since (f + g)c (0, 0, α) = −v(PFG)

and (f c�gc) (0, 0, α) = −v(DFG) are always ful�lled for all α > 0, we establish the

following de�nition.

De�nition 2.3.1. We say that condition (CHF) holds for the problem (PFG) if there

exists α > 0 such that

(f + g)c (0, 0, α) ≥ (f c�gc) (0, 0, α) (2.15)

and the in�mal convolution is exact at (0, 0, α) .

In [35, Rem. 3, Cor. 14] it was shown that, if f and g are proper e-convex functions

such that dom f ∩ dom g 6= ∅, f + g = sup
{
a | a ∈ Ẽf,g

}
and, moreover, v (PF ) ∈ R,

condition (CHF) is a regularity condition for strong Fenchel duality. Now, we will see

that it is also a characterization of strong Fenchel duality without paying attention on

the �niteness of v(PFG). First, we need some previous results.

De�nition 2.3.2. We say that condition (CHF) holds for the problem (PFG) if there

exists α > 0 such that

epi (f + g)c ∩ {(0, 0, α)× R} ⊆ (epi f c + epi gc) ∩ {(0, 0, α)× R} . (2.16)

The following lemma is the e-convex counterpart of Proposition 4.3 from [55].

Lemma 2.3.3. If f + g = sup
{
a | a ∈ Ẽf,g

}
, condition (CHF) is equivalent to (CHF).
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Proof. First, suppose that (CHF) holds. Clearly, if epi (f + g)c ∩ {(0, 0, α)× R} = ∅,

there is nothing to prove. Hence, let (0, 0, α, β) ∈ epi (f + g)c, so (f + g)c (0, 0, α) ≤

β. Since we are assuming that (f c�gc) is exact at (0, 0, α), there exist u∗, v∗ ∈ X∗,

α1, α2 ∈ R with α1 + α2 = α such that

f c (u∗, v∗, α1) + gc (−u∗,−v∗, α2) ≤ β,

meaning that (u∗, v∗, α1, β − gc (−u∗,−v∗, α2)) ∈ epi f c. On the other hand, since

gc (−u∗,−v∗, α2) is �nite, (−u∗,−v∗, α2, g
c (−u∗,−v∗, α2)) ∈ epi gc, so we can write

(0, 0, α, β) = (u∗, v∗, α1, β − gc (−u∗,−v∗, α2)) + (−u∗,−v∗, α2, g
c (−u∗,−v∗, α2)) ,

and (0, 0, α, β) ∈ epi f c+epi gc. Now, let us suppose that (CHF) holds for some α > 0. In

the case v (PFG) = −∞, since (f + g)c (0, 0, α) = −v (PFG) , clearly (2.15) holds and the

in�mal convolution is also exact at any y∗, v∗ ∈ X∗, α1, α2 ∈ R such that α1 +α2 = α >

0 since the opposite inequality in (2.15) always yields. Hence, (CHF) is ful�lled. Then

let v (PFG) = δ ∈ R, so (f + g)c (0, 0, α) = −δ. We obtain (0, 0, α,−δ) ∈ epi (f + g)c ∩

{(0, 0, α)× R} . Since (2.16) holds, there exist u∗, v∗ ∈ X∗, α1, α2, δ1, δ2 ∈ R such that

α1 + α2 = α, δ1 + δ2 = −δ with (u∗, v∗, α1, δ1) ∈ epi f c and (−u∗,−v∗, α2, δ2) ∈ epi gc.

Then

(f c�gc) (0, 0, α) ≤ f c (u∗, v∗, α1) + gc (−u∗,−v∗, α2) ≤ −δ, (2.17)

and we obtain

(f c�gc) (0, 0, α) ≤ (f + g)c (0, 0, α) .

In order to see that the in�mal convolution is exact at (0, 0, α), since

v (DFG) = − (f c�gc) (0, 0, α) ,

from weak duality and (2.17), we have

−v (DFG) = (f c�gc) (0, 0, α) ≤ −v (PFG) ≤ −v (DFG) ,

and the in�mal convolution is exact at (0, 0, α).
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Proposition 2.3.4. If f + g = sup
{
a | a ∈ Ẽf,g

}
, (CHF) holds if and only if there is

strong duality between (PFG) and (DFG).

Proof. Let us suppose that (CHF) holds, then there exist y∗, v∗ ∈ X∗ and α1 + α2 =

α > 0 such that

v(PFG) ≥ v(DFG) = −f c(y∗, v∗, α1)− gc(−y∗,−v∗, α2)

≥ −(f + g)c(0, 0, α) = v(PFG),

then v(PFG) = v(DFG) and the dual problem is solvable.

Let us see the backwards. First, suppose that v (PFG) = v (DFG) = δ and

f c (u∗, v∗, α1) + gc (−u∗,−v∗, α2) = −δ, (2.18)

for certain u∗, v∗ ∈ X∗, α1, α2 ∈ R, α1 + α2 > 0. Name α := α1 + α2. We will show

(CHF) holds and, according to Lemma 2.3.3, condition (CHF) will also be held.

Since −δ = (f + g)c (0, 0, α) , taking any point (0, 0, α, β) ∈ epi (f + g)c , we have

that −δ ≤ β and, from (2.18),

f c (u∗, v∗, α1) + gc (−u∗,−v∗, α2) ≤ β.

Then (u∗, v∗, α1, β − gc (−u∗,−v∗, α2)) ∈ epi f c and (−u∗,−v∗, α2, g
c (−u∗,−v∗, α2)) ∈

epi gc, obtaining that (0, 0, α, β) ∈ epi f c + epi gc, so (CHF) holds.

Observe that if v (PFG) = −∞, by weak duality we have

(f + g)c(0, 0, α) ≤ (f c�gc)(0, 0, α), (2.19)

so (f + g)c(0, 0, α) = +∞ and by (2.19) we get

+∞ = (f + g)c(0, 0, α) ≤ (f c�gc)(0, 0, α) ≤ f c(y∗, v∗, α1) + gc(−y∗,−v∗, α2) ≤ +∞

for all y∗, v∗ ∈ X∗ and α1 + α2 = α > 0. Hence,

f c(y∗, v∗, α1) + gc(−y∗,−v∗, α2) = (f c�gc)(0, 0, α) = +∞

for all y∗, v∗ ∈ X∗ and α1 + α2 = α > 0 and (CHF) is also ful�lled in this case.
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2.4 Stable strong Fenchel duality

In this section we will study conditions for stable strong Fenchel duality working with

the optimization problems (PFG) and (DFG) de�ned in (2.13) in (2.14), respectively.

Since conditions (C4) and (C5) are su�cient for stable strong duality in the general

case, see Subsection 0.3.1, we will only work with the following closedness-type regu-

larity condition

(CFG
) f + g = sup

{
a | a ∈ Ẽf,g

}
and epi f c + epi gc is e′-convex,

where f, g : X → R are two proper e-convex functions such that dom f ∩ dom g 6= ∅

not only in the establishment of this condition but also from now on in this section.

Related to this regularity condition, we present the following helpful lemma.

Lemma 2.4.1. If f + g = sup
{
a | a ∈ Ẽf,g

}
, then, for all x∗ ∈ X∗, it holds

f + 〈·, x∗〉+ g = sup
{
a | a ∈ Ẽf+〈·,x∗〉,g

}
. (2.20)

Proof. Take any x∗ ∈ X∗ and assume that f + g = sup
{
a | a ∈ Ẽf,g

}
. Observe that

an e-a�ne function a ∈ Ef+〈·,x∗〉 if and only if a ≤ f + 〈·, x∗〉 , which is equivalent to

a − 〈·, x∗〉 be e-a�ne and a − 〈·, x∗〉 ≤ f , meaning that a − 〈·, x∗〉 ∈ Ef . It follows

immediately that Ẽf+〈·,x∗〉,g = Ẽf,g + 〈·, x∗〉 and

sup
{
a | a ∈ Ẽf+〈·,x∗〉,g

}
= sup

{
a | a ∈ Ẽf,g

}
+ 〈·, x∗〉 = f + g + 〈·, x∗〉 .

Now, as we have pointed out in the previous section, the fact of considering the

extended primal and dual problems, for all x∗ ∈ X∗,

(PFG,x∗) inf
x∈X,

f (x) + g(x) + 〈x, x∗〉

(DFG,x∗) sup
u∗,v∗∈X∗,
α1+α2>0,

{− (f + 〈·, x∗〉)c (u∗, v∗, α1)− gc (−u∗,−v∗, α2)}
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is associated to suppose f + 〈·, x∗〉 + g = sup
{
a | a ∈ Ẽf+〈·,x∗〉,g

}
, for all x∗ ∈ X∗.

Nevertheless, this condition can be softened in a remarkable way due to Lemma 2.4.1

through the equality

f + g = sup {a | a ∈ Ef,g} .

On the other hand, one has

(f + 〈·, x∗〉)c (u∗, v∗, α1) = sup
x∈X
{c (x, (u∗, v∗, α1))− f (x)− 〈x, x∗〉}

= sup
x∈X
{c (x, (u∗ − x∗, v∗, α1))− f (x)}

= f c (u∗ − x∗, v∗, α1) ,

so the dual problem (DFG,x∗) can be rewritten as follows

(DFG,x∗) sup
u∗,v∗∈X∗,
α1+α2>0.

{−f c (u∗ − x∗, v∗, α1)− gc (−u∗,−v∗, α2)}

Then, there would be stable strong duality for (PFG) − (DFG) if, for all x∗ ∈ X∗, the

following condition were true

(CFG,x∗
) fx

∗
+ g = sup

{
a | a ∈ Ẽfx∗ ,g

}
and epi

(
fx
∗)c

+ epi gc is e′-convex

being fx
∗

= f + 〈·, x∗〉, for all x∗ ∈ X∗.

Proposition 2.4.2. Condition (CFG
) guarantees stable strong Fenchel duality.

Proof. Let us show that, for all x∗ ∈ X∗, (CFG,x∗
) holds whenever (CFG

) holds. By

virtue of Lemma 2.4.1 we have (2.20). In second place, we claim that

epi (f + 〈·, x∗〉)c = epi f c + (x∗, 0, 0, 0) . (2.21)

Of course, (u∗, v∗, α, β) ∈ epi (f + 〈·, x∗〉)c if and only if, for all x ∈ X,

c (x, (u∗, v∗, α))− f (x)− 〈x, x∗〉 ≤ β,
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which means that, for all x ∈ X, c (x, (u∗ − x∗, v∗, α)) − f (x) ≤ β, or, equivalently,

(u∗ − x∗, v∗, α, β) ∈ epi f c. Hence, from (2.21), we obtain

epi (f + 〈·, x∗〉)c + epi gc = epi f c + epi gc + (x∗, 0, 0, 0) ,

fact that, according to Lemma 1.2.6 allows us to say that, if epi f c + epi gc is e′-convex,

then epi (f + 〈·, x∗〉)c + epi gc is e′-convex as well.

Remark 2.4.3. Condition (CFG
) is not necessary for stable strong Fenchel duality.

Remember that this condition is not necessary even for strong duality as we have

mentioned in Section 2.2.

Following the purpose of getting a characterization of stable strong Fenchel duality,

from Proposition 2.3.4 and Lemma 2.4.1 we have the following characterization of stable

strong Fenchel duality when f + g = sup
{
a | a ∈ Ẽf,g

}
,

(CHSF) For all x∗ ∈ X∗, exists αx∗ > 0 such that

(f + 〈·, x∗〉+ g)c (0, 0, αx∗) ≥ ((f + 〈·, x∗〉)c�gc) (0, 0, αx∗) ,

aaaaaaaland the in�mal convolution is exact at (0, 0, αx∗).

According to Lemmas 2.3.3 and 2.4.1, if f + g = sup
{
a | a ∈ Ẽf,g

}
, the following

condition is also a characterization of such a duality,

(CHSF) For all x∗ ∈ X∗, there exists αx∗ > 0 such that

aaaaaaa epi (f + 〈·, x∗〉+ g)c ∩ {(0, 0, αx∗)× R} (2.22)

⊆ (epi(f + 〈·, x∗〉)c + epi gc) ∩ {(0, 0, αx∗)× R} .

Remark 2.4.4. Finally, let us close this second chapter showing from another point

of view, why (CFG
) does not characterize stable strong duality, i.e., (CHSF) and (CFG

)

are not equivalent. More precisely, (CHSF) does not imply that epi f c+epi gc would be

e′-convex, under the hypothesis of f + g = sup
{
a |a ∈ Ẽf,g

}
. According to Theorem

11 in [35], the fact of epi f c + epi gc being e′-convex is equivalent to
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(f + g)c ≥ (f c�gc)

and the in�mal convolution being exact at any point. This fact equals the following

inclusion

epi (f + g)c ⊆ (epi f c + epi gc) .

Since we are assuming f + g = sup
{
a |a ∈ Ẽf,g

}
, from Lemmas 2.3.3 and 2.4.1, what

we can assure attending to condition (CHSF) is that, for all x∗ ∈ X∗, there exists

αx∗ > 0 such that (2.22) holds. As we saw in the proof of Proposition 2.4.2, for every

function h : X → R and every x∗ ∈ X∗, it holds

epi (h+ 〈·, x∗〉)c = epihc + {(x∗, 0, 0, 0)} ,

so, inclusion (2.22) will be equivalent, for all x∗ ∈ X∗, to the existence of αx∗ > 0 such

that

(epi (f + g)c + {(x∗, 0, 0, 0)}) ∩ {(0, 0, αx∗)× R} ⊆ (epi f c + epi g + {(x∗, 0, 0, 0)})

∩{(0, 0, αx∗)× R} ,

meaning that, for all x∗ ∈ X∗, there exists αx∗ > 0 verifying

epi (f + g)c ∩ {(−x∗, 0, αx∗)× R} ⊆ (epi f c + epi gc) ∩ {(−x∗, 0, αx∗)× R} .

Taking α̂x∗ := α−x∗ , we obtain an equivalent formulation, for all x∗ ∈ X∗,

epi (f + g)c ∩ {(x∗, 0, α̂x∗)× R} ⊆ (epi f c + epi gc) ∩ {(x∗, 0, α̂x∗)× R} ,

fact that, clearly, does not imply epi (f + g)c ⊆ (epi f c + epi gc) .We can only guarantee

the inclusion of points written as (y∗, 0, α, β) , with α > 0 depending on y∗.

Once we have analized Fenchel duality, let us continue our memory studying another

celebrated dual problem, Lagrange dual problem.





Chapter 3

Lagrange duality in evenly convex

optimization problems

In this chapter, we start giving a Lagrange-type dual problem for an in�nite dimen-

sional optimization primal one, via perturbational approach and by means of the c-

conjugation scheme rather than the classical Fenchel conjugation. Our commitment

is to establish regularity conditions for strong duality between both problems, and

they will be formulated in terms of e-convexity. The �rst condition we state can be

viewed as the e-convex version of the so-called closed cone constrained quali�cation

(CCCQ) introduced in [51] and formulated later in an alternative way in [19]. In con-

vex optimization problems having in�nitely many convex inequalities as constraints,

this condition is called Farkas-Minkowski property, and Goberna et al. used it in [38]

to characterized strong Lagrange duality in the classical context. In our setting we will

see that such a condition does not characterize strong Lagrange duality, it will only be

su�cient. Furthermore, another two conditions are also derived as particular cases of

two general regularity conditions introduced in Chapter 0. Apart from making a com-

parison between the three regularity conditions, we also provide a characterization of

strong Lagrange duality which will enable us to get a characterization of stable strong

Lagrange duality in evenly convex optimization problems.

57
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3.1 Lagrange dual problem

Let us consider the problem

(P ) inf
x∈A,

f(x) (3.1)

where X is a lcs, f, gt : X → R are proper functions, for all t ∈ T , being T an arbitrary

index set. Let us suppose A := {x ∈ X : gt(x) ≤ 0 , ∀t ∈ T} is non-empty and let us

de�ne

σ := {gt(x) ≤ 0 , t ∈ T} =
{
g(x) ∈ −RT

+

}
, (3.2)

being g : X → RT the vector-valued function such that, if x ∈ X, g(x)(t) := gt(x),

for all t ∈ T . Now, we will obtain a Lagrange dual problem associated to the primal

problem (3.1). To this aim we will use the perturbation function ΦL : X × RT → R

ΦL(x, b) :=

 f(x) if gt(x) ≤ bt, for all t ∈ T,

+∞ otherwise,

which can be expressed as follows using the function g de�ned in (3.2)

ΦL(x, b) :=

 f(x) if g(x)− b ∈ −RT
+,

+∞ otherwise,
(3.3)

with ΦL(x, 0) = f(x) and RT as the perturbation variable space.

Hence, letting Z = X × RT , the appropriate coupling function for building the

c-conjugate of ΦL will be c1 : Z × Z∗ × Z∗ × R→ R de�ned as

c1 ((x, b), ((y∗, λ), (v∗, β), α)) :=

 〈x, y∗〉+ λb if 〈x, v∗〉+ βb < α,

+∞ otherwise,
(3.4)

and we will obtain a Lagrange-type dual problem which will allow us to derive new

regularity conditions. Then, we have Φc1
L : Z∗ × Z∗ × R→ R such that

Φc1
L ((y∗, λ), (v∗, β), α) = sup

(x,b)∈Z
{c1((x, b), ((y∗, λ)(v∗, β), α))− ΦL(x, b)} .

By virtue of (3.4), for all ((y∗, λ), (v∗, β), α) ∈ Z∗ × Z∗ × R and for all (x, b) ∈ Z,

Φc1
L ((y∗, λ), (v∗, β), α) ≥ 〈x, y∗〉+ λb− ΦL(x, b),
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if 〈x, v∗〉+ βb < α, so it is not di�cult to see that

ΦL(x, 0) ≥ −Φc1
L ((0, λ), (0, β), α). (3.5)

Since (3.5) holds for all x ∈ X,λ, β ∈ R(T ) and α > 0, we have

inf
x∈X

ΦL(x, 0) ≥ sup
λ,β∈R(T ),
α>0

−Φc1
L ((0, λ), (0, β), α),

leading us to formulate the dual problem

(Dc1) sup
λ,β∈R(T ),
α>0,

−Φc1
L ((0, λ), (0, β), α) (3.6)

where weak duality is ful�lled for the dual pair (P )-(Dc1). Bearing in mind the in�mum

value function, p : RT → R,

p(b) = inf
x∈X

ΦL(x, b),

it yields p(0) = v(P ) denoting by v(P ) the optimal value of the primal problem (3.1).

Now, let us consider the coupling function c2 : RT ×R(T )×R(T )×R→ R such that

c2 (b, (λ, β, α)) :=

 λb if βb < α,

+∞ otherwise.
(3.7)

If we compute the c2-conjugate function of p, we obtain

pc2(λ, β, α) = sup
b∈RT
{c2(b, (λ, β, α))− p(b)}

= sup
b∈RT

{
c2(b, (λ, β, α))− inf

x∈X
ΦL(x, b)

}
= sup

b∈RT ,
x∈X

{c2(b, (λ, β, α))− ΦL(x, b)}

= sup
b∈RT ,
x∈X

{c1 ((x, b), ((0, λ), (0, β), α))− ΦL(x, b)} = Φc1
L ((0, λ), (0, β), α).

Hence, −Φc1
L ((0, λ), (0, β), α) = −pc2(λ, β, α), and (3.6) can be rewritten as

(Dc2) sup
λ,β∈R(T ),
α>0

−pc2(λ, β, α). (3.8)
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Since for all λ, β ∈ R(T ) and α > 0 it holds

pc2(λ, β, α) = sup
g(x)−b∈−RT+,
(x,b)∈X×RT

{c2 (b, (λ, β, α))− f(x)} ,

introducing the new variable s = b− g(x) ∈ RT
+, we have

pc2(λ, β, α) = sup
(x,s)∈X×RT+

{c2 (g(x) + s, (λ, β, α))− f(x)} . (3.9)

Applying (3.7) we have

c2 (g(x) + s, (λ, β, α)) =

 λs+ λg(x) if βs+ βg(x) < α,

+∞ otherwise,

and there exists the following possibilities.

Case 1: If dom f ⊆ Ω := {x ∈ X : βg(x) < α} and β ∈ −R(T )
+ , the following equality

holds c2 (s+ g(x), (λ, β, α)) = λs+ λg(x) and, for all λ ∈ R(T ),

pc2(λ, β, α) = sup
(x,s)∈X×RT+

{λs+ λg(x)− f(x)} .

Case 2: If dom f * Ω, there exists x0 ∈ dom f such that βg(x0) ≥ α, and taking 0T

the null vector of RT , we have β0T + βg(x0) ≥ α hence c2(s + g(x0), (λ, β, α)) = +∞

while f(x0) ∈ R and, for all λ ∈ R(T ),

pc2(λ, β, α) = +∞.

Case 3: If dom f ⊆ Ω but β /∈ −R(T )
+ , then there exists t0 ∈ T such that βt0 > 0.

Taking any point x0 ∈ dom f and s0 ∈ RT
+ verifying that βs0 is large enough to get

βs0 + βg(x0) ≥ α, we have, for all λ ∈ R(T ),

pc2(λ, β, α) = +∞.

Thus, from (3.9) we get

pc2(λ, β, α) =


sups∈RT+,

x∈X,
{λ(s+ g(x))− f(x)} if dom f ⊆ Ω and β ∈ −R(T )

+ ,

+∞ otherwise.
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Now, in the case dom f ⊆ Ω and β ∈ −R(T )
+ , we get

pc2(λ, β, α) = sup
s∈RT+

{λs}+ sup
x∈X
{λg(x)− f(x)}

=

 supx∈X {λg(x)− f(x)} if λ ∈ −R(T )
+ ,

+∞ otherwise,

and, therefore,

pc2(λ, β, α) =

 supx∈X {λg(x)− f(x)} if dom f ⊆ Ω and λ, β ∈ −R(T )
+ ,

+∞ otherwise.

Since for all (λ, β, α) verifying Case 1, pc2(λ, β, α) does not depend on (β, α), we get

sup
λ,β∈R(T ),
α>0,

{−pc2(λ, β, α} = sup
λ∈−R(T )

+

{
− sup

x∈X
{λg(x)− f(x)}

}
,

obtaining, from (3.8), the following Lagrange dual problem

(DL) sup
λ∈R(T )

+ .

{
inf
x∈X
{f(x) + λg(x)}

}

Our purpose in the following section will be to �nd new regularity conditions for

strong duality for the dual pair (P )-(DL) in the non-trivial case where v(P ) < +∞.

Pay attention that up to now, the e-convexity of the involved functions in the primal

problem has not played a relevant role at all. This fact will be of interest when we

develop su�cient conditions for strong duality as it happened in Fenchel case.

Remark 3.1.1. Observe that if the optimal value of the primal problem equals ±∞

there exists strong duality automatically. Hence, from now on in this chapter, we will

make the following assumptions

dom f ∩ A 6= ∅ and v(P ) ∈ R. (3.10)
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3.2 A new closedness-type regularity condition

This section is devoted to study conditions which guarantee strong duality between

(P ) and (DL) when (3.10) is ful�lled. To this aim, we need some preliminary results

before getting the �rst regularity condition. One of these results will be the de�nition

of the e-convex cone CQ, (ECCQ), which can be viewed as the counterpart of the

Farkas-Minkowski CQ in [38]. From now on in this section, we will suppose that the

involved functions in the primal problem are proper and e-convex.

Lemma 3.2.1. The set
⋃
λ∈R(T )

+
epi(λg)c is a convex cone in W × R.

Proof. Let K :=
⋃
λ∈R(T )

+
epi(λg)c. Proving that K is a convex cone is equivalent to see

that K + K ⊆ K and that βK ⊆ K for all β > 0. Let us see that K + K ⊆ K. Let

(y∗1, z
∗
1 , α1, β1) and (y∗2, z

∗
2 , α2, β2) be two arbitrary points in K. If (y∗1, z

∗
1 , α1, β1) ∈ K,

there exists λ1 ∈ R(T )
+ such that (y∗1, z

∗
1 , α1, β1) ∈ epi(λ1g)c, which is equivalent to

(λ1g)c(y∗1, z
∗
1 , α1) ≤ β1. Then, we have

sup
x∈X
{c (x, (y∗1, z

∗
1 , α1))− (λ1g)(x)} ≤ β1,

so

c (x, (y∗1, z
∗
1 , α1))− (λ1g)(x) ≤ β1,

for all x ∈ X. If (y∗2, z
∗
2 , γ2, α2) ∈ K, similarly we get that there exists λ2 ∈ R(T )

+ such

that

c (x, (y∗2, z
∗
2 , α2))− (λ2g)(x) ≤ β2,

for all x ∈ X. Since, for all x ∈ X, it holds1

c(x, (y∗1 + y∗2, z
∗
1 + z∗2 , α1 + α2)) ≤ c(x, (y∗1, z

∗
1 , α1)) + c(x, (y∗2, z

∗
2 , α2)),

we have, for all x ∈ X,

c(x, (y∗1 + y∗2, z
∗
1 + z∗2 , α1 + α2))− ((λ1 + λ2)g) (x) ≤ β1 + β2.

1This inequality means that the coupling function is subadditive in its second component.
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Taking suprema over X

sup
x∈X
{c(x, (y∗1 + y∗2, z

∗
1 + z∗2 , α1 + α2))− ((λ1 + λ2)g) (x)} ≤ β1 + β2,

getting, �nally, that

(y∗1 + y∗2, z
∗
1 + z∗2 , α1 + α2, β1 + β2) ∈ epi ((λ1 + λ2)g)c ⊆

⋃
λ∈R(T )

+

epi(λg)c.

Let us prove βK ⊆ K, with γ > 0. Take γ > 0 and (y∗, z∗, γ, α) ∈ K. Then, there

exists λ ∈ R(T )
+ such that (y∗, z∗, α, β) ∈ epi(λg)c, which is equivalent to

c(x, (y∗, z∗, α))− (λg)(x) ≤ β,

for all x ∈ X. Since γ > 0, we get c(x, (γy∗, γz∗, γα))− (γλ)g(x) ≤ γβ, for all x ∈ X,

and taking suprema we obtain

((γλ)g)c (γy∗, γz∗, γα) = sup
x∈X
{c(x, (γy∗, γz∗, γα))− (γλ)g(x)} ≤ γβ.

Finally,

γ(y∗, z∗, α, β) = (γy∗, γz∗, γα, γβ) ∈ epi ((γλ)g)c ⊆
⋃

λ∈R(T )
+

epi(λg)c = K.

Proposition 3.2.2. epi δcA = e′conv
(⋃

λ∈R(T )
+

epi(λg)c
)
.

Proof. To begin with, it is easy to see

epi δcA =
⋂
x∈A

epi c(x, ·). (3.11)

Let K =
⋃
λ∈R(T )

+
epi(λg)c. Observe that, if x ∈ A, λg(x) ≤ 0, for all λ ∈ R(T )

+ , then

λg ≤ δA and epi(λg)c ⊆ epi δcA, for all λ ∈ R(T )
+ , which means that K ⊆ epi δcA.

We shall see that epi δcA ⊆ e′convK, and, since epi δcA is e′-convex as well, we will get

epi δcA = e′convK. By de�nition, we know that there exists H : W → R an e′-convex
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function such that e′convK = epiH. This function can be expressed as the pointwise

supremum of a certain set of c′-elementary functions, i.e.,

H = sup
(x,γ)∈X1×B

{c(x, ·)− γ} ,

where (X1 ×B) is a non-empty set in the product space (X × R). Therefore,

epiH =
⋂

(x,γ)∈X1×B

epi {c(x, ·)− γ} . (3.12)

Now, we claim B ⊆ R+ and, in fact,

epiH =
⋂
x∈X1

epi c(x, ·). (3.13)

Indeed, if we take a point (x∗, y∗, α, β) ∈ K, since K ⊆ e′convK = epiH, from (3.12)

we get c(x, (x∗, y∗, α))− γ ≤ β, for all (x, γ) ∈ X1 ×B, which means

c(x, (x∗, y∗, α)) = 〈x, x∗〉 (3.14)

and 〈x, x∗〉 − γ ≤ β. According to Lemma 3.2.1, for all δ > 0, δ(x∗, y∗, α, β) ∈ K, so,

in particular,

δ 〈x, x∗〉 − γ ≤ δβ, (3.15)

for all (x, γ) ∈ X1×B. Letting δ → 0+, we get γ ≥ 0, for all γ ∈ B, and epi {c(x, ·)} ⊆

epi {c(x, ·)− γ}, for all x ∈ X1, which implies⋂
x∈X1

epi {c(x, ·)} ⊆ epiH. (3.16)

On the other hand, dividing in (3.15) by δ, we get 〈x, x∗〉− γ
δ
≤ β, for all (x, γ) ∈ X1×B,

or, equivalently, from (3.14)

c(x, (x∗, y∗, α))− γ

δ
≤ β.

If δ goes to +∞, we get c(x, (x∗, y∗, α)) ≤ β, for all x ∈ X1, and then

K ⊆
⋂
x∈X1

epi {c(x, ·)} .
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Since
⋂
x∈X1

epi {c(x, ·)} is an e′-convex set, we obtain

epiH = e′convK ⊆
⋂
x∈X1

epi {c(x, ·)} .

Combining with (3.16), we reach (3.13). In this way, if we could prove X1 ⊆ A, from

(3.11) we would get the announced result,

epi δcA =
⋂
x∈A

epi {c(x, ·)} ⊆
⋂
x∈X1

epi {c(x, ·)} = epiH.

Hence, take any point x ∈ X1 and consider any sequence λ ∈ R(T )
+ . Since K ⊆ epiH,

from (3.13) it holds epi(λg)c ⊆ epi {c(x, ·)}, and

c(x, (x∗, y∗, α))− (λg)c(x∗, y∗, α) ≤ 0,

for all (x∗, y∗, α) ∈ dom(λg)c, getting to (λg)cc
′
(x) ≤ 0 and, since λg is an e-convex

function, according to Proposition 0.2.11, (λg)(x) ≤ 0. The choice of λ is indi�erent,

which means x ∈ A.

Remark 3.2.3. Observe that, under the above proposition, it always holds

⋃
λ∈R(T )

+

epi(λg) ⊆ e′conv

 ⋃
λ∈R(T )

+

epi(λg)

 = epi δcA.

In order to proceed further with the exposition, we introduce the following de�ni-

tion which is the e-convex version of the celebrated (CCCQ) condition in the classical

context.

De�nition 3.2.4. We say that the system σ =
{
g(x) ∈ −RT

+

}
veri�es (ECCQ) con-

dition if
⋃
λ∈R(T )

+
epi(λg)c is e′-convex.

Remark 3.2.5. According to Proposition 3.2.2, (ECCQ) condition can be rewritten

as follows

(ECCQ) epi δc
A =

⋃
λ∈R(T)

+

epi(λg)c. (3.17)
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Proposition 3.2.6. The system σ =
{
g(x) ∈ −RT

+

}
veri�es condition (ECCQ) if and

only if for all (x∗, y∗, α) ∈ W such that A ⊆ {x ∈ X | 〈x, y∗〉 < α}, it follows

(i) infx∈A {c(x, (x∗, y∗, α))} = max
λ∈R(T )

+
{infx∈X {c(x, (x∗, y∗, α)) + λg(x)}},

and there exist a solution of (i), let us say λ ∈ R(T )
+ , which also satis�es

(ii) infx∈A {c(x, (x∗, y∗, α))} = infx∈domλg

{
−c(x, (−x∗, y∗, α)) + λg(x)

}
.

Proof. In the �rst step, let us suppose that σ veri�es (ECCQ), and take a point

(x∗, y∗, α) ∈ W such that A ⊆ {x ∈ X | 〈x, y∗〉 < α}. Then, considering the primal-

dual problems

(P1) infx∈A {c(x, (x∗, y∗, α))} ,

(D1L) sup
λ∈R(T )

+
{infx∈X {c(x, (x∗, y∗, α)) + λg(x)}} ,

clearly, v(P1) ≥ v(D1L). Now, let us analyze the possible cases for v(P1).

• If v(P1) = −∞, sup
λ∈R(T )

+
{infx∈X {c(x, (x∗, y∗, α)) + λg(x)}} = −∞, and (i)

holds trivially. Now, bearing in mind that

−c(x, (−x∗, y∗, α)) ≤ c(x, (x∗, y∗, α)),

for all x ∈ domλg, we get

inf
x∈domλg

{−c(x, (−x∗, y∗, α)) + λg(x)} ≤ inf
x∈domλg

{c(x, (x∗, y∗, α)) + λg(x)} = −∞,

and (ii) holds directly.

• If v(P1) ∈ R, since A ⊆ {x ∈ X | 〈x, y∗〉 < α}, we have

δcA(−x∗, y∗, α) = sup
x∈A
{c(x, (−x∗, y∗, α))} = − inf

x∈A
{−c(x, (−x∗, y∗, α))} .

Hence

δcA(−x∗, y∗, α) = − inf
x∈A
{c(x, (x∗, y∗, α))} = −v(P1),
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and, therefore, (−x∗, y∗, α,−v(P1)) ∈ epi δcA =
⋃
λ∈R(T )

+
epi(λg)c since (ECCQ) is

ful�lled by hypothesis. From this equality we get that there exists an element in

R(T )
+ , let us say λ, such that (−x∗, y∗, α,−v(P1)) ∈ epi(λg)c, which amounts to

saying

sup
x∈X

{
c(x, (−x∗, y∗, α))− λg(x)

}
≤ −v(P1).

This supremum can be restricted to dom(λg) with no loss of generality. Further-

more, domλg ⊆ {x ∈ X | 〈x, y∗〉 < α} since the value of the supremum is �nite.

Hence

v(P1) ≤ infx∈domλg

{
λg(x)− c(x, (−x∗, y∗, α))

}
= infx∈domλg

{
λg(x) + c(x, (x∗, y∗, α))

}
≤ v(D1) ≤ v(P1)

which means that (i) and (ii) are ful�lled.

Now, let us show the backwards statement. In the proof of Proposition 3.2.2, we showed⋃
λ∈R(T )

+

epi(λg)c ⊆ epi δcA.

Hence, to conclude the proof it remains to see the converse inclusion, i.e.,

epi δcA ⊆
⋃

λ∈R(T )
+

epi(λg)c.

Let (x∗, y∗, α, β) ∈ epi δcA, then supx∈A {c(x, (x∗, y∗, α))} ≤ β, or, equivalently,

− β ≤ − sup
x∈A
{c(x, (x∗, y∗, α))} = inf

x∈A
{−c(x, (x∗, y∗, α))} . (3.18)

Moreover, A ⊆ {x ∈ X | 〈x, y∗〉 < α}, so

inf
x∈A
{−c(x, (x∗, y∗, α))} = inf

x∈A
{c(x, (−x∗, y∗, α))} .

By hypothesis, we know that there exists λ ∈ R(T )
+ verifying (i) and (ii). Thus,

infx∈A c(x, (−x∗, y∗, α)) = infx∈X
{
c(x, (−x∗, y∗, α)) + λg(x)

}
= infx∈domλg

{
−c(x, (x∗, y∗, α)) + λg(x)

}
.

(3.19)
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Now, since

inf
x∈domλg

{
−c(x, (x∗, y∗, α)) + λg(x)

}
= − sup

x∈domλg

{
c(x, (x∗, y∗, α))− λg(x)

}
= −(λg)c(x∗, y∗, α), (3.20)

joining (3.18), (3.19) and (3.20), we get

−β ≤ −(λg)c(x∗, y∗, α),

and (x∗, y∗, α, β) ∈ epi(λg)c.

The following result states a new closedness-type regularity condition for the dual

pair (P )-(DL).

Theorem 3.2.7. If σ veri�es (ECCQ), f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA

is e′-convex, then there is strong duality between (P ) and (DL), i.e.,

inf
x∈A
{f(x)} = max

λ∈R(T )
+

{
inf
x∈X
{f(x) + λg(x)}

}
.

Proof. Let us prove the non-trivial case where v(P ) ∈ R and let us write

v(P ) = inf
x∈A

f(x) = inf
x∈X
{f(x) + δA(x)} . (3.21)

According to [35, Cor. 15], we get

inf
x∈X
{f(x) + δA(x)} = −f c(x∗, y∗, α1)− δcA(−x∗,−y∗, α2), (3.22)

for certain x∗, y∗ ∈ X∗, α1, α2 ∈ R such that α1 + α2 > 0. Since v(P ) ∈ R, from (3.21)

and (3.22), it follows f c(x∗, y∗, α1) and δcA(−x∗,−y∗, α2) are also �nite, so

δcA(−x∗,−y∗, α2) = sup
x∈A

c(x, (−x∗,−y∗, α2)) < +∞, (3.23)

and, consequently,

A ⊆ {x ∈ X | 〈x,−y∗〉 < α2} , (3.24)
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which implies c(x, (−x∗,−y∗, α2)) = −c(x, (x∗,−y∗, α2)), for all x ∈ A. Hence

δcA(−x∗,−y∗, α2) = sup
x∈A
{− 〈x, x∗〉} = − inf

x∈A
c(x, (x∗,−y∗, α2)). (3.25)

Since (ECCQ) holds by hypothesis, (3.24) allows us to apply Proposition 3.2.6, obtain-

ing

infx∈A c(x, (x
∗,−y∗, α2)) = infx∈X

{
c(x, (x∗,−y∗, α2)) + λg(x)

}
= infx∈domλg

{
−c(x, (−x∗,−y∗, α2)) + λg(x)

}
,

(3.26)

for certain λ ∈ R(T )
+ . From (3.23) we already know that this in�mum is �nite, hence

domλg ⊆ {x ∈ X | 〈x,−y∗〉 < α2} and

infx∈domλg

{
−c(x, (−x∗,−y∗, α2)) + λg(x)

}
= infx∈domλg

{
〈x, x∗〉+ λg(x)

}
= infx∈X

{
〈x, x∗〉+ λg(x)

}
.

(3.27)

On the other hand, by the �nitness of f c(x∗, y∗, α1), dom f ⊆ {x ∈ X | 〈x, y∗〉 < α1}

and

f c(x∗, y∗, α1) = supx∈dom f {c(x, (x∗, y∗, α1))− f(x)}

= − infx∈dom f {f(x)− c(x, (x∗, y∗, α1))}

= − infx∈dom f {f(x)− 〈x, x∗〉} = − infx∈X {f(x)− 〈x, x∗〉} .

(3.28)

Finally, combining formulae (3.21), (3.22), (3.25), (3.26), (3.27) and (3.28), we have

v(P ) = inf
x∈X
{f(x)− 〈x, x∗〉}+ inf

x∈X

{
〈x, x∗〉+ λg(x)

}
≤ inf

x∈X

{
f(x) + λg(x)

}
≤ v(DL),

and due to weak duality, the proof ends.

Next result serves as a summarize of the existing relation among the set A, the

system σ and the strong duality for the dual pair (P )-(DL).

Corollary 3.2.8. Given the following statements,

(i) σ veri�es (ECCQ).
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(ii(a)) For all (x∗, y∗, α) ∈ W such that A ⊆ {x ∈ X | 〈x, y∗〉 < α}, it holds

inf
x∈A

c(x, (x∗, y∗, α)) = max
λ∈R(T )

+

{
inf
x∈X
{c(x, (x∗, y∗, α)) + λg(x)}

}
. (3.29)

(ii(b)) There exists a solution λ ∈ R(T )
+ of (3.29) which veri�es, in addition,

inf
x∈A

c(x, (x∗, y∗, α)) = inf
x∈domλg

{
−c(x, (−x∗, y∗, α)) + λg(x)

}
.

(iii) If f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA is e′-convex, then

inf
x∈A

f(x) = max
λ∈R(T )

+

{
inf
x∈X
{f(x) + λg(x)}

}
.

It holds that (i) and (ii) are equivalent and both imply (iii). Furthermore, if A is

closed, (iii) implies (ii(a)).

Proof. The equivalence between (i) and (ii) follows from Proposition 3.2.6. On the

other hand, (i) implies (iii) has been shown in Theorem 3.2.7. Hence, it remains to see

that (iii) implies (ii(a)) whenever A is closed.

Suppose A is closed and take (x∗, y∗, α) ∈ W such that A ⊆ {x ∈ X | 〈x, y∗〉 < α}.

Then, f(·) := c(·, (x∗, y∗, α)) is a proper e-convex function such that dom f ∩ A 6= ∅.

If f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA is e′-convex, we can apply (iii) for

strong duality and we get (3.29).

To begin with, let us see that f + δA = hf+δA := sup
{
a | a ∈ Ẽf,δA

}
. According to

the de�nition of the function hf+δA , we have hf+δA ≤ f + δA in any case. Let us see

the converse inequality.

Since A ⊆ {x ∈ X | 〈x, y∗〉 < α}, we have

(f + δA)(x) =

 〈x, x∗〉 if x ∈ A,

+∞ otherwise.

Take the function a2(·) := c(·, (0, y∗, α)). Hence, f ∈ Ef , a2 ∈ EδA and, according to

De�nition 0.2.17, f+̃a2 = f ∈ Ẽf,δA and, for all x ∈ A,

(f + δA)(x) = f(x) ≤ hf+δA(x).



3.2. A new closedness-type... 71

Now, we will see domhf+δA ⊆ A. This inclusion will allow us to say that, for all x /∈ A,

hf+δA(x) = +∞, and f + δA ≤ h in X\A. Let us see this assertion.

Take x0 ∈ domhf+δA and suppose x0 /∈ A. Since A is closed and convex, {x0} is

compact and convex and they have empty intersection, applying Theorem 1.1.5 from

[74] we have that there exist z∗ ∈ X∗\ {0} and β ∈ R such that

〈x, z∗〉 < β < 〈x0, z
∗〉 , (3.30)

for all x ∈ A. If we consider the e-a�ne function

a′2(x) =

 〈x, 0〉 if 〈x, z∗〉 < β,

+∞ otherwise,

it holds that a′2 ∈ EδA . On the other hand, if we pay attention to the following set of

functions in Ef , with r ∈ N,

ar1(x) =

 〈x, x∗〉 if 〈x, 0〉 < 1
r
,

+∞ otherwise,

we have that ar1+̃a′2 ∈ Ẽf,δA , for all r ∈ N and, since x0 ∈ domhf+δA ,

sup
r∈N

{
(ar1+̃a′2)(x0)

}
<∞,

which means, in particular, that 〈x0, z
∗〉 < 1

r
+ β for all r ∈ N and, consequently, we

have 〈x0, z
∗〉 ≤ β, being this fact a contradiction with (3.30). Reached this point, we

state domhf+δA ⊆ A.

Finally, let us see epi f c + epi δcA is e′-convex or, equivalently,

epi(f + δA)c ⊆ epi f c + epi δcA,

according to Theorem 0.2.20. Let us calculate epi(f + δA)c. A point (x∗, y∗, α, β)

belongs to epi(f + δA)c if and only if for all x ∈ A,

c(x, (x∗, y∗, α))− c(x, (x∗, y∗, α)) ≤ β,
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which means that, due to A ⊆ {x ∈ X | 〈x, y∗〉 < α}, for all x ∈ A,

c(x, (x∗, y∗, α))− 〈x, x∗〉 ≤ β,

or, equivalently,

c(x, (x∗ − x∗, y∗, α)) ≤ β,

getting (x∗ − x∗, y∗, α, β) ∈ epi δcA. Hence epi(f + δA)c = epi δcA + {(x∗, 0, 0, 0)}, and

epi f c + epi δcA is e′-convex if and only if

epi δcA + {(x∗, 0, 0, 0)} ⊆ epi f c + epi δcA.

Take any point (x∗, y∗, α, β) ∈ epi δcA. By the de�nition of the epigraph

A ⊆
{
x ∈ X | 〈x, x∗〉 ≤ β , 〈x, y∗〉 < α

}
.

Since A is closed by hypothesis, we can take ε > 0 verifying that the set A is contained

into
{
x ∈ X | 〈x, x∗〉 ≤ β, 〈x, y∗〉 < α− ε

}
. Clearly, for all ε > 0, (x∗, 0, ε, 0) ∈ epi f c

and, in addition,

(x∗ + x∗, y∗, α, β) = (x∗, 0, ε, 0) + (x∗, y∗, α− ε, β),

where (x∗, 0, ε, 0) ∈ epi f c and (x∗, y∗, α−ε, β) ∈ epi δcA. Then epi f c+epi δcA is e′-convex

and, by (iii), we get (ii(a)).

Remark 3.2.9. Adding the closedness property over A allows us to obtain (iii) implies

(ii(a)), but the technical part (ii(b)), which is necessary for the equivalence between (i)

and (ii), cannot be implied by (iii). Clearly, for the ful�lment of (ii(b)) it is necessary

that domλg =
⋂
t∈suppλ dom gt ⊆ {x ∈ X | 〈x, y∗〉 < α} where (y∗, α) ∈ X∗×R veri�es

that A ⊆ {x ∈ X | 〈x, y∗〉 < α}. Nevertheless, in (iii) there is no condition over the

e�ective domains of the functions gt, with t ∈ T . We should observe that it can

happen that A ⊆
⋂
t∈T dom gt " {x ∈ X | 〈x, y∗〉 < α} without contradicting the fact

that A ⊆ {x ∈ X | 〈x, y∗〉 < α}, see Example 3.2.11. There,

A =]−∞, 0] ⊆
⋂
t∈T

dom gt = R " {x ∈ R | 〈x, 1〉 < 1} ,

and this fact does not contradict the inclusion A ⊆ {x ∈ R | 〈x, 1〉 < 1}.
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Remark 3.2.10. Observe that (iii) in Corollary 3.2.8 corresponds to the regularity

condition (CF) established in Chapter 2. Furthermore, the three statements in Corol-

lary 3.2.8 are not equivalent as we can easily see in the following example.

Example 3.2.11. Let X = R, f(x) = δ[0,+∞[(x), g(x) = x and T a singleton index

set. Then, A =]−∞, 0] is closed and as it is shown in Example 6.2 from [34], all the

assumptions in Corollary 3.2.8 (iii) are veri�ed. However, (i) does not hold. To see

this assertion, we will use Remark 3.17, i.e., we will see

epi δcA *
⋃
λ∈R+

epi(λg)c. (3.31)

Let (y∗, z∗, α, β) ∈ epi δcA = R+ × R+ × R++ × R+ with z∗ > 0. Now we will show

that this point does not belong to
⋃
λ∈R+

epi(λg)c. Ab absurdo, if (3.31) were true, there

would exist λ ∈ R+ such that

sup
x∈R

{
c(x, (y∗, z∗, α))− λx

}
≤ β.

Nevertheless, the �niteness of 〈x, z∗〉 < α, for all x ∈ R, is a contradiction with the

fact that z∗ > 0.

We conclude this section summarizing the closedness-type regularity codition that

we have obtained in Theorem 3.2.7,

(CL) σ veri�es (ECCQ), f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA is e′ -convex.

3.3 General regularity conditions applied to Lagrange

duality

Our aim in this section is to reformulate conditions (C4) and (C5) de�ned in (7) for

(P ) and (DL). To this aim, apart from supposing the proper involved functions to be

e-convex from now on, the following result is required.
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Proposition 3.3.1. The perturbation function ΦL de�ned in (3.3) is proper and e-

convex. Furthermore,

PrRT (dom ΦL) = g (dom f) + RT
+.

Proof. By hypothesis, we know that dom f ∩ A 6= ∅, so there exists x ∈ A such that

ΦL(x, 0) = f(x) < +∞. Since f is a proper function, clearly ΦL cannot take the value

−∞ and it is also proper. To prove the e-convexity of ΦL, we will express its epigraph

in a suitable way. It is not di�cult to see

epi ΦL =
{

(x, b, β) ∈ X × RT × R | f(x) ≤ β, g(x)− b ∈ −RT
+

}
.

De�ning the sets

C : =
{

(x, b, β) ∈ X × RT × R | (x, β) ∈ epi f
}
,

D : =
{

(x, b) ∈ X × RT | gt(x) ≤ bt, for all t ∈ T
}
,

we have epi ΦL = C∩ (D×R). De�ning ∆ : X×RT ×R→ X×R×RT the continuous

linear mapping such that

∆(x, b, β) = (x, β, b),

we have that ∆−1(epi f × RT ) = C. Since f is e-convex by hypothesis, epi f is an

e-convex set, so epi f × RT is e-convex in X × R × RT . Applying Proposition 0.2.21,

we get that C is an e-convex set in X ×RT ×R. On the other hand, let us see that D

is e-convex applying directly the de�nition. Take any point (x0, b0) /∈ D. This means

that there exists t ∈ T such that (x0, b0t
) /∈ epi gt, which is an e-convex set in X × R.

Then, there exists (x∗, α) ∈ X∗ × R such that 〈x− x0, x
∗〉 + (bt − b0t

)α < 0, for all

(x, bt) ∈ epi gt. If we take λ ∈ R(T ) de�ned as follows

λt =

 α if t = t,

0 otherwise,

we have 〈x− x0, x
∗〉 + (b − b0)λ < 0, for all (x, b) ∈ D. This implies D is e-convex,
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D × R is also e-convex and epi ΦL = C ∩ (D × R) is e-convex as well. Finally

PrRT (dom ΦL) =
{
b ∈ RT | ∃x ∈ dom f, g(x)− b ∈ −RT

+

}
=
{
b ∈ RT | ∃x ∈ dom f, b ∈ g(x) + RT

+

}
= g(dom f) + RT

+.

As we have pointed out in Section 0.1, if T is at most countable, RT is a Fréchet

space with the product topology. Due to this fact and according to Proposition 3.3.1,

we can rewrite the general regularity conditions announced in (7) for Lagrange duality

in the following way

(C4L) T is at most countable, X Fréchet and 0 ∈ ic
(
g(dom f) + RT

+

)
,

(C5L) PrW×R (epi Φc
L) e′-convex.

Attending to Proposition 3.3.1, Proposition 5.4, Lemma 5.3 from [34] and de�ning

the functions

ΦL(·, 0) : X → R and ΦL(·, 0)c = supx∈X {c(x, ·)− ΦL(x, 0)},

we present the following results.

Lemma 3.3.2. (C5L) holds if and only if ΦL(·, 0)c = minλ,β∈R(T ) Φc
L((·, λ), (·, β), ·).

Lemma 3.3.3. epi ΦL(·, 0)c = e′conv (PrW×R(epi Φc
L)).

Remark 3.3.4. To avoid possible misunderstandings, when in condition (C4L) we

write the set g(dom f) + RT
+, we will refer to ⋃

x∈dom f,g(x)∈RT
g(x)

+ RT
+.
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3.4 Relationships between regularity conditions

The purpose in this section is to compare regularity conditions (C4L), (C5L) and (CL).

As we will show in the following proposition, the only relation between them is that

(CL) implies (C5L).

Proposition 3.4.1. (CL) implies (C5L).

Proof. Following the same steps as in the proof of Proposition 6.3 in [34], it holds

PrW×R epi Φc
L ⊆ epi f c + epi δcA.

Then, showing the converse inclusion we shall prove that PrW×R epi Φc
L is an e′-convex

set since by hypothesis, epi f c + epi δcA is e′-convex. Hence, take (x∗1, y
∗
1, α1, β1) ∈ epi f c

and (x∗2, y
∗
2, α2, β2) ∈ epi δcA. Then,

c(x, (x∗1, y
∗
1, α1))− f(x) ≤ β1, (3.32)

for all x ∈ X. Since (ECCQ) is ful�lled by hypothesis, (3.17) holds and there exists

λ ∈ R(T )
+ such that (x∗2, y

∗
2, α2, β2) ∈ epi(λg)c and

c(u, (x∗2, y
∗
2, α2))− λg(u) ≤ β2 (3.33)

for all u ∈ X. In particular, taking x = u, for all x ∈ X, combining (3.32) and (3.33),

c(x, (x∗1, y
∗
1, α1)) + c(x, (x∗2, y

∗
2, α2))− f(x)− λg(x) ≤ β1 + β2.

Since the coupling function is subadditive in its second component, we have, for all

x ∈ X,

c(x, (x∗1 + x∗2, y
∗
1 + y∗2, α1 + α2))− f(x)− λg(x) ≤ β1 + β2. (3.34)

Let us take (x, b) ∈ dom ΦL arbitrarily. We must �nd γ, δ ∈ R(T ) such that

c((x, b), ((x∗1 + x∗2, γ), (y∗1 + y∗2, δ), α1 + α2))− ΦL(x, b) ≤ β1 + β2, (3.35)
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which means

Φc
L((x∗1 + x∗2, γ), (y∗1 + y∗2, δ), α1 + α2) ≤ β1 + β2

and, moreover,

(x∗1 + x∗2, y
∗
1 + y∗2, α1 + α2, β1 + β2) ∈ PrW×R (epi Φc

L) .

Clearly, if (x, b) /∈ dom ΦL, (3.35) holds trivially for all γ, δ ∈ R(T ). Since (x, b) belongs

to dom ΦL, we get x ∈ dom f and g(x)− b ∈ −RT
+. Then, for all t ∈ T , gt(x) ≤ bt and,

consequently, λg(x) ≤ λb. Using this inequality in (3.34), we get

c(x, (x∗1 + x∗2, y
∗
1 + y∗2, α1 + α2))− f(x)− λb ≤ β1 + β2.

Taking γ = −λ and δ = 0, we get

c((x, b), ((x∗1 + x∗2, γ), (y∗1 + y∗2, δ), α1 + α2))− f(x) ≤ β1 + β2,

and since f(x) = ΦL(x, b) for all (x, b) ∈ dom ΦL, (3.35) is ful�lled.

Now, we will see that there are no more relations between these regularity conditions

by using some appropriate counterexamples. The following one shows that condition

(C5L) does not imply (CL).

Example 3.4.2. Take X = R, f = δ[0,+∞[ and σ = {tx ≤ 0, t ∈ T}, where the index

set is T = [0,+∞[. With these data, we easily get A =] − ∞, 0]. As it is shown in

Example 6.2 of [34], f + δA = sup
{
a | a ∈ Ẽf,δA

}
and

epi f c + epi δcA = R× R× R++ × R+,

which is the epigraph of the function δc{0}, and therefore it is e′-convex. To show that

(ECCQ) does not hold, we will use Remark 3.2.3 and we will end up seeing that

⋃
λ∈R(T )

+

epi(λg)c $ epi δcA.
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Since epi δcA = R+ × R+ × R++ × R+ (see, again, Example 6.2 in [34]), a point

(α, β, γ, δ) ∈ epi δcA veri�es α ≥ 0, β ≥ 0, γ > 0 and δ ≥ 0. This point will belong

to epi(λg)c for some λ ∈ R(T )
+ if c(x, (α, β, γ))− λg(x) ≤ δ, for all x ∈ dom(λg) = R,

which implies βx < γ, for all x ∈ R, and it is impossible if β 6= 0. Hence, (CL) does

not hold.

Now, we shall see that condition (C5L) is ful�lled. The set PrW×R (epi Φc
L) is e′-convex

if and only if

epi ΦL(·, 0)c ⊆ PrW×R (epi Φc
L) ,

since epi ΦL(·, 0)c is its e′-convex hull, according to Lemma 3.3.3. Since dom f ∩A 6= ∅,

f + δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c + epi δcA is e′-convex, applying Theorem 0.2.20,

we get epi ΦL(·, 0)c = epi(f + δA)c = epi f c + epi δcA, and we will have to check the

inclusion

R× R× R++R+ = epi f c + epi δcA ⊆ PrW×R(epi Φc
L).

Take (α, β, γ, δ) ∈ epi f c + epi δcA, hence α, β ∈ R, γ > 0 and δ ≥ 0. This point will be

in PrW×R(epi Φc
L) if and only if there exist λ1, λ2 ∈ R(T ) such that

ΦL((α, λ1), (β, λ2), γ) ≤ δ,

which means that, for all (x, b) ∈ dom ΦL, it holds c1((x, b), ((α, λ1), (β, λ2), γ)) ≤ δ, or

equivalently,

βx+ λ2b < γ and αx+ λ1b ≤ δ. (3.36)

Since dom ΦL =
{

(x, b) ∈ R× RT |x ≥ 0, bt ≥ tx, ∀t ≥ 0
}
, taking in particular, x = 0

and b ∈ RT
+, from (3.36) we get λ1, λ2 ∈ −R(T )

+ . Now, for x > 0 and bt ≥ tx, for all

t ≥ 0 ,

βx+ λ2b = βx+
∑
t≥0

λ2,tbt ≤ βx+
∑
t≥0

λ2,ttx = x

(
β +

∑
t≥0

tλ2,t

)
.

Forcing
(
β +

∑
t≥0 tλ2,t

)
≤ 0, we will have βx + λ2b < γ, and the question is if there
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exists λ2 ∈ −R(T )
+ verifying this inequality. It is easy to notice that(

β +
∑
t≥0

tλ2,t

)
≤ 0 if and only if

∑
t≥0

tλ2,t ≤ −β,

so, the choice of λ2 only depends on β, which is �xed, and clearly λ2 ∈ −R(T )
+ can be

found. Now, if we deal with the second inequality in (3.36), we also deduce that the

choice of λ1 only depends on α, which is, again, �xed and clearly λ1 ∈ −R(T )
+ can be

computed. Therefore, (α, β, γ, δ) ∈ PrW×R(epi Φc
L).

Let us continue with an example showing that (CL) does not imply (C4L). Note

that, with this example and Proposition 3.4.1, we also have that (C5L) does not imply

condition (C4L).

Example 3.4.3. Take X = R, f = δ[0,+∞[ and σ =
{
tx+ δ]−∞,t](x) ≤ 0, t ∈ T

}
, with

T = N ∪ {0}. Then, A =] −∞, 0] and, as in the previous example, epi f c + epi δcA is

e′-convex and f + δA = sup
{
a | a ∈ Ẽf,δA

}
. For the ful�lment of (CL) we only need to

show that (ECCQ) yields, i.e.,

epi δcA = R+ × R+ × R++ × R+ ⊆
⋃

λ∈R(T )
+

epi(λg)c.

Take any point (α, β, γ, δ) ∈ epi δcA with α ≥ 0, β ≥ 0, γ > 0 and δ ≥ 0. Then,

(α, β, γ, δ) ∈ epi(λg)c for some λ ∈ R(T )
+ if c(x, (α, β, γ))− (λg)(x) ≤ δ, for all x ∈ R,

i.e.,

dom(λg) ⊆ {x ∈ R | βx < γ}

and αx − λg(x) ≤ δ, for all x ∈ dom(λg). There exist two possibilites. If β = 0, it is

enough to take

λt =

 α if t = 1,

0 otherwise.

Then dom(λg) = dom g1 =] − ∞, 1] ⊆ {x ∈ R | βx < γ} = R. Moreover, we get

αx− λg(x) = (α− α)x = 0 ≤ δ, for all x ≤ 1 since δ ≥ 0. If β > 0, we will take

λt =

 1 if t = 0,

0 otherwise.
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Then dom(λg) = dom g0 =] − ∞, 0] ⊆ {x ∈ R | βx < γ}. Moreover, we have that

αx − λg(x) = αx ≤ δ, for all x ∈ dom(λg) since α ≥ 0 and δ ≥ 0. Therefore, we

have shown that epi δcA ⊆
⋃
λ∈R(T )

+
epi(λg)c. It remains to see that (C4L) does not hold,

which is equivalent to show that cone(g(dom f) + RT
+) is not a linear subspace of RT .

According to Remark 3.3.4, since dom f = [0,+∞[, x = 0 is the only point verifying

that g(0) ∈ RT , hence

g(dom f) + RT
+ = g(0) + RT

+ = {0T}+ RT
+ = RT

+,

which is not a subspace of RT and, consequently, (C4L) is not ful�lled.

We �nish this section with the following example where we show that (C4L) does

not imply (C5L). As a direct consequence, we derive that (C4L) does not imply (CL).

Example 3.4.4. Take X = R2, σ = {x1 − tx2 ≤ 0, t ∈ T}, with T =

{
1

n
, n ∈ N

}
.

From the function f : X → R such that

f(x1, x2) =


x2

2

2x1

if x1 > 0,

0 if x1 = x2 = 0,

+∞ otherwise,

(3.37)

de�ned in [73,Page 51], where it is shown its properness and e-convexity, we build

f := 2f , a function which preserves both properties from f . We have

A =
{

(x1, x2) ∈ R2 |x1 ≤ 0, x1 ≤ x2

}
.

Clearly, (C4L) holds since dom f = (]0,+∞[×R) ∪ {02} and, bearing in mind that

gt(x1, x2) = x1 − tx2, for all t ∈ T , we have g(dom f) + RT
+ = RT .

To show that (C5L) does not hold, we will use the equivalent condition stated in Lemma

3.3.2, and we will see that there exists, at least a point (x∗, y∗, α) ∈ W , such that

ΦL(·, 0)c(x∗, y∗, α) < min
λ,β∈R(T )

Φc
L((x∗, λ), (y∗, β), α).
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Let y∗ = (1, 0), x ∈ R2 and α = 1. Then

ΦL(·, 0)c(x∗, y∗, α) = sup
x∈A∩dom f

{c(x, (x∗, y∗, α))− ΦL(x, 0)} = sup
x=02

{〈x, x∗〉} = 0.

Now, let us take any (λ, β) ∈ R(T ) × R(T ). Then

Φc
L((x∗, λ), (y∗, β), α) = sup

x∈dom f,
g(x)−b∈−RT+

{c1((x, b), ((x∗, λ), (y∗, β), α))− f(x)} .

It is clear that c1((x, b), ((x∗, λ), (y∗, β), α)) < +∞ if and only if

〈x, y∗〉+
∑
t∈T

βtbt < α, (3.38)

for all (x, b) such that x ∈ dom f and g(x)− b ∈ −RT
+. Since the point (x0, b0), where

x0 = (1, 0) and b0 = (b0,t) with b0,t = 1 for all t ∈ T , belongs to the set{
(x, b) |x ∈ dom f, g(x)− b ∈ −RT

+

}
,

the ful�lment of (3.38) will make β not to be 0T and, since bt can be taken as large as

we want for all t ∈ T , we have β ∈ −RT
+ necessarily. Now, let us de�ne

Tβ := {t ∈ T | βt < 0} and δβ := max

{
1

t
| t ∈ Tβ

}
> 0.

Observe that δβ is well-de�ned because Tβ is non-empty. Now, let us take the point

(xβ, bβ) where xβ = (1, δβ) and bβ = (bβ,t) is de�ned as follows

bβ,t =


gt(xβ), if t /∈ Tβ,

0 otherwise.

This point belongs to
{

(x, b) |x ∈ dom f, g(x)− b ∈ −RT
+

}
, and (3.38) will holds if and

only if

1 +
∑
t∈T

βtbβ,t < 1,

which is no possible since
∑

t∈T βtbβ,t = 0. Therefore, c((x, b), ((x∗, λ), (y∗, β), α)) =

+∞ for all (λ, β) ∈ R(T ) × R(T ), and

min
λ,β∈R(T )

Φc
L((x∗, λ), (y∗, β), α) = +∞,

so (C5L) is not ful�lled according to Lemma 3.3.2.
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3.5 A characterization for strong Lagrange duality

As we have seen in the previous section, none of the regularity conditions stated before

are also necessary for strong duality between (P ) and (DL). For this reason, the

purpose in this section is to obtain a necessary and su�cient condition for strong

Lagrange duality and, to this aim, we will suppose the proper involved functions to

be e-convex as well. Our motivation comes from the regularity condition (FRC)A

presented in Section 2.3 to characterize strong Fenchel duality.

A simple calculation shows v(P ) = −(f + δA)c(0, 0, α), for all α > 0. On the other

hand,

v(DL) = sup
λ∈R(T )

+

{−(f + λg)c(0, 0, α)} ≥ −(f + λg)c(0, 0, α),

for all λ ∈ R(T )
+ and α > 0. Applying weak duality, one gets

(f + λg)c(0, 0, α) ≥ (f + δA)c(0, 0, α),

for all λ ∈ R(T )
+ and α > 0. This inequality motivates us to de�ne the following

condition.

De�nition 3.5.1. We say that condition (CHL) holds for the problem (P ) if there

exists λ ∈ R(T )
+ such that for all α > 0

(f + δA)c(0, 0, α) ≥ (f + λg)c(0, 0, α).

Proposition 3.5.2. Condition (CHL) is a characterization of strong Lagrange duality.

Proof. If (CHL) holds, the conclusion is immediate. Let us see the backwards. Since

there is strong Lagrange duality by hypothesis, there exists λ ∈ R(T )
+ such that for all

α > 0 we can write

−(f + δA)c(0, 0, α) = v(P ) = inf
x∈X

{
f(x) + λg(x)

}
= − sup

x∈X

{
c(x, (0, 0, α))− (f + λg)(x)

}
= −(f + λg)c(0, 0, α).

T
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De�nition 3.5.3. We say that (CHL) holds for the problem (P ) if for all α > 0

epi(f + δA)c
⋂
{(0, 0, α)× R} ⊆

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

⋂ {(0, 0, α)× R} .

Proposition 3.5.4. If f + λg = sup
{
a | a ∈ Ẽf,λg

}
and epi f c + epi(λg)c is e′-convex,

for all λ ∈ R(T )
+ , then (CHL) is equivalent to (CHL).

Proof. Firstly, suppose that (CHL) holds. Then, if epi(f + δA)c ∩ {(0, 0, α)× R} = ∅,

the conclusion is trivial. Hence, let (0, 0, α, β) ∈ epi(f +δA)c. Then, applying Theorem

11 from [35], in particular we get

β ≥ (f + δA)c(0, 0, α) ≥ (f + λg)c(0, 0, α) = (f c�(λg)c)(0, 0, α),

being the in�mal convolution exact at any point. Hence, in particular there exist

u∗, v∗ ∈ X∗, α1, α2 ∈ R such that α1 + α2 = α with

β ≥ f c(u∗, v∗, α1) + (λg)c(−u∗,−v∗, α2). (3.39)

Then, from (3.39), (−u∗,−v∗, α2, (λg)c(−u∗,−v∗, α2)) ∈ epi(λg)c ⊆
⋃
λ∈R(T )

+
epi(λg)c,

(u∗, v∗, α1, β − (λg)c(−u∗,−v∗, α2)) ∈ epi f c and,

(0, 0, α, β) ∈ epi f c +
⋃

λ∈R(T )
+

epi(λg)c.

Now, let us prove the converse implication. Suppose that (CHL) holds. If v(P ) =

−∞, since (f + δA)c(0, 0, α) = −v(P ) for all α > 0,

epi(f + δA)c
⋂
{(0, 0, α)× R} = ∅

and (CHL) and (CHL) are trivially ful�lled. Then, let us suppose that v(P ) ∈ δ ∈ R

and (f + δA)c(0, 0, α) = −δ, so (0, 0, α,−δ) belongs to epi(f + δA)c ∩ {(0, 0, α)× R}.

Since (CHL) holds by hypothesis, and

epi f c +
⋃

λ∈R(T )
+

epi(λg)c ⊆
⋃

λ∈R(T )
+

epi(f + λg)c
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is always ful�lled2, we get

epi(f + δA)c ∩ {(0, 0, α)× R} ⊆
⋃

λ∈R(T )
+

epi(f + λg)c {(0, 0, α)× R} .

Then, there exists λ ∈ R(T )
+ such that (0, 0, α,−δ) ∈ epi(f + λg)c and

(f + λg)c(0, 0, α) ≤ −δ = −v(P ) = (f + δA)c(0, 0, α).

Since this procedure does not depend on which α > 0 we have taken, we mean v(P ) =

−(f + δA)c(0, 0, α) for all α > 0, then (CHL) holds.

3.6 Stable strong Lagrange duality

The purpose in this section is to develop some su�cient, and possibly, necessary con-

ditions for stable strong Lagrange duality in evenly convex optimization problems. As

we did in Chapter 2, in this section we will only consider condition (CL) obtained in

Section 3.2. Moreover, we will also study if the e-convex counterpart of a characteriza-

tion of stable strong duality in the classical context, continues being a characterization

in our setting.

First of all, let us consider the extended primal and dual problems, for all x∗ ∈ X∗,

whose structure are, respectively,

(PL,x∗) inf
gt(x)≤0,∀t∈T

f (x) + 〈x, x∗〉

(DL,x∗) sup
λ∈R(T )

+

{
inf
x∈X
{f (x) + 〈x, x∗〉+ λg (x)}

}
with f, gt : X → R proper and e-convex for all t ∈ T being T an arbitrary index set.

Then, from condition (CL), we say that there is stable strong duality for (PL)-(DL) if,

2See the proof in Proposition 4.4.7.
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for all x∗ ∈ X∗, the following condition holds

(CLx∗ ) f + 〈·, x∗〉+ δA = sup
{
a | a ∈ Ẽf+〈·,x∗〉,δA

}
and the sets

⋃
λ∈R(T )

+

epi (λg)c

and epi(f + 〈·, x∗〉)c + epi δcA are e′-convex.

Proposition 3.6.1. (CL) is su�cient for stable strong duality for (PL)-(DL).

Proof. The proof derives directly from the one done in Proposition 2.4.2 since the

convex cone
⋃

λ∈R(T )
+

epi (λg)c is not a�ected by the linear functionals which perturb the

objective function in the primal problem.

Since (CL) is not necessary for stable strong Lagrange duality, see Example 3.4.2,

let us take a look in the classical context. As it is shown in [14], stable strong Lagrange

duality is equivalent to the closedness of the set

⋃
λ∈R(T )

+

epi (f + λg)∗ . (3.40)

What do we know about the counterpart of this condition in the framework of e-

convex functions? Can we extend this result if we talk about e′-convexity of the set⋃
λ∈R(T )

+

epi (f + λg)c instead of closedness of (3.40)? Before reaching this aim, we need

some previous results.

Proposition 3.6.2. It holds

⋃
λ∈R(T )

+

epi (f + λg)c ⊆ Pr
W×R

(epi Φc
L) ⊆ epi (f + δA)c . (3.41)

Proof. Let (x∗, y∗, α, β) ∈
⋃

λ∈R(T )
+

epi (f + λg)c . Then there exists λ ∈ R(T )
+ such that,

for all x ∈ dom f ∩ [∩t∈suppλ dom gt] ,

c (x, (x∗, y∗, α))− f (x)− λg (x) ≤ β. (3.42)
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Then, if (x, b) ∈ X × RT veri�es that x ∈ dom f and g (x)− b ∈ −RT
+, it is clear that

x belongs to ∩t∈suppλ dom gt, and, moreover, since λg (x) ≤ λb, from (3.42), we get

〈x, x∗〉 − f (x)− λb ≤ β,

together with 〈x, y∗〉+ 0 · b < α, which yields to

c ((x, b) , ((x∗,−λ) , (y∗, 0), α))− f (x) ≤ β. (3.43)

Due to the fact that (3.43) is true for every (x, b) ∈ X × RT such that x ∈ dom f and

g (x)− b ∈ −RT
+, we conclude that

Φc
L ((x∗,−λ) , (y∗, 0), α) ≤ β,

and (x∗, y∗, α, β) ∈ PrW×R (epi Φc
L) . The inclusion PrW×R (epi Φc

L) ⊆ epi (f + δA)c

comes from Lemma 3.3.3, taking into account that ΦL (·, 0) = f + δA.

Taking e′-convex hulls in (3.41), inclusions become equalities.

Proposition 3.6.3. epi (f + δA)c = e′conv

 ⋃
λ∈R(T )

+

epi (f + λg)c

 .

Proof. In this proof, we will apply Remark 0.2.16, where the e′-convex hull of any set

K ⊆ W × R is characterized as the epigraph of the function hc
′c where h : W → R is

de�ned as

h (x∗, y∗, α) = inf {β ∈ R | (x∗, y∗, α, β) ∈ K} .

Taking K :=
⋃

λ∈R(T )
+

epi (f + λg)c , we have that (x∗, y∗, α, β) ∈ K if and only if there

exists λ ∈ R(T )
+ such that (f + λg)c (x∗, y∗, α) ≤ β, hence

h (x∗, y∗, α) = inf
{

(f + λg)c (x∗, y∗, α) |λ ∈ R(T )
+

}
.

As a consequence of Proposition 3.6.2, we have e′convK ⊆ epi (f + δA)c . Now, if we

prove that, for all x ∈ X,

(f + δA) (x) ≤ hc
′

(x) ,
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we will obtain that

hc
′c (x∗, y∗, α) ≤ (f + δA)c (x∗, y∗, α) ,

for all (x∗, y∗, α) ∈ W , and hence epi (f + δA)c ⊆ epihc
′c = e′convK. Then, take any

point x ∈ X. Recalling that, in our context, f and gt, for all t ∈ T are e-convex, f +λg

is e-convex for all λ ∈ R(T )
+ and applying Proposition 0.2.11, we have

hc
′

(x) = sup
(x∗,y∗,α)∈W

{
c (x, (x∗, y∗, α))− inf

λ∈R(T )
+

(f + λg)c (x∗, y∗, α)

}
= sup

(x∗,y∗,α)∈W
λ∈R(T )

+

{c (x, (x∗, y∗, α))− (f + λg)c (x∗, y∗, α)}

= sup
λ∈R(T )

+

(f + λg)c c
′
(x) = sup

λ∈R(T )
+

(f + λg) (x) .

Now, if x ∈ A, (f + δA) (x) = f (x) and

hc
′

(x) = sup
λ∈R(T )

+

(f + λg) (x) ≥ f (x) .

Otherwise, (f + δA) (x) = +∞. Since x /∈ A, there exists t̂ ∈ T verifying gt̂ (x) > 0.

Taking the sequence in R(T )
+

λr :=

 r, if t = t̂,

0, otherwise,

we have (f + λrg) (x) = f (x)+rgt̂ (x), which goes to in�nite when r → +∞, and hence

sup
λ∈R(T )

+
(f + λg) (x) = +∞ obtaining that, in any case, (f + δA) (x) ≤ hc

′
(x) .

Let us denote by (CSL) the e-convex counterpart of the classical characterization

for stable strong Lagrange duality stated in (3.40), i.e.,

(CSL)
⋃

λ∈R(T )
+

epi (f + λg)c is an e′-convex set.

Next result shows that this condition is su�cient for stable strong Lagrange duality.

Its proof is a direct consequence of Propositions 3.6.2 and 3.6.3.
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Corollary 3.6.4. Condition (CSL) implies condition (C5L). Hence, it is a su�cient

condition for stable strong Lagrange duality.

Unlike it happened in the classical framework, condition (CSL) is not necessary for

stable strong Lagrange duality. To show this fact we use the following example where

one can see that (CL) does not imply (CSL).

Example 3.6.5. Let us take X = R, f = δ[0,+∞[ and σ =
{
tx+ δ]−∞,t] (x) ≤ 0, t ∈ T

}
,

being T = N ∪ {0} . We have A = ]−∞, 0] . From Example 3.4.3, we know that (CL)

holds. Furthermore, from that example we also have

epi f c + epi δcA = R× R× R++ × R+. (3.44)

Now, we shall see that

⋃
λ∈R(T )

+

epi (f + λg)c & e′conv

 ⋃
λ∈R(T )

+

epi (f + λg)c

 , (3.45)

being, in this case,

e′conv

 ⋃
λ∈R(T )

+

epi (f + λg)c

 = epi (f + δA)c = epi f c + epi δcA. (3.46)

Take any λ ∈ R(T )
+ . Then (y∗, z∗, α, β) ∈ epi (f + λg)c if and only if, for all x ∈ X,

c (x, (y∗, z∗, α))− f (x)− λg (x) ≤ β, or, equivalently,

〈x, y∗〉 −
∑

t∈suppλ

λt
(
tx+ δ]−∞,t] (x)

)
≤ β

and 〈x, z∗〉 < α, for all x ≥ 0. It implies, in particular, that z∗ ≤ 0, and it happens

for any λ ∈ R(T )
+ . Hence, from (3.44) and (3.46), we get (3.45) and, consequently,

condition (CSL) is not ful�lled.

Hence, neither (CL) nor (CSL) are characterizations of stable strong Lagrange du-

ality. To obtain such a kind of conditions, let us use Proposition 3.5.2. This result

allows us to establish the following characterization of stable strong Lagrange duality.
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(CHSL) For all x∗ ∈ X∗, there exist λx∗ ∈ R(T )
+ , such that for all α > 0

(f + 〈·, x∗〉+ λx∗g)c(0, 0, α) ≤ (f + 〈·, x∗〉+ δA)c(0, 0, α).

Then, denoting by fx
∗

= f + 〈·, x∗〉, for all x∗ ∈ X∗, Proposition 3.5.4 allows us to

state the following characterization of stable strong Lagrange duality whenever for all

x∗ ∈ X∗ and for all λ ∈ R(T )
+ , fx

∗
+ λg = sup

{
a | a ∈ Ẽfx∗ ,λg

}
and epi(fx

∗
)c + epi(λg)c

is e′-convex and, for all α > 0, it yields

(CHSL) epi(fx
∗

+ δA)c
⋂
{(0, 0, α)× R} ⊆

(
epi(fx

∗
)c +

⋃
λ∈R(T )

+
epi(λg)c

)
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

⋂
{(0, 0, α)× R} .

Remark 3.6.6. With reference to (CHSL), condition

fx
∗

+ λg = sup
{
a | a ∈ Ẽfx∗ ,λg

}
for all x∗ ∈ X∗ and for all λ ∈ R(T )

+ , can be relaxed according to Lemma 2.4.1 as

f+λg = sup
{
a | a ∈ Ẽf,λg

}
for all λ ∈ R(T )

+ . Furthermore, condition epi(fx
∗
)c+epi(λg)c

is e′-convex, for all x∗ ∈ X∗ and for all λ ∈ R(T )
+ , can also be reduced to epi f c+epi(λg)c

is e′-convex, for all λ ∈ R(T )
+ by virtue of Lemma 1.2.6 and equality (2.21) obtained in

the proof of Proposition 2.4.2.

Remark 3.6.7. Finally, we conclude this chapter showing from a di�erent way why

(CSL) is not necessary for stable strong Lagrange duality. By virtue of Remark 3.6.6,

if for all λ ∈ R(T )
+ ,

f + λg = sup
{
a | a ∈ Ẽf,λg

}
and the set epi f c + epi(λg)c is e′-convex, and we suppose that there is stable strong
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Lagrange duality, by virtue of Propositions 3.5.2 and 3.5.4 we would have that

epi(fx
∗

+ δA)c
⋂
{(0, 0, αx∗)× R}

⊆

epi(fx
∗
)c +

⋃
λ∈R(T )

+

epi(λg)c

⋂ {(0, 0, αx∗)× R}

⊆

 ⋃
λ∈R(T )

+

epi(f + λg)c + {(x∗, 0, 0, 0)}

⋂ {(0, 0, αx∗)× R} .

Similarly to Remark 2.4.4, this means

epi(f + δA)c
⋂
{(−x∗, 0, αx∗)× R} ⊆

⋃
λ∈R(T )

+

epi(f + λg)c
⋂
{(−x∗, 0, αx∗)× R} ,

(3.47)

so, it is obvious that (3.47) does not guarantee the containment

epi(f + δA)c ⊆
⋃

λ∈R(T )
+

epi(f + λg)c.

Applying Propositions 3.6.2 and 3.6.3, the set
⋃
λ∈R(T )

+
epi(f+λg)c is not e′-convex and,

therefore, (CSL) is not necessary for such a duality.

Once we have studied Fenchel and Lagrange duality in evenly convex optimization

problems, it is natural to wonder the following question: what would happen if we

mixed up both problems? This issue will be deeply treated in the following chapter.



Chapter 4

Fenchel-Lagrange duality in evenly

convex optimization problems

In this chapter we obtain a Fenchel-Lagrange dual problem for an in�nite dimensional

primal one, via perturbational approach and the conjugation scheme. Since the pertur-

bation function is a combination of the ones used to obtain Fenchel and Lagrange dual

problems by means of this focusing, in the �rst part of this chapter we analyze some

inequalities between the optimal values of Fenchel, Lagrange and Fenchel-Lagrange

dual problems and we establish su�cient conditions for equality. Examples where such

inequalities are strictly ful�lled are provided. We also study the relation between the

optimal solutions and the solvability of the three mentioned dual problems.

Then, we continue analyzing su�cient conditions for strong duality between the pri-

mal problem and its Fenchel-Lagrange dual one and, for this commitment, e-convexity

of the involved functions will be required. These conditions are written by using

epigraphs and in�mal convolutions, so they belong to the closedness-type group of

regularity conditions. Apart from making a comparison between these conditions, we

establish a characterization for strong and stable strong Fenchel-Lagrange duality.

91
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4.1 Fenchel-Lagrange dual problem

Consider X a lcs and the primal problem introduced in Chapter 3

(P ) inf
x∈A,

f(x) (4.1)

where the feasible set

A := {x ∈ X | gt(x) ≤ 0, ∀t ∈ T}

is non-empty, T is an arbitrary index set and f, gt : X → R are proper functions for

all t ∈ T . Taking, in particular, the perturbation functions ΦF and ΦL de�ned in (2.2)

and (3.3), respectively, and ΦFL : X ×X × R→ R such that

ΦFL(x, y, b) :=

 f(x+ y) if gt(x) ≤ bt, ∀t ∈ T,

+∞ otherwise,
(4.2)

where Θ := X×RT , Fenchel, Lagrange and Fenchel-Lagrange dual problems associated

to the primal problem (P ) in the classical context are

(DF ) sup
u∗∈X∗

{−f ∗(u∗)− δ∗A(−u∗)} ; (DL) sup
λ∈R(T )

+

{
inf
x∈X
{f(x) + λg(x)}

}
;

(DFL) sup
u∗∈X∗,
λ∈R(T )

+

{−f ∗(u∗)− (λg)∗(−u∗)} . (4.3)

This new dual problem (DFL), which is called Fenchel-Lagrange dual problem, was

coined by Boµ and Wanka in [17] in a �nite dimensional setting. Moreover, they studied

inequality relations between the optimal values of Fenchel-Lagrange dual problem and

Fenchel and Lagrange dual ones, establishing su�cient conditions for equality. The

issue of getting regularity conditions for strong Fenchel-Lagrange duality in the classical

context was addressed in [14, 16] (see also [7]). In [11], applications of this new dual

approach were given to solve some problems considered by Scott and Je�erson in [68],

and in [1], a Fenchel-Lagrange duality approach was given for a bilevel mathematical

programming problem.
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As we have presented in (4.3), the structure of Fenchel-Lagrange dual problem is

related to the one of Fenchel and Lagrange dual ones in the classical context. Since in

Chapters 2 and 3, Fenchel and Lagrange dual problems via perturbational approach

and c-conjugation scheme have been obtained, and their structures are

(DF ) supy∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2)} ,

(DL) sup
λ∈R(T )

+
{infx∈X {f(x) + λg(x)}} ,

(4.4)

respectively, it is natural to wonder what would happen with the insights of Fenchel-

Lagrange dual problem using this more general conjugation scheme.

Our challenge in this section is to get Fenchel-Lagrange dual problem following the

same steps as in Chapter 2, so e-convexity property over the involved functions will

not be an assumption and we will bound from below a particular dual problem. To

this aim, and as we did in (3.3) with the perturbation function ΦL, the perturbation

function ΦFL de�ned in (4.2) can be expressed as follows

ΦFL(x, y, b) =

 f(x+ y) if g(x)− b ∈ −RT
+,

+∞ otherwise.

Now, let us de�ne the space Z := X ×X ×RT and let us identify Z∗ its dual space

as Z∗ = X∗ × X∗ × R(T ). The suitable coupling function to build the c-conjugate of

ΦFL is c1 : Z × Z∗ × Z∗ × R→ R de�ned as

c1 ((x, y, b), ((x∗, y∗, λ), (u∗, v∗, β), α)) =


〈x, x∗〉+ 〈y, y∗〉+ λb if 〈x, u∗〉+ 〈y, v∗〉

+βb < α,

+∞ otherwise.

Then, the c-conjugate of ΦFL is the function Φc1
FL : Z∗ × Z∗ × R→ R such that

Φc1
FL ((x∗, y∗, λ), (u∗, v∗, β), α) = sup

(x,y,b)∈Z
{c1 ((x, y, b), ((x∗, y∗, λ), (u∗, v∗, β), α))− ΦFL(x, y, b)} .

{−ΦFL(x, y, b)} .
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Fixing x∗ = 0, u∗ = 0, y = 0 and b = 0, we have

Φc1
FL ((0, y∗, λ), (0, v∗, β), α) ≥ c1 ((x, 0, 0), ((0, y∗, λ), (0, v∗, β), α))− ΦFL(x, 0, 0),

for all y∗, v∗ ∈ X∗, λ, β ∈ R(T ) and α > 0, so it holds

ΦFL(x, 0, 0) ≥ −Φc1
FL ((0, y∗, λ), (0, v∗, β), α)

for all x ∈ X, y∗, v∗ ∈ X∗, λ, β ∈ R(T ) and α > 0, leading us to formulate the dual

problem

(D1
FL) sup

λ,β∈R(T ),
y∗,v∗∈X∗,
α>0.

−Φc1
FL ((0, y∗, λ) , (0, v∗, β) , α) (4.5)

Then, it holds v(P ) ≥ v(D1
FL). Now, we shall use the in�mum value function de�ned

in this case as q : X × RT → R, given by

q(y, b) := inf
x∈X

ΦFL(x, y, b).

To build its c-conjugate, let us consider the coupling function c2 : U×U∗×U∗×R→ R,

c2 ((y, b), ((y∗, λ), (v∗, β), α)) =

 〈y, y
∗〉+ λb if 〈y, v∗〉+ βb < α,

+∞ otherwise,

being U := X × RT and identifying U∗ = X∗ × R(T ). Then, qc2 : U∗ × U∗ × R → R

and this function is de�ned as

qc2((y∗, λ), (v∗, β), α) = sup
(x,y,b)∈Z

{c2((y, b), ((y∗, λ), (v∗, β), α))− ΦFL(x, y, b)}

= sup
(x,y,b)∈Z

{c1((x, y, b), ((0, y∗, λ), (0, v∗, β), α))− ΦFL(x, y, b)}

= Φc1
FL((0, y∗, λ), (0, v∗, β), α). (4.6)

Hence, the dual problem (4.5) can be rewritten as follows

(D1
FL) sup

λ,β∈R(T ),
y∗,v∗∈X∗,
α>0.

−qc2 ((y∗, λ), (v∗, β), α)
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Applying the de�nition of c-conjugate and in�mum value functions, it holds

qc2((y∗, λ), (v∗, β), α) = sup
x+y∈dom f,
g(x)−b∈−RT+

{c2((y, b), ((y∗, λ), (v∗, β), α))− f(x+ y)} ,

since, with no loss of generality, we can assume that the supremum is taken over dom q.

Introducing the new variables s := b− g(x) ∈ RT
+ and r := x+ y ∈ X, we get

qc2((y∗, λ), (v∗, β), α) = sup
x∈X,

r∈dom f,
s∈RT+

{c2((r − x, s+ g(x)), ((y∗, λ), (v∗, β), α))− f(r)} ,

where the coupling function c2((r − x, s+ g(x)), ((y∗, λ), (v∗, β), α)) is equal to 〈r, y
∗〉+ 〈x,−y∗〉+ λs+ λg(x) if 〈r, v∗〉+ 〈x,−v∗〉+ βs+ βg(x) < α,

+∞ otherwise.

Now, we claim that

supλ,β∈R(T ),
y∗,v∗∈X∗,

α>0

−qc2((y∗, λ), (v∗, β), α)

≥ sup
λ∈−R(T )

+ ,

y∗,v∗∈X∗,
α>0,α1∈R

{−f c(y∗, v∗, α1)− (−λg)c(−y∗,−v∗, α− α1)} .
(4.7)

If the supremum in the left hand side of (4.7) is equal to +∞, there is nothing to prove.

Let us suppose that this supremum is �nite. Then, we can restrict to λ, β ∈ R(T ),

y∗, v∗ ∈ X∗ and α > 0 such that qc2((y∗, λ), (v∗, β), α) < +∞, which can be rewritten

in this case as

qc2((y∗, λ), (v∗, β), α) = f ∗(y∗) + (−λg)∗(−y∗) + sup
s∈RT+

{λs} , (4.8)

with the implicit condition

〈r, v∗〉+ 〈x,−v∗〉+ βs+ βg(x) < α (4.9)

holding for all r ∈ dom f , x ∈ dom(λg) and s ∈ RT
+. From the �niteness of (4.8), and

from condition (4.9), we deduce that λ, β ∈ −R(T )
+ and, hence

sup
λ,β∈R(T ),
y∗,v∗∈X∗,

α>0

−qc2((y∗, λ), (v∗, β), α) = sup
λ,β∈−R(T )

+ ,

y∗,v∗∈X∗,
α>0

−qc2((y∗, λ), (v∗, β), α).
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Now, take λ, β ∈ −R(T )
+ , y∗, v∗ ∈ X∗ and α > 0 such that qc2((y∗, λ), (v∗, β), α) < +∞,

meaning, from (4.8), that

qc2((y∗, λ), (v∗, β), α) = f ∗(y∗) + (−λg)∗(−y∗) (4.10)

with the implicit condition (4.9). If there exists α1 ∈ R such that

dom f ⊆ {r ∈ X | 〈r, v∗〉 < α1} ,

dom(−λg) ⊆ {x ∈ X | 〈x,−v∗〉 < α− α1} , (4.11)

then f ∗(y∗) = f c(y∗, v∗, α1) and (−λg)∗(−y∗) = (−λg)c(−y∗,−v∗, α− α1), and substi-

tuting in (4.10), we get

−qc2((y∗, λ), (v∗, β), α) = −f c(y∗, v∗, α1)− (−λg)c(−y∗,−v∗, α− α1).

If no α1 ∈ R veri�ed (4.11), either f c(y∗, v∗, α1) = +∞ or (−λg)c(−y∗,−v∗, α− α1) =

+∞ clearly, and, in this case,

−qc2((y∗, λ), (v∗, β), α) ≥ −f c(y∗, v∗, α1)− (−λg)c(−y∗,−v∗, α− α1),

getting, in both cases, inequality (4.7). Finally, let us check what happens if the

supremum in the left hand side of (4.7) equals −∞, meaning that

qc2 ≡ +∞. (4.12)

To get (4.12), it is enough with showing that, at any point,

f c(y∗, v∗, α1) + (−λg)c(−y∗,−v∗, α− α1) = +∞.

Ab absurdo, if y∗, v∗ ∈ X∗, λ ∈ −R(T )
+ , α > 0 and α1 ∈ R veri�ed

f c(y∗, v∗, α1) < +∞,

(−λg)c(−y∗,−v∗, α− α1) < +∞,
(4.13)

we would have

〈r, v∗〉 < α1, for all r ∈ dom f,

〈x,−v∗〉 < α− α1, for all x ∈ dom(−λg).
(4.14)
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Hence, as direct consequences of formulae (4.13) and (4.14) we would get, for all r ∈

dom f , for all x ∈ dom(−λg) and for all s ∈ RT
+,

f ∗(y∗) + (−λg)∗(−y∗) < +∞,

〈r, v∗〉+ 〈x,−v∗〉+ 0T · s+ 0T · g(x) < α.

Consequently, we would obtain qc2((y∗, λ), (v∗, 0T ), α) < +∞, contradicting (4.12).

Thus, introducing the new variable α2 := α − α1 in (4.7) and taking into account

that λ ∈ −R(T )
+ , we obtain what, from the practical point of view, we have called

Fenchel-Lagrange dual problem, (DFL), associated to the primal problem (P ) de�ned

in (4.1),

(DFL) sup
λ∈R(T )

+ ,

y∗,v∗∈X∗,
α1+α2>0.

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} (4.15)

Remark 4.1.1. Observe that, from (4.6) and (4.7), we have v(P ) ≥ v(D1
FL) ≥ v(DFL)

and strong duality for (P )− (DFL) will imply strong duality for (P )− (D1
FL).

4.2 Relations between optimal values of Fenchel, La-

grange and Fenchel-Lagrange dual problems

We have just shown that, as it happened in the classical context, Fenchel-Lagrange

dual problem is also a combination of the well-known Fenchel and Lagrange dual ones

when we use the c-conjugation scheme. This fact lets us think the following question: if

the dual problems are related, what would happen with their optimal values? In [17],

Boµ and Wanka answered this question working on �nite dimensional spaces having

�nitely many constraints and dealing with the classical Fenchel conjugation scheme.

Now, we will extend those results to general locally convex spaces having an arbitrary

number of inequalities as constraints and working with the c-conjugation pattern.
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Proposition 4.2.1. Let (DL) and (DFL) be the dual problems de�ned in (4.4) and

(4.15), respectively. It always holds v(DL) ≥ v(DFL). Moreover, if one of the following

conditions holds

i) f, gt : X → R are convex, for all t ∈ T , and int(epi f) 6= ∅,

ii) there exist α > 0, (y∗, v∗, α1, α2, λ) ∈ W × R× R(T )
+ such that α1 + α2 = α and

f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2) ≤ inf
λ∈R(T )

+

{(f + λg)c(0, 0, α)} ,

then v(DL) = v(DFL).

Proof. First, let us show that v(DL) ≥ v(DFL) in any case. Let λ ∈ R(T )
+ and y∗ ∈ X∗

arbitrary. Then it follows

inf
x∈X
{f(x) + λg(x)} ≥ − sup

x∈X
{〈x, y∗〉 − f(x)} − sup

x∈X
{〈x,−y∗〉 − (λg)(x)}

= −f ∗(y∗)− (λg)∗(−y∗).

Since f ∗(y∗) ≤ f c(y∗, v∗, α1) and (λg)∗(−y∗) ≤ (λg)c(−y∗,−v∗, α − α1) for all v∗ ∈

X∗, α1 ∈ R and α > 0, it yields

inf
x∈X
{f(x) + λg(x)} ≥ −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α− α1). (4.16)

De�ning α2 := α − α1, constraints α1 ∈ R and α > 0 can be melted in α1 + α2 > 0.

Now, since λ ∈ R(T )
+ and y∗ ∈ X∗ were taken arbitrarily, it holds

v(DL) = sup
λ∈R(T )

+

inf
x∈X
{f(x) + λg(x)}

≥ sup
y∗,v∗∈X∗,
α1+α2>0,

λ∈R(T )
+

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} = v(DFL). (4.17)

Now, let us prove that, under i), v(DL) = v(DFL). It is su�cient to see that, for

all λ ∈ R(T )
+ ,

inf
x∈X
{f(x) + λg(x)} = sup

y∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} . (4.18)
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Take any λ ∈ R(T )
+ . In the case infx∈X {f(x) + λg(x)} = −∞, from (4.16), we get

(4.18). Hence, let us suppose that γ := infx∈X {f(x) + λg(x)} ∈ R. Again from (4.16),

we have

γ ≥ sup
y∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)}

≥ sup
y∗∈X∗,

α1>0, α2>0

{−f c(y∗, 0, α1)− (λg)c(−y∗, 0, α2)}

= sup
y∗∈X∗

{−f ∗(y∗)− (λg)∗(−y∗)} . (4.19)

Following the same steps as in [17, Prop. 2], but using [74, Th. 1.1.3] instead of [63,

Th. 11.1, Th. 11.3], we obtain that there exists y∗0 ∈ X∗ such that, from (4.19), it

veri�es

−f ∗(y∗0)− (λg)∗(−y∗0) ≥ γ ≥ sup
y∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)}

≥ sup
y∗∈X∗

{−f ∗(y∗)− (λg)∗(−y∗)}

≥ −f ∗(y∗0)− (λg)∗(−y∗0),

and (4.18) is ful�lled. Then, taking suprema over λ ∈ R(T )
+ , we get v(DL) = v(DFL).

To conclude the proof, let us check that under ii), again v(DL) = v(DFL). Suppose

that there exist α > 0 and (y∗, v∗, α1, α2, λ) ∈ W ×R×R(T )
+ such that α1 +α2 = α and

f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2) ≤ inf
λ∈R(T )

+

{(f + λg)c(0, 0, α)} .

Then

v(DFL) ≥ −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)

≥ − inf
λ∈R(T )

+

{
sup
x∈X
{c(x, (0, 0, α))− (f + λg)(x)}

}

= − inf
λ∈R(T )

+

{
− inf

x∈X
{(f + λg)(x)}

}
= sup

λ∈R(T )
+

{
inf
x∈X
{f(x) + λg(x)}

}
= v(DL),

and joining this inequality with (4.17), we �nally get v(DL) = v(DFL).
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Remark 4.2.2. We should observe that if X is �nite dimensional, the assumption

int(epi f) 6= ∅ in Proposition 4.2.1 i) can be eliminated according to [63, Th. 6.2].

In this particular case, Proposition 4.2.1 i) is the result of joining Theorem 1 and

Proposition 2 from [17].

The following example shows that if the underlying space is in�nite dimensional,

condition int(epi f) 6= ∅ cannot be deleted in Proposition 4.2.1.

Example 4.2.3. As in [44], let us take X = l2 the in�nite dimensional Hilbert space

of square-summable sequences. Let T be a singleton index set. As it is well-known, the

function d : l2 × l2 → R given by

d(x, y) =

[
+∞∑
i=1

(xi − yi)2

]1/2

,

de�nes a distance on l2 which induces the norm ||x||2 =
[∑+∞

i=1 x
2
i

]1/2
. With the topology

induced by this norm, the dual space of l2 can be identi�ed with itself and, as a result,

the dual product is

〈x, y〉 =
+∞∑
i=1

xi · yi.

De�ne the subspaces

C =
{
x ∈ l2 |x2n−1 + x2n = 0, for all n ∈ N

}
,

D =
{
x ∈ l2 |x2n + x2n+1 = 0, for all n ∈ N

}
,

and the functions f, g : l2 → R such that

f =

 x1 if x ∈ D,

+∞ otherwise,

and g = δC. It is immediate to observe that A = C. As it is pointed out in [44],

f and g are proper convex and lsc functions on l2 with dom f = D, dom g = C and

C ∩D = {0}, being C,D two closed subspaces. Since l2 is metrizable, it is not di�cult
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to see that intD = ∅ and, consequently, int(epi f) = ∅. Now, let us calculate the

domain of f c, (λg)c : l2 × l2 × R→ R,

f c(y∗, v∗, α1) = sup
x∈D
{c(x, (y∗, v∗, α1))− x1} < +∞

⇔

 0 if (y∗, v∗, α1) ∈
{
e1 +D⊥

}
× {0} × R++,

+∞ otherwise,

(λg)c(−y∗,−v∗, α2) = sup
x∈C
{c(x, (−y∗,−v∗, α2))− (λg)(x)} < +∞

⇔

 0 if (y∗, v∗, α2) ∈
{
−C⊥

}
× {0} × R++,

+∞ otherwise,

where the superscript (⊥) stands for the orthogonal complement. Then

dom f c =
{
e1 +D⊥

}
× {0} × R++,

dom(λg)c =
{
−C⊥

}
× {0} × R++,

for all λ ∈ R+. Showing that these two domains have empty intersection is equivalent

to see that
{
e1 +D⊥

}
∩
{
−C⊥

}
= ∅, which is done in [44]. Hence

dom f c ∩ dom(λg)c = ∅ (4.20)

for all λ ∈ R+. Now, let us compute v(DFL) and v(DL). By virtue of (4.20), it follows

directly that v(DFL) = −∞. Finally, since dom(λg) = C for all λ ∈ R+, we get

v(DL) = sup
λ∈R+

inf
x∈l2
{f(x) + (λg)(x)} = sup

λ∈R+

inf
x∈{0}

{f(x) + (λg)(x)} = 0.

Next example shows that the convexity of the involved functions in the primal

problem cannot be removed in Proposition 4.2.1 either.



102 CHAPTER 4. Fenchel-Lagrange duality in...

Example 4.2.4. Let us take X = R, f(x) = −x2, g(x) = x2 and T a singleton index

set. Clearly, A = {0}, int(epi f) 6= ∅ and

v(DL) = sup
λ≥0

{
inf
x∈R

{
−x2 + λx2

}}
= sup

λ≥0

{
inf
x∈R

{
x2(λ− 1)

}}
= sup

λ≥1

{
inf
x∈R

{
x2(λ− 1)

}}
= 0.

On the other hand,

v(DFL) = sup
y∗,v∗∈R,
α1+α2>0,

λ≥0

{
− sup

x∈R

{
c(x, (y∗, v∗, α1)) + x2

}
− sup

x∈R

{
c(x, (−y∗,−v∗, α2))− λx2

}}
.

It is clear that we can restrict ourselves to v∗ = 0 and α1, α2 > 0, and we get

v(DFL) = sup
y∗∈R,
λ≥0

{
inf
x∈R

{
−xy∗ − x2

}
+ inf

x∈R

{
xy∗ + λx2

}}
= −∞.

Remark 4.2.5. It is worth recalling that condition ii) in Proposition 4.2.1 joined with

the lower semicontinuity of the function ν : X → R

ν(x) = inf
λ∈R(T )

+

{(f + λg)∗(x)} ,

are a regularity condition for Fenchel-Lagrange strong duality when the functions are

proper convex and lsc, as one can check in [14, Th. 8, Lem. 4].

Now, the challenge is to study the relationship between the optimal values of Fenchel

and Fenchel-Lagrange dual problems.

Proposition 4.2.6. Let (DF ) and (DFL) be the dual problems de�ned in (4.4) and

(4.15), respectively. It always holds v(DF ) ≥ v(DFL).

Proof. Comparing problems (DF ) with (DFL), it is easy to observe that we have to

link δA(·) with (λg)c(·), for λ ∈ R(T )
+ . Take any (y∗, v∗, α2) ∈ W , then

δcA(−y∗,−v∗, α2) = sup
x∈X
{c(x, (−y∗,−v∗, α2))− δA(x)} .
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Since λ ∈ R(T )
+ , λg(x) ≤ 0 for every x ∈ A, and λg(x) ≤ δA(x) for each x ∈ X, so

δcA(−y∗,−v∗, α2) ≤ sup
x∈X
{c(x, (−y∗,−v∗, α2))− λg(x)} = (λg)c(−y∗,−v∗, α2).

Then

−f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2) ≥ −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2),

for every λ ∈ R(T )
+ and α1 ∈ R satisfying α1 + α2 > 0, which allows us to conclude

v(DF ) = sup
y∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2)}

≥ sup
y∗,v∗∈X∗,
α1+α2>0,

λ∈R(T )
+

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} = v(DFL).

Now, the purpose is to �nd a condition under which Proposition 4.2.6 reads with

equality. Let us consider (ECCQ) condition for strong Lagrange duality established in

De�nition 3.2.4 and Remark 3.2.5 as

(ECCQ) epi δcA =
⋃

λ∈R(T )
+

epi(λg)c,

being A ⊆ X a non-empty e-convex set, gt : X → R e-convex, for all t ∈ T , with T an

arbitrary index set.

Proposition 4.2.7. If (ECCQ) holds, then v(DF ) = v(DFL).

Proof. If δcA(−y∗,−v∗, α2) = +∞, for all (y∗, v∗, α2) ∈ W , we would obtain v(DF ) =

−∞ and, by Proposition 4.2.6, v(DF ) = v(DFL). Now, let us assume that there exists

at least a point (y∗, v∗, α2) ∈ W where δcA(−y∗,−v∗, α2) is �nite. In this case

β := −δcA(−y∗,−v∗, α2) = inf
x∈A
{−c(x, (−y∗,−v∗, α2))} ∈ R



104 CHAPTER 4. Fenchel-Lagrange duality in...

meaning that 〈x,−v∗〉 < α2, for all x ∈ A, and

β = inf
x∈A
{− 〈x,−y∗〉} = inf

x∈A
{〈x, y∗〉} . (4.21)

Due to the set A ⊆ {x ∈ X | 〈x,−v∗〉 < α2}, if x ∈ A we obtain that 〈x, y∗〉 =

c(x, (y∗,−v∗, α2)) and, from (4.21),

β = inf
x∈A
{〈x, y∗〉} = inf

x∈A
{c(x, (y∗,−v∗, α2))} .

Applying Proposition 3.2.6, since σ veri�es (ECCQ) by hypothesis and A is con-

tained in the open half-space {x ∈ X | 〈x,−v∗〉 < α2}, we get

β = inf
x∈A
{c(x, (y∗,−v∗, α2))} = max

λ∈R(T )
+

{
inf
x∈X
{c(x, (y∗,−v∗, α2)) + λg(x)}

}
(4.22)

and there exists a solution of (4.22), let us say λ ∈ R(T )
+ , such that

β = inf
x∈A
{c(x, (y∗,−v∗, α2))} = inf

x∈domλg

{
−c(x, (−y∗,−v∗, α2)) + λg(x)

}
= − sup

x∈domλg

{
c(x, (−y∗,−v∗, α2))− λg(x)

}
= − sup

x∈X

{
c(x, (−y∗,−v∗, α2))− λg(x)

}
= −(λg)c(−y∗,−v∗, α2).

Then

β = −δcA(−y∗,−v∗, α2) = −(λg)c(−y∗,−v∗, α2). (4.23)

Adding −f c(y∗, v∗, α1) in both sides of (4.23), with α1 + α2 > 0, and taking suprema

with y∗, v∗ ∈ X∗ and α1 + α2 > 0, we get

v(DF ) = sup
y∗,v∗∈X∗,
α1+α2>0

{−f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2)}

= sup
y∗,v∗∈X∗,
α1+α2>0

{
−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)

}
≤ sup

y∗,v∗∈X∗,
α1+α2>0,

λ∈R(T )
+

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} = v(DFL).

Applying Proposition 4.2.6, we conclude v(DF ) = v(DFL).
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We close this section with an example which shows that condition (ECCQ) is nec-

essary in Proposition 4.2.7.

Example 4.2.8. Let us take X = R2, T = [1,+∞[ and f, gt : R2 → R such that, for

all t ∈ T , gt(x) =
1

t
· x1 − x2 and

f(x) =

 x2 if x1 ≤ 0, x2 ∈ R,

+∞ otherwise.

Firstly, let us see that these functions are e-convex. Clearly gt is e-convex for all t ∈ T .

A matter of computation shows that if

H =
{

(x1, x2, x3) ∈ R3 |x3 ≥ x2

}
,

then epi f = H ∩ (dom f × R). This set is clearly closed and convex, so f is e-convex.

It is immediate to see that the set A is

A =
{

(x1, x2) ∈ R2 |x2 ≥ 0, x2 ≥ x1

}
.

Hence, since A ∩ dom f = {(x1, x2) ∈ R2 |x1 ≤ 0, x2 ≥ 0}, a simple calculation shows

that v(P ) = 0. Now, let us continue with the optimal value of Lagrange dual problem.

v(DL) = sup
λ∈R(T )

+

inf
x∈dom f

{
x2 +

∑
t∈suppλ

λt

(
1

t
· x1 − x2

)}

= sup
λ∈R(T )

+

inf
x∈dom f

{
x2

(
1−

∑
t∈suppλ

λt

)
+ x1 ·

∑
t∈suppλ

λt ·
1

t

}
= −∞.

Since the involved functions are convex and int epi f 6= ∅, from Proposition 4.2.1, we get

that v(DFL) = v(DL) = −∞. If we compute the optimal value of Fenchel dual problem,

see (4.4), it is not di�cult to see that at least one of the c-conjugate functions equals

+∞ whenever v 6= 02. Analyzing the trivial case where v1 = v2 = 0 and α1, α2 > 0, we

get that f c(y, v, α1) and δcA(−y,−v, α2) are �nite, and

v(DF ) = sup
y∈R2

{
− sup

x∈dom f
{x1y1 + x2y2 − x2} − sup

x∈A
{−x1y1 − x2y2}

}
≥ − sup

x∈dom f
{x1 · 0 + x2 · 1− x2}+ inf

x∈A
{x1 · 0 + x2 · 1} = inf

x∈A
x2 = 0.
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We have just shown v(DF ) ≥ 0 and, by weak duality, v(DF ) ≤ 0, so v(DF ) = 0. To

conclude this example, according to (3.17) it remains to see that

epi δcA *
⋃
t∈T

epi(λg)c. (4.24)

Clearly, ((0,−1), (0,−1), 1, 0) ∈ epi δcA. However, this element does not belong to any

epi(λg)c with λ ∈ R(T )
+ since this fact would imply the ful�lment of

c((x1, x2), ((0,−1), (0,−1), 1))− (λg)(x1, x2) ≤ 0,

for all (x1, x2) ∈ domλg = R2. This would be equivalent to 〈(x1, x2), (0,−1)〉 < 1, for

all (x1, x2) ∈ R2, which is not true. Therefore, we get (4.24) and (ECCQ) does not

hold.

Remark 4.2.9. If the underlying space is �nite dimensional and the involved functions

are proper and convex, applying Propositions 4.2.1 and 4.2.6 and reminding Remark

4.2.2, it always holds

v(DL) = v(DFL) ≤ v(DF ).

We should also observe that without any assumption over the primal problem, v(DL)

and v(DF ) cannot be compared, even in the �nite case. In fact, from Example 4.2.8,

we have just seen v(DF ) > v(DL) = v(DFL) and, from Example 4.2.4, a matter of

calculation shows that v(DL) > v(DF ) = v(DFL).

4.3 Relations between optimal solutions of Fenchel,

Lagrange and Fenchel-Lagrange dual problems

In this section we study su�cient conditions for the equality of the optimal values of

Fenchel, Lagrange and Fenchel-Lagrange dual problems and the relationships between

their optimal solutions. Clearly, this equality does not mean solvability in any case.

For this reason, it is worth studying conditions under which the solvability of one of

these dual problems implies the solvability of the others.
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Proposition 4.3.1. Let f, gt : X → R be proper e-convex functions for all t ∈ T , being

T an arbitrary index set. If f + δA = sup
{
a | a ∈ Ẽf,δA

}
, epi f c + epi δcA is e′-convex

and (ECCQ) holds, then

v(P ) = v(DL) = v(DF ) = v(DFL). (4.25)

Proof. If v(P ) = −∞, the conclusion is trivial due to weak duality, so let us suppose

that v(P ) > −∞. Hence, by virtue of Corollary 15 in [35], we have

v(P ) = inf
x∈X
{f(x) + δA(x)} = −f c(u∗, v∗, α1)− δcA(−u∗,−v∗, α2). (4.26)

Since (−u∗,−v∗, α2, δ
c
A(−u∗,−v∗, α2)) ∈ epi δcA, from the de�nition of (ECCQ), there

must exist λ ∈ R(T )
+ such that (−u∗,−v∗, α2, δ

c
A(−u∗,−v∗, α2)) ∈ epi(λg)c, which is

equivalent to say

(λg)c(−u∗,−v∗, α2) ≤ δcA(−u∗,−v∗, α2). (4.27)

Now substituting (4.27) in (4.26), we get

v(P ) ≤ −f c(u∗, v∗, α1)− (λg)c(−u∗,−v∗, α2) ≤ v(DFL).

Applying Proposition 4.2.7, weak duality and Theorem 3.2.7, we get (4.25).

Proposition 4.3.2. If v(P ) = v(DFL) and (y∗0, v
∗
0, α1, α2, λ) ∈ W × R × R(T )

+ with

α1 + α2 > 0 is an optimal solution of (DFL), then λ is optimal to (DL), (y∗0, v
∗
0, α1, α2)

is optimal to (DF ) and

v(P ) = v(DL) = v(DF ) = v(DFL). (4.28)

Proof. From Proposition 4.2.1 and 4.2.6 we already know that

v(DFL) ≤ v(DL) and v(DFL) ≤ v(DF ), (4.29)

so if v(P ) = v(DFL) we get (4.28). Now, let us suppose that v(P ) = v(DFL) ∈ R

because otherwise applying (4.29) the conclusion is trivial. If (y∗0, v
∗
0, α1, α2, λ) belongs
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to W × R × R(T )
+ and it is an optimal solution to (DFL) with α1 + α2 > 0, let us see

�rst that λ ∈ R(T )
+ is optimal to (DL). Since

v(DL) = v(DFL) = −f c(y∗0, v∗0, α1)− (λg)c(−y∗0,−v∗0, α2),

and

f c(y∗0, v
∗
0, α1) + f(x) ≥ c(x, (y∗0, v

∗
0, α1)), for all x ∈ X,

(λg)c(−y∗0,−v∗0, α2) + (λg)(x) ≥ c(x, (−y∗0,−v∗0, α2)), for all x ∈ X,

applying that the coupling function is subadditive in the second component, it follows

v(DL) = v(DFL) = −f c(y∗0, v∗0, α1)− (λg)c(−y∗0,−v∗0, α2) ≤ f(x) + (λg)(x),

for all x ∈ X. Then

v(DL) = v(DFL) ≤ inf
x∈X

{
f(x) + (λg)(x)

}
≤ sup

λ∈R(T )
+

{
inf
x∈X
{f(x) + λg(x)}

}
= v(DL),

and λ is optimal to (DL). Similarly, but dealing with v(DF ) = v(DFL), it can be shown

that (y∗0, v
∗
0, α1, α2) is optimal to (DF ).

The proof of the following result is a direct consequence of Proposition 4.3.2. Next

example serves to clarify that the converse statement in the above proposition does not

hold in general.

Corollary 4.3.3. If there exists strong Fenchel-Lagrange duality, there also exist

Fenchel and Lagrange strong duality.

Example 4.3.4. Let us take X = R, f = δ[0,+∞[, gt(x) = tx for all t ∈ T = [0,+∞[.

As in Example 3.4.2, A =]−∞, 0]. A simple calculation shows, on the one hand, that

v(P ) = 0 and, on the other hand,

v(DL) = sup
λ∈R(T )

+

{
inf
x≥0
{λg(x)}

}
= sup

λ∈R(T )
+

{
inf
x≥0

{ ∑
t∈suppλ

λt · tx

}}
= 0,
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so every λ ∈ R(T )
+ is optimal solution to (DL). Since f c(y∗, v∗, α1) < +∞ if and only

if (y∗, v∗, α1) ∈ R− × R− × R++ and its value is 0, and δcA(−y∗,−v∗, α2) < +∞ if and

only if (y∗, v∗, α2) ∈ R−×R−×R++ being its value, again, 0, it follows that v(DF ) = 0

and the solution set of (DF ) is R− × R− × R++ × R++.

Now, taking in particular y∗ = v∗ = 0, α1, α2 > 0 and

λ =

 1 if t = 1,

0 otherwise,

which are optimal solutions to (DF ) and (DL), respectively, we get that f c(0, 0, α1) = 0

but

(λg)c(0, 0, α2) = sup
x∈R

〈x, 0〉 − ∑
t∈suppλ

λt · tx

 = sup
x∈R
{−x} = +∞.

Then, (0, 0, α1, α2, λ) is not optimal to (DFL) since, by virtue of Proposition 4.2.1,

v(DFL) = v(DL) = 0.

Corollary 4.3.5. If v(P ) = v(DFL) and there exists y∗, v∗ ∈ X∗, α1 + α2 > 0 and

λ ∈ R(T )
+ such that Proposition 4.2.1 ii) holds, then λ is an optimal solution to (DL)

and (y∗, v∗, α1, α2) is an optimal solution to (DF ).

Proof. Following the same steps as in Proposition 4.2.1,

v(DFL) ≥ −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)

≥ − inf
λ∈R(T )

+

{(f + λg)c(0, 0, α)} = v(DL) ≥ v(DFL),

so (DFL) is solvable. Applying Proposition 4.3.2 we get that λ is an optimal solution

to (DL) and (y∗, v∗, α1, α2) is an optimal solution to (DF ).

Proposition 4.3.6. If v(DL) = v(DF ) = v(DFL) but either (DL) or (DF ) are not

solvable, then (DFL) is not solvable.
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Proof. Suppose that (DL) is not solvable. Then, for all λ ∈ R(T )
+ , we have

v(DL) > inf
x∈X
{f(x) + λg(x)} .

Let us start supposing that (DFL) is solvable, then there exist λ ∈ R(T )
+ , y∗, v∗ ∈ X∗

and α1 + α2 > 0 such that

v(DFL) = −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2).

Then, since we are considering v(DL) = v(DFL), we have, in particular,

− f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2) > inf
x∈X
{f(x) + λg(x)} . (4.30)

On the other hand, as we saw in the proof of Proposition 4.3.2, we get

−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2) ≤ inf
x∈X
{f(x) + λg(x)} ,

which is a contradiction with (4.30). Similarly, if (DFL) were solvable but (DF ) not,

we would have

−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2) = v(DFL) = v(DF )

> −f c(y∗, v∗, α1)− δcA(−y∗,−v∗, α2)

which is a contradiction since (λg)c ≥ δcA for all λ ∈ R(T )
+ .

We conclude this section studying if the solvability of Fenchel and/or Lagrange dual

problems implies the solvability of Fenchel-Lagrange dual one.

Proposition 4.3.7. Let us suppose that (DL) is solvable. If f, gt : X → R are proper

e-convex functions, f + λg = sup
{
a | a ∈ Ẽf,λg

}
and epi f c + epi(λg)c is e′-convex with

λ ∈ R(T )
+ the optimal solution of (DL), then (DFL) is solvable.

Proof. According to [35, Th. 11] and Proposition 4.2.1, we have

v(DL) = inf
x∈X

{
f(x) + λg(x)

}
= −(f + λg)c(0, 0, α) = −(f c�(λg)c)(0, 0, α)

= −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2) ≤ v(DFL) ≤ v(DL),

so (DFL) is solvable.
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Corollary 4.3.8. (CL) implies strong Fenchel-Lagrange duality.

Proof. From Proposition 4.3.1 we have that (CL) implies that v(P ) = v(DFL) and by

Proposition 4.3.7, (DFL) is solvable. Hence, there is strong Fenchel-Lagrange duality.

Finally, next example shows that the solvability of Fenchel dual problem does not

imply necessarily the solvability of Fenchel-Lagrange dual problem.

Example 4.3.9. Let us take X = R, T =]0,+∞[ and the functions

f(x) =

 −x if x ≥ 0,

+∞ otherwise,
gt(x) =

 tx− 1 if x ≥ 0,

+∞ otherwise,

for all t ∈ T . Clearly, A = {0}, so v(P ) = 0. It is not di�cult to see that (DF ) is solv-

able with optimal value equal to 0. However, since f c(y∗, v∗, α1) and (λg)c(−y∗,−v∗, α2)

are both �nite if and only if v∗ = 0, α1 > 0, α2 > 0 and

1 ≤ −y∗ ≤
∑

t∈suppλ

λt · t,

Fenchel-Lagrange dual problem can be rewritten as follows

v(DFL) = sup
y∗∈R,
λ∈R(T )

+

{
inf
x≥0
{〈x,−1− y∗〉}+ inf

x≥0

{〈
x, y∗ +

∑
t∈suppλ

λt · t

〉}
−

∑
t∈suppλ

λt

}

= sup
λ∈R(T )

+ ,

1≤
∑
t∈suppλ λt·t

{
−
∑

t∈suppλ

λt

}
= 0,

we get that v(DFL) = v(DF ) = v(P ) = 0, but (DFL) is unsolvable.

4.4 Strong Fenchel-Lagrange duality

The purpose in this section will be the establishment of new regularity conditions for

strong duality between (P ) and (DFL), numbered as (4.1) and (4.15), respectively. As
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we have done in previous chapters, from now on we assume the involved functions to

be proper and e-convex. Inspired on a regularity condition derived in [55], the �rst

condition we will get is a characterization of strong Fenchel-Lagrange duality written

in terms of the in�mal convolution. On the one hand, for all α > 0,

v(P ) = −(f + δA)c(0, 0, α). (4.31)

On the other hand, for all α > 0,

v(DFL) = sup
λ∈R(T )

+

− inf
y∗,v∗∈X∗,
α1+α2>0

{f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2)}

 .

Naming α := α1 + α2, it follows

v(DFL) = sup
λ∈R(T )

+

{−(f c�(λg)c)(0, 0, α)} = − inf
λ∈R(T )

+

{(f c�(λg)c)(0, 0, α)} .

Since

inf
λ∈R(T )

+

{(f c�(λg)c)(0, 0, α)} ≤ (f c�(λg)c)(0, 0, α)

for all α > 0 and λ ∈ R(T )
+ , we get

v(DFL) ≥ −(f c�(λg)c)(0, 0, α). (4.32)

Applying weak duality and formulae (4.31) and (4.32), it holds

−(f c�(λg)c)(0, 0, α) ≤ v(DFL) ≤ v(P ) = −(f + δA)c(0, 0, α),

for all α > 0 and for all λ ∈ R(T )
+ , obtaining, �nally, that for all α > 0 and for all

λ ∈ R(T )
+ , it yields

(f + δA)c(0, 0, α) ≤ (f c�(λg)c)(0, 0, α). (4.33)

Inequality (4.33) motivates us to de�ne the following condition, which can be un-

derstood as Fenchel-Lagrange counterpart of condition (CHF) in Chapter 2, De�nition

2.3.1, or condition (CHL) in Chapter 3, De�nition 3.5.1.
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De�nition 4.4.1. Condition (CHFL) holds if there exist λ ∈ R(T )
+ and α > 0 such that

(f c�(λg)c)(0, 0, α) ≤ (f + δA)c(0, 0, α) (4.34)

and the in�mal convolution is exact at (0, 0, α).

Proposition 4.4.2. Condition (CHFL) holds if and only if there is strong duality

between (P ) and (DFL).

Proof. Let us start proving that (CHFL) is su�cient for strong Fenchel-Lagrange du-

ality. Let λ ∈ R(T )
+ and α > 0 verifying (4.34). From (4.31) we have

− (f + δA)c(0, 0, α) = v(P ). (4.35)

The in�mal convolution is exact at (0, 0, α), so there exist y∗, v∗ ∈ X∗, α1 + α2 = α

such that

−(f c�(λg)c)(0, 0, α) = −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)

≤ sup
y∗,v∗∈X∗,
α1+α2>0,

λ∈R(T )
+

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} = v(DFL).

Hence, from (4.34) and (4.35) we have v(P ) ≤ v(DFL) and, by virtue of weak duality,

it follows that v(P ) = v(DFL) and the dual problem is solvable.

Now, let us continue with the backwards, i.e., let us suppose that

inf
x∈A

f(x) = −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2), (4.36)

where y∗, v∗ ∈ X∗, α1 + α2 = α > 0 and λ ∈ R(T )
+ . Now, we have

(f c�(λg)c)(0, 0, α) = inf
(y∗1 ,v

∗
1 ,α1)+(y∗2 ,v

∗
2 ,α2)=(0,0,α)

{
f c(y∗1, v

∗
1, α1) + (λg)c(y∗2, v

∗
2, α2)

}
≤ f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2). (4.37)

Then, from (4.35), (4.36) and (4.37) we obtain

−(f + δA)c(0, 0, α) = v(P ) = −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)

≤ −(f c�(λg)c)(0, 0, α),
(4.38)
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and we get (4.34). The exactness of the in�mal convolution at (0, 0, α) derives from

applying (4.33) in (4.38).

Corollary 4.4.3. If (CHFL) holds, then v(P ) = v(DL) = v(DF ) = v(DFL).

Proof. The proof is a direct consequence of Propositions 4.4.2 and 4.3.2.

As it happened in the Lagrangian case with condition (CHL) under some extra

assumptions, remember Proposition 3.5.4, condition (CHFL) can also be expressed via

epigraphs.

De�nition 4.4.4. We say that condition (CHFL) holds for the primal problem (4.1) if

there exists α > 0 such that

epi(f + δA)c
⋂
{(0, 0, α)× R} ⊆

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

⋂ {(0, 0, α)× R} .

Proposition 4.4.5. (CHFL) and (CHFL) are equivalent.

Proof. First, let us suppose that (CHFL) is ful�lled. Then, there exist λ ∈ R(T )
+ and

α > 0 such that

(f c�(λg)c)(0, 0, α) ≤ (f + δA)c(0, 0, α),

being the in�mal convolution exact at the point (0, 0, α). Now, for α > 0, if it happened

that epi(f + δA)c
⋂
{(0, 0, α)× R} = ∅, the ful�lment of (CHFL) would be trivial.

Otherwise, take (0, 0, α, β) ∈ epi(f + δA)c. It follows that (f + δA)c(0, 0, α) ≤ β and,

since the in�mal convolution is exact at (0, 0, α), there exist y∗, v∗ ∈ X∗, α1, α2 ∈ R

such that α1 + α2 = α, verifying

f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2) = (f c�(λg)c)(0, 0, α) ≤ (f + δA)c(0, 0, α) ≤ β.

Hence,

(y∗, v∗, α1, β − (λg)c(−y∗,−v∗, α2)) ∈ epi f c,

(−y∗,−v∗, α2, (λg)c(−y∗,−v∗, α2)) ∈ epi(λg)c,
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and

(0, 0, α, β) ∈ epi f c + epi(λg)c ⊆ epi f c +
⋃

λ∈R(T )
+

epi(λg)c.

To conclude the proof, let us see the backwards. Take α > 0 the one such that

(CHFL) holds. If epi(f + δA)c
⋂
{(0, 0, α)× R} = ∅, it amounts to saying that (f +

δA)c(0, 0, α) = +∞, so from (4.33) we get (f c�(λg)c)(0, 0, α) = +∞, for all λ ∈ R(T )
+ ,

which means that the in�mal convolution is exact at (0, 0, α) and (CHFL) is ful�lled

in this case. Then, suppose that v(P ) ∈ R. Hence, epi(f + δA)c
⋂
{(0, 0, α)× R} 6= ∅,

and we can take, in particular, the point

(0, 0, α, (f + δA)c(0, 0, α)) ∈ epi(f + δA)c
⋂
{(0, 0, α)× R} .

Then, there must exist y∗, v∗ ∈ X∗, α1, α2 ∈ R, β1, β2 ∈ R and λ ∈ R(T )
+ such that

f c(y∗, v∗, α1) ≤ β1 and (λg)c(−y∗,−v∗, α2) ≤ β2,

with α1 + α2 = α and β1 + β2 = (f + δA)c(0, 0, α). Then

f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2) ≤ (f + δA)c(0, 0, α),

or, equivalently,

v(P ) = −(f + δA)c(0, 0, α) ≤ −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2) ≤ v(DFL).

Applying weak duality, v(P ) = v(DFL) and (DFL) is solvable. Finally, Proposition

4.4.2 allows us to conclude that (CHFL) implies (CHFL).

Next results will help us to derive the counterpart of the regularity condition (CQFL)

in [14] for Fenchel-Lagrange duality in the classical context.

De�nition 4.4.6. If f + λg = sup
{
a | a ∈ Ẽf,λg

}
for every λ ∈ R(T )

+ , we say that

condition (CFL) holds if the set epi f c +
⋃
λ∈R(T )

+
epi(λg)c is e′-convex.
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Proposition 4.4.7. If f + λg = sup
{
a | a ∈ Ẽf,λg

}
for every λ ∈ R(T )

+ , then

e′conv

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

 = epi(f + δA)c.

Proof. Let us de�ne K := epi f c +
⋃
λ∈R(T )

+
epi(λg)c. First, we will see that K ⊆

epi(f + δA)c, which implies that e′convK ⊆ epi(f + δA)c. Since the coupling function

is subadditive in its second component, we have that, if (y∗1, v
∗
1, α1, β1) ∈ epi f c and

(y∗2, v
∗
2, α2, β2) ∈ epi(λg)c for certain λ ∈ R(T )

+ , we get, for all x ∈ X,

c(x, (y∗1 + y∗2, v
∗
1 + v∗2, α1 + α2))− (f + λg)(x)

≤ c(x, (y∗1, v
∗
1, α1))− f(x) + c(x, (y∗2, v

∗
2, α2))− (λg)(x)

≤ sup
x∈X
{c(x, (y∗1, v∗1, α1))− f(x)}+ sup

x∈X

{
c(x, (y∗2, v

∗
2, α2))− (λg)(x)

}
≤ β1 + β2.

Hence,

epi f c +
⋃

λ∈R(T )
+

epi(λg)c ⊆
⋃

λ∈R(T )
+

epi(f + λg)c.

From Proposition 3.6.2, K ⊆ epi(f + δA)c, and then

e′convK ⊆ epi(f + δA)c. (4.39)

For the converse inclusion in (4.39), we will use Remark 0.2.16, where it is pointed out

that e′convK = epihc
′c being h : W → R the function

h(y∗, v∗, α) = inf {β ∈ R | (y∗, v∗, α, β) ∈ K} .

As in Proposition 3.6.3, if we showed that, for all x ∈ X,

(f + δA)(x) ≤ hc
′
(x), (4.40)

we would get, for all (y∗, v∗, α) ∈ W , hc
′c(y∗, v∗, α) ≤ (f + δA)c(y∗, v∗, α), or, equiva-

lently, epi(f + δA)c ⊆ epihc
′c = e′convK. From the de�nition of the function h, we
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have, for all (y∗, v∗, α) ∈ W ,

h(y∗, v∗, α) = inf
(y∗1 ,v

∗
1 ,α1)+(y∗2 ,v

∗
2 ,α2)=(y∗,v∗,α),

λ∈R(T )
+

{f c(y∗1, v∗1, α1) + (λg)c(y∗2, v
∗
2, α2)}

= inf
λ∈R(T )

+

(f c�(λg)c) (y∗, v∗, α).

Hence, for all x ∈ X,

hc
′
(x) = sup

(y∗,v∗,α)∈W,
λ∈R(T )

+

{c(x, (y∗, v∗, α))− (f c�(λg)c)(y∗, v∗, α)} = sup
λ∈R(T )

+

(f c�(λg)c)c
′
(x).

Now, by hypothesis we have that f + λg = sup
{
a | a ∈ Ẽf,λg

}
for all λ ∈ R(T )

+ and,

since A ⊆ domλg for all λ ∈ R(T )
+ , it holds that dom f ∩ domλg 6= ∅ for all λ ∈ R(T )

+ .

Therefore, we can apply Theorem 7 in [35], obtaining

hc
′
(x) = sup

λ∈R(T )
+

(f c�(λg)c)c
′
(x) = sup

λ∈R(T )
+

{
sup

{
a(x) | a ∈ Ẽf,λg

}}
= sup

λ∈R(T )
+

{(f + λg)(x)} .

Following the same steps as in the proof of Proposition 3.6.3, we conclude that (4.40)

is ful�lled in any case and then e′convK = epi(f + δA)c.

Remark 4.4.8. Under the assumption of f + λg = sup
{
a | a ∈ Ẽf,λg

}
for every λ ∈

R(T )
+ , by virtue of Proposition 4.4.7, we can reformulate the regularity condition (CFL)

as follows

(CFL) epi f c +
⋃

λ∈R(T )
+

epi(λg)c = epi(f + δA)c. (4.41)

Remark 4.4.9. Condition (CFL) implies the e′-convexity of the set epi f c + epi δcA.

Indeed, by Proposition 3.2.2 in Chapter 3,

epi f c+
⋃

λ∈R(T )
+

epi(λg)c ⊆ epi f c+e′conv

 ⋃
λ∈R(T )

+

epi(λg)c

 = epi f c+epi δcA ⊆ epi(f+δA)c,

so, if (CFL) holds, from Remark 4.4.8, epi f c + epi δcA = epi(f + δA)c and it is e′-convex.
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Proposition 4.4.10. If f + λg = sup
{
a | a ∈ Ẽf,λg

}
for every λ ∈ R(T )

+ , (CFL) is

su�cient for strong Fenchel-Lagrange duality.

Proof. Let us take α > 0. From (4.31) we have v(P ) = −(f + δA)c(0, 0, α). Now

let us suppose that v(P ) = β ∈ R, otherwise it is trivial since weak duality would

imply v(P ) = v(DFL) being the dual problem solvable. Due to (CFL) is ful�lled

by hypothesis and (0, 0, α,−β) ∈ epi(f + δA)c, there exists (y∗, v∗, α1, α2, β1, β2) ∈

W × R3 with α1 + α2 = α and β1 + β2 = −β such that (y∗, v∗, α1, β1) ∈ epi f c and

(−y∗,−v∗, α2, β2) ∈ epi(λg)c for some λ ∈ R(T )
+ . This fact amounts to saying that

f c(y∗, v∗, α1) ≤ β1 and (λg)c(−y∗,−v∗, α2) ≤ β2, so

v(P ) = −(f + δA)c(0, 0, α) = β = −β1 − β2 ≤ −f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)

≤ v(DFL) ≤ v(P ),

and we get strong Fenchel-Lagrange duality.

Now, to proceed further with the exposition, let us continue studying what hap-

pens in the setting of Fenchel-Lagrange duality with the general regularity conditions

introduced in (7). To this aim, we need the following results.

De�nition 4.4.11. [7, Page 20] Let C be a non-empty convex cone in the lcs Z and

h : X → Z be an arbitrary function. The C-epigraph of h is the set de�ned as

epiC h = {(x, z) ∈ X × Z | z ∈ h(x) + C} .

Proposition 4.4.12. The perturbation function ΦFL de�ned in (4.2) is proper e-

convex and it holds

PrX×RT (dom ΦFL) =
(
dom f × RT

+

)
− epi−RT+(−g). (4.42)

Proof. The properness of ΦFL derives directly from the properness of f and the fact

that dom f ∩ A 6= ∅. Now, we will see that its epigraph is an e-convex set expressing

it in an appropriate way. If we denote by Z := X ×X × RT , we have

epi ΦFL =
{

(x, y, b, β) ∈ Z × R | f(x+ y) ≤ β, g(x)− b ∈ −RT
+

}
.
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Identifying the sets

C := {(x, y, b, β) ∈ Z × R | (x+ y, β) ∈ epi f} ,

D := {(x, y, b) ∈ Z | (x, bt) ∈ epi gt, for all t ∈ T} ,

it holds epi ΦFL = C ∩ (D × R). Let us de�ne T : X × X × R → X × R such that

T (x, y, β) = (x+ y, β). Then, C can be expressed as follows

C =
{

(x, y, b, β) ∈ Z × R | (x, y, β) ∈ T−1(epi f)
}
.

Since f is an e-convex function, epi f is an e-convex set in X×R and due to Proposition

0.2.21, it is not di�cult to prove that C is an e-convex set in Z ×R. Now, we will see

that D is e-convex in Z. Let us de�ne the set

D′ :=
{

(x, b, y) ∈ X × RT ×X | gt(x) ≤ bt, for all t ∈ T
}

=
⋂
t∈T

{
(x, b, y) ∈ X × RT ×X | (x, bt) ∈ epi gt

}
=

⋂
t∈T

{epi gt ×X} =

(⋂
t∈T

epi gt

)
×X.

Since gt is e-convex for all t ∈ T , D′ is e-convex in X × RT × X. Let us de�ne the

continuous linear mapping S : Z → X × RT ×X such that S(x, y, b) = (x, b, y). Since

D = S−1(D′), applying Proposition 0.2.21, D is e-convex in Z. Hence, epi ΦFL is the

intersection of two e-convex sets in Z × R and therefore ΦFL is an e-convex function.

To conclude the proof, we will compute PrX×RT (dom ΦFL), which is the set{
(y, b) ∈ X × RT | ∃x ∈ X stx+ y ∈ dom f, g(x)− b ∈ −RT

+

}
,

or, equivalently,{
(y, b) ∈ X × RT | ∃x ∈ X st y ∈ (dom f − x), b ∈

(
g(x) + RT

+

)}
. (4.43)

Now, we claim that, for all x ∈ X,

(y, b) ∈ (dom f − x)×
(
g(x) + RT

+

)
⇐⇒ (y, b) ∈

(
dom f × RT

+

)
− epi−RT+(−g). (4.44)
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Let us suppose that there exists x ∈ X such that y ∈ dom f − x and b ∈ g(x) + RT
+.

Then (y, b) can be expressed as follows

(y, b) = (x+ y, b− g(x))− (x,−g(x)),

where (x + y, b − g(x)) ∈ dom f × RT
+. A direct application of De�nition 4.4.11 with

h = −g and C = −RT
+, yields that (x,−g(x)) ∈ epi−RT+(−g), and we have proven one

implication. The converse is similar, so applying (4.44) in (4.43), we get (4.42).

According to Proposition 4.4.12 and paying attention to the fact that Φc
FL is de�ned

over the space Z∗×Z∗×R with Z∗ = X∗×X∗×R(T ), Fenchel-Lagrange counterparts

of conditions (C4) and (C5) introduced in (7) are

(C4FL) T is at most countable, X Fréchet and 0 ∈ ic
((

dom f × RT
+

)
− epi−RT+(−g)

)
,

(C5FL) PrW×R(epi Φc
FL) is e′ -convex,

being PrW×R(epi Φc
FL) the set of all the points (y∗, v∗, α, β) in W × R such that there

exist y∗, v∗ ∈ X∗ and λ, µ ∈ R(T ) verifying Φc
FL((y∗, y∗, λ), (v∗, v∗, µ), α) ≤ β.

Finally, de�ning the functions ΦFL(·, 0, 0) : X → R and ΦFL(·, 0, 0)c : W → R, and

following the same steps as in [34, Sect. 5], we obtain next results which allow us to

work a bit further condition (C5FL).

Lemma 4.4.13. It holds e′conv (PrW×R(epi Φc
FL)) = epi ΦFL(·, 0, 0)c = epi(f + δA)c.

Lemma 4.4.14. (C5FL) is equivalent to the equality

ΦFL(·, 0, 0)c = min
y∗,v∗∈X∗,
λ,β∈R(T )

Φc
FL((·, y∗, λ), (·, v∗, β), ·).
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4.5 Comparing regularity conditions

This section is gathered to study the existing relationships between (CHFL), (CFL),

(C4FL) and (C5FL). Supposing the involved functions to be proper and e-convex, the

only one relation is shown in the following result.

Proposition 4.5.1. If f + λg = sup
{
a | a ∈ Ẽf,λg

}
for every λ ∈ R(T )

+ , (CFL) implies

(C5FL).

Proof. By virtue of Lemma 4.4.13 and formula (4.41), we get

PrW×R (epi Φc
FL) ⊆ epi(f + δA)c = epi f c +

⋃
λ∈R(T )

+

epi(λg)c.

To see the reverse inclusion, take (y∗1, v
∗
1, α1, γ1) ∈ epi f c and (y∗2, v

∗
2, α2, γ2) ∈ epi(λg)c

for some λ ∈ R(T )
+ , and denote (y∗, v∗, α, γ) = (y∗1, v

∗
1, α1, γ1) + (y∗2, v

∗
2, α2, γ2). Then,

c(x, (y∗1, v
∗
1, α1))− f(x) ≤ γ1, for all x ∈ X, (4.45)

c(x, (y∗2, v
∗
2, α2))− (λg)(x) ≤ γ2, for all x ∈ X, (4.46)

so we have to �nd y∗, v∗ ∈ X∗, and δ, β ∈ R(T ) such that for every (x, y, b) ∈ dom ΦFL,

it holds

c((x, y, b), ((y∗, y∗, δ), (v∗, v∗, β), α))− ΦFL(x, y, b) ≤ γ. (4.47)

Let us take (x, y, b) ∈ dom ΦFL, otherwise (4.47) is trivial. Then, x + y ∈ dom f and

g(x) − b ∈ −RT
+. Substituting x + y ∈ X in (4.45) and taking into account in (4.46)

that, since λ ∈ R(T )
+ , (λg)(x) ≤ λb, we get

c(x+ y, (y∗1, v
∗
1, α1))− f(x+ y) ≤ γ1, (4.48)

c(x, (y∗2, v
∗
2, α2))− λb ≤ γ2. (4.49)

It is clear that (4.48) and (4.49) can be rewritten in the following more convenient way

c((x, y, 0), ((y∗1, y
∗
1, 0), (v∗1, v

∗
1, 0), α1))− f(x+ y) ≤ γ1, (4.50)

c((x, 0, b), ((y∗2, y
∗
2,−λ), (v∗2, v

∗
2, 0), α2)) ≤ γ2. (4.51)
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Now, we claim

c((x, y, b), ((y∗, y∗1,−λ), (v∗, v∗1, 0), α)) ≤ c((x, y, 0), ((y∗1, y
∗
1, 0), (v∗1, v

∗
1, 0), α1))

+ c((x, 0, b), ((y∗2, y
∗
2,−λ), (v∗2, v

∗
2, 0), α2)).

(4.52)

In fact, in case that the right hand-side of (4.52) were �nite, its value would be

〈x, y∗1〉+ 〈y, y∗1〉+ 〈x, y∗2〉 − λb, (4.53)

being necessary 〈x, v∗1〉 + 〈y, v∗1〉 < α1 and 〈x, v∗2〉 < α2, implying 〈x, v∗〉 + 〈y, v∗1〉 < α.

Hence the left hand-side of (4.52) would be also �nite and equal to (4.53). In a similar

way, it is not di�cult to see that, in the case the left hand-side of (4.52) were in�nite,

the right hand-side would be in�nite as well. Hence, subtracting f(x+ y) in both sides

of (4.52) and applying (4.50) and (4.51), we have

c((x, y, b), ((y∗, y∗1,−λ), (v∗, v∗1, 0), α))− f(x+ y) ≤ γ1 + γ2 = γ.

Taking y∗ := y∗1, v
∗ := v∗1, δ := −λ and β := 0T , by (4.47) we deduce that the point

(y∗, v∗, α, γ) belongs to PrW×R(epi Φc
FL).

Remark 4.5.2. Since condition (CHFL) is a characterization of strong Fenchel-Lagrange

duality, the rest of regularity conditions will imply this one. As we will show in the

following examples, there are no more relations between them except the one stated in

the above proposition.

The following example shows that the converse in Proposition 4.5.1 does not hold

in general.

Example 4.5.3. Let X = R, f = δ[0,+∞[, gt(x) = tx and T = [0,+∞[. As we pointed

out in Example 3.4.2, f+δA = sup
{
a | a ∈ Ẽf,δA

}
and epi f c+epi δcA = R×R×R++×R+

is e′-convex. By Theorem 0.2.20,

epi(f + δA)c = epi f c + epi δcA = R× R× R++ × R+, (4.54)
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so, if we see that R × R × R++ × R+ ⊆ PrW×R(epi Φc
FL), according to Lemma 4.4.13,

(C5FL) will be ful�lled. Then, let (α, β, γ, δ) ∈ R×R×R++×R+ �xed arbitrarily. Now,

the key is to �nd κ, ν ∈ R and λ, µ ∈ R(T ) such that Φc
FL((α, κ, λ), (β, ν, µ), γ) ≤ δ,

i.e., c((x, y, b), ((α, κ, λ), (β, ν, µ), γ)) ≤ δ for all (x, y, b) ∈ dom ΦFL, or equivalently,

βx+ νy + µb < γ and αx+ κy + λb ≤ δ, (4.55)

for all (x, y, b) ∈ dom ΦFL = {(x, y, b) |x+ y ≥ 0, bt ≥ tx, ∀t ≥ 0}. Let us observe

that, taking in particular x = y = 0 and b ∈ RT
+, from (4.55) it follows that, necessarily,

λ, µ ∈ −R(T )
+ . Now, for every (x, y, b) ∈ dom ΦFL, if ν ∈ R and µ ∈ −R(T )

+ ,

βx+ νy + µb ≤ βx+ νy +
∑

t∈suppµ

µt · tx =

(
β +

∑
t∈suppµ

t · µt

)
x+ νy.

Taking µ ∈ −R(T )
+ such that β+

∑
t∈suppµ t ·µt ≤ 0 and de�ning ν = β+

∑
t∈suppµ t ·µt,

we would have

βx+ νy + µb ≤ ν(x+ y) ≤ 0 < γ.

Proceeding in the same way with the second inequality in (4.55), we can also �nd κ

and λ verifying it. Observe that α, β are �xed, so µ, ν, κ and λ can be found. Hence,

Φc
FL((α, κ, λ), (β, ν, µ), γ) ≤ δ, (α, β, γ, δ) ∈ PrW×R(epi Φc

FL) and (C5FL) holds. Now,

let us check that (CFL) does not hold. First, we shall see that f+λg = sup
{
a | a ∈ Ẽf,λg

}
for all λ ∈ R(T )

+ . Let λ ∈ R(T )
+ be arbitrary. According to the de�nition of f and gt,

(f + λg)(x) =


(∑

t∈suppλ λt · t
)
x if x ≥ 0,

+∞ otherwise.
(4.56)

Besides, an e-a�ne function

a1(x) =

 α1x− β1 if γ1x < δ1,

+∞ otherwise,

belongs to Ef if and only if (α1, β1, γ1, δ1) ∈ R− × R+ × R− × R++. Similarily, an

e-a�ne function

a2(x) =

 α2x− β2 if γ2x < δ2,

+∞ otherwise,
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belongs to Eλg if and only if (α2, β2, γ2, δ2) ∈
{∑

t∈suppλ λt · t
}
×R+×{0}×R++. Then,

an e-a�ne function

a(x) =

 αx− β if γx < δ,

+∞ otherwise,

belongs to Ẽf,λg if and only if (α, β, γ, δ) ∈
]
−∞,

∑
t∈suppλ λt · t

]
×R+×R−×R++. We

get

sup
{
a(x) | a ∈ Ẽf,λg

}
=


(∑

t∈suppλ λt · t
)
x− 0 if x ≥ 0,

+∞ otherwise,

and sup
{
a | a ∈ Ẽf,λg

}
= f + λg according to (4.56). Nevertheless, let us see that the

set epi f c +
⋃
t∈T epi(λg)c is not e′-convex, i.e., according to Remark 4.4.8, we will see

epi f c +
⋃
t∈T

epi(λg)c $ epi(f + δA)c.

Let λ ∈ R(T )
+ be arbitrary. Then (κ, ν, α, β) ∈ epi(λg)c if and only if νx < α, for all

x ∈ R, and supx∈R {κx− λg(x)} ≤ β, meaning that, for all λ ∈ R(T )
+ ,

epi(λg)c =

{∑
t≥0

λt · t

}
× {0} × R++ × R+.

Taking into account (4.54) and the fact that epi f c = R− × R− × R++ × R+, see

[34,Ex. 6.2], it is clear that (CFL) is not ful�lled.

The following lemma will be helpful to show the relation between (CFL) and (C4FL).

Lemma 4.5.4. If f +λg = sup
{
a | a ∈ Ẽf,λg

}
, for all λ ∈ R(T )

+ , condition (CL) implies

(CFL).

Proof. It is a consequence of melting the hypothesis assumed in (CL) with Theorem

0.2.20.

Next example shows that (CFL) does not imply (C4FL). From Proposition 4.5.1, we

derive that (C5FL) cannot imply (C4FL) either.
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Example 4.5.5. Taking the data from Example 3.4.3 we have that (CL) holds, so

applying Lemma 4.5.4, we have that (CFL) holds whenever we show that for all λ ∈ R(T )
+ ,

f + λg = sup
{
a | a ∈ Ẽf,λg

}
. According to the de�nition of f and gt, we have, for all

λ ∈ R(T )
+ ,

f + λg(x) =


∑

t∈suppλ λt · tx if 0 ≤ x ≤ min {t |λt 6= 0} ,

+∞ otherwise.
(4.57)

As in Example 4.5.3, an e-a�ne function

a1(x) =

 α1x− β1 if γ1x < δ1,

+∞ otherwise,

belongs to Ef if and only if (α1, β1, γ1, δ1) ∈ R− × R+ × R− × R++. Similarily, an

e-a�ne function

a2(x) =

 α2x− β2 if γ2x < δ2,

+∞ otherwise,

belongs to Eλg if and only if α2 =
∑

t∈suppλ λt · t, β2 ∈ R+, γ2 ∈ [0, 1] and, �nally, δ2

belongs to ] min {t |λt 6= 0} ,+∞[. Then, an e-a�ne function

a(x) =

 αx− β if γx < δ,

+∞ otherwise,

belongs to Ẽf,λg if and only if (α, β, γ, δ) belongs to]
−∞,

∑
t∈suppλ

λt · t

]
× R+×]−∞, 1]× ]min {t |λt 6= 0} ,+∞[ .

Hence, we get

sup
{
a(x) | a ∈ Ẽf,λg

}
=


(∑

t∈suppλ λt · t
)
x− 0 if 0 ≤ x ≤ min {t |λt 6= 0} ,

+∞ otherwise,

and sup
{
a | a ∈ Ẽf,λg

}
= f + λg according to (4.57). Nevertheless, since dom f =

[0,+∞[ and
⋂
t∈T dom gt =]−∞, 0], due to De�nition 4.4.11 we have

epi−RT+(−g) =
{

(x, b) ∈ X × RT | b ∈ −g(x)− RT
+

}
=

{
(x, b) ∈ X × RT |x ≤ 0, tx+ bt ≤ 0, ∀t ∈ T

}
.
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Then,

PrR

((
dom f × RT

+

)
− epi−RT+(−g)

)
= [0,+∞[,

so cone
((

dom f × RT
+

)
− epi−RT+(−g)

)
is not a linear subspace in R×RT and, conse-

quently, (C4FL) does not hold.

To conclude this section, next example shows that (C4FL) does not imply (C5FL).

From this example and Proposition 4.5.1, we get that (C4FL) does not imply (CFL) in

general.

Example 4.5.6. As in Example 3.4.4, let X = R2, gt(x) = x1 − tx2 for every t ∈ T

with T =

{
1

n
, n ∈ N

}
, and from the function f : X → R de�ned as in (3.37), we build

f := 2f , which is proper and e-convex with

A = {(x1, x2) ∈ R2 |x1 ≤ 0, x1 ≤ x2}.

Now, let us see that (C5FL) does not hold. We will use Lemma 4.4.14 and we will see

that there exists, at least a point (x∗, u∗, α), such that

ΦFL(·, 0, 0)c(x∗, u∗, α) < min
y∗,v∗∈X∗,
λ,β∈R(T )

Φc
FL((x∗, y∗, λ), (u∗, v∗, β), α).

Let any x∗ ∈ R2, u∗ = (1, 0) and α = 1. Then it is not di�cult to see that

ΦFL(·, 0, 0)c(x∗, u∗, α) = sup
x∈A∩dom f

{c(x, (x∗, u∗, α))− ΦFL(·, 0, 0)(x)}

= sup
x=02

{〈x, x∗〉} = 0.

Now, let us de�ne Z := X × X × RT . Then Φc
FL : Z∗ × Z∗ × R and let us take any

y∗, v∗ ∈ X∗, λ, β ∈ R(T ). Hence, we have

Φc
FL((x∗, y∗, λ), (u∗, v∗, β), α) = sup

(x,y,b)∈Z
{c((x, y, b), ((x∗, y∗, λ), (u∗, v∗, β), α))}

{−ΦFL(x, y, b)} .
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For a point (x, y, b) ∈ dom ΦFL, otherwise it is trivial, we have that the coupling func-

tion c((x, y, b), ((x∗, y∗, λ), (u∗, v∗, β), α)) < +∞ if and only if

〈x, u∗〉+ 〈y, v∗〉+
∑

t∈suppβ

βt · bt < α, (4.58)

where dom ΦFL =
{

(x, y, b) ∈ R2 × R2 × RT |x+ y ∈ dom f, g(x)− b ∈ −RT
+

}
. Since

the point (x0, y0, b0) with x0 = (1, 0), y0 = (0, 0) and b0,t = 1 for all t ∈ T , belongs to

dom ΦFL, (4.58) implies that β cannot be zero. Moreover, the elements of the support

of any b ∈ RT such that (x, y, b) ∈ dom ΦFL can be as large as we want, so it is also

necessary that β ∈ −R(T )
+ . Thus, de�ne

Tβ := {t ∈ T | βt < 0} and δβ := max

{
1

t
| t ∈ Tβ

}
> 0,

which are well de�ned since Tβ 6= ∅. Take the point (xβ, yβ, bβ) being xβ = (1, δβ),

yβ = (0, 0) and bβ = (bβ,t) such that

bβ,t =

 gt(xβ), if t /∈ Tβ,

0, otherwise.
(4.59)

A matter of computation shows that this point belongs to dom ΦFL and (4.58) will be

ful�lled at this point if and only if

〈xβ, u∗〉+ 〈yβ, v∗〉+
∑

t∈suppβ

βt · bβ,t < α,

which is equivalent to 1 +
∑

t∈suppβ βt · bβ,t < 1. This is impossible, since due to (4.59)∑
t∈suppβ βt · bβ,t = 0, so c((x, y, b), ((x∗, y∗, λ), (u∗, v∗, β), α)) = +∞ for all y∗, v∗ ∈ X∗

and λ, β ∈ R(T ), and

ΦFL(·, 0, 0)c(x∗, u∗, α) = 0 < +∞ = min
y∗,v∗∈X∗,
λ,β∈R(T )

Φc
FL((x∗, y∗, λ), (u∗, v∗, β), α).

To wind up this example, let us see that (C4FL) holds. To this aim, since dom gt = R2,

for all t ∈ T , according to De�nition 4.4.11 we get that epi−RT+(−g) = R2×RT . Hence,

cone
((

dom f × RT
+

)
− epi−RT+(−g)

)
= R2 × RT and (C4FL) is ful�lled.
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Remark 4.5.7. As we have seen from the previous examples, none of the regularity

conditions (CFL), (C4FL) or (C5FL) are necessary for strong Fenchel-Lagrange duality.

For this reason, none of them can be implied by (CHFL).

4.6 Stable strong Fenchel-Lagrange duality

This section is devoted to analyze which of the regularity conditions we have derived

in Section 4.4 are also su�cient for stable strong Fenchel-Lagrange duality.

Remark 4.6.1. According to Remark 0.3.2 and Proposition 0.3.3, (C4FL) and (C5FL)

are automatically su�cient conditions for stable strong Fenchel-Lagrange duality.

Now, let us consider the extended primal and dual problems, for all x∗ ∈ X∗, whose

structure are, respectively,

(Px∗) inf
gt(x)≤0, ∀t∈T

f(x) + 〈x, x∗〉 ,

(DFLx∗ ) sup
λ∈R(T )

+ ,

y∗,v∗∈X∗,
α1+α2>0

{−(f + 〈·, x∗〉)c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} ,

where f, gt : X → R are proper e-convex functions and T is an arbitrary index set.

Due to Propositions 4.4.2 and 4.4.10, there exists stable strong duality for (P )-(DFL)

if at least one the following conditions holds

(CHSFL) For all x∗ ∈ X∗, there exist λx∗ ∈ R(T )
+ , αx∗ > 0 such that

((f + 〈·, x∗〉)c�(λx∗g)c)(0, 0, αx∗) ≤ (f + 〈·, x∗〉+ δA)c(0, 0, αx∗),

being the in�mal convolution exact at the point (0, 0, αx∗).

(CFLx∗ ) For all x∗ ∈ X∗, and for all λ ∈ R(T )
+ , it holds

f + 〈·, x∗〉+ λg = sup
{
a | a ∈ Ẽf+〈·,x∗〉,λg

}
, and the set

epi(f + 〈·, x∗〉)c +
⋃
λ∈R(T )

+
epi(λg)c is e′ -convex.
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Remark 4.6.2. Due to Proposition 4.4.2, (CHFL) is a characterization of strong

Fenchel-Lagrange duality. Then, (CHSFL) is a characterization of stable strong Fenchel-

Lagrange duality.

Now, the aim is to study what happens with (CFL). In the classical context, this con-

dition characterizes stable strong Fenchel-Lagrange duality (see [14, Th. 7]). However,

in the framework of e-convex functions, this condition is not even a characterization

for strong Fenchel-Lagrange duality as one can check in Example 4.5.3. The proof of

the following proposition is analogous to the one of Proposition 2.4.2.

Proposition 4.6.3. If f + λg = sup
{
a | a ∈ Ẽf,λg

}
for all λ ∈ R(T )

+ , then (CFL) is

su�cient for stable strong Fenchel-Lagrange duality.

Denoting by fx
∗

:= f + 〈·, x∗〉, where f : X → R and x∗ ∈ X∗, we can derive from

Proposition 4.4.5 a new condition which is equivalent to (CHSFL). This condition will

be called (CHSFL) and has the following structure,

(CHSFL) For all x∗ ∈ X∗, there exists αx∗ > 0 such that

epi(fx
∗

+ δA)c
⋂
{(0, 0, αx∗)× R} ⊆

(
epi(fx

∗
)c +

⋃
λ∈R(T )

+
epi(λg)c

)
wwwwwwwwwwwaawwwwwwwww

⋂
{(0, 0, αx∗)× R} .

Remark 4.6.4. To conclude this chapter, we will provide an alternative proof of why

(CFL) is not necessary for stable strong Fenchel-Lagrange duality under the ful�lment

of f + λg = sup
{
a | a ∈ Ẽf,λg

}
for all λ ∈ R(T )

+ . From Proposition 4.6.3 and Remark

4.6.2, (CFL) implies (CHSFL). From (CHSFL), we have that for all x∗ ∈ X∗, there exist

λx∗ ∈ R(T )
+ and αx∗ > 0 such that

((f + 〈·, x∗〉)c�(λx∗g)c)(0, 0, αx∗) ≤ (f + 〈·, x∗〉+ δA)c(0, 0, αx∗), (4.60)

being the in�mal convolution exact at (0, 0, αx∗). Denoting by fx
∗

:= f + 〈·, x∗〉, from
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Proposition 4.4.5 we get that (4.60) is equivalent to

epi(fx
∗

+ δA)c
⋂
{(0, 0, αx∗)× R}

⊆

epi(fx
∗
)c +

⋃
λ∈R(T )

+

epi(λg)c

⋂ {(0, 0, αx∗)× R} . (4.61)

Now, we will proceed as in Remark 2.4.4. Since epi(fx
∗
)c = epi f c+{(x∗, 0, 0, 0)} holds

for all x∗ ∈ X∗, formulae (4.60) and (4.61) mean that, for all x∗ ∈ X∗, there exists

αx∗ > 0 such that

epi(f+δA)c
⋂
{(−x∗, 0, αx∗)× R} ⊆

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

⋂ {(−x∗, 0, αx∗)× R} .

(4.62)

Obviously, formula (4.62) does not imply the inclusion

epi(f + δA)c ⊆ epi f c +
⋃

λ∈R(T )
+

epi(λg)c,

fact that, according to Proposition 4.4.7, does not involve the e′-convexity of the set

epi f c +
⋃

λ∈R(T )
+

epi(λg)c.

Once we have analyzed Fenchel, Lagrange and Fenchel-Lagrange dual problems in

evenly convex optimization, we observe that there exist lots of similarities between clas-

sical and e-convex framework. Each condition in the classical context can be adapted

into our more general setting, but characterizations become su�cient or necessary con-

ditions very often, but hardly ever both.

Next part deals with other type of optimization problems. There, we will move from

general locally convex spaces to �nite dimensional spaces, and from convex optimization

problems to non-convex optimization programs. Without further ado, let us go ahead

in the following topic of research.



Part II

Conic version of the ellipsoid

covering problem
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Chapter 5

Measuring centrality and dispersion in

directional datasets: the ellipsoidal

cone covering approach

Consider a �nite collection {ξk}pk=1 of vectors in the space Rn. The ξk's are not to

be seen as position points but as directions. In this chapter we address the problem

of computing the ellipsoidal cone of minimal volume that contains all the ξk's. The

volume of an ellipsoidal cone is de�ned as the usual n-dimensional volume of a certain

truncation of the cone. The central axis of the ellipsoidal cone of minimal volume

serves to de�ne the central direction of the datapoints, whereas its volume can be used

as measure of dispersion of the datapoints.

5.1 Introduction

Consider a �nite collection Ξ = {ξk}pk=1 of points scattered in the Euclidean space

Rn. Typically, the number p of datapoints is much larger than the dimension n. The

celebrated ellipsoid covering problem consists in computing the n-dimensional ellipsoid

of minimal volume that encloses all of the points of the dataset Ξ. Such a covering

133
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problem has been widely discussed in the literature, both from a theoretical and from

a numerical point of view, see for instance [4, 45] or [72]. In this chapter, we deal with

the conic version of the ellipsoid covering problem. We assume that each ξk ∈ Ξ is a

non-zero vector, which we identify with a ray, namely,

~ξk = {t ξk : t ≥ 0}.

In other words, ξk is not to be seen as a position point but as a direction. The norm of

the vector ξk is irrelevant in the present context, what counts is its angle with respect

to a reference axis. Hence, there is no loss of generality in assuming that each ξk is a

unit vector. In fact, what we do is to change each ξk by the corresponding normalized

vector ξ̂k = ‖ξk‖−1ξk and we compute the ellipsoidal cone of minimal volume that

contains all the rays ~ξk's.

Some comments on terminology are in order. In what follows, the symbol En denotes

the set of ellipsoidal cones in Rn. A pointed closed convex cone Q with non-empty

interior in Rn is called an ellipsoidal cone if there exists a hyperplane

H = {x ∈ Rn : 〈y, x〉 = 1}

such that the cross-section Q ∩ H is a full-dimensional ellipsoid in H. Ellipsoidal

cones posses many desirable analytical properties and, on the other hand, they have a

su�ciently simple geometric structure, see Figure 5.1.

An ellipsoidal cone in Rn can be represented in many equivalent ways, see [50, 70,

71]. For instance, according to [71, Prop. 2.3] it can be written as the image

A(Ln) = {Ax : x ∈ Ln} (5.1)

of the n-dimensional Lorentz cone under some invertible matrix A. For convenience,

the Lorentz cone Ln is placed in the upward position, i.e.,

Ln =

x ∈ Rn :

[
n−1∑
i=1

x2
i

]1/2

≤ xn
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and it is viewed as the epigraph of the usual Euclidean norm of Rn−1. We refer to (5.1)

as the Lorentzian parametrization of an ellipsoidal cone.

Figure 5.1: Ellipsoidal cone Q enclosing a dataset Ξ. The dotted line is the symmetry axis

of Q. The depicted cross-section is perpendicular to the symmetry axis.

Every ellipsoidal cone admits a symmetry axis, i.e., a one-dimensional linear sub-

space with respect to which the cone is invariant under re�ections. Following [69, 70],

we de�ne the volume of Q ∈ En as the positive number

Vol(Q) = voln ({x ∈ Q : 〈cQ, x〉 ≤ 1}) ,

where voln is the n-dimensional Lebesgue measure and cQ is the axial symmetry center

of Q, i.e., the unit vector in Q that generates the symmetry axis of Q.

From an optimization theoretical point of view, the problem we shall address reads

as follows

min Vol(Q)

s.t.
Q ∈ En,

ξk ∈ Q, for all k ∈ Np,

(5.2)

where Np = {1, . . . , p} is the index set for the collection Ξ. The minimization variable

Q is not a vector in a linear space, but a mathematical object living in a metric space

of closed convex cones, see [49]. The covering constraint in (5.2) can be written in the
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inclusion form ~Ξ ⊆ Q, where

~Ξ =

p∑
k=1

~ξk = cone{ξk : k ∈ Np}

is the smallest closed convex cone containing the dataset Ξ. Note that ~Ξ is a polyhedral

cone because the cardinality of Ξ is �nite. In the same way that the datapoint ξk is

identi�ed with the ray ~ξk, one can identify the whole dataset Ξ with the polyhedral

cone ~Ξ. Further comments on terminology are appropriate. A closed convex cone

is said to be proper if it is pointed and has non-empty interior. As proven recently

in [70, Th. 1.3], any proper cone in Rn is enclosed by a unique ellipsoidal cone of

minimal volume. Throughout this chapter we assume that ~Ξ is a proper cone. Under

such hypothesis, the optimization problem (5.2) has exactly one solution. The unique

solution to (5.2) is denoted by QΞ and called the outer ellipsoidal cone associated to Ξ.

Geometrically speaking, QΞ corresponds to the ellipsoidal cone circumscribed around

the proper cone ~Ξ. Many reasons motivate the analysis and numerical resolution of the

optimization problem (5.2), among which we mention the following two items.

• Let ec(Ξ) denote the axial symmetry center of QΞ. The ray generated by ec(Ξ)

can be viewed as a central ray for the dataset Ξ. The acronym �ec� stands for

elliptic circumcenter. The angle between ξ̂k and ec(Ξ) provides information on

whether the given datapoint ξk is central or not. In our context, centrality is

understood from an angular point of view, not from a position point of view.

• The volume of QΞ can be used as measure of dispersion of the dataset Ξ, a high

value of this volume suggests a high dispersion in the dataset Ξ.

We close this introductory section by mentioning that (5.2) is somewhat related to

the easier optimization problem

min ϑ(R)

s.t.
R ∈ Rev(Rn),

ξk ∈ R, for all k ∈ Np,

(5.3)
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where Rev(Rn) denotes the set of revolution cones in Rn and ϑ(R) stands for the

half-aperture angle of R. By de�nition, a revolution cone in Rn is a set of the form

rev(c, s) = {x ∈ Rn : s ‖x‖ ≤ 〈c, x〉}, (5.4)

where c ∈ Rn is a unit vector that generates the revolution axis and s ∈ ]0, 1[ is a

coe�cient that measures the degree of aperture of the cone. In fact, the half-aperture

angle of (5.4) is equal to ϑ = arccos s. Revolution cones are sometimes referred to

as spherical cones or as ball-generated cones. Since a revolution cone is a particular

instance of an ellipsoidal cone, every feasible solution to (5.3) is also a feasible solution

to (5.2).

The revolution cone covering problem (5.3) arises in various �elds and applications,

see for instance [2, 3, 42, 46] or [47]. Since ~Ξ is assumed to be a proper cone, there exists

exactly one revolution cone, let us say RΞ, that solves (5.3). The axial symmetry center

of RΞ is denoted by sc(Ξ) and called the spherical circumcenter of Ξ. As it will be

explained in Section 5.3.1, the optimal revolution cone RΞ can be numerically computed

by solving an easy convex quadratic optimization problem. Unfortunately, revolution

cones are geometric objets with too much symmetry in them and, as a consequence of

this fact, they are not always suitable to �t general directional datasets. Ellipsoidal

cones are more �exible for this purpose.

5.2 Some characterizations of the outer ellipsoidal cone

Let Mn be the linear space of square matrices of order n and GL(n) be the open subset

of invertible matrices of order n. As said before, an ellipsoidal cone in Rn can be

represented as the image of the Lorentz cone Ln under some A ∈ GL(n). Hence, (5.2)

can be rewritten as

min Vol(A(Ln))

s.t.
A ∈ GL(n),

ξk ∈ A(Ln), for all k ∈ Np,

(5.5)
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where the minimization variable A lives in the linear space Mn. In this way, we get

QΞ = A∗(Ln), where A∗ is any solution to (5.5).

5.2.1 Pre-Lorentzian approach

The formulation (5.5) can be worked out a bit further by introducing the change of

variables A = B−1. Sometimes it is preferable to represent an ellipsoidal cone as inverse

image

B−1(Ln) = {x ∈ Rn : Bx ∈ Ln} (5.6)

of Ln under some B ∈ GL(n). We refer to (5.6) as the pre-Lorentzian parametrization

of an ellipsoidal cone. In what follows, In stands for the identity matrix of order n and

en denotes the last column of In. We also use the notation

Jn = 2ene
T
n − In,

B] = BTJnB ,

where the superscript �T� stands for transposition. Note that Jn corresponds to the

re�ection matrix on the line generated by en. If B ∈ Mn is invertible, then Silvester's

inertia theorem ensures that the symmetric matrix B] has the same inertia as Jn. In

particular, the largest eigenvalue of B] is simple, i.e., the corresponding eigenspace has

dimension one.

Theorem 5.2.1. Let B∗ ∈Mn be any solution to the optimization problem

min λmax(B] )

s.t.
detB = 1,

Bξk ∈ Ln, for all k ∈ Np.

(5.7)

Then QΞ = B−1
∗ (Ln). Furthermore,

(a) Vol
(
QΞ
)

=
(
λmax(B]

∗ )
)n/2

Vol (Ln) .
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(b) QΞ has the line L =
{
x ∈ Rn : B]

∗ x = λmax(B]
∗)x
}
as symmetry axis. In partic-

ular, ec(Ξ) is equal to the unique vector x ∈ Rn satisfying the system

B]
∗ x = λmax(B]

∗)x, ‖x‖ = 1, B∗x ∈ Ln.

Proof. Let A ∈ GL(n). As shown in [69, Prop. 4.6], the volume of the ellipsoidal cone

A(Ln) admits the explicit formula

Vol(A(Ln)) = µn/2 |detA| Vol (Ln) ,

where µ is the largest eigenvalue of (A−1)]. Such eigenvalue µ is simple and the sym-

metry axis of A(Ln) is equal to the one-dimensional eigenspace

Ker
(
(A−1)] − µIn

)
=
{
x ∈ Rn : (A−1)] x = µx

}
.

Now, observe that A(Ln) is invariant under permutation of the �rst n−1 columns of A

and also invariant under multiplication of A by a positive scalar. Hence, without loss

of generality, the constraint A ∈ GL(n) in (5.5) can be written in the determinantal

form detA = 1. By using the change of variables A = B−1, the problem (5.5) can be

converted into (5.7). Details are omitted.

The feasible set of the minimization problem (5.7) has a very special structure, it

is the intersection of the following two sets

PΞ = {B ∈Mn : Bξk ∈ Ln for all k ∈ Np},

Ω = {B ∈Mn : detB = 1},

the �rst one being a closed convex cone and the second one being a level set of the

determinant function det : Mn → R. Next theorem establishes a strikingly simple

necessary optimality condition for (5.7). We write �rst a series of useful lemmas.

Lemma 5.2.2. The feasible set of (5.7) is a closed set in Mn. On the other hand, the

cost function f : M→ R de�ned as

f(B) = λmax(B] )
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enjoys the following properties:

(a) f is locally Lipschitz, directionally di�erentiable, and homogeneous of degree 2.

(b) f is positive-valued on GL(n).

(c) f is in�nitely often di�erentiable on GL(n). Furthermore, the gradient of f at

B ∈ GL(n) is given by

∇f(B) = 2JnBxx
T , (5.8)

where x is a unit eigenvector of B] associated to the eigenvalue λmax(B] ). In

particular, ∇f(B) is a matrix of rank one.

Proof. Since Ω and PΞ are closed, their intersection is closed as well. Let us take care of

the properties of the cost function f . Part (a). Clearly, f(tB) = t2f(B) for all B ∈Mn

and t ∈ R. Let Sym(n) denote the linear space of symmetric matrices of order n. Note

that f is the composition of the largest eigenvalue function λmax : Sym(n) → R and

the function ϕ : Mn → Sym(n) given by ϕ(B) = B]. Since λmax is globally Lipschitz

and ϕ is locally Lipschitz, their composition is locally Lipschitz. Let Sn denote the

unit sphere of Rn. For all B ∈Mn, we have

f(B) = max
x∈Sn

κ(B, x), (5.9)

where κ : Mn × Rn → R is de�ned by

κ(B, x) = 〈x,B] x〉 = 2 〈en, Bx〉2 − ‖Bx‖2.

Applying Danskin's directional di�erentiability theorem, [30], to the parametric opti-

mization problem (5.9) we deduce that f is directionally di�erentiable. Moreover, the

directional derivative of f at B ∈Mn in the direction H is given by

f ′(B;H) = max
x∈S(B)

〈2JnBxxT , H〉 , (5.10)

where 〈·, ·〉 refers above to the Frobenius inner product on Mn and

S(B) =
{
x ∈ Sn : 〈x,B] x〉 = λmax(B] )

}
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is the solution set to (5.9). Part (b). If B ∈ GL(n), then B] has the same inertia as

Jn, i.e., they have the same number of negative and positive eigenvalues. In particular,

λmax(B]) is positive. Part (c). As it is well known, λmax is in�nitely often di�erentiable

on

Θ = {R ∈ Sym(n) : λmax(R) is simple} .

Hence, f is in�nitely often di�erentiable on

ϕ−1(Θ) = {B ∈Mn : ϕ(B) ∈ Θ}

and, in particular, on GL(n). Formula (5.8) follows from (5.10) and the fact that{
2JnBxx

T : x ∈ S(B)
}

is a singleton when B ∈ GL(n).

Remark 5.2.3. Let M ∈ Sym(n) be invertible. It is not di�cult to prove that

λmax(BTMB) depends convexly on B ∈ Mn if and only if M is positive de�nite.

In particular, f is not convex because Jn is not positive de�nite. Parenthetically, Jn is

not negative de�nite either, so the matrix Jn destroys both convexity and concavity in

many results pertaining to the theory of ellipsoidal cones.

The function f is not di�erentiable on the whole space Mn, but this is purely

anecdotal. What counts is the behavior of f on the feasible set of (5.7). Beware that

the solution set to (5.7) is not a singleton. As a matter of fact, we obtain the following

result.

Lemma 5.2.4. The solution set to (5.7) is unbounded. Moreover, any neighborhood

of a solution to (5.7) contains uncountably many solutions to (5.7).

Proof. Let B∗ be any solution to (5.7). To prove both parts of the proposition it su�ces

to construct a continuous injective map Ψ : R+ →Mn such that [Ψ(t)]−1(Ln) = B−1
∗ (Ln)

det[Ψ(t)] = 1
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for all t ≥ 0, Ψ(0) = B∗ and limt→∞ ‖Ψ(t)‖ = ∞. As example of such a function Ψ,

consider for instance

Ψ(t) =

 In−2 0

0 G(t)

B∗ with G(t) =

 √1 + t2 t

t
√

1 + t2

 . (5.11)

The choice of the matrix G(t) is motivated by the fact that In−2 0

0 G(t)

 (Ln) = Ln.

The above equality is obtained by direct computation or by relying on Corollary 5.6.3

in the Appendix. A matter of computation shows that (5.11) satis�es all the requested

properties on Ψ.

Remark 5.2.5. We mention in passing that, if B and C are two matrices with determi-

nant equal to 1 and such that B−1(Ln) = C−1(Ln), then B] = C], see Proposition 5.6.2

in the Appendix. In particular, the function B 7→ B] is constant on the solution set of

the optimization problem (5.7).

In order to proceed further with the exposition, it is helpful to introduce the set

DΞ = {C ∈Mn : 〈C,B〉 ≥ 0, for all B ∈ PΞ} ,

where 〈·, ·〉 refers again to the Frobenius inner product on Mn. The set DΞ is a closed

convex cone that goes under the name of dual cone of PΞ. In what follows, the symbol

B−T stands for the transpose of the inverse of B ∈ GL(n).

Lemma 5.2.6. Let B∗ ∈Mn be a solution to (5.7). Then B∗ satis�es

detB∗ = 1, B∗ ∈ bd (PΞ) (5.12)

and the criticality condition

∇f(B∗)−
2f(B∗)

n
B−T∗ ∈ DΞ. (5.13)
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Proof. Let B∗ be a solution to (5.7). Then detB∗ = 1 and, in addition, B∗ is a solution

to

min Vol(B−1(Ln ))

s.t.
B ∈ GL(n),

B ∈ PΞ.

(5.14)

The solution set of (5.14) does not change if the cost term Vol(B−1(Ln )) is changed by

g(B) =
1

n
ln
[
Vol(B−1(Ln ))

]
− 1

n
ln [Vol(Ln)]

=
1

2
ln [f(B)]− 1

n
ln |detB|.

Since GL(n) is an open set and g : GL(n)→ R is a di�erentiable function, a necessary

condition for B∗ to be a solution to (5.14) is to satisfy the variational inequality

〈∇g(B∗), B −B∗〉 ≥ 0, for all B ∈ PΞ. (5.15)

The set PΞ being a convex cone, the above variational inequality implies that ∇g(B∗)

belongs to the dual cone of PΞ. To complete the proof of (5.13) it su�ces to observe

that

∇g(B∗) =
1

2f(B∗)
∇f(B∗)−

1

n
∇(det)(B∗)

=
1

2f(B∗)

[
∇f(B∗)−

2f(B∗)

n
B−T∗

]
.

It remains to check that B∗ lies on the boundary of PΞ. Ab absurdo, suppose that B∗

belongs to the interior of PΞ. In such a case, (5.15) amounts to saying that ∇g(B∗) = 0

or, equivalently,

∇f(B∗) = (2/n)f(B∗)B
−T
∗ .

This is a clear contradiction because the matrix on the left-hand side is of rank one,

whereas the matrix on the right-hand side is of rank n.

Lemma 5.2.7. PΞ is a proper cone in Mn and its dual cone is given by

DΞ =

{
p∑

k=1

ηkξ
T
k : η1, . . . , ηp ∈ Ln

}
.
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Proof. As mentioned in [6, Ch. 3], if K1 and K2 are proper cones in Rn, then

Π(K1, K2) = {B ∈Mn : B(K1) ⊆ K2}

is a proper cone in Mn. Hence, to prove the �rst part of the lemma it su�ces to observe

that PΞ = Π(~Ξ,Ln). To prove the second part of the lemma we write

PΞ = {B ∈Mn : G(B) ∈ Ln × . . .× Ln}

as inverse image of the p -fold cartesian product of Ln under the linear map G : Mn →

(Rn)p given by G(B) = (Bξ1, . . . , Bξp). By applying a calculus rule on dual cones in

the spirit of [63, Cor. 16.3.2], we get

DΞ = {GT (η1, . . . , ηp) : η1, . . . , ηp ∈ Ln},

where GT : (Rn)p → Mn stands for the adjoint map of G. To conclude the proof, it

remains to derive the explicit form of GT .

For the sake of convenience we introduce some further notation. To each matrix

B ∈ GL(n) we associate the vector xB, which is de�ned as the unique solution to the

system

B] x = λmax(B])x, ‖x‖ = 1, Bx ∈ Ln.

Geometrically speaking, xB corresponds to the axial symmetry center of B−1(Ln). We

also introduce the index set

I(B) =
{
k ∈ Np : ξk ∈ bd[B−1(Ln)]

}
(5.16)

= {k ∈ Np : Bξk ∈ bd(Ln)}

to identify the datapoints ξk that are on the boundary of B−1(Ln). Note that (5.16)

depends on the ellipsoidal cone B−1(Ln), but not on the matrix B itself. In other

words, I(B) = I(B′) if the matrices B,B′ ∈ GL(n) produce the same ellipsoidal cone.

Without further ado, we state the main result of this section.
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Theorem 5.2.8. Let B∗ ∈Mn be a solution to (5.7). Then B∗ satis�es (5.12) and the

criticality condition

xB∗x
T
B∗ −

1

n
λmax(B]

∗)
(
B]
∗
)−1 ∈ cone

{
ξkξ

T
k : k ∈ I(B∗)

}
. (5.17)

Proof. The function g : GL(n)→ R introduced in the proof of Lemma5.2.6 is positively

homogeneous of degree zero. Hence, it satis�es the Euler equation 〈∇g(B), B〉 = 0 for

all B ∈ GL(n). Let B∗ be a solution to (5.7). Then, by Lemmas 5.2.6 and 5.2.7, there

are vectors η1, . . . , ηp in Ln such that

∇g(B∗) =

p∑
k=1

ηkξ
T
k .

The Euler equation evaluated at B∗ yields

0 =

〈
p∑

k=1

ηkξ
T
k , B∗

〉
=

p∑
k=1

〈B∗ξk, ηk〉 .

Hence, for all k ∈ Np, we have

〈B∗ξk, ηk〉 = 0. (5.18)

Taking into account the special structure of Ln, the orthogonality condition (5.18)

implies that  ηk = 0 if B∗ξk ∈ int(Ln),

ηk = tkJnB∗ξk if B∗ξk ∈ bd(Ln),

where tk is a non-negative real. We get in this way

∇g(B∗) =
∑

k∈I(B∗)

tkJnB∗ξkξ
T
k .

By writing ∇g(B∗) in full extent and rearranging, we arrive at

JnB∗xB∗x
T
B∗ −

1

n
λmax(B]

∗)B
−T
∗ =

∑
k∈I(B∗)

skJnB∗ξkξ
T
k , (5.19)

with sk = λmax(B]
∗) tk. It remains now to carry out a left multiplication by (JnB∗)

−1

on each side of (5.19). This proves that

C∗ = xB∗x
T
B∗ − (1/n)λmax(B]

∗)
(
B]
∗
)−1
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is expressible as non-negative linear combination of the rank one matrices

{
ξkξ

T
k : k ∈ I(B∗)

}
.

Beware that the combination of (5.12) and (5.17) does not guarantee that B∗ is a

solution to (5.7). Recall that (5.7) is a non-convex optimization problem.

5.2.2 The semi-axial approach

In what follows, O(n) stands for the group of orthogonal matrices of order n. An

ellipsoidal cone in Rn can also be represented as the image

U(Ew) = {Ux ∈ Rn : x ∈ Ew} (5.20)

of the upward ellipsoidal cone

Ew =

x ∈ Rn :

[
n−1∑
i=1

(xi/wi)
2

]1/2

≤ xn


under some U ∈ O(n). Geometrically speaking, the components of w ∈ int(Rn−1

+ )

correspond to the semi-axes lengths of the associated ellipsoid

Φ(w) =

z ∈ Rn−1 :

[
n−1∑
i=1

(zi/wi)
2

]1/2

≤ 1


in the space Rn−1. For this reason we refer to (5.20) as the semi-axial parametrization

of an ellipsoidal cone. Since Ew has the vector en as axial symmetry center, we have

Vol(U(Ew)) = Vol(Ew) = prod(w)Vol (Ln) ,

where prod(w) denotes the product of the components of w. This observation leads

straightforwardly to the following result.
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Theorem 5.2.9. Let (U∗, w∗) ∈Mn×Rn−1 be any solution to the optimization problem

min prod(w)

s.t.

w ∈ int(Rn−1
+ ),

UTU = In,

UT ξk ∈ Ew, for all k ∈ Np.

(5.21)

Then QΞ = U∗ (Ew∗) and, in particular,

ec(Ξ) = U∗en,

Vol
(
QΞ
)

= prod(w∗)Vol (Ln) .

Observe that the feasible set of (5.21) is neither closed nor bounded. To avoid

repetitions, we do not further elaborate on the theoretical features of the minimization

problem (5.21).

5.3 Sphericity versus ellipsoidality

5.3.1 RΞ as initial approximation of QΞ

Several authors have considered the problem of characterizing and computing the revo-

lution cone of smallest half-aperture angle that encloses a given dataset Ξ. Recall that

such a revolution cone is denoted by RΞ. Next proposition collects a number of results

disseminated in the specialized literature.

Proposition 5.3.1. The following statements hold

(a) The spherical circumcenter of Ξ is equal to sc(Ξ) = ‖%(Ξ)‖−1%(Ξ), where %(Ξ) is

the least norm element of the polytope conv{ξ̂1, . . . , ξ̂p}.

(b) The half-aperture angle of RΞ is equal to ϑΞ = arccos sΞ, where

sΞ = min
1≤k≤p

〈
sc(Ξ), ξ̂k

〉
.



148 CHAPTER 5. Measuring centrality and ...

(c) The volume of RΞ is given by

Vol
(
RΞ
)

=
(
tanϑΞ

)n−1
Vol (Ln) . (5.22)

Proof. Parts (a) and (b) are a pot-pourri of [42, Lem. 3.4.1] and [43, Prop. 3.1, Lem.

3.2]. Part (c) follows from [69, Cor. 4.5].

The computation of %(Ξ) o�ers no di�culty. Indeed, %(Ξ) =
∑p

k=1 µ̄kξ̂k, where the

vector µ̄ ∈ Rp is any solution to the convex quadratic minimization problem

min
∥∥∥∑p

k=1 µkξ̂k

∥∥∥2

s.t.
µ1 + . . .+ µp = 1,

µ1 ≥ 0, . . . , µp ≥ 0.

(5.23)

In our numerical tests, the problem (5.23) is solved by using the package �quadprog�

available on MATLAB. Table 5.1 gives a rough idea of the time needed for computing

RΞ. The word �time� refers to time elapsed between two tic/toc calls. The �rst call is

placed at the moment of inputting the dataset Ξ and the second call is placed when

the algorithm �nishes with the computation of sc(Ξ) and sΞ. Each cell corresponds to

an average value obtained by working with a sample of 104 random datasets Ξ. The

datapoints ξ1, . . . , ξp are stochastically independent n-dimensional vectors following a

uniform probability distribution on [0, 1]n−1 × {1}.

p = 40 p = 80 p = 120 p = 160

n=3 0.048 0.143 0.327 0.666

n=5 0.049 0.148 0.343 0.715

n=10 0.051 0.160 0.396 0.838

Table 5.1: Time needed for computing RΞ.

Since the revolution cone RΞ is a feasible solution to (5.2), the expression (5.22)

serves as upper bound for the volume of QΞ. Beware, however, that such an upper

bound could be extremely coarse. In fact, it is possible to construct Ξ such that the
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volume ratio

vr(Ξ) =
Vol(QΞ)

Vol(RΞ)
(5.24)

is as small as desired.

Example 5.3.2. Consider the dataset Ξ formed with the columns of the matrix
α α −α −α

β −β β −β

1 1 1 1

 ,
where α and β are two positive real numbers. A matter of computation yields

RΞ =
{
x ∈ R3 :

[
α2 + β2

]−1/2 ·
[
x2

1 + x2
2

]1/2 ≤ x3

}
,

QΞ =

{
x ∈ R3 :

[(
x1/
√

2α
)2

+
(
x2/
√

2 β
)2
]1/2

≤ x3

}
.

Hence, Vol(QΞ) = 2παβ/3 and Vol(RΞ) = π(α2 + β2)/3. Consequently, vr(Ξ) =

2αβ/(α2 + β2) goes to 0 as the ratio α/β goes to 0.

Example 5.3.2 seems rather arti�cial, but this is not truly the case. Some prelimi-

nary numerical experiments carried out with a family of random datasets have revealed

that vr(Ξ) is frequently small, see Table 5.2. Another point that is worth mentioning

is that although Vol
(
QΞ
)
is smaller than or equal to Vol

(
RΞ
)
, it is not always true

that RΞ must contain QΞ, see Figure 5.2.

When it comes to enclose or cover a directional dataset Ξ, the outer ellipsoidal cone

QΞ is much better than the outer revolution cone RΞ. At least two reasons justify this

statement.

• In general, a lot of space in RΞ is free of datapoints. The advantage of QΞ is

reducing the amount of wasted space. Table 5.2 compares the volumes of QΞ and

RΞ for a sample of random datasets as in Table 5.9. Observe that Vol(QΞ) is fairly

small compared to Vol(RΞ). Note also that the volume ratio vr(Ξ) decreases as

the dimension n increases.
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ec(Ξ) sc(Ξ)

Figure 5.2: RΞ may not contain QΞ. Moreover, ∠(sc(Ξ), ec(Ξ)) may be large.

• The spherical circumcenter sc(Ξ) does not represent well what is intuitively a

central axis of ~Ξ. Indeed, it happens frequently that sc(Ξ) is near the bound-

ary of ~Ξ. This pathological situation is corrected if we use instead the elliptical

circumcenter ec(Ξ). In Table 5.2, the last two columns display the average and

the maximum observed angle between sc(Ξ) and ec(Ξ). For easy of visualization,

angles are given in degrees. Note that maximum observed angle is signi�cantly

large even in a three dimensional setting. The volume ratio displayed is to be un-

derstood as an expected volume ratio, and not as the ratio between the expected

value of Vol(QΞ) and the expected value of Vol(RΞ).

Volume ∠(sc(Ξ), ec(Ξ))

Vol(RΞ) Vol(QΞ) vr(Ξ) Aver Max

n=3 0.1809 0.0541 0.4475 3.1 15.1

n=4 0.1438 0.0087 0.1650 5.2 18.8

n=5 0.1120 0.0011 0.0554 6.8 18.0

n=6 0.0902 1.36e-4 0.0195 8.5 20.1

Table 5.2: Outer ellipsoidal cone versus outer revolution cone.
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5.3.2 Condition number as measure of non-sphericity

As an alternative to the volume ratio vr(Ξ), we could use the condition number

cond(QΞ) =
γmax(QΞ)

γmin(QΞ)

to measure the degree of non-sphericity of the ellipsoidal cone QΞ. Here, γmax(QΞ)

and γmin(QΞ) denote respectively the largest and the smallest semi-axes lengths of QΞ.

For the de�nition of the semi-axes lengths of an ellipsoidal cone, see [70, Sect. 7].

For instance, the semi-axes lengths of the ellipsoidal cone (5.20) are the wi's. For an

ellipsoidal cone represented in the pre-Lorentzian form, we get the following result.

Proposition 5.3.3. Let B ∈ GL(n). Then the semi-axes lengths of B−1(Ln) are

(−λn/λ1)1/2 ≤ . . . ≤ (−λn/λn−1)1/2 ,

where λ1 ≤ . . . ≤ λn−1 < 0 < λn are the eigenvalues of B] arranged in non-decreasing

order. In particular,

cond
(
B−1(Ln)

)
=

(
λ1

λn−1

)1/2

.

Proof. From the proof of [69, Prop. 4.6] we get B−1(Ln) = U(Ew), where U is an

orthogonal matrix of order n and w is the (n−1)-dimensional vector whose components

are wi = (−λn/λi)1/2, for all i ∈ {1, . . . , n− 1}.

Table 5.3 is �lled by using a sample of random datasets as in Table 5.9. The term

cond(QΞ) is to be understood as an expected value for the condition number of QΞ,

which is not the same as the ratio between the expected value of γmax(QΞ) and the

expected value of γmin(QΞ).

5.3.3 Further di�erences between spherical and ellipsoidal cases

In general, the boundary of QΞ captures more datapoints than the boundary of RΞ. It

is known that the boundary of RΞ captures, at least, two points of the dataset Ξ, see

[2, Lem. 2.21]. The following result is new.
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γmax(QΞ) γmin(QΞ) cond (QΞ)

n=3 0.402 0.101 2.049

n=4 0.521 0.061 2.941

n=5 0.617 0.043 3.772

n=6 0.729 0.034 4.596

Table 5.3: Condition number of QΞ.

Proposition 5.3.4. At least n points of Ξ are on the boundary of QΞ.

Proof. Write QΞ = B−1
∗ (Ln) in terms of a solution B∗ to (5.7). Let x∗ = xB∗ . Consider

the spectral decomposition

B]
∗ =

n−1∑
i=1

λiuiu
T
i + λnx∗x

T
∗ ,

where λ1 ≤ . . . ≤ λn−1 < 0 < λn are the eigenvalues of B]
∗ arranged in non-decreasing

order and {u1, . . . , un−1, x∗} is an orthonormal basis of associated eigenvectors. As seen

in the proof of Theorem5.2.8,

C∗ = x∗x
T
∗ − (λn/n)

(
B]
∗
)−1

=
1

n

[
n−1∑
i=1

(−λn/λi)uiuTi + (n− 1)x∗x
T
∗

]
(5.25)

is a symmetric matrix that can be expressed as non-negative linear combination of

the rank one matrices
{
ξkξ

T
k : k ∈ I(B∗)

}
. Note that (5.25) is positive de�nite and, a

posteriori, of rank n. Hence, the cardinality of the index set I(B∗) is at least n.

Some preliminary numerical experiments with random datasets have shown that,

even if p is much larger than n, the number of datapoints on the boundary of QΞ is

just slightly bigger than n. The next result is intuitively clear.

Proposition 5.3.5. If a datapoint ξk ∈ Ξ is on the boundary of QΞ, then ~ξk is an

extreme ray of the polyhedral cone ~Ξ.

Proof. This result is a consequence of the fact that every ellipsoidal cone is strictly

convex.
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5.4 Ellipsoidal cone covering versus ellipsoid covering

The outer ellipsoidal cone QΞ can be constructed by solving either the non-convex prob-

lem (5.7) or the non-convex problem (5.21). On the other hand, the classical ellipsoid

covering problem can be formulated as a convex optimization problem and, therefore,

it can be solved e�ciently with the help of a suitable convex programming solver. A

natural question to ask is whether QΞ can be determined by solving a convex opti-

mization problem. Geometrically speaking, �nding QΞ is a matter of determining two

mathematical objects: �rstly, a unit vector ec(Ξ) that generates the symmetry axis of

QΞ and, secondly, an ellipsoid EΞ in the hyperplane {x ∈ Rn : 〈ec(Ξ), x〉 = 1}. If ec(Ξ)

is known beforehand, then EΞ can be obtained by solving a classical ellipsoid covering

problem. Nevertheless, this vector is never known in advance unless the dataset has a

particular structure with a lot of symmetry. Unfortunately, the determination of ec(Ξ)

is essentially a non-convex optimization problem.

In view of this observation, it is very tempting to search for the cone QΞ by using the

following PEL strategy which stands for Projection, Ellipsoid covering, and Lifting.

• Step 1: Projection. The �rst step is to project the datapoints on some hyperplane

Hy = {x ∈ Rn : 〈y, x〉 = 1}.

Speci�cally, we pick a unit vector y from the interior of ~Ξ∗ and form the set of

projected datapoints

Ξy =

{
ξ1

〈y, ξ1〉
, . . . ,

ξp
〈y, ξp〉

}
. (5.26)

• Step 2: Ellipsoid covering. By using a convex programming solver, we determine

the outer ellipsoid E(Ξy) for the projected dataset (5.26). By de�nition, E(Ξy)

is the ellipsoid in the hyperplane Hy that has minimal volume and encloses the

projected dataset Ξy. The volume of a convex body in Hy is measured of course

with respect to the (n− 1) - dimensional Lebesgue measure.
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• Step 3: Lifting. Finally, we obtain a pre-Lorentzian or a semi-axial parametriza-

tion for the ellipsoidal cone generated by the ellipsoid E(Ξy)

QΞ| y = {tu : t ≥ 0, u ∈ E(Ξy)}.

xn = 0

xn = 1

Figure 5.3: Ellipsoidal cone �tted by the outer ellipsoid enclosing the projected datapoints.

The choice of the vector y in Step 1 is a delicate issue. It is intuitively clear that a

reckless choice of y may lead to a deplorable outcome QΞ| y. Next proposition provides

some guidance on how to select y. In what follows, the notation

δ(K1, K2) = max

{
max

z∈K1∩ Sn
dist(z,K2), max

z∈K2∩ Sn
dist(z,K1)

}
refers to the truncated Pompeiu-Hausdor� distance between two proper cones in Rn.

Proposition 5.4.1. Let Ξ� be the set of unit vectors in the interior of ~Ξ∗, i.e.,

Ξ� = {y ∈ Sn : 〈y, ξk〉 > 0, for all k ∈ Np}.

Then

(a) For all y ∈ Ξ�, the ellipsoidal cone QΞ| y is a feasible solution to (5.2).

(b) y 7→ QΞ| y is continuous as function from Ξ� to the metric space (En, δ ).

(c) If y is equal to ec(Ξ), then QΞ| y is equal to QΞ.
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(d) If {yν}ν∈N is a sequence in Ξ� converging to ec(Ξ), then limν→∞ δ
(
QΞ| yν , QΞ

)
= 0.

Proof. Part (a). Let y ∈ Ξ�. Then ~Ξ∩Hy = conv(Ξy) is a polytope not containing the

origin and

Ξ ⊆ ~Ξ = {tu : t ≥ 0, u ∈ conv(Ξy)} ⊆ {tu : t ≥ 0, u ∈ E(Ξy)} = QΞ| y.

Furthermore, QΞ| y is an ellipsoidal cone because the cross-section QΞ| y ∩Hy = E(Ξy)

is a full dimensional ellipsoid in Hy. In short, QΞ| y is an ellipsoidal cone enclosing Ξ.

Part (b). Let {yν}ν∈N be a sequence in Ξ� converging to some ȳ ∈ Ξ�. Since

lim
ν→∞

ξk
〈yν , ξk〉

=
ξk
〈ȳ, ξk〉

for all k ∈ Np, we get

lim
ν→∞

haus (conv(Ξyν ), conv(Ξȳ)) = 0, (5.27)

where haus (·, ·) stands for the classical Pompeiu-Hausdor� metric. The polytopes

conv(Ξyν ) and conv(Ξȳ) are convex bodies in Hyν and Hȳ, respectively. The outer

ellipsoid enclosing a convex body behaves continuously with respect to perturbations

in the convex body. Hence, the combination of (5.27) and limν→∞ ‖yν − ȳ‖ = 0 yields

lim
ν→∞

haus (E(Ξyν ),E(Ξȳ)) = 0,

and, a posteriori,

lim
ν→∞

δ
(
QΞ| yν , QΞ| ȳ) = 0.

Part (c). This result follows by adapting to the present context the arguments that led

to Corollary 3.10 in [70]. Part (d) is a consequence of (b) and (c).

Remark 5.4.2. In essence, Proposition 5.4.1 (c) means that if the axial symmetry

center of QΞ is known beforehand, then the ellipsoidal cone QΞ itself can be found

by solving a classical ellipsoid covering problem. Since ec(Ξ) is rarely known a priori,

Proposition 5.4.1 (d) is a more practical result which means that if y is near ec(Ξ), then

QΞ| y is near the optimal solution QΞ.
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Next theorem explains how to compute QΞ| y when y = en. This particular choice

of y is not relevant at all because a suitable orthogonal transformation on the dataset

Ξ leads to such a situation. Indeed, we have the following orthogonality result.

Proposition 5.4.3. Let y ∈ Ξ�. Then

QΞ| y = V
[
QV T (Ξ)| en

]
,

where V ∈ O(n) is any orthogonal matrix having the vector y as last column.

Proof. Consider the orthogonally transformed dataset

Π = V T (Ξ) = {V T ξ1, . . . , V
T ξp}.

Projecting Π into the hyperplane Hen = {x ∈ Rn : xn = 1} yields

Πen =

{
V T ξ1

〈en, V T ξ1〉
, . . . ,

V T ξp
〈en, V T ξp〉

}
=

{
V T ξ1

〈y, ξ1〉
, . . . ,

V T ξp
〈y, ξp〉

}
= V T (Ξy),

i.e., Ξy is the image of Πen under the orthogonal transformation V . The sets E(Ξy)

and E(Πen) are similarly related by V and, hence, the ellipsoidal cones generated by

these sets are also related by this matrix.

By projecting the datapoints ξk's into the hyperplane Hen one gets the projected

dataset

Ξen =
{

(ξ̃1, 1), . . . , (ξ̃p, 1)
}
,

where Ξ̃ = {ξ̃1, . . . , ξ̃p} is a set of points in Rn−1. Constructing an ellipsoid in Hen that

encloses Ξen amounts to constructing an ellipsoid

Υ(a,N) = {z ∈ Rn−1 : 〈z − a,N(z − a)〉 ≤ 1}

in Rn−1 that encloses Ξ̃. Here, a ∈ Rn−1 and N ∈ Sym(n− 1) is positive de�nite. The

celebrated Loewner-John theorem asserts that the minimization problem

min voln−1(Υ(a,N))

s.t.

(a,N) ∈ Rn−1 × Sym(n− 1),

N positive de�nite,

ξ̃k ∈ Υ(a,N), for all k ∈ Np,

(5.28)
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admits a unique solution. As observed by Sun and Freund [72, Sect. 2], introducing

the new variables

S = N1/2, σ = N1/2a,

problem (5.28) can be rewritten as the following convex minimization problem,

min −ln det S

s.t.

(σ, S) ∈ Rn−1 × Sym(n− 1),

S positive de�nite,

〈σ − Sξ̃k, σ − Sξ̃k〉 ≤ 1, for all k ∈ Np.

(5.29)

The solution to (5.28) is recovered by setting

(a∗, N∗) =
(
S−1
∗ σ∗, S

2
∗
)
,

where (σ∗, S∗) is the solution to (5.29).

Theorem 5.4.4. Let (a∗, N∗) be the solution to the ellipsoid covering problem (5.28).

Then

QΞ| en = {x ∈ Rn : 〈x,M∗x〉 ≥ 0, 〈en, x〉 ≥ 0} (5.30)

with

M∗ =

 −N∗ N∗a∗

(N∗a∗)
T 1− 〈a∗, N∗a∗〉

 .
In particular:

(a) The volume of the ellipsoidal cone (5.30) is given by

Vol(QΞ| en) =
[λmax(M∗)]

n/2

|det(M∗)|1/2
Vol (Ln) .

(b) The axial symmetry center of (5.30) is equal to the unique vector x ∈ Rn satis-

fying the system

M∗x = λmax(M∗)x, ‖x‖ = 1, 〈en, x〉 ≥ 0.
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Proof. If E is a convex body in Rn−1, then the closed convex cone

fit(E) = {t(z, 1) : t ≥ 0, z ∈ E}

generated by E × {1} is a proper cone in Rn. It is called the proper cone �tted by E.

By construction,

QΞ| en = {t(z, 1) : t ≥ 0, z ∈ Υ(a∗, N∗)}

is the ellipsoidal cone �tted by the outer ellipsoid associated to the dataset Ξ̃. Note

that

QΞ| en = {t(z, 1) : 〈z − a∗, N∗(z − a∗)〉 ≤ 1, t ≥ 0}

= {(ζ, t) ∈ Rn : 〈ζ − ta∗, N∗(ζ − ta∗)〉 ≤ t2, t ≥ 0}

= {x ∈ Rn : 〈x,M∗x〉 ≥ 0, xn ≥ 0}.

This shows formula (5.30). Next, we claim that M∗ ∈ Sym(n) has the same inertia as

Jn. The matrix M∗ is invertible with

M−1
∗ =

 a∗a
T
∗ −N−1

∗ a∗

aT∗ 1

 =

 −N−1
∗ 0

0 0

 +

 a∗

1

 a∗

1

T .
By applying the interlacing theorem for rank one perturbation of symmetric matrices,

see [48, Page 182], we see that M−1
∗ has one positive eigenvalue and n − 1 negative

eigenvalues. Hence, M∗ has the same inertia as Jn. As it is explained in [71, Sect. 2]

we get

QΞ| en = {x ∈ Rn : 〈x,M∗x〉 ≥ 0, 〈c, x〉 ≥ 0}, (5.31)

where c is the axial symmetry center of QΞ| en . A parametrization of the form (5.31) of

the ellipsoidal cone QΞ| en can be converted into a semi-axial parametrization by using

a spectral decomposition

M∗ = UDUT

in which the diagonal matrix D = Diag(λ1, . . . , λn) contains the eigenvalues of M∗

arranged in non-decreasing order. Hence, we get QΞ| en = U(Ew) as in (5.20), with

wi = (−λn/λi)1/2 for all i ∈ Nn−1, which proves (a) and (b).
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5.5 Numerical computation of QΞ

The pre-Lorentzian approach for �nding QΞ consists in solving the optimization prob-

lem (5.7) with the help of any available solver. The semi-axial approach focusses

instead on the optimization problem (5.21). In this work, these optimization problems

are handled with the package �fmincon� available on MATLAB. Some comments on

this solver are in order.

• Both (5.7) and (5.21) are non-convex optimization problems, so there is no guar-

antee that fmincon ends with a global solution. As every solver, fmincon does

not promise either a local solution or a global one, it yields just a stationary

point. For this reason we initialize the solver with several initial points in order

to compare the di�erent outcomes. We keep as �global� solution the outcome

that produces the minimal objective function value.

• Among the di�erent algorithmic aproaches (interior point method, trust region

method, active-set method, etc) o�ered by fmincon, we choose the medium scale

algorithm called SQP and we limit to 3000 the number of evaluations of the

objective function.

As initial point for the pre-Lorentzian approach one can consider, for instance, any

of the following options,

B1 = [U(b)]T with b = sc(Ξ),

B2 = M(s)[U(b)]T with b = sc(Ξ) and s = sΞ,

B3 = [U(b)]T with b = bar(Ξ),

B4 = M(s) with s = min1≤k≤p 〈en, ξ̂k〉.

(5.32)

Here,

bar(Ξ) =

∥∥∥∥∥
p∑

k=1

ξ̂k

∥∥∥∥∥
−1

·

(
p∑

k=1

ξ̂k

)
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stands for the conic baricenter of Ξ,

M(s) =

(√
1− s2

s

)n−1
n

·Diag

(
s√

1− s2
, . . . ,

s√
1− s2

, 1

)
,

and U(b) ∈Mn is any matrix satisfying

UTU = In, detU = 1, Uen = b.

The corresponding initial points for the semi-axial approach are

(U1, w1) = (U(b), 1n−1) with b = sc(Ξ),

(U2, w2) =
(
U(b),

√
1−s2
s

1n−1

)
with b = sc(Ξ) and s = sΞ,

(U3, w3) = (U(b), 1n−1) with b = bar(Ξ),

(U4, w4) =
(
In,

√
1−s2
s

1n−1

)
with s = min1≤k≤p 〈en, ξ̂k〉,

(5.33)

where 1n−1 is the (n − 1)-dimensional vector of ones. Some comments on the choices

displayed in (5.32) are in appropriate. The cone B−1
1 (Ln) is a self-dual revolution cone

with sc(Ξ) as axial symmetry center. The matrix B1 has determinant equal to 1, but

it is not necessarily in PΞ. The cone B−1
2 (Ln) is equal to RΞ and the matrix B2 is a

feasible solution to (5.7). The cone B−1
3 (Ln) is a self-dual revolution cone with bar(Ξ)

as axial symmetry center. The matrix B3 has determinant equal to 1, but it is not

necessarily in PΞ. The cone B−1
4 (Ln) is a revolution cone with en as axial symmetry

center, and the matrix B4 is a feasible solution to (5.7).

The �gures displayed in the di�erent tables correspond to average values obtained

by working with a sample of 104 random datasets Ξ. The datapoints

ξ1, . . . , ξp ∼ Uniform (Πn
i=1[αi, βi])

are stochastically independent vectors following a uniform probability distribution on

a certain box. To make sure that the random polyhedral cone ~Ξ is proper, we ask the

box not to contain the origin in its interior. Finally, we mention that
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- �Iter� refers to the number of iterations performed by the algorithm from the

initial point to the termination point.

- �Time� refers to time elapsed between two pairs of tic/toc calls. In all our nu-

merical tests, the �rst tic/toc call is placed at the moment of providing the initial

point to the algorithm, and the second tic/toc call is placed when the algorithm

ends with a termination point. We do not count either the time needed to com-

pute the initial point, or the time needed to check whether the termination point

is optimal.

- �Conv� refers to convergence of the algorithm to the solution of the ellipsoidal cone

covering problem, i.e., convergence to QΞ. The �gures corresponding to �Conv�

refer to percentages, rounded to one decimal place for easy of visualization.

5.5.1 Test 1: Pre-Lorentzian versus semi-axial approach

The purpose of Test 1 is to compare the performances of the pre-Lorentzian approach

and the semi-axial approach. Figures in Table 5.4 are estimated with a sample of 104

datasets Ξ, each one formed with p = 10 random vectors distributed uniformly on the

box

Box(1) = [−1, 1]2 × {1}. (5.34)

Since the convex set [−1, 1]2 is symmetric with respect to the zero vector of R2, the

closed convex cone generated by the set (5.34) is symmetric with respect to the line

generated by the unit vector e3 = (0, 0, 1)T .

As seen in Table 5.4, the pre-Lorentzian approach performed always better than the

semi-axial approach, be it in terms of number of iterations or in terms of time needed to

compute the outer ellipsoidal cone QΞ. The pre-Lorentzian approach performed better

than the semi-axial approach also in terms of percentage of convergence to QΞ, but the

di�erence is negligeable.
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Pre-Lorentzian B1 B2 B3 B4

Iter 5 5 6 6

Time 0.02 0.02 0.02 0.02

Conv 100 100 100 100

Semi-axial (U1,w1) (U2,w2) (U3,w3) (U4,w4)

Iter 11 11 11 12

Time 0.16 0.17 0.16 0.17

Conv 99.9 99.9 99.8 99.8

Table 5.4: Pre-Lorentzian approach versus semi-axial approach.

5.5.2 Test 2: Further examination of the semi-axial approach

The purpose of Test 2 is to study the performance of the semi-axial approach on highly

scattered datapoints. For each m ∈ {4, 8, 12, 16}, we produce a sample of 104 datasets

Ξ, each one with p = 10 points distributed uniformly on the box

Box(m) = [−m,m]2 × {1}.

In principle, the random datapoints taken from Box(16) are highly scattered, whereas

those taken from Box(4) have a smaller dispersion.

(U1,w1) (U2,w2) (U3,w3) (U4,w4)

Box(4) 95.5 95.2 94.6 96.1

Box(8) 89.6 89.5 91.2 90.5

Box(12) 86.1 86.1 83.7 86.1

Box(16) 81.6 81.1 73.6 81.8

Table 5.5: Percentages of convergence of the semi-axial approach.

As seen in Table 5.5, the semi-axial approach deteriorates signi�cantly as the data-

points are taken from a larger box. Parenthetically, the pre-Lorentzian approach also

deteriorates as m increases, and this deterioration phenomenon occurs even at a higher

rate.

To avoid displaying an endless number of tables, from now on we just concentrate

on the pre-Lorentzian approach and we no longer consider the initialization choice B4.
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5.5.3 Test 3: Dependence on the distribution of datapoints

The purpose of Test 3 is to study the performance of the pre-Lorentzian approach when

the datapoints are taken from boxes of di�erent sizes and space location. For each one

of the following boxes

Box1 = [5, 6]× [5, 6]× {1} ,

Box2 = [20, 21]× [20, 21]× {1} ,

Box3 = [−1, 1]× [−5, 5]× {1} ,

we produce a sample of 104 random datasets Ξ, each one with p = 10 datapoints.

Init.
Box1 Box2 Box3

Iter Time Conv Iter Time Conv Iter Time Conv

B1 25 0.09 100 34 0.12 100 8 0.04 95.8

B2 22 0.09 100 58 0.27 99.9 9 0.05 97.1

B3 25 0.09 100 34 0.13 100 11 0.05 68.6

Table 5.6: Pre-Lorentzian approach: datapoints in various boxes.

As seen in Table 5.6, the performance of the pre-Lorentzian approach depends on

the box from where the datapoints are derived and also on the choice of initialization

matrix. The performance of the pre-Lorentzian approach is fairly satisfactory, specially

when the datapoints are taken from Box1 or Box2. The worst percentage of conver-

gence is obtained with Box3 and B3 as initialization matrix. Observe that the random

datapoints taken from third box are in principle less concentrated and, for this reason,

B3 does not perform as well as the other initializations.

5.5.4 Test 4: Dependence on the cardinality of the dataset

The purpose of Test 4 is to study the performance of the pre-Lorentzian approach when

n is small, say n = 3, but the number p of datapoint is relatively large. In this numerical
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experiment we work with datapoints taken at random from

Box(1) = [−1, 1]2 × {1}.

For each choice of p ∈ {50, 100, 200, 300}, we consider a sample of 104 random datasets.

Iter Time Conv

B1 B2 B3 B1 B2 B3 B1 B2 B3

p=50 5 5 5 0.042 0.040 0.040 100 100 100

p=100 5 5 5 0.045 0.042 0.043 100 100 100

p=200 6 5 6 0.057 0.050 0.051 100 100 100

p=300 6 5 6 0.062 0.054 0.056 100 100 100

Table 5.7: Pre-Lorentzian approach: datapoints in Box(1).

As seen in Table 5.7, for datapoints taken from Box(1), the pre-Lorenztian approach

performs very e�ciently even if p is relatively large (in fact, we tested the algorithm up

to p = 500 and we obtained similar percentages of convergence). The computational

time and the number of iterations remain essentially stable, not increasing with p as

one may naively expect. The explanation of this curious phenomenon is as follows.

The performance of the pre-Lorentzian approach is better when we have a reasonable

initial guess of ec(Ξ). If p is small, then the situation is in principle more di�cult to

handle, because a small size sample gives a poor indication on the �expected" position

of ec(Ξ). Big values of p induce on the contrary a sort of regularizing e�ect. By the law

of large numbers, it is easier to predict the position of ec(Ξ) when Ξ is a big sample

(obtained from a random vector with known probability distribution).

5.5.5 Test 5: E�ect of dimensionality

The purpose of Test 5 is to study the performance of the pre-Lorentzian approach as

function of the dimension n. For each dimension n ∈ {3, 4, 5}, we consider a sample

of 104 random datasets, each one with 10 datapoints taken from the unit box [0, 1]n.
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We repeat the same experiment with the unit box [4, 5]n, which is located farther away

from the origin.

n=3 n=4 n=5

B1 B2 B3 B1 B2 B3 B1 B2 B3

[0, 1]n

7 6 7 13 13 13 22 21 22 Iter

0.04 0.03 0.04 0.07 0.07 0.07 0.25 0.24 0.25 Time

100 100 100 100 100 100 100 100 100 Conv

[4, 5]n

19 14 19 40 36 40 74 70 74 Iter

0.08 0.06 0.08 0.22 0.20 0.22 0.83 0.79 0.83 Time

100 100 100 100 100 100 99.7 99.9 99.9 Conv

Table 5.8: Pre-Lorentzian approach: e�ect of dimensionality.

As seen in Table 5.8, when the datapoints are taken from the box [0, 1]n, the pre-

Lorentzian approach always converges. For the case of the box [4, 5]n, the percentages

of convergence are excellent as well, but we did observe a fast deterioration when n

goes beyond 5. For instance, for n = 6 the percentages of convergence are around 85%.

Due to lack of space in Table 5.8, dimensions greater than 5 are not being reported.

5.5.6 Test 6: E�ect of ellipsoidality

The purpose of Test 6 is to study the performance of the pre-Lorentzian approach on

a dataset formed with points taken from a box of the type

Cn(1, 20) = [0, 1]n−1 × [0, 20]. (5.35)

Such a box is highly asymmetric in the sense that one size of the box is much larger

than the others. The random points taken from (5.35) are expected to exhibit an

elliptical pattern that is highly non-spherical. For each dimension n ∈ {3, 4, 5, 6}, we

consider a sample of 104 random datasets, each one with 10 datapoints.

As seen in Table 5.9, while working in the range n ∈ {3, 4, 5}, the percentages of

convergence are all near 100%. The fact of working with a highly asymmetric box like
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Iter Time Conv

B1 B2 B3 B1 B2 B3 B1 B2 B3

n=3 14 12 15 0.06 0.05 0.06 100 100 100

n=4 31 29 31 0.17 0.16 0.17 100 100 100

n=5 55 54 56 0.61 0.60 0.62 100 100 100

n=6 63 63 63 0.62 0.62 0.62 77.8 80.9 76.9

Table 5.9: Pre-Lorentzian approach: datapoints in the box (5.35).

(5.35) does not deteriorate the performance of the pre-Lorentzian approach, at least

in terms of percentages of convergence. Of course, the number of iterations and the

computational time increases as function of the dimension n. The case of a highly

asymmetric box like (5.35) must be handled with additional care if n is bigger than 5.

5.5.7 Test 7: Volumetric quality assessment of QΞ| y

The purpose of Test 7 is to evaluate, from a volumetric point of view, the approximation

quality of an ellipsoidal cone of the type QΞ| y. Since the elliptic circumcenter of Ξ is

not known in advance, we consider the choices y = sc(Ξ) and y = bar(Ξ), which are

not known either, but they can be easily computed. Recall that approximation quality

of the revolution cone RΞ is measured by the volume ratio vr(Ξ) introduced in (5.24).

Similarly, the approximation quality of the ellipsoidal cones QΞ| sc(Ξ) and QΞ| bar(Ξ) are

measured in terms of the volume ratios

r1(Ξ) =
Vol(QΞ)

Vol(QΞ| sc(Ξ) )
, (5.36)

r2(Ξ) =
Vol(QΞ)

Vol(QΞ| bar(Ξ) )
, (5.37)

respectively. The three ratios mentioned above are smaller than 1 because QΞ cor-

responds to the ellipsoidal cone of minimal volume enclosing Ξ. In this numerical

experiment we work with random datapoints uniformly distributed on the asymmetric

box [−2, 2] × [−4, 4] × {1}. For each choice of p ∈ {10, 20, 40, 80, 160}, we consider a

sample of 104 random datasets.
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Volume Volume ratio

Vol(RΞ) Vol(QΞ| sc(Ξ)) Vol(QΞ| bar(Ξ)) Vol(QΞ) vr(Ξ) r1(Ξ) r2(Ξ)

p=10 11.1451 6.8064 6.6824 6.5428 0.6069 0.9531 0.9749

p=20 14.2872 9.1545 9.0990 9.0518 0.6396 0.9887 0.9944

p=40 16.2611 10.9913 10.9485 10.9350 0.6737 0.9951 0.9987

p=80 17.5557 12.4635 12.4222 12.4190 0.7077 0.9966 0.9997

p=160 18.5638 13.6568 13.6147 13.6138 0.7347 0.9970 0.9999

Table 5.10: Approximation quality of RΞ, QΞ| sc(Ξ), and QΞ| bar(Ξ).

As seen in Table 5.10, the ellipsoidal cones QΞ| sc(Ξ) and QΞ| bar(Ξ) get better and bet-

ter as the cardinality of Ξ increases. More precisely, the volume ratios (5.36) and (5.37)

increase as function of p and, furthermore, both converge to 1. Such an experimental

outcome is consistent with what is predicted by Proposition 5.4.1 (d). The explana-

tion of such an asymptotic behavior is as follows. As we increase the cardinality of Ξ,

the datapoints �ll progressively the box [−2, 2]× [−4, 4]× {1}. Consequently, bar(Ξ),

sc(Ξ), and ec(Ξ), are expected to get closer to a common vector, namely, e3 = (0, 0, 1)T .

Therefore, it is no wonder that QΞ| sc(Ξ) and QΞ| bar(Ξ) get close to QΞ. Parenthetically,

note that the volume ratio vr(Ξ) remains well away from 1 due to the asymmetric

character of the box from which the datapoints are drawn.

5.6 Further thoughts: ranking the in�uence of each

datapoint

By an obvious reason, the points of Ξ on the boundary of QΞ are referred to as ellip-

tically peripheral points. As explained in the sequel, not all the elliptically peripheral

points have the same importance. Let Ξ−ξk denote the dataset obtained from Ξ by

dropping the datapoint ξk. Suppose that, for each ξk ∈ Ξ, the associated polyhe-

dral cone ~Ξ−ξk is still proper. A possible way of assessing the in�uence of ξk in the
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determination of QΞ is by evaluating the volume reduction coe�cient

ΨΞ(ξk) =
Vol(QΞ−ξk )

Vol(QΞ)
.

The coe�cient ΨΞ(ξk) is of interest only if ξk is an elliptically peripheral point, other-

wise it is equal to 1. The next example illustrates the use of this coe�cient.

Example 5.6.1. Consider the dataset Ξ = {ξ1, . . . , ξ10} formed with the columns of

the matrix 
0 0 0 −0.5 −0.25 −0.25 −0.25 0.5 0 0.25

1 2 3 1.5 1.5 2.5 2 2.3 1.75 2.6

1 1 1 1 1 1 1 1 1 1

 .
The pre-Lorentzian approach initialized with the matrices B1 and B2, as in (5.32), has

produced, respectively, the solutions

B1,∗ =


1.4527 −0.5874 1.0183

0.7654 0.6293 −0.9554

−0.0104 0.3262 0.2142

 ,

B2,∗ =


1.4897 −0.5552 0.9681

0.6906 0.6594 −1.0053

−0.0108 0.3292 0.2094

 .
Additional solutions to (5.7) are obtained by initializing the pre-Lorentzian approach

with other initial matrices. Both B1,∗ and B2,∗ yield the outer ellipsoidal cone QΞ, so

I(B1,∗) = I(B2,∗) = {1, 3, 4, 8},

and the elliptically peripheral points of Ξ are {ξ1, ξ3, ξ4, ξ8}. Their volume reduction

coe�cients are ΨΞ(ξ1) = 0.5071, ΨΞ(ξ4) = 0.7657, ΨΞ(ξ8) = 0.8824, and ΨΞ(ξ3) =

0.9668, respectively. Thus, ξ1 is the most in�uential datapoint in terms of volume

reduction, then comes ξ4, ξ8, and ξ3, in that order.



Appendix about ellipsoidal cones

As mentioned in Chapter 5 on a number of occasions, two di�erent matrices B,C ∈ GL(n)

may produce the same ellipsoidal cone. The statement (d) in next proposition provides an

easily veri�able necessary condition for having the equality

B−1(Ln) = C−1(Ln).

A necessary and su�cient condition for the previous equality is given in Corollary 5.6.3. If P

and D are convex cones in Rn, then Q $ P indicates that either Q = P or Q = −P .

Proposition 5.6.2. For a pair of matrices B,C ∈ GL(n), the following conditions are

equivalent,

(a) B−1(Ln) $ C−1(Ln).

(b) (BC−1)(Ln) $ Ln.

(c) (BC−1)] is a positive multiple of Jn.

(d) B] is a positive multiple of C].

Proof. Clearly, (a) ⇔ (b) and (c) ⇔ (d). To prove the equivalence (b) ⇔ (c), there is no loss

of generality in working with the particular case C = In. So, we must check that

B(Ln) $ Ln ⇔ B] = µJn for some µ > 0.

In fact, the above equivalence is a known result by Loewy and Schneider [56, Th. 2.4]. We give

below an alternative proof which is based on Proposition 5.3.3 and the spectral decomposition

B] = UDiag(λ1, . . . , λn)UT =
n−1∑
i=1

λiuiu
T
i + λnunu

T
n .

169
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Let B(Ln) $ Ln. Hence, the ellipsoidal cone Q = B−1(Ln) is equal to Ln or equal to −Ln. In

particular, Q admits either un = en or un = −en as axial symmetry center. In addition, all the

semi-axes lengths of Q are equal to 1. From Proposition 5.3.3 we get λ1 = . . . = λn−1 = −λn

and, a posteriori,

B] =

 −λnIn−1 0

0 λn

 = λnJn.

This shows that B] is a positive multiple of Jn. Conversely, suppose that B
] = µJn for some

µ > 0. In such a case, un ∈ {en,−en} and

λ1 = . . . = λn−1 = −µ , λn = µ.

Hence, the ellipsoidal cone Q = B−1(Ln) is symmetric with respect to the line generated

by en and, according to Proposition 5.3.3, all the semi-axes lengths of Q are equal to 1. In

conclusion, Q is either the Lorentz cone or the opposite of the Lorentz cone.

Corollary 5.6.3. Consider a pair B,C ∈Mn of invertible matrices and write

BC−1 =

 M z

qT t

 ,
with t ∈ R, M ∈Mn−1, and z, q ∈ Rn−1. Then

B−1(Ln) = C−1(Ln) ⇔

 t > ‖z‖ , MT z = t q, and

MTM − qqT = (t2 − ‖z‖2)In−1.

Proof. By using [56, Th. 2.4] or the equivalence (b) ⇔ (c) in Proposition 5.6.2, we get

BC−1(Ln) $ Ln ⇔


t2 − ‖z‖2 > 0

MT z − t q = 0

MTM − qqT = (t2 − ‖z‖2)In−1.

The case BC−1(Ln) = Ln occurs when the last entry of BC−1en is positive, i.e., when

t > 0.
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Conclusions

Part I

1. In Chapter 0 we have shown that the two regularity conditions derived in [34],

(C4) and (C5), are also su�cient for general stable strong duality in evenly convex

optimization problems, see Remark 0.3.2 and Proposition 0.3.3. Furthermore, we

have presented some properties about e-convex sets and functions, Propositions

0.2.21, 0.2.24 and 0.2.23, which have been shown in the �nite dimensional case

in the literature, and we have extended them to general underlying spaces.

2. In spite of the protagonic role of e′-convexity in the establishment of regularity

conditions when c-conjugation scheme is applied, e′-convex sets and functions

become a bit disappointing in the sense that they do not inherit some interesting

properties, see Proposition 1.2.1 and Example 1.3.8. We also derive conditions so

that an e′-convex function has e-convex domain, Propositions 1.3.18 and 1.3.21.

3. In Chapter 2 we have recovered the structure of Fenchel dual problem in evenly

convex optimization providing an alternative proof to the one presented in [35].

We mention in passing that the involved functions do not need to be e-convex.

4. We have also adapted (C4) and (C5) into Fenchel case and we have recovered

(CF) from [35], reminding the relationship between them. Here, e-convexity over

the involved functions and sets is required. Inspired on a regularity condition

from [55] and working with a primal problem whose objective function is de�ned
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as the sum of two proper e-convex functions, in Section 2.3 we obtain a necessary

and su�cient condition for strong Fenchel duality, (CHF).

5. To address the problem of getting stable strong Fenchel duality, in Section 2.4

we have adapted condition (CF) and we have showed that this condition is also

su�cient for such a duality. Finally, from (CHF), we derive a new condition which

characterizes stable strong Fenchel duality, (CHSF).

6. In Chapter 3 we have obtained a Lagrange dual problem for a general optimization

primal one via perturbational approach and the c-conjugation scheme. As it

happened in Chapter 2, to this commitment the involved functions do not need

to be e-convex, properness is enough.

7. Once this dual problem is derived, we have established three regularity conditions,

(C4L), (C5L) and (CL), in terms of e-convexity and we have compared them, see

Section 3.4. Conditions (C4L) and (C5L) have been adapted from the general

case into Lagrange duality, Section 3.3. Condition (CL) is derived in Section

3.2, Theorem 3.2.7, and it can be interpreted as the e-convex counterpart of the

so-called closed cone constrained quali�cation related to a convex optimization

problem in the classical context.

8. We have also obtained a characterization for strong Lagrange duality, (CHL).

This condition is written through a particular inequality, but it can also be formu-

lated using epigraphs whenever we add two �usual� assumptions in the e-convex

setting, see Proposition 3.5.4. Furthermore, in Section 3.6 this codition allows the

establishment of a characterization of stable strong Lagrange duality, (CHSL).

9. To close this chapter, we have shown that the e-convex counterpart of the char-

acterization of stable strong Lagrange duality in the classical context, referred as

(CSL), is su�cient, see Corollary 3.6.4, but not necessary, see Example 3.6.5, in

evenly convex optimization.
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10. In Chapter 4 we have obtained a Fenchel-Lagrange dual problem for a primal one

following the same steps as in Chapters 2 and 3. Since the perturbation function

arises from both Fenchel and Lagrange ones, in Section 4.2 we have studied the

relation between its optimal value and the ones of Fenchel and Lagrange dual

problems obtained in Chapters 2 and 3, respectively.

11. We have also shown that under some conditions, their optimal values coincide,

see Proposition 4.2.1 and 4.2.7, and in Examples 4.2.3 and 4.2.8 one can see

that such conditions are utterly needed. Furthermore, we have also studied what

happens with the solvability of the indicated dual problems obtaining important

consequences, see Section 4.3.

12. In the second part of the chapter, we have obtained the Fenchel-Lagrange coun-

terpart of the (CQFL) regularity condition stated in [14], called (CFL), and the

equivalent condition of (FRC)A from [55], named (CHFL), which turns out to be

a characterization of strong Fenchel-Lagrange duality. In Section 4.5 we have

compared these conditions with the Fenchel-Lagrange version of conditions (C4)

and (C5) stated in Chapter 0, (C4FL) and (C5FL). We have proved that (CFL)

is weaker than (C5FL) and we have seen that (C4FL) has no relation with the

others. Finally, and as it happens in Chapters 2 and 3, (CHFL) can be adapted

into a characterization for stable strong Fenchel-Lagrange duality, (CHSFL).

13. In the light of the research done in the �rst part of this memory, it is clear

that there are lots of similarities between classical and e-convex settings, but

also some important di�erences. As we have pointed out in these conclusions,

none of the characterizations by means of the closedness of certain sets in the

classical context is also a characterization through e′-convexity in evenly convex

optimization. This fact has lead us to look for characterizations of strong and

stable strong duality in another type of conditions written via inequalities and

in�mal convolutions like the one in [55].
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Part II

1. We have given two possible representations for an ellipsoidal cone, the pre-

Lorentzian and the semi-axial approach. Since these representations are equiva-

lent to each other, we have developed theoretical features only for the �rst one.

2. Lemma 5.2.2 shows that the feasible set of (5.7) is closed and Lemma 5.2.4 that

its solution set is not bounded. Lemma 5.2.6 serves to introduce Theorem 5.2.8

which establishes a criticality condition for the optimal solutions to (5.7) in terms

of a dual cone related to the feasible set of (5.7).

3. As a �rst approximation to the outer ellipsoidal cone, we provide a convex pro-

gram to obtain the outer revolution cone and we check whether it depends on the

size of the dataset and/or the dimension of the underlying space. Moreover, in

Proposition 5.3.3 we obtain the condition number of the ellipsoidal cone which is

expressed in terms of its semi-axes lengths. This number serves to measure the

sphericity of the outer ellipsoidal cone. In addition, in Proposition 5.3.4 we prove

that unlike the outer revolution cone, the outer ellipsoidal cone has at least n

points on its boundary.

4. The outer ellipsoidal cone can be confused with the ellipsoidal cone generated by

an ellipsoid. To make it clear, we apply the Projection E llipsoid covering Lifting

strategy, PEL in short, to obtain the optimization problem necessary to reach

the ellipsoidal cone generated by an ellipsoid, see Theorem 5.4.4.

5. To solve the non-convex optimization problem (5.7) we need a computational tool.

In our case, we use a solver called �fmincon� available from Matlab and, since

every solver in this case, the obtained solution does not need to be global, just

stationary. To solve this situation, we initialize the solver with several reasonable

guest cones and we compare the obtained outcomes.
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6. In Section 5.5 we present several tests to analyze the performance of the ellipsoidal

cone formulated as the solution to (5.7). We analyze the e�ect of the distribution,

the number of datapoints, the dimension, the role of the ellipsoidality and we

compare the solution given by the outer ellipsoidal cone with the one obtained

from the outer revolution cone and the ellipsoidal cone generated by an ellipsoid.

7. Finally, we suggest an idea to analyze possible outliers. To this aim, we compute

a ratio which measures the volume reduction provoked by dropping a datapoint

and computing the outer ellipsoidal cone without this vector.

Further thoughts

Now we present some possible future lines of research which can be interesting to think

about after this thesis.

1. Converse duality: Apart from the classical strong and stable strong duality, there

exists another type of duality where the optimal values of the primal and dual

problems are equal being the primal one solvable. This duality is known as

converse duality and it has been treated in Fenchel case in [20, 55]. There, given

X, Y two locally convex spaces, f : X → R ∪ {+∞}, g : Y → R ∪ {+∞} proper

convex and lsc functions and A : X → Y a continuous linear operator such that

A(dom f) ∩ dom g 6= ∅, the optimization problem

(PA) inf
x∈X
{f(x) + g(Ax)}

and its Fenchel dual problem

(DA) sup
y∈Y ∗A
{−f ∗(−A∗y∗)− g∗(y∗)}

following the notation given in Section 2.3, are considered. In this context, Boµ

and Wanka use in [20] a fruitful idea from [5] and, consequently, they express

converse Fenchel duality as a particular case of strong Fenchel duality dealing
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with two equivalent optimization problems. In [55], Li at al. generalize the re-

sults done in [20] to a more general framework. They work with problems whose

involved functions does not need to be lsc and the linear operator does not need

to be continuous either. Both papers use the classical conjugation scheme pro-

vided by Fenchel-Moreau conjugation, but it could be interesting to apply the c-

conjugation scheme instead. We should remember that the c-conjugation scheme

is suitable for e-convex functions in the same sense that the Fenchel conjugation

scheme is appropriate for convex and lsc ones. Thus, the approaches followed

in the classical context are quite reasonable to be adapted into c-conjugation

and e-convex functions, and, therefore, converse Fenchel, Lagrange and Fenchel-

Lagrange duality can be studied in this more general setting. For this reason, we

think that this issue can be a really good line of research in the future.

2. Total duality: There exists total duality when there is strong duality and, more-

over, an optimal solution of the primal problem is assumed to be known. This

duality is closely related to the concept of subdi�erential. In fact, in the clas-

sical context stable total Fenchel duality was characterized by subdi�erentials

as one can see in [55]. For Lagrange and Fenchel-Lagrange cases, see [13] and

[12], respectively. In [59], it is provided the de�nition of the ε-c-subdi�erential

according to the c-conjugation scheme and, in [35], some properties of the ε-c-

subdi�erential are studied in the framework of separated locally convex spaces

and e-convex functions. With this motivation, it could be another line of research

the study of new characterizations of total, and stable total, strong duality for

Fenchel, Lagrange and Fenchel-Lagrange dual problems in evenly convex opti-

mization problems.

3. ε-duality gap: As one can see in [21], closedness-type regularity conditions has

been an interesting topic of research lately. Boncea and Grad present some

closedness-type regularity conditions which characterize ε-duality gap between
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a constrained optimization problem and its Lagrange and Fenchel-Lagrange dual

in locally convex spaces. Although not all the results are given assuming proper-

ness, convexity and lower semicontinuity, we think that it could be of interest to

develop this approach using the c-conjugation pattern.

4. Farkas-type results: In [15, 18], Fenchel and Fenchel-Lagrange dual problems are

used to establish some Farkas-type results for inequality systems having �nite,

and in�nite, many convex constraints applying the classical conjugate duality.

The underlying space in this work is Rn, and the proper and convex involved

functions do not need to be lsc. For this reason, we think that it could be worth

analyzing this kind of results �rstly, in general underlying spaces, and secondly,

by using the c-conjugation scheme.

5. Moreau-Rockafellar type results: In [14] two generalized Moreau-Rockafellar type

results are obtained for the sum of a convex function with the composition of

convex functions in separated locally convex spaces. To this aim, Boµ et al. use

the classical conjugation scheme with the assumption that the proper involved

functions must be lower semicontinuous. We strongly believe that these results

might be extended to our more general framework of e-convex functions and

c-conjugation pattern where the concept of e′-convexity could be crucial.

6. The last, but not least, suggested problem to future research has to do with

DC-problems, i.e., problems whose objective function can be expressed as the

di�erence of two convex functions. In the classical context, these problems read

as follows

inf
x∈C,

h(x)∈−S

f(x)− g(x)

being f, g : X → R∪{+∞} proper lsc convex functions, X,Z two real separated

locally convex spaces, C ⊂ X is a closed convex set, S a closed convex cone of Z
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and h : X → Z is an S-convex mapping, i.e.,

h(tu+ (1− t)v)− th(u)− (1− t)h(v) ∈ −S,

for all u, v ∈ X, for all t ∈ [0, 1], such that the composition of λ with h is lsc

for each λ ∈ S+, the dual cone of S. In [31, 32], the role of closedness-type

regularity conditions via epigraphs and conjugate functions is analyzed solving

some minimizing problems involving a DC function and studying a particular

kind of duality inDC problems, Toland-Fenchel-Lagrange duality. There, Dihn et

al. work in the classical context, fact that motivates us to consider the extension

of these works into c-conjugation and e-convexity as a possible fruitful line of

research in the future.

Derived papers

1. Fajardo, M.D., Rodríguez, M.M.L., Vidal, J., (2015) Strong Lagrange duality

for evenly convex optimization problems, J. Optim. Theory Appl., 168, 109-128,

DOI: 10.1007/s10957-015-0775-z.

2. Fajardo, M.D., Vidal, J., (2016) Stable strong Fenchel and Lagrange duality

for evenly convex optimization problems, Optimization, 65 (9), 1675-1691, DOI:

10.1080/02331934.2016.1167207.

3. Fajardo, M.D., Vidal, J., (2016) A comparison of alternative c-conjugate dual

problems in in�nite convex optimization, Submitted.

4. Fajardo, M.D., Vidal, J., (2016) Strong and stable strong Fenchel-Lagrange du-

ality in evenly convex optimization problems, Submitted.

5. Seeger, A., Vidal, J., (2016) Measuring centrality and dispersion in directional

datasets: the ellipsoidal cone covering approach, Accepted in J. Global Optimiza-

tion.



Summary in Spanish

Esta memoria está dividida en dos partes. La primera de ellas es el resultado de la

investigación realizada en la Universidad de Alicante bajo la supervisión de la Dra.

María Dolores Fajardo-Gómez de enero de 2013, a mayo de 2016, y constituye la parte

central de la tesis. La segunda parte es un trabajo conjunto con el Dr. Alberto Seeger

en la Universidad de Avignon, durante una estancia temporal de tres meses en 2015.

El propósito de la primera parte es el estudio de problemas de optimización evenly

convexos, los cuales no son más que problemas cuyas funciones involucradas y conjun-

tos factibles son evenly convexos, pero, ¾qué son este tipo de conjuntos y funciones

exactamente? Los conjuntos evenly convexos, en adelante e-convexos, fueron de�nidos

por Fenchel en [36] y, desde su de�nición, han sido utilizados con frecuencia en diversos

aspectos dentro de la programación matemática. Por ejemplo, una de sus principales

aplicaciones ha sido en la resolubilidad de sistemas con un número arbitrario de de-

sigualdades convexas como conjunto de restricciones, ver [39, 41].

El análisis de las propiedades de los conjuntos e-convexos así como el desarrollo

de posibles caracterizaciones vía teoremas de separación, han sido un tema de interés

en la comunidad cientí�ca. Por ejemplo, en [53], algunas propiedades importantes se

escriben en términos de sus secciones y proyecciones y, en [29], Daniliidis y Martínez-

Legaz proporcionan una caracterización para este tipo de conjuntos.

Las funciones e-convexas fueron de�nidas de forma natural en [65] como aquellas

funciones cuyo epígrafo es un conjunto e-convexo en el espacio producto. Como con-

sequencia directa del teorema de Hahn-Banach, se tiene que todo conjunto convexo

187
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cerrado o abierto es e-convexo. De esta forma, el entorno de trabajo proporcionado

por las funciones e-convexas es más general que el dado por las funciones semicontinuas

inferiormente. En [59], la clase de funciones e-convexas se caracterizan como aquélla

cuyas funciones se pueden expresar como el supremo de un cierto tipo de funciones

a�nes, extendiendo así la caracterización de las funciones convexas y cerradas como

supremo de funciones minorantes a�nes. Además, en este trabajo se proporciona tanto

un esquema de conjugación adecuado para esta clase de funciones como la versión

e-convexa del teorema de Fenchel-Moreau. Este nuevo patrón de conjugación está in-

spirado en un trabajo de Martínez-Legaz realizado en 1988, [57], en el que la teoría de

dualidad convexa generalizada , basada en la conjugación de Fenchel-Moreau, se aplica

sobre la programación quasiconvexa. Como resultado de esta investigación, se puede

decir que el esquema de c-conjugación está relacionado con las funciones e-convexas de

la misma forma que el esquema clásico de la conjugada de Fenchel está relacionado con

las funciones convexas y semicontinuas inferiormente.

Dado un problema primal (P ) y su problema dual (D), denotamos sus valores ópti-

mos por v(P ) y v(D), respectivamente. Las condiciones que aseguran dualidad fuerte,

es decir, cuando v(P ) = v(D) siendo (D) resoluble, se conocen como condiciones de

regularidad y se clasi�can en dos grupos: las de tipo interior y las de tipo cerramiento.

Las condiciones de regularidad pertenecientes al primer grupo están caracterizadas por

estar escritas en términos de nociones generalizadas del interior de un conjunto; sin em-

bargo, las del segundo tipo se caracterizan por estar expresadas en función de epígrafos

de funciones conjugadas. Las condiciones de tipo interior han sido de gran interés en

el pasado, ver [8, 9, 16, 22, 28, 74] por ejemplo, pero las condiciones de regularidad de

tipo cerramiento también han tenido bastante relevancia en los últimos años como se

puede apreciar en [7, 13, 19, 20] o [25].

A lo largo de esta memoria, continuamente haremos comparaciones entre el esquema

de trabajo evenly convexo y el contexto clásico. Por contexto clásico entenderemos que

el problema dual ha sido obtenido mediante la conjugada de Fenchel y la convexidad, y
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la semicontinuidad inferior, ya sea de las funciones del problema primal o de la función

de pertubación utilizada para obtener el problema dual cuando el enfoque perturba-

cional sea aplicado, es necesaria para el establecimiento de condiciones de regularidad.

Como hemos indicado anteriormente, la e-convexidad generaliza las propiedades de

convexidad y semicontinuidad inferior y, como recordaremos en el Capítulo 0, el es-

quema de c-conjugación generaliza la conjugada de Fenchel. De esta forma, la siguiente

pregunta surge de manera natural: ¾qué sucedería si trabajáramos con el esquema de

c-conjugación y las funciones fueran e-convexas? ¾Cómo serían las condiciones de reg-

ularidad en este nuevo entorno de trabajo?

Nuestra motivación proviene de [35] y [34]. En el primer trabajo, el problema

dual de Fenchel se obtiene aplicando el enfoque perturbacional y el esquema de c-

conjugación, derivándose una condición de regularidad para dualidad fuerte vía epí-

grafos. En el segundo trabajo, dado un problema primal general, además de obtener

un problema dual siguiendo el mismo enfoque que en [35], se derivan dos condiciones

generales para dualidad fuerte. Una de ellas se escribe en función de epígrafos y la otra

está inspirada en una condición de regularidad de punto interior de [74].

La condición de tipo cerramiento de [34] y la derivada en [35] están escritas me-

diante los conjuntos equivalentes utilizados en el contexto clásico, pero substituyendo

la conjugada de Fenchel, la convexidad y semicontinuidad inferior de las funciones y

la propiedad de que un conjunto sea cerrado, por el esquema de conjugación, la e-

convexidad de las funciones y la e′-convexidad de los conjuntos. Este nuevo concepto

de convexidad apareció en [35] mientras Fajardo et al. trataban de extender algunas

propiedades veri�cadas por las funciones convexas semicontinuas inferiormente a la

clase de funciones e-convexas. A la vista de estas similitudes en las condiciones de

regularidad derivadas en [34, 35], nos preguntamos si la siguiente relación

(∗)


convexidad + semicontinuidad inferior + esquema conjugación de Fenchel

m

e′ -convexidad + esquema c-conjugación
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también se cumpliría si trabajáramos con otro tipo de problemas duales en optimización

evenly convexa y sus condiciones de regularidad equivalentes del contexto clásico, y con

ello comenzamos nuestra investigación.

En el Capítulo 0 introducimos los resultados necesarios para el desarrollo de esta

memoria. Salvo que se indique lo contrario, X denotará un espacio localmente convexo

separado, X∗ su dual topológico y W := X∗ × X∗ × R. Consideremos las funciones

coupling c : X ×W → R y c′ : W ×X → R tales que

c(x, (x∗, y∗, α)) = c′ ((x∗, y∗, α), x) :=

 〈x, x
∗〉 si 〈x, y∗〉 < α,

+∞ otro caso.

Dada una función f : X → R, su c-conjugada f c : W → R se de�ne como

f c(x∗, y∗, α) := sup
x∈X
{c(x, (x∗, y∗, α))− f(x)} .

De forma similar, la c′-conjugada de una función g : W → R es gc
′

: X → R de�nida

por

gc
′
(x) := sup

(x∗,y∗,α)∈W
{c′ ((x∗, y∗, α), x)− g(x∗, y∗, α)} .

Remark 0.2.12: Dada una función f : X → R∪{+∞}, decimos que es e-convexa

en x ∈ X si f(x) = f cc
′
(x), y si g : W → R, se dice e′-convexa en (x∗, y∗, α) ∈ W si

g(x∗, y∗, α) = gc
′c(x∗, y∗, α).

Una vez introducido el esquema de conjugación a seguir en esta memoria, presenta-

mos varios resultados que muestran propiedades sobre conjuntos y funciones e-convexas

en espacios localmente convexos. Estos resultados se encuentran en la literatura de-

mostrados en dimensión �nita, pero nosotros los hemos generalizado a espacios de

dimensión arbitraria.

Proposición 0.2.21: Sean X, Y dos espacios vectoriales topológicos y T : X → Y

una aplicación lineal continua. Si H ⊆ Y es un semiespacio abierto tal que H :=
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{y ∈ Y | 〈y, y∗〉 < α}, con y∗ ∈ Y ∗ y α ∈ R, entonces

T−1(H) := {x ∈ X |T (x) ∈ H}

es e-convexo en X. Consequentemente, si C ⊆ Y es e-convexo, entonces T−1(C) es

e-convexo en X.

Proposición 0.2.23: Si f : X → R es e-convexa tal que f(x0) = −∞ para algún

x0 ∈ dom f , entonces f(x) = −∞ para todo x ∈ dom f .

Proposición 0.2.24: Sea f : X → R una función impropia tal que f(x0) = −∞

para algún x0 ∈ dom f . Entonces, f es e-convexa si, y sólo si, dom f es e-convexo y

f(x) ≡ −∞ en su dominio.

Proposición 0.2.25: Sea f : X → R una función propia e-convexa acotada supe-

riormente en su dominio, entonces dom f es e-convexo.

Para terminar este capítulo, en la Subsección 0.3.1 demostramos que las condiciones

de regularidad para dualidad fuerte derivadas en [34],

(C4) X y Θ Fréchet, Φ e-convexa y 0 ∈ aic (PrΘ (dom Φ)) ,

(C5) Φ propia y e-convexa y PrW×R (epi Φc) e′-convexo,

son también su�cientes para dualidad fuerte estable para el problema primal

(GP ) inf
x∈X,

F (x)

y su dual

(GDc) sup
u∗,v∗∈X∗,
α>0,

−Φc ((0, u∗) , (0, v∗) , α)

donde F : X → R := R ∪ {±∞} es una función propia y Φ : X × Θ → R veri�ca

que Φ(x, 0) = F (x), para todo x ∈ X, siendo Θ el espacio de perturbación de variables.

Dado que la e′-convexidad juega un papel decisivo en el establecimiento de condi-

ciones de regularidad cuando se utiliza el esquema de c-conjugación, el objetivo en el
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Capítulo 1 es estudiar las principales propiedades de estos conjuntos y funciones. Para

ello, de�nimos los siguientes conjuntos.

De�nición 1.1.1: Sea K ⊆ W × R. El Cono Dual General de K es el conjunto

KGDC := {(x, γ) ∈ X × R | c′((x∗, y∗, α), x)− γ ≤ β, para todo (x∗, y∗, α, β) ∈ K} .

De�nición 1.1.2: Sea H ⊆ X × R. La Expresión Simétrica General de H es el

conjunto

HGSE := {(x∗, y∗, α, β) ∈ W × R | c′((x∗, y∗, α), x)− γ ≤ β, para todo (x, γ) ∈ H} .

Estos conjuntos nos permiten estudiar ciertas operaciones algebraicas sobre la clase de

los conjuntos e′-convexos. En la Proposición 1.1.3 probamos que el cono dual general

siempre es un conjunto e-convexo, mientras que la expresión simétrica general de un

conjunto siempre es e′-convexo. Sin ninguna duda, el resultado principal de la Sección

1.1 es el siguiente.

Proposición 1.1.6: Sea K ⊆ W × R, entonces K es e′-convexo si, y sólo si,

K =
(
KGDC

)
GSE

.

También estudiamos algunas propiedades sobre conjuntos e′-convexos que son de in-

terés a lo largo de la primera parte de esta memoria.

Lema 1.2.6: Sea C ⊆ W × R no vacío. Entonces, C es e′-convexo si, y sólo si,

para todo x∗ ∈ X∗ y δ ∈ R, C + {(x∗, 0, 0, δ)} es e′-convexo.

Proposición 1.2.8: Una condición necesaria para que un conjunto no vacío K ⊆

R4 sea e′-convexo es que la frontera de su proyección sobre R2, correspondiente con la

segunda y tercera coordenadas, debe contener al origen.

Proposición 1.2.1: Ningún conjunto propio convexo cerrado que sea el epígrafo

de cierta función g : W → R es e′-convexo.

Esta última proposición nos permite a�rmar que ninguna función e′-convexa puede

ser cerrada, lo que establece una gran diferencia entre las funciones e-convexas y las
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e′-convexas. Otra gran diferencia es la que muestra el Ejemplo 1.3.8, en el que pode-

mos observar que la suma de funciones e′-convexas no es, en general, una función e′-

convexa. En las Proposiciones 1.3.2 y 1.3.3 derivamos condiciones su�cientes para que

una función e′-convexa sea e-convexa. Por último, en la Subsección 1.3.3 analizamos

condiciones su�cientes bajo las cuales una función e′-convexa, propia e impropia, tenga

dominio e-convexo, obteniendo los siguientes resultados.

Proposición 1.3.10: Sea h : W → R una función tal que h(y∗0, z
∗
0 , α0) = −∞ con

(y∗0, z
∗
0 , α0) ∈ domh. Entonces, si h es e′-convexa, h toma valor −∞ sobre domh.

Proposición 1.3.11: Sea h : W → R una función impropia convexa. Si h es

e′-convexa, entonces domh es e-convexo.

Proposición 1.3.13: Sea h : W → R una función acotada superiomente en su

dominio. Si h es e′-convexa, entonces domh es e-convexo.

Sea h : W → R una función propia y e′-convexa tal que

h(·) = sup
(x,β)∈A×B

{c′(·, x)− β} , (Res.-1)

con A × B subconjunto propio de X × R. Su dominio se puede expresar de la forma

siguiente

domh = D ×
⋂
x∈A

Cx

siendo los conjuntos, para todo x ∈ A,

D := {x∗ ∈ X∗ | 〈x, x∗〉 ≤Mx∗ , para todo x ∈ A} ,

Cx := {(y∗, α) ∈ X∗ × R | 〈x, y∗〉 < α} ,

con Mx∗ ∈ R una constante dependiente de x∗, para todo x∗ ∈ X∗.

Proposición 1.3.18: Sea h : W → R la función de�nida en (Res.-1) con X un

espacio vectorial topológico. Si A es acotado, entonces domh es e-convexo.

El recíproco es falso en general como muestra el Ejemplo 1.3.19. Finalizamos el

capítulo con la siguiente condición, la cual está relacionada con el concepto de órbita,

De�nición 1.3.20. La hipótesis de convexidad en el siguiente resultado no se puede

suprimir como pone en evidencia el Ejercicio 8 de [66, Pág. 53].
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Proposición 1.3.21: Sea X un espacio vectorial topológico, D ⊆ X∗ y A ⊆ X

un conjunto compacto tal que las órbitas, para cada x ∈ A, están dadas de la forma

siguiente

D(x) = {〈x, x∗〉 , x∗ ∈ D} ⊂ R.

Entonces, domh es un conjunto e-convexo.

En el Capítulo 2, dado el siguiente problema de optimización

(PFG) inf
x∈X,

f(x) + g(x)

donde f, g : X → R son funciones propias e-convexas, con dom f ∩ dom g 6= ∅, su

problema dual de Fenchel se obtuvo en [35, Cor. 15] cuya estructura es

(DFG) sup
u∗,v∗∈X∗,
α1+α2>0,

{−f c (u∗, v∗, α1)− gc (−u∗,−v∗, α2)}

bajo las hipótesis de f + g = sup
{
a | a ∈ Ẽf,g

}
y dom f ∩ dom g 6= ∅. Como para todo

α > 0 siempre se tiene que (f + g)c (0, 0, α) = −v(PFG) y (f c�gc) (0, 0, α) = −v(DFG),

establecemos la siguiente condición.

De�nición 2.3.1: Decimos que la condición (CHF) se cumple para el problema

(PFG) si existe un α > 0 tal que

(f + g)c (0, 0, α) ≥ (f c�gc) (0, 0, α)

y la convolución ín�ma es exacta en el punto (0, 0, α) .

De�nición 2.3.2: Decimos que la condición (CHF) se cumple para el problema

(PFG) si existe un α > 0 tal que

epi (f + g)c ∩ {(0, 0, α)× R} ⊆ (epi f c + epi gc) ∩ {(0, 0, α)× R} .

Lema 2.3.3: Si f + g = sup
{
a | a ∈ Ẽf,g

}
, las condiciones (CHF) y (CHF) son

equivalentes.
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Proposición 2.3.4: Si f + g = sup
{
a | a ∈ Ẽf,g

}
, se cumple (CHF) si, y sólo si,

existe dualidad fuerte de Fenchel entre los problemas (PFG) y (DFG).

Una vez tenemos esta caracterización concluimos el capítulo adaptando las condi-

ciones (CHF) y (CHF) para la dualidad fuerte estable de Fenchel, las cuales se denotan

por (CHSF) y (CHSF), respectivamente. Además, también comprobamos que la condi-

ción de regularidad para dualidad fuerte de Fenchel, ver [35],

(CF) f + δA = sup
{
a | a ∈ Ẽf,δA

}
y epi f c + epi δcA is e′ -convexo,

también lo es para la dualidad fuerte estable de Fenchel, ver Proposición 2.4.2.

En el Capítulo 3, consideramos el problema primal

(P ) inf
x∈A,

f(x) (Res.-2)

donde f, gt : X → R son funciones propias, para todo t ∈ T , con T un conjunto

arbitrario de índices. Supongamos que A := {x ∈ X : gt(x) ≤ 0 , ∀t ∈ T} es no vacío.

Utilizando la función de perturbación

ΦL(x, b) :=

 f(x) si gt(x)− bt ∈ −RT
+, para todo t ∈ T,

+∞ otro caso,

con ΦL(x, 0) = f(x) y RT el espacio de perturbación de variables, obtenemos el siguiente

problema dual de Lagrange

(DL) sup
λ∈RT+.

{
inf
x∈X
{f(x) + λg(x)}

}
En la Sección 3.2, obtenemos condiciones de regularidad para dualidad fuerte de

Lagrange y, para ello, supondremos que las funciones son propias y e-convexas no

sólo en esta sección sino en el resto del capítulo. Comenzamos derivando la condi-

ción equivalente en el contexto de e-convexidad de la conocida closed cone constraint

quali�cation introducida en [51]. Para su de�nición, probamos los siguientes resultados.



196 Summary in Spanish

Lema 3.2.1: El conjunto
⋃
λ∈R(T )

+
epi(λg)c es un cono convexo en W × R.

Proposición 3.2.2: epi δcA = e′conv
(⋃

λ∈R(T )
+

epi(λg)c
)
.

De�nición 3.2.4: El sistema σ =
{
g(x) ∈ −RT

+

}
veri�ca la condición (ECCQ) si⋃

λ∈R(T )
+

epi(λg)c es e′-convexo.

Proposición 3.2.6: El sistema σ =
{
g(x) ∈ −RT

+

}
veri�ca la condición (ECCQ)

si, y sólo si, para todo (y∗, z∗, γ) ∈ W tal que A ⊆ {x ∈ X | 〈x, z∗〉 < γ}, se tiene

(i) infx∈A {c(x, (y∗, z∗, γ))} = max
λ∈R(T )

+
{infx∈X {c(x, (y∗, z∗, γ)) + λg(x)}},

y existe, al menos, una solución de (i), λ ∈ R(T )
+ , que también veri�ca

(ii) infx∈A {c(x, (y∗, z∗, γ))} = infx∈dom(λg)

{
−c(x, (−y∗, z∗, γ)) + λg(x)

}
.

Teorema 3.2.7: Si σ veri�ca (ECCQ), f+δA = sup
{
a | a ∈ Ẽf,δA

}
y epi f c+epi δcA

es e′-convexo, entonces existe dualidad fuerte entre (P ) y (DL).

Las hipótesis del teorema anterior constituyen la condición de regularidad (CHL).

En la Sección 3.3 adaptamos las condiciones (C4) y (C5) de�nidas en (7) para el prob-

lema dual de Lagrange. Para ello, probamos el siguiente resultado.

Proposición 3.3.1: La función de perturbación ΦL es propia y e-convexa. Además

PrRT (dom ΦL) = g (dom f) + RT
+.

Con esta proposición, y teniendo en cuenta propiedades topológicas del espacio RT

(ver [61] para más detalles), llegamos a que las condiciones generales anteriores pueden
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reescribirse como sigue

(C4L) T es a lo sumo numerable, X es Fréchet y 0 ∈ ic
(
g(dom f) + RT

+

)
,

(C5L) PrW×R (epi Φc
L) es e′-convexo.

En la Sección 3.4, comparamos las tres condiciones de regularidad expuestas para

este problema dual, concluyendo que ninguna caracteriza la dualidad fuerte de La-

grange. Además, obtenemos que la de tipo (CCCQ), (CL), es más débil que (C5L) y

que (C4L) no guarda relación con ninguna de las otras dos condiciones de regularidad.

En la Sección 3.5, la Proposición 3.5.2 prueba que la siguiente condición es una

caracterización para dualidad fuerte de Lagrange.

De�nición 3.5.1: Decimos que la condición (CHL) se veri�ca si existe λ ∈ R(T )
+

tal que para todo α > 0

(f + δA)c(0, 0, α) ≥ (f + λg)c(0, 0, α).

La siguiente de�nición permite establecer una escritura equivalente para la condición

(CHL) introducida en la De�nición 3.5.1.

De�nición 3.5.3: Decimos que (CHL) se veri�ca para el problema (P ) si para

todo α > 0 se cumple

epi(f + δA)c
⋂
{(0, 0, α)× R} ⊆

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

⋂ {(0, 0, α)× R} .

Proposición 3.5.4: Si f+λg = sup
{
a | a ∈ Ẽf,λg

}
y epi f c+epi(λg)c es e′-convexo,

para todo λ ∈ R(T )
+ , entonces (CHL) es equivalente a (CHL).

Por último, en la Sección 3.6, dados los problemas primales y duales extendidos,

para todo x∗ ∈ X∗, cuyas estructuras son

(PL,x∗) inf
gt(x)≤0,∀t∈T

f (x) + 〈x, x∗〉

(DL,x∗) sup
λ∈R(T )

+

{
inf
x∈X
{f (x) + 〈x, x∗〉+ λg (x)}

}
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respectivamente, en primer lugar comprobamos que (CL) es su�ciente para dualidad

fuerte estable para (PL)-(DL), Proposición 3.6.1. Con el objetivo de encontrar una

condición necesaria y su�ciente para la estabilidad fuerte de Lagrange, tomamos una

caracterización en el contexto clásico para dicha dualidad y comprobamos qué sucede

con el conjunto equivalente en el contexto e-convexo. Como se puede ver en [14], cuando

las funciones son semicontinuas inferiormente y convexas, la estabilidad de Lagrange

se caracteriza porque el siguiente conjunto sea cerrado⋃
λ∈R(T )

+

epi (f + λg)∗ .

Su conjunto asociado en nuestro contexto es
⋃

λ∈R(T )
+

epi (f + λg)c. Veamos si su e′-

convexidad es una caracterización para la estabilidad de Lagrange.

Proposición 3.6.2:
⋃

λ∈R(T )
+

epi (f + λg)c ⊆ Pr
W×R

(epi Φc
L) ⊆ epi (f + δA)c .

Proposición 3.6.3: epi (f + δA)c = e′conv

 ⋃
λ∈R(T )

+

epi (f + λg)c

 .

Si de�nimos (CSL) la propiedad

(CSL)
⋃

λ∈R(T )
+

epi (f + λg)c es un conjunto e′-convexo,

el Corolario 3.6.4 muestra que dicha condición es su�ciente para estabilidad de La-

grange, pero el Ejemplo 3.6.5 muestra que no es necesaria. Siguiendo el propósito de

establecer una caracterización de la dualidad fuerte estable de Lagrange, utilizamos

la Proposición 3.5.2. Este resultado nos permite formular la siguiente caracterización

para dicha dualidad.

(CHSL) Para todo x∗ ∈ X∗, existe λx∗ ∈ R(T )
+ , tal que para todo α > 0

(f + 〈·, x∗〉+ λx∗g)c(0, 0, α) ≤ (f + 〈·, x∗〉+ δA)c(0, 0, α),

la cual admite una escritura equivalente en términos de epígrafos según la Proposición

3.5.4, (CHSL).
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En el Capítulo 4, consideramos de nuevo el problema primal (P ) introducido en

(Res.-2). Utilizando el esquema de c-conjugación y combinando de cierta manera las

funciones de perturbación empleadas en los contextos de Fenchel, (2.2), y Lagrange,

(3.3), utilizamos la función de perturbación ΦFL : X ×X × R→ R tal que

ΦFL(x, y, b) :=

 f(x+ y) si gt(x) ≤ bt, para todo t ∈ T,

+∞ otro caso,

con Θ := X × RT , y obtenemos el problema dual de Fenchel-Lagrange,

(DFL) sup
λ∈R(T )

+ ,

y∗,v∗∈X∗,
α1+α2>0,

{−f c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)}

comprobando así que, tal y como sucede con la conjugada de Fenchel en [17], el prob-

lema dual de Fenchel-Lagrange es una combinación de los problemas de Fenchel y La-

grange obtenidos anteriormente en los Capítulos 2 y 3, y que las funciones no precisan

ser e-convexas para dicho �n.

En la Sección 4.2, estudiamos las relaciones entre los valores óptimos de los tres

problemas duales anteriores, obteniendo los resultados que mostramos a continuación.

Proposición 4.2.1: Siempre se cumple que v(DL) ≥ v(DFL). Además, si una de

las siguientes condiciones se satisface

i) f, gt : X → R son convexas, para todo t ∈ T , y además int(epi f) 6= ∅,

ii) existe α > 0, (y∗, v∗, α1, α2, λ) ∈ W × R× R(T )
+ tal que α1 + α2 = α y

f c(y∗, v∗, α1) + (λg)c(−y∗,−v∗, α2) ≤ inf
λ∈R(T )

+

{(f + λg)c(0, 0, α)} ,

entonces v(DL) = v(DFL).

Proposición 4.2.6: Siempre se cumple que v(DF ) ≥ v(DFL).

Si las funciones gt : X → R son propias y e-convexas para todo t ∈ T , se tiene el

siguiente resultado.
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Proposición 4.2.7: Si (ECCQ) se cumple, entonces v(DF ) = v(DFL).

En los Ejemplos 4.2.3, 4.2.4 y 4.2.8 se puede comprobar que las hipótesis añadidas

en las Proposiciones 4.2.1 y 4.2.7 son totalmente necesarias. En la Sección 4.3, estu-

diamos las relaciones entre las soluciones óptimas de los problemas duales anteriores,

obteniendo los siguientes resultados.

Proposición 4.3.1: Sean f, gt : X → R funciones propias e-convexas para todo

t ∈ T con T un conjunto de índices arbitrario. Si f + δA = sup
{
a | a ∈ Ẽf,δA

}
, epi f c+

epi δcA es e′-convexo y (ECCQ) se cumple, entonces

v(P ) = v(DL) = v(DF ) = v(DFL).

Proposición 4.3.2: Si v(P ) = v(DFL) y (y∗0, v
∗
0, α1, α2, λ) ∈ W×R×R(T )

+ es solución

óptima de (DFL) con α1 + α2 > 0, entonces λ es óptima de (DL), (y∗0, v
∗
0, α1, α2) es

óptima de (DF ) y

v(P ) = v(DL) = v(DF ) = v(DFL).

El recíproco de la Proposición 4.3.2 es falso en general como se puede observar en el

Ejemplo 4.3.4.

Proposición 4.3.6: Si v(DL) = v(DF ) = v(DFL) pero, o bien (DL) o (DF ) no

son resolubles, entonces (DFL) no es resoluble.

Proposición 4.3.7: Supongamos que (DL) es resoluble. Si f, gt : X → R son

funciones propias e-convexas, f + λg = sup
{
a | a ∈ Ẽf,λg

}
y epi f c + epi(λg)c es e′-

convexo con λ ∈ R(T )
+ solución óptima de (DL), entonces (DFL) es resoluble.

Finalmente, el Ejemplo 4.3.9 muestra que si las funciones son e-convexas y propias,

la resolubilidad de Fenchel no implica la de Fenchel-Lagrange. En la Sección 4.4,

estudiamos condiciones de regularidad para dualidad fuerte de Fenchel-Lagrange, por

lo que las funciones las supondremos propias y e-convexas de ahora en adelante. De

acuerdo con Proposición 4.4.2, la primera condición que obtenemos, la cual está basada

en la condición (FRC)A de [55] y [20], nos permitirá caracterizar la dualidad fuerte de

Fenchel-Lagrange.
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De�nición 4.4.1: Decimos que la condición (CHFL) se cumple si existe λ ∈ R(T )
+

y α > 0 tales que

(f c�(λg)c)(0, 0, α) ≤ (f + δA)c(0, 0, α)

y la convolución ín�ma es exacta en (0, 0, α).

Esta condición puede expresarse en términos de epígrafos como se muestra en la

Proposición 4.4.5 a través de la de�nición siguiente.

De�nición 4.4.4: Decimos que la condición (CHFL) se cumple para el problema

(P ) si existe α > 0 tal que

epi(f + δA)c
⋂
{(0, 0, α)× R} ⊆

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

⋂ {(0, 0, α)× R} .

Además derivamos una nueva condición de regularidad equivalente a (CQFL) de [14]

en el conxtexto clásico.

De�nición 4.4.6: Si f + λg = sup
{
a | a ∈ Ẽf,λg

}
para todo λ ∈ R(T )

+ , decimos

que (CFL) se satisface si el conjunto epi f c +
⋃
λ∈R(T )

+
epi(λg)c es e′-convexo.

Proposición 4.4.7: Si f + λg = sup
{
a | a ∈ Ẽf,λg

}
para todo λ ∈ R(T )

+ , entonces

e′conv

epi f c +
⋃

λ∈R(T )
+

epi(λg)c

 = epi(f + δA)c.

Proposición 4.4.10: Si f + λg = sup
{
a | a ∈ Ẽf,λg

}
para todo λ ∈ R(T )

+ , (CFL)

es su�ciente para dualidad fuerte de Fenchel-Lagrange.

También adaptamos al contexto de Fenchel-Lagrange las condiciones generales (C4)

y (C5) introducidas en (7). Para ello, necesitamos los siguientes resultados.

De�nición 4.4.11: Sea C un cono convexo no vacío en Z, espacio localmente

convexo Hausdor�, y h : X → Z una función arbitraria. El C-epígrafo de h es el

conjunto de�nido por

epiC h = {(x, z) ∈ X × Z | z ∈ h(x) + C} .
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Proposición 4.4.12: La función de perturbación ΦFL es e-convexa y

PrX×RT (dom ΦFL) =
(
dom f × RT

+

)
− epi−RT+(−g).

En virtud de este resultado, las anunciadas condiciones quedan como sigue,

(C4FL) T es a lo sumo numerable , X Fréchet y 0 ∈ ic
(

(dom f × RT
+)− epi−RT+(−g)

)
,

(C5FL) PrW×R(epi Φc
FL) es e′ -convexo.

En la Sección 4.5, comenzamos probando que (CFL) implica (C5FL), Proposición

4.5.1, mientras que en los Ejemplos 4.5.3, 4.5.5 y 4.5.6 se muestra que no existen

más relaciones entre (CFL), (C5FL) y (C4FL). En la Sección 4.6, dados los problemas

extendidos

(Px∗) infgt(x)≤0, ∀t∈T f(x) + 〈x, x∗〉

(DFLx∗ ) sup
λ∈R(T )

+ ,

y∗,v∗∈X∗,
α1+α2>0

{−(f + 〈·, x∗〉)c(y∗, v∗, α1)− (λg)c(−y∗,−v∗, α2)} ,

donde f, gt : X → R son funciones propias e-convexas para todo t ∈ T y T es un

conjunto de índices arbitrario, habrá dualidad fuerte estable cuando al menos una de

las siguientes condiciones se veri�que

(CHSFL) Para todo x∗ ∈ X∗, existe λx∗ ∈ R(T )
+ , αx∗ > 0 tal que

((f + 〈·, x∗〉)c�(λx∗g)c)(0, 0, αx∗) ≤ (f + 〈·, x∗〉+ δA)c(0, 0, αx∗),

siendo la convolución ín�ma exacta en (0, 0, αx∗).

(CSFL) Para todo x∗ ∈ X∗, y para todo λ ∈ R(T )
+ ,

f + 〈·, x∗〉+ λg = sup
{
a | a ∈ Ẽf+〈·,x∗〉,λg

}
,

y el conjunto epi(f + 〈·, x∗〉)c +
⋃
λ∈R(T )

+
epi(λg)c es e′ -convexo.

También probamos el siguiente resultado.

Proposición 4.6.3: Si f + λg = sup
{
a | a ∈ Ẽf,λg

}
para todo λ ∈ R(T )

+ , (CFL) es

su�ciente para dualidad fuerte estable de Fenchel-Lagrange.



Summary in Spanish 203

Para �nalizar el capítulo y con ello esta primera parte de la memoria, en virtud

de la Proposición 4.4.5 derivamos la siguiente caracterización para la dualidad fuerte

estable de Fenchel-Lagrange,

(CHSFL) Para todo x∗ ∈ X∗, existe αx∗ > 0 tal que

epi(fx
∗

+ δA)c
⋂
{(0, 0, αx∗)× R} ⊆

(
epi(fx

∗
)c +

⋃
λ∈R(T )

+
epi(λg)c

)
wwwwwwwwwwwqqwwwwwwwww

⋂
{(0, 0, αx∗)× R} .

En el Capítulo 5 consideramos una colección �nita {ξk}pk=1 de vectores en Rn. Los

ξk's se consideran como direcciones, no como puntos asociados a una posición. El

objetivo de este capítulo es obtener el cono elipsoidal de mínimo volumen que contenga

a todos los ξk's. La Figura 5.1 muestra un ejemplo de dicho cono elipsoidal. Desde un

punto de vista teórico, el problema tratado en este capítulo es el siguiente,

min Vol(Q)

s.t.
Q ∈ En,

ξk ∈ Q, para todo k ∈ Np,

(Res.-3)

donde Np = {1, . . . , p} es el conjunto de índices de la colección Ξ. La restricción de

cubrimiento en (Res.-3) se puede expresar de la forma ~Ξ ⊆ Q, donde

~Ξ =

p∑
k=1

~ξk = cone{ξk : k ∈ Np}.

La única solución de (Res.-3) se denota porQΞ y se llama el cono elipsoidal circunscrito

asociado a Ξ, es decir, QΞ corresponde al cono elipsoidal circunscrito sobre el cono ~Ξ.

Para resolver el problema (Res.-3), trabajamos con dos posibles representaciones

para un cono elipsoidal, la representación pre-Lorentziana y la semi-axial. La primera

de ellas consiste en que dado un cono elipsoidal, dicho cono siempre se puede expresar

como la imagen inversa del cono de Lorentz bajo una matriz invertible, i.e.,

B−1(Ln) = {x ∈ Rn : Bx ∈ Ln}



204 Summary in Spanish

con B ∈ GL(n). Esta representación nos permite formular el problema (Res.-3) de la

manera siguiente.

Teorema 5.2.1: Sea B∗ ∈Mn una solución del problema de optimización

min λmax(B] )

s.t.
detB = 1,

Bξk ∈ Ln, para todo k ∈ Np.

(Res.-4)

Entonces QΞ = B−1
∗ (Ln). Además,

(a) Vol
(
QΞ
)

=
(
λmax(B]

∗ )
)n/2

Vol (Ln) .

(b) QΞ tiene la línea L =
{
x ∈ Rn : B]

∗ x = λmax(B]
∗)x
}
como eje de simetría. En

particular, ec(Ξ) es el único vector x ∈ Rn que satisface el sistema

B]
∗ x = λmax(B]

∗)x, ‖x‖ = 1, B∗x ∈ Ln.

El conjunto factible de (Res.-4) puede expresarse como PΞ ∩ Ω, con

PΞ = {B ∈Mn : Bξk ∈ Ln para todo k ∈ Np},

Ω = {B ∈Mn : detB = 1}.

En base a este conjunto factible, introducimos los siguientes resultados teóricos.

Lema 5.2.4: El conjunto solución de (Res.-4) es no acotado. Es más, cualquier

entorno de una solución de (Res.-4) contiene una cantidad no numerable de soluciones

de (Res.-4).

Ahora, introducimos el cono dual de PΞ,

DΞ = {C ∈Mn : 〈C,B〉 ≥ 0, para todo B ∈ PΞ} ,

y presentamos un resultado que establece una condición de criticalidad para las solu-

ciones del problema de optimización (Res.-4).

Lema 5.2.6: Sea B∗ ∈Mn una solución de (Res.-4). Entonces B∗ satisface

detB∗ = 1, B∗ ∈ bd (PΞ) (Res.-5)
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y la condición de criticalidad

∇f(B∗)−
2f(B∗)

n
B−T∗ ∈ DΞ.

El lema siguiente proporciona información acerca de la estructura del cono DΞ.

Lema 5.2.7: PΞ es un cono propio en Mn y su cono dual es

DΞ =

{
p∑

k=1

ηkξ
T
k : η1, . . . , ηp ∈ Ln

}
.

Para cada matriz B ∈ GL(n) asociamos el vector xB, el cual se de�ne como la única

solución del sistema

B] x = λmax(B])x, ‖x‖ = 1, Bx ∈ Ln.

Desde el punto de vista geométrico, xB corresponde con el eje de simetría de B−1(Ln).

También introducimos el conjunto de índices

I(B) =
{
k ∈ Np : ξk ∈ bd[B−1(Ln)]

}
= {k ∈ Np : Bξk ∈ bd(Ln)}

para identi�car los ξk que están en la frontera de B−1(Ln). Asociado a este conjunto

de índices, introducimos el resultado siguiente.

Teorema 5.2.8: Sea B∗ ∈ Mn una solución de (Res.-4). Entonces B∗ satis�ce

(Res.-5) y la condición de criticalidad

xB∗x
T
B∗ −

1

n
λmax(B]

∗)
(
B]
∗
)−1 ∈ cone

{
ξkξ

T
k : k ∈ I(B∗)

}
.

En la Subsección 5.2.2, introducimos otra posible representación para un cono elip-

soidal, la representación semi-axial, como

U(Ew) = {Ux ∈ Rn : x ∈ Ew}

siendo Ew el cono ellipsoidal �apuntado hacia arriba�, i.e.,

Ew =

x ∈ Rn :

[
n−1∑
i=1

(xi/wi)
2

]1/2

≤ xn
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y U ∈ O(n). Geométricamente, las componentes del vector w ∈ int(Rn−1
+ ) corresponden

con las longitudes de los semiejes del elipsoide asociado

Φ(w) =

z ∈ Rn−1 :

[
n−1∑
i=1

(zi/wi)
2

]1/2

≤ 1


en el espacio Rn−1. Como Ew tiene el vector en como eje de simetría, tenemos

Vol(U(Ew)) = Vol(Ew) = prod(w)Vol (Ln) ,

donde prod(w) denota el producto de las componentes de w. En base a esta repre-

sentación, tenemos el siguiente resultado.

Teorema 5.2.9: Sea (U∗, w∗) ∈ Mn × Rn−1 una solución del problema de opti-

mización
min prod(w)

s.t.

w ∈ int(Rn−1
+ ),

UTU = In,

UT ξk ∈ Ew, para todo k ∈ Np.

Entonces QΞ = U∗ (Ew∗) y, en particular,

ec(Ξ) = U∗en,

Vol
(
QΞ
)

= prod(w∗)Vol (Ln) .

En la Sección 5.3 introducimos el problema de optimización asociado al eje de

simetría del cono de revolución circunscrito a un conjunto de datos,

min
∥∥∥∑p

k=1 µkξ̂k

∥∥∥2

s.t.
µ1 + . . .+ µp = 1,

µ1 ≥ 0, . . . , µp ≥ 0.

En la Tabla 5.1 damos el tiempo necesario para su construcción y en el Ejemplo 5.3.2

mostramos que dicho cono puede ser tan mala solución como queramos. La Figura

5.2 muestra la diferencia en la calidad de aproximación de la solución dada por el
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cono de revolución y el cono elipsoidal, y la Tabla 5.2 una relación entre las soluciones

proporcionadas por ambos conos sobre un caso particular de conjunto de datos. Además

dicha tabla analiza el comportamiento del cono de revolución cuando se incrementa la

dimensión del espacio.

En la Subsección 5.3.2, estudiamos la bondad del cono QΞ mediante su número de

condición, el cual se desarrolla en el siguiente resultado.

Proposición 5.3.3: Sea B ∈ GL(n). Las longitudes de los semiejes del cono

elipsoidal B−1(Ln) son

(−λn/λ1)1/2 ≤ . . . ≤ (−λn/λn−1)1/2 ,

donde λ1 ≤ . . . ≤ λn−1 < 0 < λn son los autovalores de B]. En particular,

cond
(
B−1(Ln)

)
=

(
λ1

λn−1

)1/2

.

En la Subsección 5.3.3 estudiamos las principales diferencias entre el cono de revolu-

ción y el cono elipsoidal. En la Sección 5.4 estudiamos el cono elipsoidal generado por

un elipsoide que contiene al conjunto de datos siguiendo la estrategia �PEL�. Además,

mostramos las principales diferencias con el verdadero cono elipsoidal, ver Figura 5.3,

así como el problema de optimización a resolver para encontrar el mínimo elipsoide que

cubre un conjunto de puntos proyectados en un hiperplano,

min voln−1(Υ(a,N))

s.t.

(a,N) ∈ Rn−1 × Sym(n− 1),

N de�nida positiva,

ξ̃k ∈ Υ(a,N), para todo k ∈ Np.

(Res.-6)

Finalmente, damos la expresión analítica del cono elipsoidal generado por un elipsoide

de mínimo volumen,

QΞ| en = {x ∈ Rn : 〈x,M∗x〉 ≥ 0, 〈en, x〉 ≥ 0},

con

M∗ =

 −N∗ N∗a∗

(N∗a∗)
T 1− 〈a∗, N∗a∗〉





208 Summary in Spanish

y (a∗, N∗) una solución del problema de cubrimiento elipsoidal (Res.-6). Además, en

el Teorema 5.4.4 también mostramos cómo calcular tanto su volumen como su eje de

simetría. Observar que este desarrollo teórico tomando y = en no es determinante en

absoluto tal y como se muestra en el resultado siguiente.

Proposición 5.4.3: Sea y ∈ Ξ� = {y ∈ Sn : 〈y, ξk〉 > 0, para todo k ∈ Np}.

Entonces

QΞ| y = V
[
QV T (Ξ)| en

]
,

donde V ∈ O(n) es una matriz ortogonal con el vector y como última columna.

En la Sección 5.5 analizamos la calidad de la solución dada por el cono elipsoidal

en distintos casos utilizando el solver �fmincon� disponible en Matlab. Como tanto el

problema de optimización asociado al cono elipsoidal siguiendo la parametrización pre-

Lorentziana, como la semi-axial, no son convexos, deberemos inicializar dicho solver con

varios conos de recubrimiento, ver (5.32) o (5.33), para luego comparar las soluciones

obtenidas y tomar como óptima la mejor entre ellas.

En la Subsección 5.5.1 comparamos las dos representaciones posibles planteadas

en este capítulo. En la Subsección 5.5.2 analizamos el comportamiento de la repre-

sentación semi-axial con datos muy dispersos en el espacio. A pesar de que ambas

representaciones no son muy efectivas en este caso, continuamos nuestro trabajo con

la representación pre-Lorentziana para evitar un número excesivo de tablas. En la

Subsección 5.5.3 analizamos el efecto de la distribución de los puntos en el conjunto de

datos, en la 5.5.4 el efecto de su cardinalidad, en la 5.5.5 el de la dimensión y, en la

5.5.6, el de la elipsoidalidad del conjunto de puntos. Por último, en la Subsección 5.5.7

analizamos la calidad de la solución del cono elipsoidal generado tomando como eje de

simetría distintas opciones, del cono de revolución y del verdadero cono elipsoidal.

Para concluir el capítulo, y con ello el desarrollo de esta memoria, en la Sección

5.6, analizamos la posible existencia de outliers calculando la reducción de volumen

producida por la omisión individual de todos y cada uno de los datos pertenecientes al

conjunto de datos inicial, ver Ejemplo 5.6.1.



Glossary

Part I

R = ±∞ extended real numbers

X separated locally convex space

X∗ topological dual space of X

W the space X∗ ×X∗ × R

σ(X,X∗) weak topology

σ(X∗, X) weak* topology

〈x, x∗〉 = x∗(x) for all x ∈ X and x∗ ∈ X∗

RN space of all sequences in R

R(T ) space of generalized �nite sequences in R

suppλ supporting set of λ ∈ R(T )

bdC boundary of C

δC indicator function of C

intC classical interior of C

aintC algebraic interior of C

ic C relative algebraic interior of C

qriC quasi relative interior of C

sqri C strong quasi relative interior of C

coneC convex conic hull of C

convC convex hull of the set C

209
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econvC e-convex hull of the set C

econv f e-convex hull of the function f

e′convC e′-convex hull of the set C

e′conv f e′-convex hull of the function f

clC closure of the set C

cl f lower semicontinuous hull of the function f

f�g in�mal convolution of f and g

f ∗ : X → R Fenchel conjugate function of f

f c : W → R c-conjugate function of f

f c
′
: X → R c′-conjugate function of f

dom f domain of the function f

epi f epigraph of the function f

Φ : X ×Θ→ R perturbation function with Θ the perturbation variable space

(GP ) general primal problem

(GD) general dual problem

(GDc) general dual problem applying c-conjugation scheme

PrΘ projection onto the space Θ

CGDC general dual cone of C ⊂ W × R

CGSE general symmetrical expression of C ⊂ X × R

Ef set of all e-a�ne functions minorizing f

AEf set of all c-′elementary and e-a�ne functions minorizing f

Ẽf,g see De�nition 0.2.17

(ECCQ) E-convex Cone Constraint Quali�cation

ΦF,L,FL Fenchel, Lagrange or Fenchel-Lagrange perturbation functions

CF,L,FL regularity condition for strong F, L or FL duality

CHF,L,FL characterization for strong F, L or FL duality

CSF,L,FL su�cient condition for stable strong F, L or FL duality

CHSF,L,FL characterization for stable strong F, L or FL duality
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Part II

Ξ dataset

ξk datapoint

ξ̂k normalized datapoint

Ξ−ξk dataset obtained from Ξ by dropping the datapoint ξk

bar(Ξ) baricenter of Ξ

Ln n-dimensional Lorentz cone

Q ellipsoidal cone

En set of all ellipsoidal cones in Rn

Vol(Q) volume of the cone Q

voln n-dimensional Lebesgue measure

Np = {1, . . . , p} index set for the collection Ξ

~Ξ the smallest closed convex cone containing Ξ

QΞ outer ellipsoidal cone associated to Ξ

ec(Ξ) elliptical circumcenter QΞ

Rev(Rn) set of revolution cones in Rn

ϑ(R) half-aperture angle of R

rev(c, s) c ∈ Rn is the axis and s ∈ ]0, 1[ the aperture angle

RΞ outer revolution cone

sc(Ξ) spherical circumcenter of Ξ

Mn linear space of square matrices of order n

GL(n) open subset of invertible matrices of order n

O(n) group of orthogonal matrices of order n

Sym(n) linear space of symmetric matrices of order n

B−T transpose of the inverse of B ∈ GL(n)

bdC boundary of C

In identity matrix of order n
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en last column of In

det : Mn → R determinant function

λmax lagerst eigenvalue

∇f gradient of f

GT : (·)→ (·) adjoint map of G

xB axial symmetry center of B−1(Ln)

I(B) identify the datapoints ξk that are on the boundary of B−1(Ln)

Ew upward ellipsoidal cone

prod(w) product of the components of the vectorw

EΞ ellipsoid in the hyperplane {x ∈ Rn : 〈ec(Ξ), x〉 = 1}

%(Ξ) least norm element of conv{ξ̂1, . . . , ξ̂p}

cond(QΞ) condition number of QΞ

γmax(QΞ) largest semi-axis length of QΞ

γmin(QΞ) smallest semi-axis length of QΞ

PEL Projection Ellipsoid Lifting strategy

QΞ| y ellipsoidal cone generated by the ellipsoid E(Ξy)

δ(·, ·) truncated Pompeiu-Hausdor� distance between two proper cones in Rn

haus (·, ·) classical Pompeiu-Hausdor� metric between two sets



Indices

Part I

e′-convex set, 13

conjugate

c′-conjugate, 11

c-conjugate, 11

Fenchel conjugate, 8

dual product, 4, 5

duality

gap, 18

regularity conditions, 18

stable strong, 18, 20

strong, 18

weak, 18

e-convex set

characterization, 7

de�nition, 6

Hahn-Banch theorem, 6

Fenchel duality

dual problem, 46

regularity conditions, 47, 51

stability, 53, 54

Fenchel-Lagrange duality

dual problem, 97

regularity conditions, 113, 115, 120

stability, 114, 128, 129

function

e′-convex, 11

c and c′-elementary, 11

coupling, 11

e′-convex, 12

e-a�ne, 10

e-convex, 9�12

in�mal convolution, 8

perturbation function, 17

general dual cone, 24

general optimization problems, 17

general symmetrical expression, 24

generalized sequences, 4

hull of functions
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214 Index

e′-convex hull, 11

e-convex hull, 9

lsc hull, 8

hull of sets

conic convex hull, 5

e′-convex hull, 13

e-convex hull, 7

interior

algebraic interior, 5

quasi relative interior, 6

relative algebraic interior, 5

strong quasi relative interior, 6

Lagrange duality

condition ECCQ, 65

dual problem, 61

regularity conditions, 73, 75, 82

stability, 85, 88, 89

local base, 3

orbit of a point, 42

perturbational approach, 17

space

F-space, 4

Fréchet, 4

locally convex space, 3

perturbation variable space, 17

supporting set, 4

Part II

aperture angle of RΞ, 147

center

elliptical circumcenter, 136

spherical circumcenter, 137

criticality condition, 142

ellipsoidal cone generated, 154

Lorenzt cone, 134

outer revolution cone, 136

parametrization

Lorentzian, 134

pre-Lorentzian, 137

semi-axial approach, 146

special matrices

B], 138

re�ection matrix, 138

volume

ellipsoidal cone, 135

outer revolution cone, 148

pre-Lorentzian approach, 138

semi-axial approach, 146

volume ratio

QΞ vs QΞ| bar(Ξ), 166

QΞ vs QΞ| sc(Ξ), 166

QΞ vs RΞ, 149

reduction coe�cient , 168
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