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ABSTRACT. The aim of the present paper is to study the periodic orbits of
a perturbed self excited rigid body with a fixed point. For studying these
periodic orbits we shall use averaging theory of first order.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The equations of the motion of a rigid body with moments of inertia A, B, C
(A < B < () under a external torque M = (M7, Ma, M3) are

d B-C
m —< )7727T3+M1,

dt BC
d C—-A
(1) % = <AC’> mmg + Mo,
d A—-B
W= (G ) s

where II = (71, 9, 3) is the total angular momentum of the rigid body and M;
are smooth functions depending on the variables 7y, wo, w3. This rigid body is
usually called at the literature self-excited rigid body, see for more information
on this mechanical system Leimanis [9] or Deprit et alt. [2] In the following,
we assume that we work with a rigid body quasi—axisymmetric under small
torques, i.e. B = A + ¢, and the functions M; = ef;(m,m2,m3) with € a
small real parameter. Under these assumptions, very usual in many practical
applications, the equations of motion (1) are reduced to

d7T1 _(C—A—€

dt (A+e)0> moms + € fi(m, w2, m3),

dm Cc-A
@) W= (G ) s entr s,
dm €
W= () mme e )
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The objective of this work is, by means of the Averaging Theory (see The-
orem 4 of the Appendix) to provide a system of nonlinear equations whose
simple zeros provide periodic solutions of (2). This idea has been used in
previous works as an integrability criterium and for obtaining approximation
solutions to real problems, see for instance [3, 4, 5, 6]. In order to present our
results we need some preliminary definitions and notation.

We define the following functions in the open domain Q = {(R, Z) € R? /
0 <R < +00,0< Z < 400} given by, Fi(R, Z) as
3)

2
1 ) )
/ <cos€ f1 (Rcosﬁj RSIH&,Z) 4 sind fy (Rcosﬁ’ Rsm67Z>> &0
Tz 2

0

2a 20 20

21
2 9 Rsin
and]:g(R,Z):W;/fg <RCOS R sin ,Z) de,
0

200 2«
. C— .
with a = A A zero (R, Z§) of the nonlinear system
(4) Fi(R,Z)=0, FoR,Z)=0,

such that
8(~/_-.17 f2)
det | =~ 0,
° ( 5(R.2) ?
is called a simple zero of system (4).
Our main results on the periodic solutions of the self-excited rigid body (2)
are the following.

(RZ)(RS:ZS))

Theorem 1. Then for ¢ # 0 sufficiently small and for every simple zero
(R, Zy) # (0,0) of the nonlinear system (4), then the self-excited rigid body
(2) has a periodic solution (m1(t,e), ma(t,e), m3(t,€)) tending when ¢ — 0 to

Rg
—. 0,25 ).
(204’ ’ 0)

Theorem 1 is proved in section 2. Its proof is based in the averaging theory
for computing periodic solutions, see the appendix.

We provide two applications of Theorem 1 in the following two corollar-
ies, which will be proved in section 3, and example of perturbed maps where
Theorem 1 not provides information, see section?? for details.

2

3
Corollary 2. If fi(m1,m,m3) = —m3m, fo(mi,m2,m3) = 3 <F327r2 +7T37r2>

and f3(m1, w2, m3) = 75 — 2mans then the differential equation (2) for ¢ # 0
sufficiently small has two periodic solutions (m1(t,€), ma(t,€), m3(t,e)) tending
when € — 0 to the following initial conditions

1
(1,0,1) and (X, Y7) = (2,0,2),
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respectively.

Corollary 3. If fi(mi,m2,m3) = —a(m + m2), fo(mi,me,m3) = oz37rg’ and

f3(m1, ma, m3) = 1 — &®n?my then the differential equation (2) for e # 0 suffi-
ciently small has one periodic solution (w1 (t, ), ma(t,e), m3(t,€)) tending when

2v/3 3

e — 0 to the following initial condition v 0, 3
«
2. PROOF OF THE THEOREM 1

Proof of the Theorem 1. Introducing the change of variables
1 1 .
m = —Rcosf, my=—Rsinf, 7w3=272,
2c0 2c

in the system (2) by means of the following relations
dmy dmo dmo dmy
AR _ TV YTy do Mg ™y dZ _dmg
dt R Todt R? Todt dt’
we obtain, to first order in the small parameter ¢, the following system of
differential equations

W chR0,2)+ 0,
® =1+ 00
% = el (R,0,2) + O(e%),
with
F\(R.0,2) = 4a§C2’
Fy(R,0,2) = f3 (R;(;SG, R;i;&ﬂ) _ R +82§2*2 sin 26

Rcosf Rsin6
2a¢ ' 2«

,Z) + RZ(1+ aC)? cos .

where A is equal to 2aC? cosf fy (

f Rcosf Rsinf
2 2 ' 2«

,Z) +2aC?sin g

(A
Using the equation T I + O(e) the system (5) is reduced to a planar
o

system, 2w —periodic in the variable # in the following form

dR €4aF1(R, 0,2)
d£ o 640&F2(R, 9, Z)
g Z

+0(%),

+0(?),
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intheset Q1 = {(R,0,Z) €eR3 /0 < R < +00,0 € $1,0 < Z < +00}. System
(6) is in normal form for using, see the Appendix. Computing the averaged
system we obtain

dR

0 eF1(R, Z) + O(?),

dz

@ = 5]:2(Ra Z) + 0(52)7
in the open set @ = {(R,Z) € R? / 0 < R < +00, 0 < Z < +o0} with
Fi(R,Z) and F2(R, Z) given by (3). Hence Theorem 1 is proved. O

3. PROOF OF THE COROLLARY 2 AND 3

Proof of the corollary 2. Under the assumptions of Corollary 2 the nonlinear
system (4) becomes

R(2-3Z+ Z?)
7)) =
Fl(Rv ) 60{ )
7Z 2R%272
FoR, Z) = — (804— R >
2 a

This system has the two real solutions

(RS, Zy) = (2a, 1) and (Rf, Z5) = (a,2) .

det (6(]—"1, 72)

Moreover
4

(R,Z)(Qa,l)) I

det (a(]:l’]:2) ) — §
(R,2)=(,2) 3

9. 7)

and

a(R, Z)

check that these solutions are simple. So, by Theorem 1 we only have two
periodic solutions of (2). This completes the proof of the corollary. O

Proof of the corollary 3. Under the assumptions of Corollary 3 the nonlinear
system (4) becomes

Rz 10
Fo(R,7) = C“(E;;ZRQZ).
This system has the only solution
(5, 74) = (4%) .
Moreover
O(F1, F2 32«
o < ;(R’ Z)) (R,Z>=(R3,Za>> A
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check that these solutions are simple. So, by Theorem 1 we only have one
periodic solutions of (2). This completes the proof of the corollary. U

4. APPENDIX

Now we shall present the basic results from averaging theory that we need
for proving the results of this paper.

The next theorem provides a first order approximation for the periodic so-
lutions of a periodic differential system, for the proof see [1] and [10].

Consider the differential equation
(7) i =ceF(t,x) + 2R(t,x,¢), £(0) =z

with z € D C R", ¢t > 0. Moreover we assume that both Fj(¢,x) and Fi(t,x)
are T periodic in t. Separately we consider in D the averaged differential
equation

(8) v =¢fi(y), y(0) =z,

where

T
A =5 [ A

Under certain conditions, equilibrium solutions of the averaged equation turn
out to correspond with T—periodic solutions of equation (8).

Theorem 4. Consider the two initial value problems (7) and (8). Suppose:

(i) F, its Jacobian OFy/0x, its Hessian 0*°Fy/0x?, Fy and its Jacobian
OF,/0x are defined, continuous and bounded by an independent con-
stant € in [0, 0o) x D and € € (0, €.

(ii) F1 and Fy are T—periodic in t (T independent of ).

(iii) y(t) belongs to 2 on the interval of time [0,1/e].
Then the following statements hold.
(a) Fort € [1,e] we have that x(t) — y(t) = O(g), as e — 0.
(b) If p is a singular point of the averaged equation (8) and

det <3(f1 + €f2)>

6y # 07

Yy=p

then there exists a T —periodic solution ¢(t,e) of equation (7) which
is close to p such that ¢(0,e) — p as e — 0.
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