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A B S T R A C T

In this manuscript, we explore the shadow and the greybody bounding characteristics of a
regular black hole within 4-dimensional space–time, employing the context of gravity that
is scale-dependent. Our focus lies in determining limitations on the parameter denoted as 𝜖,
which serves as a descriptor for the scale-dependent solution with respect to the classically
observed shadow radius 𝑅sh as indicated in the documented data from the Event Horizon
Telescope (EHT). Our result indicates that there is a unique value for 𝜖 occurring at the reported
mean of 𝑅sh and the uncertainties could be the result of the fluctuating value of the scale-
dependent parameter. We found that 𝜖 > 0 is positive for Sgr. A*, but 𝜖 < 0 for M87*.
Utilizing M87* as a reference model, we scrutinized the shadow radius and weak deflection
angle within the specified constraints. Discrepancies were observed not only in the shadow but
also in the deflection angle of photons, particularly when the photon’s impact parameter closely
approached the critical impact parameter.

. Introduction

The existence of black holes, regions of spacetime where the gravitational pull is so strong that nothing, not even light, can
scape, is a consequence of Einstein’s theory of general relativity. There are evidence which support that BHs are more than just
imple solutions of Einstein field equations. One of the most remarkable examples are the gravitational waves, confirmed a few
ears ago [1,2]. Albeit black holes have a long history, the first representative example was provided by Schwarzschild more
han 100 years ago [3]. The discovery of black holes highlighted the limitations of Newtonian physics in describing gravity and
nderscored the profound implications of Einstein’s general theory of relativity. Even in the absence of matter, Einstein’s equations
ive rise to non-trivial solutions, such as black holes, whose properties deviate significantly from those of flat Minkowski space–
ime. Black holes are fascinating by themselves since the physics required to understand them combines classical and quantum
spects. A significant breakthrough in black hole physics was Stephen Hawking’s groundbreaking work [4,5], which demonstrated
hat black holes emit radiation from their event horizons. This discovery made black holes a valuable laboratory for exploring
nd comprehending the nuances of gravitational theories. The interior of black holes remains shrouded in uncertainty due to the
resence of singularities, which are predicted to occur under certain conditions [6]. Under general assumptions about the energy-
atter content of spacetime, classical solutions to Einstein’s equations exhibit both future singularities, as described by Penrose [7],

nd past singularities, as identified by Hawking [8–11]. These singularities are typically concealed behind an event horizon [12].
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However, there exist instances where static black hole solutions possess an event horizon yet the corresponding curvature invariants,
𝑅, 𝑅𝜇𝜈𝑅𝜇𝜈 , 𝑅𝜅𝜆𝜇𝜈𝑅𝜅𝜆𝜇𝜈 remain finite throughout the entire range of the radial coordinate 𝑟. These cases are commonly referred to
as regular (or nonsingular) black holes (see [13–19] and references therein). These electrically neutral black holes are characterized
by their mass and an additional parameter, and they asymptotically resemble the Schwarzschild solution. By introducing a non-zero
electric (or magnetic) charge, we can identify notable examples of regular black holes. However, unlike the Reissner–Nordstrom
solution, their behavior deviates in the weak field limit. Additional non-trivial examples will be discussed below.

The Bardeen solution [20], which can be derived by assuming either nonlinear electrodynamics for a magnetic source [21] or an
electric source [22]. The Hayward solution, as presented in Ref. [15]. Similarly, the Hayward solution can be derived from a charged
solution of this kind [23]. Therefore, a common approach to resolving the singularity issue in black holes is to incorporate nonlinear
electrodynamics into the action, as proposed in Refs. [24,25]. While this approach has been successful in producing regular black
hole solutions, it is important to note that the underlying physics of nonlinear electrodynamics remains largely unexplored. In this
respect, several well-known solutions have been investigated in detail, starting from the Nariai black hole solution [26], passing by
the Ayon-Beato & Garcia regular solution [21], including Balart & Vagenas [27] case, etc... Also, let us reinforce that the singularity
problem could be reinterpreted as a sign that we must go beyond General Relativity to adequately describe the physics behind a
black hole. In such a sense, a singularity could reveal the underlying necessity of extending GR due to including quantum features.

The shadow of a black hole is always worth the investigation since the distortion of spacetime continuum may leave imprints of
the astrophysical environment that may affect it. The idea originates first in the seminal study of Synge [28] pertaining the photon
escape. Then, Luminet [29] studied extensively the image of the black hole with thin accretion disk due to escaping photons.
Just recently, the supermassive black hole images of M87* and Sgr. A* were announced in public [30,31], showing how the
electromagnetic spectrum in combination with impeccable data analysis techniques reveals that black holes are real objects in the
Universe. The image shows the silhouette of the event horizon (dark zone), while the invicible classical shadow boundary (which is
42𝜇as for M87* and 48.7𝜇as for Sgr. A*) was enveloped with glowing accretion disks [32]. The paper is concerned only with the
classical shadow as always done in the literature. In particular, we use the formalism developed in [33,34], which is enough to study
the shadow behavior of non-rotating black holes. The method has become successful in studying the effects of various astrophysical
environments on the black hole geometry, as well as those spacetime metrics involving scale-dependencies and quantum corrections.
See Refs. [35–75] to cite a few.

In 1916, Albert Einstein made a remarkable prediction about gravitational lensing in his revolutionary theory of general relativity.
This prediction suggested that massive objects, such as stars and galaxies, would bend the fabric of spacetime, causing light rays to
deviate from their expected paths. This phenomenon is known as gravitational lensing.

In 1919, British astronomer Sir Arthur Eddington provided the first experimental evidence of gravitational lensing during a total
solar eclipse. Eddington measured the deflection of starlight passing near the Sun and found that it matched Einstein’s prediction
with remarkable accuracy. This observation marked a watershed moment in the history of physics, confirming the validity of general
relativity and establishing Einstein as one of the greatest scientists of all time. Since Eddington’s groundbreaking observation,
gravitational lensing has become an invaluable tool in astrophysics, enabling astronomers to probe the depths of the cosmos
and uncover the mysteries of the universe. Gravitational lensing has been used to study a wide range of phenomena, including:
Dark matter where gravitational lensing has provided strong evidence for the existence of dark matter, an invisible substance that
makes up about 85% of the matter in the universe. Dark matter’s gravitational pull can bend light rays, revealing the presence
of dark matter even though it cannot be directly observed [76–83]. Gravitational lensing has been used to detect and study
exoplanets, planets orbiting stars other than our Sun. By observing the subtle bending of light from a distant star as it passes
near an exoplanet, astronomers can infer the planet’s mass and orbit. Gravitational lensing has been used to study the expansion of
the universe, providing valuable insights into the universe’s past, present, and future. By measuring the distances to distant objects
using gravitational lensing, astronomers have been able to confirm that the expansion of the universe is accelerating. Over the years,
numerous studies have explored the relationship between weak deflection angle and the Gauss–Bonnet theorem (GBT). The GBT is
a fundamental theorem in differential geometry that relates the curvature of a surface to its topology. In the context of gravitational
lensing, the GBT can be used to calculate the deflection of light rays in static, asymptotically flat spacetimes.

In 2008, Gibbons and Werner demonstrated a method for calculating the deflection angle using the GBT for asymptotically
flat static spacetimes [84]. This method opened up new possibilities for studying gravitational lensing in various astrophysical
scenarios. Subsequently, Werner extended this method to stationary black holes [85], and Ishihara et al. showed that deflection
angles could be calculated for finite distances [86]. These developments further enhanced the applicability of the GBT in gravitational
lensing studies. The growing interest in weak gravitational lensing via the GBT methods stems from its potential to provide a deeper
understanding of gravitational lensing phenomena in black holes, wormholes, and other complex spacetimes. By applying the GBT
to these systems, astronomers can gain valuable insights into the behavior of light and matter in the vicinity of these highly curved
regions of spacetime [45,87–111].

The greybody factor of a black hole is a crucial parameter that quantifies the probability of a particle or wave being absorbed or
scattered by the black hole. This factor depends on the energy and angular momentum of the incident particle or wave, as well as
the properties of the black hole, such as its mass, spin, and charge. The greybody factor plays a significant role in understanding the
behavior of matter and radiation in the vicinity of black holes and is an essential component in determining their observed emission
and absorption spectra.

The presence of event horizons, the boundaries around black holes beyond which nothing, not even light, can escape, has a
profound impact on the greybody factor. At low energies, the event horizon suppresses the greybody factor, leading to a phenomenon
2

known as the Hawking effect. This effect, predicted by Stephen Hawking in 1975, suggests that black holes are not entirely black
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but emit radiation, now known as Hawking radiation [5]. Greybody factors have been extensively studied in the context of black
hole thermodynamics and quantum gravity, providing valuable insights into the nature of these enigmatic objects. By studying
the behavior of greybody factors, physicists can gain a deeper understanding of the processes that occur near black holes and
the relationship between gravity and quantum mechanics [112–114]. Several methods have been developed to calculate greybody
factors, each with its own strengths and limitations [115–139]. Some common methods include: Maldacena’s Conformal Field Theory
(CFT) Approach: This method utilizes the AdS/CFT correspondence, a powerful tool in theoretical physics, to relate the greybody
factors of black holes in higher-dimensional spacetimes to correlators in lower-dimensional conformal field theories [115–119].
Another method ’s Quasinormal Mode Approach: This approach relies on the concept of quasinormal modes, resonant frequencies
that characterize the response of a black hole to external perturbations [119–121]. By studying the quasinormal modes, researchers
can determine the greybody factors for specific types of particles or waves. Another method is WKB Approximation: This semi-
classical method approximates the solutions to wave equations in curved spacetimes, allowing for the calculation of greybody
factors in certain cases [140–146]. In 1998, Matt Visser introduced an elegant analytical method to derive rigorous bounds on
greybody factors [147,148]. This method has been further refined by Boonserm and others, providing valuable constraints on the
possible values of greybody factors for various black hole configurations. By analyzing the greybody factors emitted by black holes,
astronomers can infer the mass, spin, and charge of these objects. Greybody factors provide insights into how particles and waves
interact with the intense gravitational fields surrounding black holes. The study of greybody factors contributes to our understanding
of quantum gravity, the theoretical framework that seeks to reconcile quantum mechanics with general relativity [149–161].

In this paper, we delve into the intriguing realm of regular black holes within the framework of scale-dependent gravity. This
lternative approach to general relativity seeks to incorporate corrections to the classical background by introducing scale-dependent
ouplings, drawing inspiration from quantum gravity theories. What is more, by incorporating scale-dependent couplings, we can
otentially resolve the singularity issue and obtain a more comprehensive description of black hole physics. Our motivation stems
rom the recent groundbreaking observations of black hole images from M87* and Sgr. A*, which has opened up new avenues for
nderstanding these enigmatic celestial objects. Specifically, we investigate the black hole shadow, a crucial feature that reveals the
ravitational influence of a black hole on its surroundings. By analyzing the shadow cast by a regular black hole in scale-dependent
ravity, we aim to establish constraints on its parameters and gain insights into its behavior. Furthermore, we explore the greybody
ounding of this regular black hole solution. Greybody factors quantify the probability of a particle or wave being absorbed or
cattered by the black hole. By studying the greybody factors, we can gain valuable information about the interactions between
atter and radiation in the vicinity of black holes.

The present manuscript is organized as follows: after this concise introduction, we will briefly mention the scale-dependent
ormalism, its equations and the corresponding black hole solution (to be studied in Section 2). Subsequently, we find constraints
or 𝜖 using the EHT data to analyze properly the possibility of its deviational effects relative to the Schwarzschild case. In particular,
e will investigate the impact of this scale-dependent parameter to the photonsphere radius, and shadow radius using Sgr. A* and
87* as models (in Section 3). In Section 4 we will study the weak deflection angle of the black hole. After that, in Section 5, we
ill calculate the greybody bounding of the new solutions. Our results are presented in figures for better comprehension. We used
atural units as 𝐺 = 𝑐 = 1 and metric signature (−,+,+,+).

2. Scale-dependent gravity

In the present section, we will summarize just the main ingredients needed to understand the scale-dependent scenario, an
approach substantially based on asymptotically safe gravity, i.e., a theory that combines classical and quantum aspects in a self-
consistent way. The interest in gravitational theories where classical and quantum physics work well is profound [162,163]. Firstly,
a perfect example of that emerges via the study of black holes. They represent the perfect arena in which gravity and quantum
features are mixed, which suggest that classical and quantum aspect are related each other, and, second, due we are still looking
for a complete theory to describe the universe irrespectively of the scale.

Thus, focusing on quantum-inspired theories of gravity, the implementation of that on black hole physics plays a prominent
role. Why? Because a wide variety of cases in which the inclusion of quantum features on a classical background has been
consistently implemented. In particular, there are at least three different ways to modify classical solutions. We can split them
as follows [164,165]: (i) at the level of solution, (ii) at the level of the equations of motion, and (iii) at the level of the action.
One of the most remarkable examples of modification of general relativity to account for quantum features is the seminal paper of
Bonanno and Reuter [166]. That work contains a detailed study of how the renormalization group effects could disturb the classical
Schwarzschild black hole solution. Thus, ‘‘renormalization group improving’’ classical metrics, or better known as improved black
hole solutions, take as critical ingredient the existence of a running/scale-dependent Newton coupling ‘‘constant’’ which is, in fact,
obtained from the exact evolution equation for the effective average action. Based on that successful work, an alternative research
line in which general relativity was modified emerged (see [167–171] to name a few).

To maintain the discussion compact, we will mention the essentials here; the fundamental object used to parameterize the theory
(irrespective of the physics we will consider) is the average effective action 𝛤 [𝑔𝜇𝜈 , 𝑘,…]. Such an object replaces the classical action
because the classical couplings are now functions that depend on the arbitrary scale 𝑘. Such scale is, in practice, a function of
coordinates 𝑥𝜇 . Thus, taking advantage of concrete symmetry, we expect 𝑘 evolves only as a function of a single coordinate. For
the spherically symmetric case, it is expected that 𝑘(𝑥𝜇) = 𝑘(𝑟). Finally, with that in mind, the set of functions considered initially
as {𝐺 ,𝛬 }, can be treated as {𝐺(𝑟), 𝛬(𝑟)}, simplifying the problem significantly.
3
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The way to proceed here is (i) to compute the effective Einstein’s field equations by taking the corresponding variations to the
etric from the effective action and (ii) to compute the consistency condition by taking the variation to scale 𝑘. The last part is not

easy, and, in general, the resulting equation does not produce an analytical solution. Thus, an NEC-like condition can circumvent
that problem, in agreement with many original papers. Finally, in the next subsection we elaborate a little bit regarding how to
obtain the equation which conduce to this regular black hole in scale-dependent gravity.

2.1. A regular scale-dependent black hole (RSDBH)

In order to properly describe the problem, we will start by considering an average effective action, 𝛤 [𝑔𝜇𝜈 , 𝑘], with three
ngredients only: (i) the Ricci scalar, 𝑅, (ii) the cosmological parameter, 𝛬𝑘, and (iii) the matter action, 𝑆𝑘. Also, the classical
instein coupling, 𝜅0, is replaced by its scale-dependent counterpart 𝜅𝑘 = 8𝜋𝐺𝑘, being 𝐺𝑘 the scale-dependent Newton’s coupling.
hus, following the original paper [172], the scale-dependent action is then given by

𝛤 [𝑔𝜇𝜈 , 𝑘] = ∫ 𝑑4𝑥
√

−𝑔
[

1
2𝜅𝑘

(𝑅 − 2𝛬𝑘)
]

+ 𝑆𝑘, (1)

where 𝑐 = 1, and 𝛬𝑘 is the cosmological couplings respectively. Notice that the scale-dependent effect is encoded into the functions
via the index 𝑘. To obtain the equations of motion, we can proceed in a conventional way, i.e., we first obtain a set of Einstein-like
equations, and, subsequently, we close the system utilizing variations of the effective action with respect to the renormalization
scale 𝑘, or, by means of another supplementary condition, for instance, an energy-like constraint.

Firstly, taking the corresponding variation with respect to the inverse metric field 𝑔𝜇𝜈 , we obtain the modified form of Einstein’s
field equations, i.e.,

𝐺𝜇𝜈 + 𝛬𝑘𝑔𝜇𝜈 = 𝜅𝑘(𝑇 eff)𝜇𝜈 , (2)

being (𝑇 eff)𝜇𝜈 the corresponding effective energy–momentum tensor, defined according to

(𝑇 eff)𝜇𝜈 ∶= (𝑇𝜇𝜈 )𝑘 −
1
𝜅𝑘
𝛥𝑡𝜇𝜈 , (3)

where we have introduced an auxiliary tensor 𝛥𝑡𝜇𝜈 , which accounts for the running of the gravitational Newton’s coupling

𝛥𝑡𝜇𝜈 = 𝐺𝑘
(

𝑔𝜇𝜈 □ − ∇𝜇∇𝜈
)

𝐺−1
𝑘 . (4)

Secondly, taking into account the scale setting 𝑘 → 𝑘(𝑥), the variational approach [173] could be useful, because it guarantees a
minimal dependence on the arbitrary renormalization parameter 𝑘

d
d𝑘
𝛤 [𝑔𝜇𝜈 , 𝑘] = 0. (5)

Roughly speaking, combining Eq. (2) with the equation obtained from (5), we could close the system and, therefore, obtain a new
solution. Also, notice that the scale setting (5) represents a way to determine the scalar function 𝑘(𝑥). Replacing such a solution
back into 𝛤𝑘, would (up to a boundary term) give the effective action, obtaining an agreement with the corresponding symmetries.
Albeit the latter is formally true, it is also true that there is a lack reliable of knowledge of 𝛤𝑘 (coming from the concrete form of
beta functions of quantum gravity), which basically frustrates such attempts. In view of that, an alternative strategy could provide
us with a more suitable form the face the problem. If we accept that classical couplings {𝛼0, 𝛽0, 𝛾0,…0} now evolve with respect to
the arbitrary scale 𝑘, we can replace such a set by its corresponding scale-dependent or running counterpart {𝛼𝑘, 𝛽𝑘, 𝛾𝑘, (⋯)𝑘}.

This problem can be circumvented by promoting both 𝐺 and 𝛬 to field variables and by imposing one additional constraint.
Usually, the best choice to close the system is the saturated version of the Null Energy Condition (NEC) widely used over the years.
In particular, by demanding the saturated version of the NEC on (𝑇 𝑒𝑓𝑓 )𝜇𝜈 , we can close and solve consistently the problem. Thus,
considering the effective energy–momentum tensor, (𝑇 𝑒𝑓𝑓 )𝜇𝜈 , the above-mentioned condition can be written as

(𝑇 𝑒𝑓𝑓 )𝜇𝜈𝓁𝜇𝓁𝜈 =
[

𝑇𝜇𝜈 −
1
𝜅(𝑟)

𝛥𝑡𝜇𝜈

]

𝓁𝜇𝓁𝜈 ≥ 0, (6)

where 𝓁𝜇 is a radial null vector. For simplicity, we can set 𝐴(𝑟) = 𝑓 (𝑟) and 𝐵(𝑟) = 𝑓 (𝑟)−1, albeit the discussion is still valid in more
complicated cases. So, let us considering the case 𝓁𝜇 = {𝑓−1∕2, 𝑓 1∕2, 0, 0}. The contraction 𝑇𝜇𝜈𝓁𝜇𝓁𝜈 = 0 implies that 𝛥𝑡𝜇𝜈𝓁𝜇𝓁𝜈 ≥ 0. In
addition, it is obvious that that 𝐺𝜇𝜈𝓁𝜇𝓁𝜈 = 0 and, for consistency with Eq. (2), we demand

𝛥𝑡𝜇𝜈𝓁
𝜇𝓁𝜈 = 0. (7)

and solving the previous equation we obtain the conventional form of the gravitational coupling, 𝐺(𝑟), as was previously mentioned
in Ref. [174]. To be more precise, the differential equation for the gravitational coupling is then given by

2
[

d𝐺(𝑟)
d𝑟

]2
= 𝐺(𝑟)

d2𝐺(𝑟)
d𝑟2

, (8)

and the corresponding solution for 𝐺(𝑟) is then

𝐺(𝑟) =
𝐺0 , (9)
4

1 + 𝜖𝑟
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At this point, we should mention that, as we have a second-order differential equation, we have two integration constants to fix.
The first is in the so-called classical Newton coupling, 𝐺0, which is fixed in such a way that in some limit we can always recover
the classical case. The second constant, 𝜖, is the so-called scale-dependent parameter, which has dimensions equal to the inverse
of the length, and plays an important role because it allows us to account for the effect of the quantum feature on the classical
background. Thus, when 𝜖 goes to zero, we recover the standard/classical solution (coming from GR), whereas when we turn 𝜖 on,
we obtain quantum-like solutions. At this point, it is clear that 𝜖 can take both positive and negative values, although theoretically
positive values are preferable, but both are acceptable. Nevertheless, there are several examples where the quantum effect can
take both positive and negative values. Some examples are [175–177]. Note that these last examples are NOT in the context of
scale-dependent gravity, but we have included them to illustrate that the quantum correction can also be positive or negative.
The same happens in the concrete case of scale-dependent gravity, because the theory accepts both situations (𝜖 > 0 or 𝜖 < 0),
or more precisely, the theory does not forbid any value of 𝜖. Additional details regarding the application of scale-dependence in
i) black hole physics (and their properties) (ii) wormholes (iii) relativistic stars and (iv) cosmological models can be consulted
n [178–196] and references therein. However, let us highlight that scale-dependent gravity produces alternative solutions from
ther similar quantum-inspired approaches, like asymptotically safe gravity. In particular, should be mentioned that, as was pointed
ut in [185], scale-dependent gravity generally gives opposite results in comparison to asymptotically safe gravity (see Fig. [4] in
ef. [185] and discussion about that). However, there exist a case in which scale-dependent gravity is consistent with some results
oming from asymptotically safe gravity, which is with the so-called ‘‘infrared instability’’ (see [197]). Scale-dependent gravity also
as some implications at the cosmological level, for instance, the fact that the cosmological constant problem and the 𝐻0 problem

can be alleviated, which is, of course, a tremendous advantage and also makes more attractive the study of alternative theories
of gravity (see for instance [191,193,194] for more details). Finally, and just to reinforce the idea of scale-dependent gravity, we
should mention that for large 𝑟 we have a scale-dependent weak gravity, while at small distances we have a modified version of
Newtonian gravity.

Considering Eq. (2) and assuming a spherically symmetric and static geometry, the following metric is obtained: [172]

𝑑𝑠2 = −𝐴(𝑟)𝑑𝑡2 + 𝐵(𝑟)𝑑𝑟2 + 𝐶(𝑟)(𝑑𝜃2 + sin2 𝜃𝑑𝜙2), (10)

where

𝐴(𝑟) = 𝐵(𝑟)−1 = 1 −
2𝑀𝐺0
𝑟

(

1 +
𝑀2𝐺2

0𝜖
6𝑟

)−3

, 𝐶(𝑟) = 𝑟2, (11)

with 𝑀 representing the mass, 𝐺0 representing Newton’s gravitational constant, and 𝜖 > 0 being a positive running parameter with
dimensions of inverse length associated with the scale-dependent gravitational coupling 𝐺𝑘. The metric asymptotically approaches
the Schwarzschild metric as r approaches infinity: 𝐴(𝑟) → 1 − 2𝐺0𝑀∕𝑟 as 𝑟 → ∞. Moreover, the metric is regular everywhere (non-
singular) and exhibits a de Sitter behavior for 𝑟 → 0: since 𝐴(𝑟) → 1 − 432𝑟2∕𝐺5

0𝑀
5𝜖3. In the limit 𝑟 → 0, an effective cosmological

constant 𝛬eff = 1296∕𝐺5
0𝑀

5
0 𝜖

3 emerges. This regular solution was obtained without resorting to nonlinear electrodynamics and
corresponds to a semi-classical extension of the Schwarzschild black hole. It can be interpreted without the cosmological term by
attributing the matter content to an anisotropic vacuum that modifies the usual Schwarzschild geometry. This vacuum energy can
be considered to be of quantum nature and is non-negligible for non-zero values of 𝜖, where the scale dependence effect becomes
prominent. In the limit 𝜖 → 0, the Schwarzschild solution is recovered. There are no definitive constraints on the running parameter
𝜖, but since it arises from quantum corrections, it is expected to assume small values. As a final remark about approximations, we
find that when 𝑟 → ∞, a third term correction as 𝜖𝑀3∕𝑟2 arises. In this far-field approximation, we see that this is identical to the
correction found in [198] (see Eq. 29) if we define 𝜖′ =𝑀𝜖.

The metric (10) can be conveniently rewritten by defining the quantities can be conveniently written by defining the quantities
𝑇 = 𝑡∕𝑀 , 𝑥 = 𝑟∕𝑀 and 𝜖 = 𝜖𝑀 , and adopting 𝐺0 = 1: [186] (see Fig. 1)

𝑑𝑠2 = −𝐴(𝑥)𝑑𝑇 2 + 𝐵(𝑥)𝑑𝑥2 + 𝐶(𝑥)(𝑑𝜃2 + sin2 𝜃𝑑𝜙2), (12)

where

𝐴(𝑥) = 𝐵(𝑥)−1 = 1 − 2
𝑥

(

1 + 𝜖
6𝑥

)−3
, 𝐶(𝑟) = 𝑥2. (13)

The event horizon radius, the boundary beyond which nothing, not even light, can escape the black hole’s gravitational pull, is
etermined by setting the metric function 𝐴(𝑥) = 0 equal to zero. This yields the following equation:

216 𝑥3 − (432 − 108𝜖) 𝑥2 + 18 𝜖2𝑥 + 𝜖3 = 0, (14)

and corresponds to a third-degree polynomial equation, where the solutions are:

𝑥1 =
1
6

{

4 − 𝜖 +
28∕3(2 − 𝜖)

[

32 − 𝜖
(

24 − 3𝜖 −
√

9𝜖2 − 16𝜖
)]1∕3

+ 21∕3
[

32 − 𝜖
(

24 − 3𝜖 −
√

9𝜖2 − 16𝜖
)]1∕3

}

, (15)

𝑥2 =
1
12

⎛

⎜

⎜

⎜

2(−1)2∕3 3

√

2𝜖
(

3𝜖 +
√

𝜖 (9𝜖 − 16) − 24
)

+ 64 − 2𝜖 +
8 3
√

−122∕3 (𝜖 − 2)
3
√

√

3
+ 8

⎞

⎟

⎟

⎟

, (16)
5

⎝

3 (𝜖 − 8) 𝜖 + 𝜖 (9𝜖 − 16) + 32
⎠
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Fig. 1. Lapse function 𝑓 (𝑥) against the dimensionless radial variable 𝑥, assuming 𝐺0 = 1 and 𝑀 = 1, for different values of the scale-dependent parameter 𝜖.
eft panel: Exact lapse function Right panel: approximated lapse function.

Fig. 2. Black hole horizon 𝑟ℎ against the classical mass 𝑀 , assuming 𝐺0 = 1, for different values of the scale-dependent parameter 𝜖. Left panel: Exact black
hole horizon Right panel: approximated black hole horizon.

𝑥3 =
1
12

⎛

⎜

⎜

⎜

⎝

−2 3
√

−2 3

√

𝜖
(

3𝜖 +
√

𝜖 (9𝜖 − 16) − 24
)

+ 32 − 2𝜖 −
8(−2)2∕3 (𝜖 − 2)

3
√

3 (𝜖 − 8) 𝜖 +
√

𝜖3 (9𝜖 − 16) + 32
+ 8

⎞

⎟

⎟

⎟

⎠

, (17)

eing the black hole horizon 𝑥ℎ = max{𝑥1, 𝑥2.𝑥3}. At this point, it should be mentioned that the event horizon is smaller than its
lassical counterpart. We can see such an effect clearly by recognizing the Schwarzschild horizon (𝑟0 ≡ 2𝐺0𝑀), we can consider the
irst and second-order corrections, i.e.,

𝑟1 ≈ 𝑟0

[

1 − 1
8
(𝜖𝑟0) −

1
192

(𝜖𝑟0)2
]

+ (𝜖3), (18)

𝑟2 ≈ 𝑟0

[

− 1

48
√

6
(𝜖𝑟0)3∕2 +

1
384

(𝜖𝑟0)2
]

+ (𝜖3), (19)

𝑟3 ≈ 𝑟0

[

1

48
√

6
(𝜖𝑟0)3∕2 +

1
384

(𝜖𝑟0)2
]

+ (𝜖3), (20)

where, again 𝑟ℎ = max{𝑟1, 𝑟2.𝑟3} (see Fig. 2).

3. Constraining 𝝐 through the shadow from EHT data

In this section, we will determine the bounds on 𝜖 through the phenomenon of black hole shadow and using the EHT data for
Sgr. A* and M87*. Moreover, we will focus the perceived shadow radius by an observer located (𝑥, 𝜃, 𝜙) = (𝑥obs, 𝜃obs, 𝜙obs), and we
im to examine how the shadow radius 𝑅 varies with 𝑥 .
6
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Without loss of generality, since the spacetime metric is spherically symmetric, the Lagrangian for light rays geodesics along the
quatorial plane (𝜃 = 𝜋∕2) is expressed as [33,34]

(𝑥, �̇�) = 1
2
(

−𝐴(𝑥)�̇� 2 + 𝐵(𝑥)�̇�2 + 𝐶(𝑥)�̇�2) , (21)

here the overhead dot notation pertains to the derivative of a particular coordinate with respect to the affine parameter 𝜆. With
the variational principle, such a Lagrangian gives rise to two constants of motion (energy 𝐸 and angular momentum 𝐿 both in per
unit mass)

𝐸 = 𝐴(𝑥)�̇� , 𝐿 = 𝐶(𝑥)�̇�. (22)

Null geodesics requires that 𝑑𝑠2 = 0:

−𝐴(𝑥)�̇� 2 + 𝐵(𝑥)�̇�2 + 𝐶(𝑥)�̇�2 = 0, (23)

which now allows us to derive the orbit equation using Eq. (22)
(

𝑑𝑥
𝑑𝜙

)2
=
𝐶(𝑥)
𝐵(𝑥)

(

ℎ(𝑥)2

𝑏2
− 1

)

, (24)

where ℎ(𝑥)2 = 𝐶(𝑥)∕𝐴(𝑥), and 𝑏 is the impact parameter defined by

𝑏 = 𝐿
𝐸

=
𝐶(𝑥)
𝐴(𝑥)

𝑑𝜙
𝑑𝑇

(25)

The null circular orbit must satisfy the conditions 𝑑𝑥∕𝑑𝜙 = 0 for circularity, and 𝑑2𝑥∕𝑑𝜙2 = 0 for stability to find the photonsphere
adius 𝑥ps. Alternatively, the photonsphere radius can be found by satisfying the condition ℎ(𝑥)′ = 0 where prime denotes derivative
ith respect to 𝑥. Our result gives

1296𝑥4 + (864𝜖 − 3888) 𝑥3 + 216𝑥2𝜖2 + 24𝑥𝜖3 + 𝜖4 = 0, (26)

here the roots determines the light ring radius 𝑥ps. In the presence of small perturbations of photons undergoing circular motion
t 𝑥ps, the light rays can either spiral to the black hole or escape to infinity. For a static observer at 𝑥obs relative to the black hole’s
enter, the escaping photons that will reach it are those that traveled the closest approach or the critical impact parameter. For our
etric, we define it as [50]

𝑏2crit =
4𝑥2ps

𝑥ps𝐴′(𝑥)|𝑥=𝑥ps + 2𝐴(𝑥ps)
. (27)

Using Eq. (13), we find as

𝑏2crit =
2
(

6𝑥ps + 𝜖
)4 𝑥2ps

1296𝑥4ps + (864𝜖 − 1296) 𝑥3ps +
(

216𝜖2 − 864𝜖
)

𝑥2ps + 24𝑥ps𝜖3 + 𝜖4
. (28)

As 𝑥obs is considerably far from the black hole, a simple application of geometry will lead to the shadow’s angular radius [33]

tan2 𝛼sh =
𝑏2crit𝐴(𝑥obs)
𝐶(𝑥obs)

𝑑𝜙
𝑑𝑥

|

|

|

|

|𝑥=𝑥obs

. (29)

hen, using the orbit equation in Eq. (24), and Eq. (29), the above can be written as

𝑅sh = 𝑏crit

[

1 − 2
𝑥obs

(

1 + 𝜖
6𝑥obs

)−3
]1∕2

, (30)

which is the classical shadow radius that is usually studied in the literature.
Using the above equation, we can study first the constraints to parameter 𝜖 using the data from EHT, which is summarized

n Table 1. As for the allowed bounds at 68% confidence level, we follow the bounds reported in papers [30,31,199,199,200]. In
articular, for Sgr. A* and M87*, these are 4.55𝑀 ≤ 𝑅𝑠ℎ ≤ 5.22𝑀 , and 4.31𝑀 ≤ 𝑅𝑠ℎ ≤ 6.08𝑀 , respectively. Our result is plotted in
ig. 3 where the confidence intervals are included. Essentially, the plot shows how the shadow radius behaves if 𝜖 varies as we fix
obs. The behavior of the curve is similar since we have used Eq. (30), but we can see that the upper and lower bounds for 𝜖 are
ifferent. These are listed in Table 2. Albeit the constraints to 𝜖 for Sgr. A* and M87* are different, the bounds are not that off if
e compare. Interestingly, we see that there is a particular value for 𝜖 which perfectly describes the mean of the shadow radius. If
ne is used for 𝜖, it will introduce some small uncertainty of measurement on the other.

Let us now use these bounds and pick some values for 𝜖 and examine the photonsphere behavior and the shadow radius behavior
s 𝑥obs varies. The result is shown in Fig. 4. In the left panel of Fig. 4, we can see how the photonsphere radius differs from the
chwarzschild case. Note that when 𝜖 = 0, the photonsphere radius is merely the Schwarzschild case. In the right panel, it is shown
ow the shadow radius behaves as perceived by a static observer as 𝑥obs varies. We see how the shadow radius increases or decreases
epending on the sign of 𝜖, but the overall trend of the curve follows the Schwarzschild case relative to our location from Sgr. A*
nd M87*. It implies that the metric under the effect of scale dependency is asymptotically flat since we saw no subtle deviation in
he shadow behavior relative to the Schwarzschild case. In other words, the scale parameter 𝜖 merely shifts the shadow radius to a
ower or a higher value while following the Schwarzschild trend.
7
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Table 1
Observational constraints of various black hole parameters based on EHT data.

Mass (𝑀⊙) Angular diameter 𝜃sh = 2𝛼sh (μas) Distance (kpc)

Sgr. A* 4.3 ± 0.013 × 106 (VLTI) 48.7 ± 7 (EHT) 8.277 ± 0.033
M87* 6.5 ± 0.90 × 109 42 ± 3 16 800

Fig. 3. Constraining 𝜖. Left: Sgr. A*. Right: M87*. The shaded region is the allowable bounds based on 1𝜎 level or 68% confidence interval.

Table 2
Values of 𝜖 based on the constraints imposed by the EHT data on the shadow
radius.

1𝜎 (upper/lower)

Sgr. A* −0.03/0.706
M87* −1.110/0.92

Fig. 4. Left: Radius of the photon ring. The red horizontal dotted line corresponds to the photonsphere radius of a Schwarzschild BH. Right: Behavior of the
shadow radius as 𝑥obs varies. The black vertical dotted and dashdot lines corresponds to our location from M87* and Sgr. A*, respectively.

4. Weak deflection angle of photons and massive particles using Gauss–Bonnet theorem

In this section, we embark on a journey to explore the weak deflection angles experienced by photons and massive particles as
they navigate around a RSDBH. To commence our investigation, we focus on photons, the messengers of light. By applying the null
geodesics to the line element in Eq. (13) for the equatorial plane 𝜃 = 𝜋∕2, we obtain the optical metric:

d𝑡2 = d𝑟2 + 𝑟2 d𝜙2. (31)
8
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Fig. 5. Depicting the relationship between the running parameter 𝜖 and the weak deflection angle of a photon.

Building upon the work of GBT (2008) [84], we employ their boundary terms to calculate the weak deflection angle of a photon,
which represents the slight bending of light as it passes around a massive object. The deflection angle, denoted by 𝛼, is given by
the integral: [84]

𝛼 = −∫

𝜋

0 ∫

∞

𝑏∕sin𝜑
 d𝑆, (32)

where  = 3(𝑟−2)𝜖
𝑟5

+ 3−2𝑟
𝑟4

. For the specific optical metric defined in the previous section, the weak deflection angle of a photon
simplifies to:

𝛼 = 4
�̃�
− 3𝜋

4�̃�2
− 3𝜋𝜖

4�̃�2
. (33)

where �̃� = 𝑏∕𝑀 represents the distance of the closest approach between the photon and the black hole. Fig. 5 illustrates that
increasing the value of 𝜖 leads to a decrease in the weak deflection angle. This behavior is consistent with the expectation that
stronger scale-dependent gravitational coupling should result in less bending of light.

Subsequently, for computing the weak deflection angle of massive particles, we commence with a concise overview of the
methodology [99]. We express a static, spherically symmetric spacetime in the following manner:

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈

= −𝐴(𝑟)𝑑𝑡2 + 𝐵(𝑟)𝑑𝑟2 + 𝐶(𝑟)𝑑𝛺2, (34)

then the Jacobi metric becomes

𝑑𝑙2 = 𝑔𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗

= [𝐸2 − 𝜇2𝐴(𝑟)]
(

𝐵(𝑟)
𝐴(𝑟)

𝑑𝑟2 +
𝐶(𝑟)
𝐴(𝑟)

𝑑𝛺2
)

, (35)

where 𝑑𝛺2 = 𝑑𝜃2 + 𝑟2 sin2 𝜃, and 𝐸 is the energy of the massive particle

𝐸 =
𝜇

√

1 − 𝑣2
, (36)

with particle velocity 𝑣. The Jacobi metric in the equatorial plane can be written as

𝑑𝑙2 = (𝐸2 − 𝜇2𝐴(𝑟))
(

𝐵(𝑟)
𝐴(𝑟)

𝑑𝑟2 +
𝐶(𝑟)
𝐴(𝑟)

𝑑𝜙2
)

, (37)

where the determinant of the above metric is 𝑔 = 𝐵(𝑟)𝐶(𝑟)
𝐴(𝑟)2 (𝐸2−𝜇2𝐴(𝑟))2. Using the method defined in [99], the weak deflection angle

is calculated by using

�̂� = 𝐾
√

𝑔𝑑𝑟𝑑𝜙 + 𝜙RS, (38)
9
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where 𝑟co is the radius of the particle’s circular orbit with the radial position of the source 𝑆 and receiver 𝑅. Moreover, 𝜙RS is the
angle of coordinate position between the source/ receiver 𝜙RS = 𝜙R − 𝜙S, calculated by iterative method as:

𝐹 (𝑢) =
(

𝑑𝑢
𝑑𝜙

)2
=

𝐶(𝑢)2𝑢4

𝐴(𝑢)𝐵(𝑢)

[

(𝐸
𝐽

)2
− 𝐴(𝑢)

(

1
𝐽 2

+ 1
𝐶(𝑢)

)

]

, (39)

where 𝑟 = 1∕𝑢 and the angular momentum of massive particle with impact parameter 𝑏: 𝐽 = 𝜇𝑣𝑏
√

1−𝑣2
. With Eq. (39), we find

𝐹 (𝑢) = 𝐸2 − 1
𝐽 2

− 𝑢2 − 𝑢2
(

1
𝐽 2

+ 𝑢2
)

𝜖𝑀3 +
(

1
𝐽 2

+ 𝑢2
)

2𝑀𝑢. (40)

teration method provides us this solution:

𝑢(𝜙) =
sin(𝜙)
𝑏

+
1 + 𝑣2 cos2(𝜙)

𝑏2𝑣2
𝑀. (41)

Then we have the relation of

∫

𝑟(𝜙)

𝑟co

𝐾
√

𝑔𝑑𝑟 = −
𝐴(𝑟)

(

𝐸2 − 𝐴(𝑟)
)

𝐶 ′ − 𝐸2𝐶(𝑟)𝐴(𝑟)′

2𝐴(𝑟)
(

𝐸2 − 𝐴(𝑟)
)
√

𝐵(𝑟)𝐶(𝑟)

|

|

|

|𝑟=𝑟(𝜙)
, (42)

where 𝐾 = − 1
√

𝑔

[

𝜕
𝜕𝑟

(

√

𝑔
𝑔𝑟𝑟
𝛤𝜙𝑟𝜙

)]

. Note that
[

∫ 𝐾
√

𝑔𝑑𝑟
] |

|

|

|𝑟=𝑟co
= 0.

We then calculate the weak deflection angle as follows,

�̂� = ∫

𝜙R

𝜙S

[

−
𝐴(𝑟)

(

𝐸2 − 𝐴(𝑟)
)

𝐶 ′ − 𝐸2𝐶(𝑟)𝐴(𝑟)′

2𝐴(𝑟)
(

𝐸2 − 𝐴(𝑟)
)
√

𝐵(𝑟)𝐶(𝑟)

|

|

|

|𝑟=𝑟(𝜙)

]

𝑑𝜙 + 𝜙RS. (43)

sing Eq. (41) in Eq. (42), one can see that
[

∫ 𝐾
√

𝑔𝑑𝑟
]

|

|

|

|𝑟=𝑟𝜙
= −

(

2𝐸2 − 1
)

𝑀(cos(𝜙R) − cos(𝜙S))
(

𝐸2 − 1
)

𝑏
+
𝑀2𝜙RS

(

7𝐸4𝑣2 + 8𝐸4 − 14𝐸2𝑣2 − 12𝐸2 + 3𝑣2 + 4
)

4𝑏2𝑣2
(

𝐸2 − 1
)2

(44)

−

(

3𝐸2 − 1
)

𝜖𝑀3
[

𝜙RS −
sin(2𝜙R)−sin(2𝜙S)

2

]

4
(

𝐸2 − 1
)

𝑏2
.

Then using the Eq. (41), we obtain the 𝜙 for the source and receiver, respectively

𝜙S = arcsin(𝑏𝑢) +
𝑀

[

𝑣2
(

𝑏2𝑢2 − 1
]

− 1
)

𝑏𝑣2
√

1 − 𝑏2𝑢2
+ 𝜖𝑀3

2𝑏2𝑣2
√

1 − 𝑏2𝑢2
, (45)

𝜙R = 𝜋 − arcsin(𝑏𝑢) −
𝑀

[

𝑣2
(

𝑏2𝑢2 − 1
]

− 1
)

𝑏𝑣2
√

1 − 𝑏2𝑢2
− 𝜖𝑀3

2𝑏2𝑣2
√

1 − 𝑏2𝑢2
, (46)

hence, we wrote 𝜙RS = 𝜋 − 2𝜙S. With the help of cos(𝜋 − 𝜙S) = − cos(𝜙S)and, cot(𝜋 − 𝜙S) = − cot(𝜙S), we calculate cos(𝜙S) as

cos(𝜙S) =
√

1 − 𝑏2𝑢2 −
𝑀𝑢

[

𝑣2
(

𝑏2𝑢2 − 1
)

− 1
]

√

𝑣2
(

1 − 𝑏2𝑢2
)

− 𝜖𝑀3𝑢
√

2
√

𝑏𝑣2
(

1 − 𝑏2𝑢2
)

, (47)

and cot(𝜙S) as

cot(𝜙S) =

√

1 − 𝑏2𝑢2
𝑏𝑢

+
𝑀

[

𝑣2(−𝑏2𝑢2 + 1) + 1
]

𝑏3𝑢2𝑣2
√

1 − 𝑏2𝑢2
− 𝜖𝑀3

2𝑏4𝑢2𝑣2
√

1 − 𝑏2𝑢2
. (48)

By substituting Eqs. (45)–(48) into the Eq. (43), obtain

�̂� ∼
𝑀

(

𝑣2 + 1
)

𝑏𝑣2

(

√

1 − 𝑏2𝑢2R +
√

1 − 𝑏2𝑢2S

)

+
3(𝑣2 + 4)𝑀2

4𝑏2𝑣2
[

𝜋 − (arcsin(𝑏𝑢R) + arcsin(𝑏𝑢S))
]

(49)

−
𝜖𝑀3 (𝑣2 + 2

)

4𝑏2𝑣2
[

𝜋 − (arcsin(𝑏𝑢R) + arcsin(𝑏𝑢S))
]

,

where 𝑢S and 𝑢R are for the finite distances. By assuming 𝑏2𝑢2 ∼ 0 and we find

�̂� ∼
2𝑀

(

𝑣2 + 1
)

𝑏𝑣2
+

3𝜋(𝑣2 + 4)𝑀2

4𝑏2𝑣2
−
𝜖𝑀3𝜋

(

𝑣2 + 2
)

4𝑏2𝑣2
. (50)

For the null particles (𝑣 = 1), the above result reduces to

�̂� ∼ 4𝑀
𝑏

+ 15𝜋𝑀2

4𝑏2
− 3𝜋𝜖𝑀3

4𝑏2
. (51)

Hence, one can see that �̂� will change due to the substitution �̃� = 𝑏∕𝑀 , and 𝜖 = 𝜖𝑀 , which is just a matter of convenience.
urthermore, since finite-distance correction was introduced, we expect more sensitivity in precision for higher orders in 𝑀 .
10
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Fig. 6. Figure shows the weak deflection angle 𝛼 versus impact parameter 𝑏∕𝑀 for different values of 𝜖𝑀 . To illustrate the deviation, we used the log–log plot.

Nonetheless, this result aligns with the deflection angle calculated in Ref. [198]. We plot Eq. (49) as shown in Fig. 6, where we used
M87* and its actual distance from us, as well as the values for 𝜖 found between the bounds in Table 2. Fig. 6 shows how �̂� varies as
𝑏∕𝑀 changes while the observer is at 𝑟obs. First, massive particle deflection gives a larger value than photon deflection. The trend,
however, remains the same wherein �̂� increases as 𝑏∕𝑀 decreases. The effect of 𝜖 is also evident as 𝑏∕𝑀 → 0 and immediately
weakens. Thus, upon considering the finite distance, one could only observe the deviation due to 𝜖 as photons grazes slightly near
the critical impact parameter.

5. Rigorous bounds of greybody factors

5.1. For scalar fields emitted by a black hole

In this section, we turn to analyze of greybody factor bounds for a regular scale-dependent black hole. We follow the method
defined in [122,127–132,147–161,201,202]. We begin by examining the Klein–Gordon equation for a massless scalar field:

1
√

−𝑔
𝜕𝜇

(√

−𝑔𝑔𝜇𝜈𝜕𝜈𝛷
)

= 0. (52)

The solutions of the wave equation in spherical coordinates take the simplest form when they are expressed in terms of the
spherical Bessel functions. These functions are solutions to the Helmholtz equation, which is a special case of the wave equation.
The spherical Bessel functions are labeled by two integers, 𝓁 and 𝑚, where 𝓁 is the non-negative orbital quantum number and 𝑚 is
the magnetic quantum number. The general form of a solution to the wave equation in spherical coordinates is given by:

𝛷(𝑡, 𝑟, 𝛺) = 𝑒𝑖𝜔𝑡
𝜓(𝑟)
𝑟
𝑌𝓁𝑚(𝛺), (53)

being the spherical harmonics 𝑌𝓁𝑚(𝛺). Taking the latter into account, the Klein–Gordon equation reduces to this form:

𝜔2𝑟2

𝑓 (𝑟)
+ 𝑟
𝜓(𝑟)

𝑑
𝑑𝑟

[

𝑟2𝑓 (𝑟) 𝑑
𝑑𝑟

(

𝜓(𝑟)
𝑟

)]

+ 1
𝑌 (𝛺)

[

1
sin 𝜃

𝜕
𝜕𝜃

(

sin 𝜃
𝜕𝑌 (𝛺)
𝜕𝜃

)]

+ 1
sin2 𝜃

1
𝑌 (𝛺)

𝜕2𝑌 (𝛺)
𝜕𝜙2

= 0, (54)

and the angular part is described by

1
sin 𝜃

𝜕
𝜕𝜃

(

sin 𝜃
𝜕𝑌 (𝛺)
𝜕𝜃

)

+ 1
sin2 𝜃

𝜕2𝑌 (𝛺)
𝜕𝜙2

= −𝓁(𝓁 + 1)𝑌 (𝛺). (55)

The Klein–Gordon equation (Eq. (54)) is left with the radial part in the tortoise coordinate 𝑟∗:

𝑑2𝜓(𝑟)
𝑑𝑟2∗

+
[

𝜔2 − 𝑉 (𝑟)
]

𝜓(𝑟) = 0. (56)

Please, be aware and notice we have used the definition of the tortoise coordinate, given by

𝑟∗ = 𝑓 (𝑟)−1d𝑟 (57)
11

∫



Annals of Physics 463 (2024) 169625A. Övgün et al.

f

s
o

6

p

g
h
b
o
b
d
g

Taking advantage of the last definition, the effective potential 𝑉 (𝑟) takes the form

𝑉 (𝑟) = 𝑓 (𝑟)

[

𝓁(𝓁 + 1)
𝑟2

+
𝑓 ′(𝑟)
𝑟

]

. (58)

Utilizing the effective potential, 𝑉 (𝑟), we delve into the analysis of the lower rigorous bound for the greybody factor of the
our-dimensional regular scale-dependent black hole to investigate the influence of 𝜖 on the bound [147,148]:

𝑇 ≥ sech2
(

1
2𝜔 ∫

∞

−∞
|𝑉 (𝑟)| 𝑑𝑟

𝑓 (𝑟)

)

, (59)

When the cosmological constant is incorporated, the boundary of the aforementioned formula undergoes slight modifications, as
outlined in [150]:

𝑇 ≥ 𝑇𝑏 = sech2
(

1
2𝜔 ∫

𝑅𝐻

𝑟𝐻

|𝑉 (𝑟)|
𝑓 (𝑟)

𝑑𝑟
)

= sech2
(

𝐴𝓁

2𝜔

)

, (60)

where the factor 𝐴𝓁 is defined according to the following expression:

𝐴𝓁 = ∫

𝑅𝐻

𝑟𝐻

|𝑉 (𝑟)|
𝑓 (𝑟)

𝑑𝑟 = ∫

𝑅𝐻

𝑟𝐻

|

|

|

|

𝓁(𝓁 + 1)
𝑟2

+
𝑓 (𝑟)′

𝑟
|

|

|

|

𝑑𝑟. (61)

Hence, the bounds of the greybody factor of bosons are given by

𝑇 ≥ 𝑇𝑏 = sech2

⎛

⎜

⎜

⎜

⎝

− 𝑙2

𝑅𝐻
− 𝑙

𝑅𝐻
+ 36(𝜖−6𝑅𝐻 )

(6𝑅𝐻+𝜖)3 + 𝑙2

𝑟h
+ 𝑙

𝑟h
− 36(𝜖−6𝑟h)

(6𝑟h+𝜖)3
2𝜔

⎞

⎟

⎟

⎟

⎠

. (62)

To illustrate the behavior of the bound, we numerically calculate and plot it in Fig. 7 for both 𝓁 = 0 and 𝓁 = 1. The graph
reveals that as the parameter 𝜖 increases, the bound of the greybody factor for bosons also increases. This observation suggests that
RSDBHs exhibit favorable barrier properties.

5.2. For photons emitted by a black hole

Additionally, electromagnetic perturbations are governed by Maxwell’s equations, which are expressed as:

𝐹 𝜇𝜈;𝜈 = 0, 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 , (63)

where (𝐴𝜇) represents the Maxwell potential, (𝐹𝜇𝜈 ) denotes the electromagnetic field strength, and a semi-colon indicates covariant
differentiation.

𝑉𝐸𝑀 (𝑟) = 𝑓 (𝑟)
(

𝑙(𝑙 + 1)
𝑟2

)

, 𝑙 ≥ 1 (64)

Consequently, the bounds for the greybody factor of photons are expressed as:

𝑇 ≥ 𝑇𝑏 = sech2
(

1
2𝜔 ∫

∞

−∞
|𝑉 |

𝑑𝑟
𝑓 (𝑟)

)

, (65)

and

𝑇 ≥ 𝑇𝑏 = sech2
⎛

⎜

⎜

⎝

𝑙(𝑙+1)
𝑟outer

− 𝑙(𝑙+1)
𝑟𝐻

2𝜔

⎞

⎟

⎟

⎠

. (66)

The bound for the greybody factor of photons can be numerically determined and illustrated in Fig. 8, with one example
howcasing the case for 𝓁 = 1, 𝑀0 = 1, and various values of 𝜖. As the value of 𝜖 increases, the bound for the greybody factor
f photons also increases. This observation suggests that RSDBHs exhibit favorable barrier properties.

. Conclusion

Given the high level of interest in the study of black hole shadow, lensing, and greybody factor, this paper focuses on these
hysical phenomena in the context of RSDBHs in order to establish constraints on the scale-dependent parameter.

Our first goal in this paper to find constraints to the scale-dependent parameter 𝜖 (unit of inverse of length) associated with the
ravitational coupling. Results using the EHT data indicates that there are different values of 𝜖 coinciding with the reported black
ole shadow radius. For instance, we found a positive value for Sgr. A* (𝜖 = 0.492) and a negative value for M87* (𝜖 = −0.361). The
ounds were also obtained up to 2𝜎 levels, indicating that any fluctuation of the shadow radius from the mean could be the effect
f the scale-dependent parameter. We used these bounds to analyze the resulting photonsphere radius and shadow radius perceived
y an observer at 𝑥obs. While the behavior of the shadow radius curve is reminiscent of the Schwarzschild case, it increases or
ecreases depending on the value of 𝜖. The shadow radius is only smaller near the black hole, but fluctuations of its value for a
iven scale-dependent parameter is not observer even at vast distances (see Fig. 4).
12
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Fig. 7. Left: The greybody bounding of bosons is plotted for 𝓁 = 0, 𝑀0 = 1 and various values of 𝜖. Right: The greybody bounding is plotted for 𝓁 = 1 and
various values of 𝜖.

Fig. 8. The greybody bounding of photons is plotted for 𝓁 = 1 and various values of 𝜖.
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We have also analyzed the weak deflection angle behavior using the constraints to the supermassive black hole M87*. Result
howed that the effect of 𝜖 depends on the impact parameter, where the effect is only seen when 𝑏∕𝑀 is slightly near the critical
mpact parameter. It is then very hard to discern the deviation when the impact parameter becomes very large.

Lastly, we examined the greybody bounds for bosons and photons emitted by RSDBHs. It was found that as the value of 𝜖
ncreases, the bounds for the greybody factor increases for both bosons and photons.

Regarding the results of this study, studies can be undertaken to further explore the effect of the scale-dependent parameter.
or instance, since the effect weak deflection angle immediately vanishes at large impact parameters, one may consider the strong
eflection angle. The effect of 𝜖 could be strong in such domain, since the strong deflection angle regime is almost at the critical
mpact parameter.

Finally, our results provide a potential direction for research on black hole models where quantum features can be incorporated.
n particular, our work establishes constraints on the scale-dependent parameter, which plays a relevant role since it controls the
trength of the quantum effects on the classical background. A future work in this direction is the study of optical properties with
ore realistic features, such as the study of shadows and rings of this scale-dependent black hole with thin spherical emission. The

mpact of this and subsequent related work becomes evident because this work allows us to falsify if quantum-like black holes are
onsistent with observations. According to our results, this solution is consistent with observations for some concrete values of the
cale-dependent parameter 𝜖.
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