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Introduccién

“(English version on page 33)

El uso de cddigos flag en el ambito de la codificacion de red fue recientemente
propuesto por Liebhold, Nebe and VAzquez-Castro como una generalizacién de
los codigos de dimension constante. El primer trabajo en esta linea de investi-
gacion es [54] y, desde entonces, varios autores han contribuido con los recientes
trabajos (2, 3, 4, 5, 6, 7, 8, 9, 23, 47, 52, 53, 59].

Esta tesis, dedicada al estudio de diferentes aspectos de la teoria de codigos
flag, se presenta como el compendio de los siguientes trabajos, que el lector puede
encontrar, en este orden, en los Capitulos 1-9.

e C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva, Flag
codes from planar spreads in Network Coding, Finite Fields and their
Applications, Vol. 68 (2020), 101745.

e C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva, Opti-
mum distance flag codes from spreads via perfect matchings in graphs,
Journal of Algebraic Combinatorics (2021), https://doi.org/10.
1007/s10801-021-01086-7y.

e C. Alonso-Gonzélez, M. A. Navarro-Pérez and X. Soler-Escriva, An
orbital construction of optimum distance flag codes, Finite Fields and
their Applications, Vol. 73 (2021), 101861.

e C. Alonso-Gonzélez and M. A. Navarro-Pérez, Cyclic orbit flag codes,
Designs, Codes and Cryptography, Vol. 89 (2021), 2331-2356.

e C. Alonso-Gonzalez and M. A. Navarro-Pérez, Consistent flag codes,
Mathematics, Vol. 8(12) (2020), 2234.

e M. A. Navarro-Pérez and X. Soler-Escriva, Flag codes of mazximum
distance and constructions using Singer groups, https://arxiv.
org/abs/2109.00270 (preprint)

e C. Alonso-Gonzélez and M. A. Navarro-Pérez, On generalized Ga-
lois cyclic orbit flag codes, https://arxiv.org/abs/2111.09615

(preprint).

e C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva, Flag
codes: distance vectors and cardinality bounds, https://arxiv.org/
abs/2111.00910 (preprint).

e C. Alonso-Gonzalez and M. A. Navarro-Pérez, A combinato-
rial approach to flag codes, https://arxiv.org/abs/2111.15388

(preprint).
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New insights into the study of flag codes

En esta primera parte, detallamos los resultados mas importantes de dichos
trabajos, haciendo especial énfasis en las conexiones que pueden establecerse entre
ellos. Para ello, recordaremos algunas definiciones y resultados conocidos de la
teoria de codigos de dimension constante, asi como el estado del arte de la teoria
de codigos flag, en el que este tesis se enmarca.

Codigos de dimension constante

El término codificacion de red, introducido en [1], hace referencia al método de
envio de informaciéon a través de redes, modeladas como multigrafos dirigidos
aciclicos con, al menos, un emisor y un receptor, en las que los nodos intermedios,
en lugar de simplemente reenviar los paquetes de informacion (vectores) que
reciben, tienen la capacidad de realizar combinaciones lineales de dichos paquetes.
En el mismo trabajo se prueba que este nuevo comportamiento de los nodos
intermedios permite mejorar la velocidad de la comunicacién, como podemos
observar en el siguiente ejemplo, en el que consideramos el envio de mensajes a
través de la conocida red de mariposa.

Ry —{a} R1 —{a,a + b}

Ro — {a, b}

RQ_{a+b7b}

Figure 1: Red de mariposa

Notemos que en el primer caso, en el que los nodos intermedios simplemente
reenvian la informacion recibida, un solo uso del canal es insuficiente si queremos
que los dos receptores, R; y Ry, reciban ambos mensajes a y b. Esto se debe
a que el nodo senalado en rojo actiia como “cuello de botella” y, aunque reciba
los dos mensajes a y b, solo puede reenviar uno de ellos en cada uso del canal.
Sin embargo, la segunda situacion, en la que permitimos que este nodo calcule y
envie combinaciones lineales de a y b, los dos receptores pueden recuperar a y b
en un solo uso del canal.

Sin embargo, un aspecto negativo de la codificacién de red es al alta vul-
nerabilidad ante la propagacion de errores: basta observar que la presencia de
errores en un determinado paquete afecta a también a todos aquellos obtenidos
como combinaciones lineales que lo involucren. Otra desventaja de este tipo de
redes que podemos apreciar en el ejemplo anterior es que los receptores necesitan
conocer qué combinaciones lineales se han producido durante la comunicacién
para poder recuperar a y b a partir de los paquetes recibidos. Como solucién
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a este problema, en [45]|, Koetter and Kschischang proponen el uso de subespa-
cios vectoriales (en lugar de vectores) como palabras cddigo y, puesto que estos
objetos son invariantes bajo el uso de combinaciones lineales, ni el emisor ni los
receptores necesitan saber como funciona la red. En [45], encontramos el primer
estudio (desde un punto de vista algebraico) sobre codificacion de red a través de
redes no-coherentes, es decir, aquellas en las que los nodos intermedios realizan
combinaciones lineales aleatorias y la topologia de la red no es necesariamente
conocida por los usuarios. En dicho articulo, los autores presentan la nociéon de
codigo de subespacio y definen una métrica adecuada para el conteo de errores
y borrados que puedan producirse durante el proceso de comunicaciéon en este
nuevo escenario.

A continuacién, recordamos algunos elementos clave en la teoria de cddigos
de subespacio. Para ello, primero, fijamos la notaciéon que utilizaremos durante
el resto de esta memoria:

e Sea ¢ una potencia de primo,
e [, denota el cuerpo finito con g elementos,
e k y n son enteros positivos satisfaciendo 1 < k < n.

e [F; representa el espacio vectorial n-dimensional sobre el cuerpo F,.

La variedad de Grassamann (o la Grassmanniana) G,(k,n) es el con-
junto de Fy-subespacios vectoriales k-dimensionales de Fy.

e La geometria proyectiva de F} es el conjunto Py(n) que consta de
todos los Fy-subespacios vectoriales de [y .

La geometria proyectiva P,(n) es un espacio métrico. En general, dados dos
subespacios U,V € P,(n), su distancia de subespacio es

ds(U,V) = dim(U + V) — dim(U N V). (1)

En caso de que los subespacios ¢4 y V tengan la misma dimensién, pongamos
dim(U) = dim(V) = k, el calculo de su distancia se reduce a

ds(U,V) =2(k — dimU N V)). (2)

Esta métrica sobre P,(n) abre la puerta al uso de la siguiente familia de codigos
correctores de errores, introducida en [45].

Un codigo de subespacio de longitud n es un subconjunto no vacio C C
Py(n). Si todas las palabras codigo (subespacios de Fy) tienen la misma
dimension 1 < k < n, decimos que C es un cddigo de dimension constante

(en Gg(k,n)).
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New insights into the study of flag codes

Dado un coédigo de dimension constante C C G,(k,n) con |C| > 2, su distancia
minima se define como

ds(C) = min{ds(U, V) | U,V € C, U # V}.

Si |C| = 1, convenimos dg(C) = 0. En general, y de acuerdo con (2), la distancia
ds(C) es un entero par acotado por

2k si 2k < n,
0<ds(€) < { An—k) si 2k >n. (3)

El cardinal de un codigo de dimension constante indica la cantidad de men-
sajes diferentes que este puede codificar. Por ello, una vez fijados el resto de
parametros, existe un gran interés en obtener cdédigos de dimension constante de
gran tamano. En concreto, dados 1 < k < n y un posible valor para la distancia
d, escribimos A,(n, d, k) para denotar el maximo cardinal posible para codigos en
G,(k,n) con distancia minima d. Obtener el valor exacto A,(n,d, k) para cada
eleccion de los parametros no es, en absoluto, una tarea sencilla. Como con-
secuencia, el estudio de cotas (tanto inferiores como superiores) para este valor
ha dado lugar a multitud de trabajos en los tltimos anos como, por ejemplo,
[22, 35, 41, 43, 48, 66, 67, 70, 71, 73|.

Por otra parte, la distancia minima de un c6digo de dimensién constante esté
intimamente relacionada con su capacidad para detectar y corregir errores. Con-
cretamente, un codigo de dimension constante C detecta hasta dg(C) errores y
puede corregir hasta dg(C)/2 — 1. Por ende, desde su aparicion en 2008, y hasta
la actualidad, se ha prestado especial atencion al estudio de codigos de dimension
constante de maxima distancia. En particular, en [30], los autores introducen la
siguiente familia de c6digos de dimension constante de distancia méaxima, para
dimensiones 1 < k < L%J

Un codgigo spread parcial de dimension k (or un k-spread parcial) de [y
es un subconjunto C de G,(k,n) en que subespacios diferentes se cortan
siempre trivialmente. Equivalentemente, C es un k-spread parcial si cada
vector no nulo de Fy vive, a lo sumo, en un elemento de C.

El cardinal de un k-spread parcial C de Fy estd acotado superiormente por el

valor
n

q

|C| < Aq(n72k7 k) < qk . 1 )

(4)

donde r es el resto de dividir n entre k. Como caso particular de estos codigos,
tenemos los codigos spread, introducidos en [56].
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Un (cddigo) k-spread S of F} es un subconjunto de G,(k,n) tal que cada
vector no nulo de F7 vive en uno, y solo en uno, de los elementos de S.
En otras palabras, un k-spread es una particion de Fy en subespacios k-
dimensionales.

Los k-spreads son objetos clasicos ampliamente estudiados desde el prisma de
la Geometria Finita (véase [65]). Su existencia esta condicionada por la relacion
entre k y n. Mas concretamente, k debe ser un divisor de n. En esta situacion,
el cardinal de cualquier k-spread S de Fy es

_e¢-l

En este sentido, los codigos spread son 6ptimos ya que alcanzan la distancia mé-
xima para su dimension k y tienen el mejor cardinal posible, fijadas su dimension
y distancia. El estudio de esta familia de c6digos de dimension constante ha
dado lugar a multitud de trabajos en la ultima década, basta ver [56, 57, 68, 69].
Como ejemplo de k-spread de Fy, tenemos la siguiente construccion, presentada
por primera vez en el contexto de la codificacion de red en [56, Teorema 1]. Dados
enteros positivos k y s, consideremos n = ks y la matriz companion P € GL(k, q)
de un polinomio moénico e irreducble de grado k en F,[z]. El conjunto

S(s, k, P) = {rowsp(S) | S € ¥} C G,(k,n) (5)
es un k-spread de Fy, donde X es el conjunto de matrices
Y= {(A4]As] ... |A,) | Ai € Fy[P]} (6)

tales que el primer bloque no nulo (por la izquierda) es la matriz identidad I. En
el ambito de la Geometria Finita, esta construccion se debe a Segre (véase [65])
y se obtiene por aplicacién de técnicas conocidas como reducciéon del cuerpo
a la Grassmanniana de rectas de F;k.

Otra familia de codigos de dimension constante que ha despertado el interés de
los expertos es la de los c6digos orbitales. Estos codigos aparecen por primera
vez en [69] como orbitas de la accion transitiva del grupo general lineal GL(n, q)
sobre la Grassmanniana G,(k,n) dada por

Gy(k,n) x GL(n,q) —> Gy(k,n) (7)
U, A) — U - A=rowsp(UA),

donde U € F’; *™ es cualquier matriz generadora del subespacio U.
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Dados U € G,(k,n) y un subgrupo H de GL(n, ¢), llamamos cddigo orbital
generado por U bajo la accion de H a la orbita

Orbu(U) ={U-A| Aec H} C G, (k,n).
El estabilizador de U (en H) es el subgrupo de H dado por

Stabe(U) = {A € H | U - A =U}.

. J

En [69] se prueba que la estructura orbital de un codigo simplifica en gran
medida el calculo de sus parametros y también es tutil a la hora de encontrar
algoritmos de decodificacion eficientes. Ademaés, en el mismo articulo, los autores
exhiben construcciones orbitales con parametros 6ptimos, motivando asi, més si
cabe, el uso de codigos orbitales. En especial, prueban que el k-spread S(s, k, P)
dado en la expresion (5) es la orbita del subespacio U = rowsp(Iy | Opx(n—k))
bajo la accion del subgrupo generado por el siguiente conjunto de matrices por
bloques

I | Ay |- ] Asy 0 | Ip | Ay |- | Ao 0 0| I
01, | -] 0 L | 0] 0 f---] O 0 I, | 0
.k b 0 O Ik - O bR 9 .k
0] o0 I ot o T T I 00

(8)
con A; € F,[P], para todo 1 <i<s—1.

Por otra parte, en [68] se hace un estudio especifico de cddigos orbitales cicli-
cos: aquellos obtenidos como orbitas de grupos ciclicos de GL(n,¢). En dicho
trabajo, los autores utilizan el isomorfismo [Fy-lineal entre el cuerpo Fgn y el
espacio vectorial F y prueban que, para cada divisor £ de n, la orbita

S = Ol"b[p;n (]Fqk) = {]Fqkoz | o € an} (9)

es un k-spread del cuerpo Fyn, con estabilizador Stab]pgn (Fge) = For- En este
caso, se utiliza la accion natural del grupo multiplicativo F. sobre los ele-
mentos del cuerpo F,». Este mismo enfoque aparece de nuevo en [25], donde
Gluesing-Luerssen et al. presentan la familia de c6digos [-ciclicos, es decir,
aquellos obtenidos como 6rbitas bajo la accion de subgrupos (3) de F;.. Mas
concretamente, dado un Fy-espacio vectorial U C Fyn, el cddigo (orbital) B-ciclico
generado por U es la 6rbita

Orbg(U) = {UB | 1 <i < B},

donde UB' = {uB’ | u € U}. En ese mismo trabajo, los autores estudian los
posibles parametros de los codigos [-ciclicos en funcién de su mejor amigo,
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es decir, el mayor subcuerpo de Fy sobre el que los elementos de la 6rbita son
espacios vectoriales.

Codigos flag: el estado del arte

Cuando trabajamos con coédigos de dimensiéon constante, cada palabra codigo
(un subespacio) es enviada haciendo un solo uso del canal. Sin embargo, esta
operacion puede repetirse tantas veces como sea preciso. En tal caso, hablamos de
codigos (de subespacio) multi-disparo, cuyo estudio se aborda por primera
vez en [60]. En este contexto, las palabras codigo son elementos de P,(n)",
es decir, sucesiones de r subespacios de Fy. Estos codigos son una alternativa
muy interesante a los codigos de subespacio cuando queremos obtener mejores
parametros pero no podemos modificar los valores de n o ¢q. Por otra parte,
trabajar con codigos multi-disparo en P,(n)" es mas sencillo que hacerlo con sus
codigos de subespacio equivalentes de F}".

Como ejemplo de codigos multi-disparo, tenemos la familia de cédigos flag,
cuyo uso en el ambito de la codificacion de red fue introducido por Liebhold et al.
en sus trabajos [52, 53, 54|. A continuacion, recordaremos algunas definiciones
bésicas en esta linea de investigacion.

~ ~

Dados enteros 1 < t; < -+ < t, < n, llamamos flag de tipo (t,...,t,) en
[y, a toda sucesion F = (.7-"1, ..., F,) de F,-subespacios vectoriales de [y
tales que

{0}CARGC - CFCF.

y dim(F;) = t;, para todo 1 < ¢ < r. La variedad de flags de tipo (t1,...,t,)
es el conjunto F,((t1,...,t.),n) de todos los flags de ese tipo. Llamamos
tipo completo al vector (1,...,n—1) y nos referimos a los flags de este tipo
como flags completos.

La variedad de flags también tiene estructura de espacio métrico, de hecho, en
[54], los autores analizan varias distancias para flags y concluyen que la siguiente
es la mas apropiada para cuantificar errores y borrados en el contexto de la
codificaccion de red. Dados dos flags F = (F1,..., F) y F = (F,...,F.) de
tipo (t1,...,t.), su distancia de flags es

J(FF) = st (Fi, Fl). (10)

Esta métrica generaliza la distancia de subespacio definida en (2) a la variedad
de flags. Por analogia a los codigos de dimension constante, definimos los codigos
flag (de tipo constante) de la siguiente forma.
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Dada una sucesion de enteros positivos 1 < t; < --- < t, < n, llamamos
codigo flag de tipo (t1,...,t,) en F a todo subconjunto no vacio C de
Fo((t1,...,t),n). Su distancia (de flags) minima es

d¢(C) = min{dy(F,F) | F,F €C, F#+F'} (11)

siempre que |C| > 2. En otro caso, convenimos d¢(C) = 0.

El grupo general lineal GL(n,¢) también acttia transitivamente sobre la va-
riedad de flags F,((t1,...,t,),n) via

FA=(F-A... F- A, (12)

donde F;- A es el subespacio definido como en (7). En consecuencia, para cualquier
flag F € Fy((t1,...,t,),n), se cumple Fy((t1,...,t,),n) = Orbarm,q) (F). El esta-
bilizador asociado a esta 6rbita es un subgrupo de matrices triangulares inferiores
por bloques, donde el tamano de dichos bloques esté determinado por los enteros
positivos ty,to — t1,...,t, —t,_1 y n — t,.. Esta accién permite obtener codigos
flag como o6rbitas bajo la accion de subgrupos de GL(n, q).

Dados un flag F € F,((t1,...,tr),n) y un subgrupo H de GL(n,q). El
codigo flag orbital generado por F bajo la accion de H es

Orbu(F)={F-A| Ac H}.
Su estabilizador asociado es el subgrupo de H

Stab(F)={AcH|F-A=F}.

. J

Este es el enfoque utilizado en [54], donde el lector puede encontrar las
primeras construcciones de codigos flag orbitales, todas ellas con estabilizador
trivial, y un algoritmo de decodificaciéon sobre el canal de borrado. En el mismo
trabajo, los autores también generalizan la nociéon de codigo matricial (dotado
de la métrica de rango) al contexto de los codigos flag.

Tal y como ocurre con los codigos de dimension constante, determinar el valor
Ag(n,d, (t1,...,t,)), es decir, el maximo cardinal posible para codigos flag en
Fy((t1,...,t,),n) con distancia d, es un problema de gran interés. Esta cuestion
ha sido recientemente abordada por Kurz en su trabajo [47], donde desarrolla
técnicas para obtener cotas inferiores y superiores para A{; (n,d,(1,...,n —1)).
En el mismo trabajo, podemos encontrar una lista exhaustiva de dichas cotas
para valores pequenos de n, asi como algunos ejemplos fuera del tipo completo.
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Nuestras contribuciones a la teoria de cédigos flag

A lo largo de esta seccion, detallamos los avances en la teoria de codigos flag
derivados de los trabajos presentados en esta tesis. Algunos de ellos ya han sido
publicados (Capitulos 1-5). Otros se encuentran en proceso de revision por parte
de las revistas correspondientes (Capitulos 6-9). A continuacion, presentamos
algunos de los resultados maés relevantes que el lector puede encontrar en dichos
trabajos. Con el objetivo de mostrar de forma clara las conexiones entre ellos,
seguiremos este orden:

Capitulo 1 — Capitulo 2 — Capitulo 3 — Capitulo 6 — Capitulo 4 —
Capitulo 7 — Capitulo 5 — Capitulo 8 — Capitulo 9.

Empezaremos, como si de un cuento se tratara, por el principio. El origen de
esta tesis, y el verdadero leitmotiv de nuestros trabajos, es la relacion existente
entre un codigo flag y sus codigos proyectados: una familia de codigos de
dimension constante que podemos asociar de forma natural al codigo flag de par-
tida. El concepto de codigo proyectado (de un codigo flag) aparece por primera
vez en el Capitulo 1 y juega un papel protagonista en el resto nuestros trabajos.
A continuacion, daremos la definicién formal de estos codigos.

Consideremos una sucesion de enteros 1 < ¢; < --- < ¢, < n. Para cada
indice 1 < ¢ < r, utilizaremos la proyeccion
Di :‘FQ((tlw"at?“)?n) _>g<1<ti7n) (13)

dada por p;((Fi,...,F)) = Fi, para definir el i-ésimo codigo proyectado de la
siguiente forma.

(Capitulo 1, Definiciéon 3.6) Sea C un codigo flag de tipo (t4,...,t,) en
[Fy. Para cada 1 <1 < r, el i-ésimo cddigo projectado de C es el codigo de
dimensién constante

Ci=pi(C) = {pi(F) | F € C} C Gy(ti,n). (14)

Notemos que, para cada 1 < i < r, la desigualdad |C;] < |C| se cumple
trivialmente. En caso de darse la igualdad para cada valor 1 < ¢ < r, tenemos la
siguiente familia de codigos flag.

(Capitulo 1, Definiciéon 3.10) Decimos que un codigo flag C de tipo
(t1,...,t,) en F7 es disjunto si

Cl=1C]=---=IC]. (15)

En otra palabras, si para cada 1 < ¢ < 7, la proyecciéon p; restringida a C
es inyectiva.
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Desde el punto de vista geométrico, un cédigo flag es disjunto si flags dife-
rentes en él tienen todos sus subespacios distintos. Estos dos conceptos —el de
codigos proyectados y la disyuncion de codigos flag— fueron introducidos en nues-
tro primer trabajo [8] (Capitulo 1), como herramientas cruciales para el estudio
de codigos flag de méaxima distancia. Dado un codigo flag C C F,((t1,...,t.),n),
su distancia minima es un entero par ds(C) que satisface

0<dp(C)< Y 2+ Y 2n—t,). (16)

ti<n 2t;>n

En el caso de que df(C) alcance esta cota superior, decimos que C es un cddigo flag
de distancia optima. El siguiente resultado caracteriza a esta familia de codigos
en funcién de sus codigos proyectados.

(Capitulo 1, Teorema 3.11) Un codigo flag es de distancia 6ptima si,
y solo si, es disjunto y todos sus codigos proyectados alcanzan la distancia
maxima para las dimensiones correspondientes.

Notemos que, en particular, para dimensiones hasta [ %], los codigos proyec-
tados de un codigo flag de distancia 6ptima son spreads parciales, todos ellos del
mismo cardinal. Por ello, y motivados por las buenas propiedades de los coédigos
spread, nos planteamos la posibilidad de construir coédigos flag de distancia 6p-
tima con un spread como coédigo proyectado. En tal caso, debido a la condicién
de disyuncioén, solo un spread puede aparecer como proyectado. Este tema sera
ampliamente abordado en el Capitulo 1. Ademas, en el Teorema 3.12, probamos
que, si un divisor k de n forma parte del vector tipo de un co6digo flag de distancia
optima C C Fy((t1,...,t,),n), entonces

q" —1

Cl <

y la igualdad se alcanza si, y solo si, el codigo proyectado de dimension £ es un k-
spread de . En cierto sentido, los codigos flag de distancia 6ptima con un spread
entre sus codigos proyectados heredan las buenas propiedades del spread. Esta
idea aparece constantemente a lo largo de los Capitulos 1-3 y 6, donde, usando
diferentes enfoques, construimos cédigos flag de distancia 6éptima con un spread
como codigo proyectado para cada situacion posible. En concreto, en el Capitulo
1, atacamos este problema para el tipo completo y concluimos que, en caso de
existir codigos flag de distancia 6ptima en [} con un k-spread como proyectado,
debe ocurrir n = 2k 0o k =1y n = 3 (Capitulo 1, Proposicion 4.1) y probamos
su existencia para el caso n = 2k, para cualquier eleccion del entero positivo k,
al exhibir una construccion sistematica con el k-spread S(2, k, P) definido en (5)
como codigo proyectado. Los detalles de esta construcciéon pueden encontrarse
en el Capitulo 1 (Teorema 4.5).
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El caso k = 1 y n = 3 forma parte del estudio que realizamos en el Capitulo 2,
donde tratamos el problema general de construir coédigos flag de distancia 6ptima
en F con un k-spread como codigo proyectado, ahora si, para cualquier divisor
k de n. En primer lugar, probamos que tan solo los vectores tipo (ti,...,%,)
satisfaciendo

kedty,....t.} C{1,....k,n—Fk,...,n—1}. (17)

son admisibles para nuestro objetivo. Esta condicion es, hasta cierto punto,
razonable. Los codigos k-spread alcanzan la maxima distancia y tienen el mejor
cardinal posible. (El precio a pagar para poder construirlos? Su dimension k
debe ser un divisor de n. En nuestro caso, los cédigos flag de distancia 6ptima
con un k-spread como co6digo proyectado tienen también parametros éptimos. A
cambio, la condicién anterior sobre el vector tipo es necesaria. El resto del trabajo
esta dedicado a la construccion sisteméatica de estos codigos, para cada eleccion
de los parametros. Esta construccion se presenta de forma gradual y se apoya
en dos pilares fundamentales: el primero es la existencia de emparejamientos
perfectos en grafos bipartitos regulares, que nos permite dar cédigos flag de
distancia optima de tipo (1,7 — 1) con el spread de rectas de F como cddigo
proyectado (Capitulo 2, Teorema 3.6). Por otra parte, utilizando técnicas de
reduccion del cuerpo obtenemos una nueva construccion de tipo (k,n— k) con
un k-spread Desarguesiano como codigo proyectado (Teorema 3.8), para cualquier
valor de k. A continuacion, extendemos esta construccion al vector admisible
completo (1,...,k,n—k,...,n—1) en el Teorema 3.10 del mismo trabajo. A partir
de esta ultima, podemos obtener construcciones para cualquier tipo admisible
simplemente eliminando aquellas dimensiones del vector tipo admisible completo
que no queramos conservar. La traducciéon de nuestro problema en un problema
clasico de Teoria de Grafos —el de encontrar emparejamientos perfectos de grafos
bipartitos y regulares— nos permite salvar el salto entre las dimensiones £k y n —k
y obtener flags adecuados para nuestros propositos.

Por otra parte, en los Capitulos 3 y 6, consideramos la posibilidad de construir
codigos flag orbitales de distancia 6ptima con un k-spread como proyectado, bajo
la accion de algiun subgrupo de GL(n, q). Esta pregunta surge de forma natural,
teniendo en cuenta que los codigos spread han sido tratados desde el punto de
vista orbital. En el Capitulo 3, nos centramos en esta cuestion para el tipo
completo con n = 2k. Nuestro punto de partida es el k-spread S(2,k, P) dado
en (5). Recordemos que, en [69], se prueba que S(2, k, P) puede ser visto como
la 6rbita del subespacio U = rowsp(Ix | Ogxx) bajo la accion del subgrupo

/O | I I A) >
G_<( I kak;)7(0k><k]k ‘AGFq[P] (18)

de GL(n, ¢) dado en (8). En nuestro caso, empezamos el Capitulo 3 probando que
G no proporciona cédigos flag de distancia 6ptima. De hecho, sus 6rbitas no son
siquiera codigos flag disjuntos. Por ello, estudiamos condiciones para asegurar
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la disyunciéon de coédigos orbitales bajo la accion de subgrupos arbitrarios de
GL(n,q) y concluimos que, dados un flag F € F,((t1,...,t.),n) y un subgrupo
H de GL(n,q), la orbita Orbg(F) es un cédigo flag disjunto si, y solo si, se
cumple la relacion

StabH<F1) == StabH(}"T). (19)

Ademas, en el mismo capitulo, el lector puede encontrar el siguiente resultado.

(Capitulo 3, Proposicion 3.7) Sea F un flag completo en F2* y H, un
subgrupo de GL(2k, q) tal que el codigo orbital Orbg(Fx) es de méxima
distancia. Si Stabg(Fy) C Stabg(F;) para todo 1 < i < 2k — 1, entonces
Orby (F) es un codigo flag de distancia éptima de tamano |Orbg(Fy)|.

En virtud de este resultado, para obtener codigos flag de distancia 6ptima
bajo la accion de cierto subgrupo H de G basta que dicho subgrupo proporcione
estabilizador trivial al actuar sobre U (o cualquier otro subespacio del k-spread
S(2,k, P)). En tal caso, el mejor cardinal possible solo podria alcanzarse si H
fuese de orden g:j. Con el objetivo de encontrar un subgrupo H de G adecuado,
nos sumergimos en la estructura de grupo de G y probamos que contiene una
copia isomorfa del grupo special lineal SL(2, ¢*) (Capitulo 3, Proposicién 4.2). En
nuestro caso, seleccionamos un grupo H de G isomorfo a un subgrupo de Singer
de SL(2, ¢*) y lo hacemos actuar sobre flags. Los subgrupos de Singer de GL(n, q)
son grupos ciclicos del mayor orden posible: ¢"™ — 1. Sabemos que estos grupos
actiian transitivamente sobre las Grassmannianas de rectas e hiperplanos de Fy.
Ademas, en [18|, se prueba que, para cada divisor k de n, existe exactamente
una orbita de bajo la accion de un subgrupo de Singer que es un k-spread de Fy.
Utilizando el grupo H, obtenemos construcciones de codigos flag completos de
distancia 6ptima en ]ng con el k-spread S(2,k, P) como codigo proyectado para
valores pares de ¢ (Capitulo 3, Teorema 4.14). Si ¢ es impar, alcanzamos también
el maximo cardinal al considerar la uniéon de dos 6rbitas distintas, ambas bajo la
accion de H (Capitulo 3, Proposicion 4.15).

La continuaciéon natural de este trabajo puede encontrarse en el Capitulo 6,
donde encontramos dos partes muy diferenciadas. La primera de ellas se centra
en el estudio general de codigos flag de distancia 6ptima. En el Teorema 4.8
de este trabajo damos una nueva caracterizaciéon de los cédigos flag de distancia
optima en términos de, a lo sumo, dos codigos proyectados: aquellos con las
dimensiones mas proximas a %, tanto por la izquierda como por la derecha. Este
resultado se aplica a lo largo de la segunda parte para construir codigos flag
orbitales de distancia 6ptima de tipo (1,...,k,n —k,...,n—1) en F con un k-
spread como codigo proyectado, para cada divisor arbitrario k de n. En este caso,
en virtud del Teorema 4.8, las dimensiones k y n — k son las protagonistas de la
construccion, en la que utilizamos la accion de un subgrupo de Singer de GL(n, q)
sobre la variedad de flags de este tipo. Ademas, la unicidad de los subgrupos de
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un grupo ciclico nos permite caracterizar qué subgrupos (del subgrupo de Singer
de partida) proporcionan codigos flag de distancia 6ptima como sus orbitas, en
términos de sus 6rdenes (Capitulo 6, Teorema 5.1). Ademaés, para aquellos casos
en que el codigo flag orbital obtenido no alcanza el méaximo cardinal posible, es
decir, %, damos una nueva construccién como union de distintas orbitas (bajo
la accion de un mismo subgrupo) de tamano méaximo en funcién del orden del
subgrupo que actia (Capitulo 6, Teorema 5.2).

Recordemos que, por tener un k-spread como codigo proyectado, esta cons-
truccion orbital de codigo flag de distancia 6ptima presenta la restriccion del
vector tipo dada en (17). Dicha restriccion desaparece en los casos k =1y n =3
o n = 2k, en los que somos capaces de dar construcciones orbitales de méxima
distancia de tipo completo y, a través de un proceso de agujereado adecuado, de
cualquier otro tipo. El caso n = 2k también queda cubierto con la construcciéon
que presentamos en el Capitulo 3. No obstante, hasta el momento, no se conocia
ninguna construcciéon sistemética de cédigos flag orbitales de distancia 6ptima
con maximo cardinal para valores impares de n. La parte final del Capitulo 6 esta
dedicada a este problema. Concretamente, si n = 2k 4 1, utilizamos la accion de
un subgrupo G de GL(n, ¢) isomorfo a un subgrupo de Singer de GL(k + 1, q)
y caracterizamos aquellos flags completos F que proporcionan orbitas Orbg (F)
de maxima distancia. Todas ellas contienen exactamente ¢! — 1 flags (Teorema
5.7). No obstante, en |47, Proposicion 2.4] se prueba que el mejor cardinal para
un codigo flag completo de estas caracteristicas es ¢**' + 1. Por ello, dedicamos
el resto del trabajo a la caracterizacion de aquellos flags completos F', F" que
hacen que Orb(F) U {F', F"} siga teniendo la mejor distancia posible y, en este
caso, también tamano méaximo (Capitulo 6, Teorema 5.11).

En [25] se prueba que que la accion de los subgrupos de Singer de GL(n, q)
sobre los [ -subespacios vectoriales de Fy puede interpretarse como la acciéon
del grupo multiplicativo . sobre los [F,-subespacios del cuerpo Fy«. Este es el
lenguaje que usamos en el Capitulo 4, donde trabajamos con flags en el cuerpo
F,» y estudiamos propiedades tedricas de los codigos flag construidos como 6r-
bitas bajo la accion de subgrupos (3) del grupo de Singer [y, alos que llamamos
codigos flag B-ciclicos. En nuestro estudio, generalizamos algunos conceptos pre-
sentados en [25] al contexto de los codigos flag como, por ejemplo:

Sea F = (Fi,...,F) un flag en Fyn. Llamamos mejor amigo del flag F
al mayor subcuerpo F,m de F,» sobre el que todos los subespacios del flag
tienen estructura de espacio vectorial.

Tal y como ocurre en el caso de los codigos de subespacio, el mejor amigo
de un flag esta intimamente ligado a su estabilizador bajo la accion de Fy,.. Mas
concretamente, si Fym es el mejor amigo del flag F, entonces Stab]F;n (F) =Fpm.
Este hecho permite obtener el cardinal y cotas para la distancia minima de los
cddigos [-ciclicos generados por F. También dedicamos parte de este trabajo al
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estudio de familias de codigos flag orbitales [-ciclicos con valores extremos de
la distancia (una vez fijado el mejor amigo). En primer lugar, nos centramos
en los codigos flag (-ciclicos de Galois, es decir, aquellos generados por flags
dados por torres de cuerpos encajados, a los que llamamos flags de Galois, bajo
la accion de subgrupos de .. Para ser mas exactos, dada una sucesion de
divisores 1 < t; < ty < --- < t, de n tales que cada t; divide a t;,1, el flag de
Galois de tipo (ti,...,t,) es F = (Fyuu,...,Fg). En el Capitulo 4 (Teorema
4.14), probamos que el conjunto de distancias admisibles para Orbg(F) es

(20,20t + 1), 2t 4 -+ 1)) (20)

y caracterizamos los subgrupos () de F7n que proporcionan cada uno de estos
valores de la distancia. En particular, si el grupo que actta es Fj., obtenemos
la menor distancia posible para codigos con F,; como mejor amigo: 2¢;. Sin
embargo, este caso nos resulta especialmente interesante pues encierra una en-
granaje de spreads perfectamente encajados. Precisamente, para cada 1 < i < r,
el i-ésimo proyectado es el ;-spread Orbg:, (Fy,) dado en (9) y todos estos spreads
bailan al son del grupo F},. Ademas, establecemos una correspondencia entre el
conjunto de distancias en (20) y los subgrupos (3) de ;.. En concreto, también
obtenemos construcciones de distancia 6ptima 2(¢; + - - - +¢,). Conectamos este
hecho con el estudio general de codigos orbitales ciclicos de distancia 6ptima con
mejor amigo prefijado. En primer lugar, caracterizamos los codigos flag orbitales
p-ciclicos de distancia 6ptima cuando 3 es un elemento primitivo del cuerpo Fy.
(Capitulo 4, Corolario 4.23) y damos condiciones necesarias para las dimensiones
del vector tipo cuando  no es necesariamente primitivo (Capitulo 4, Teorema
4.21). Notemos que las construcciones dadas en los Capitulos 3 y 6 pueden inter-
pretarse en este escenario, identificando los grupos que alli intervienen con (un
subgrupo de) F}.. La condicion de tener un k-spread como codigo proyectado
se traduce en elegir un flag generador en Fgn con el subcuerpo F » entre sus
subespacios y con el cuerpo base F, como mejor amigo.

La idea de utilizar subcuerpos de F;» como subespacios del flag generador es
estudiada en mayor profundidad en el Capitulo 7. Alli, introducimos los flags de
Galois generalizados: flags en F,n con subcuerpos en al menos uno pero no todos
sus subespacios. La cadena maximal de cuerpos encajados en un flag de estas
caracteristicas es su flag de Galois subyacente. En este capitulo estudiamos como
la presencia de ciertos cuerpos distribuidos a lo largo del flag semilla afecta al
comportamiento de los codigos orbitales que este genera. En particular, probamos
que el flag de Galois subyacente determina un conjunto de valores potencialmente
alcanzables para la distancia minima (Capitulo 7, Teorema 3.31 y Definicion
3.32). Los valores de la distancia fuera de este conjunto son automaticamente
descartados de nuestro estudio. Por similitud con los coédigos flag de Galois,
y motivados por el Teorema 4.14 del Capitulo 4, nos preguntamos si, dado un
flag de Galois generalizado F, todos los valores potencialmente alcanzables de la
distancia son realmente alcanzables para algtin codigo Orbg(F), con § € F..
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Sin perder esta cuestion de vista, en la segunda parte de este capitulo, pre-
sentamos una construccion sistematica de codigos flag de Galois generalizados
con codigo de Galois subyacente prefijado. En nuestro caso, utilizamos flag ge-
neradores escritos en una forma regular muy concreta, lo que nos permite con-
trolar los parametros y algunas propiedades estructurales del coédigo. Ademas,
cuando consideramos orbitas bajo la accion de Fj., obtenemos construcciones que
pueden ser facilamente decodificadas haciendo uso de las técnicas desarrolladas
en el Capitulo 5 y determinamos los valores exactos de los parametros de nues-
tra construccion. Eventualmente, estas construcciones son de distancia 6ptima
(Corolarios 4.4 y 4.16). Por otra parte, cuando hacemos actuar a un subgrupo
propio () de F}., perdemos parte del control pero todavia somos capaces de
determinar un reducido abanico de posibilidades para la distancia minima (Capi-
tulo 7, Teorema 4.15). Estas construcciones, ademéas de constituir una variada
bateria de ejemplos de cédigos de Galois generalizados, nos permiten asegurar
que no todos los valores potencialmente alcanzables de la distancia (fijado el flag
de Galois subyacente) pueden ser obtenidos como la distancia minima de algin
codigo flag [-ciclico de Galois generalizado.

Como dijimos al principio de la introduccién, establecer conexiones entre los
codigos flag v sus codigos proyectados se ha convertido el hilo conductor de esta
tesis. Hasta ahora nos hemos centrado principalmente en los codigos flag de
distancia 6ptima que, como se prueba en el Capitulo 1, deben ser, en particular,
disjuntos. El concepto de disyuncion para codigos flag se estudia con mayor
detalle en los Capitulos 5 y 8, donde introducimos la nocién de consistencia
para codigos flag (respecto a sus proyectados) y la familia de cddigos flag M -
disjuntos, respectivamente. A continuacion exponemos las ideas principales de
estos trabajos.

En primer lugar, en el Capitulo 5, partimos de un codigo flag disjunto C C
Fo((t1,...,t),n). En otras palabras, un codigo C satisfaciendo |C| = [C;] =
.-+ =|C,|. Esta condicién no es mas que una relacion de consistencia entre los
cardinales del c6digo flag y los de sus proyectados. Por ello, empleamos también
el término de cardinal-consistente para referirnos a los codigos flag disjuntos. Por
otra parte, también presentamos la siguiente familia de cédigos flag, en la que
la distancia minima del cédigo flag es, en cierto modo, consistente con la de sus
codigos proyectados.

Decimos que un codigo flag C C F,((t1,...,t.),n) es distancia-consistente
si, para cada par de flags F,F' € C, se cumple

df(C) = df(./_", F’) < ds(CZ) = ds(ﬂ,f‘;’), Vi = 1, 2009l (21)

Esta condiciéon es equivalente a decir que los flags mas cercanos en un codigo
distancia-consistente C estan dados por sucesiones de subespacios que determinan
las distancias minimas de todos los proyectados. En otras palabras, la idea de
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“proximidad” en el codigo flag es consistente con la de sus coédigos proyectados.
Ademés, y como consecuencia directa de (21), si C es distancia-consistente, en
particular, verifica d¢(C) = Y__, ds(C;). No obstante, esta condiciéon no carac-
teriza a la familia de cédigos distancia-consistentes. Con el objetivo de poder
controlar perfectamente los parametros de los cédigos flag en términos de los
de sus codigos proyectados, presentamos también la clase de codigos flag consis-
tentes como aquellos que son a la vez consistentes para el cardinal (disjuntos) y
para la distancia. Ademas, los caracterizamos a través del siguiente resultado:

(Capitulo 5, Teorema 1) Un codigo flag C C F,((t1,...,t,),n) es con-
sistente si, y solo si, se verifican las siguientes afirmaciones:

W) el =Gl =---=ICly

(2) ds(C) = >, ds(Cy).

En particular, los cédigos flag de distancia 6ptima son ejemplo de codigos
consistentes en los que los proyectados alcanzan la distancia méxima para sus
respectivas dimensiones (Capitulo 5, Corolario 3).

Ademés del cardinal y la distancia minima, probamos que algunas propiedades
estructurales también se transfieren de un coédigo flag consistente a sus codigos
proyectados y viceversa, como explicamos a continuacion. Para ello, notemos
que trabajar con codigos flag utilizando sus codigos proyectados nos permite, en
general, traer algunos conceptos de la teoria de codigos de subespacio al escenario
de los codigos flag de dos formas, en principio, distintas. Por ejemplo, en el
Capitulo 5, generalizamos los conceptos de cddigo equidistante y codigo girasol,
previamente estudiados en [21, 29| en el &mbito de los codigos de subespacio.

(Capitulo 5, Definiciones 6-9) Decimos que un codigo flag C C
Fo((t1,...,t,),n) es:

e Fquidistante si, para cada pareja de flags distintos F,F’ € C, se
verifica d;(C) = d¢(F, F').

o Fquidistante-proyectado si todos sus codigos proyectados son codigos
de dimension constante equidistantes.

e Un girasol si existe una sucesion de subespacios encajados € C --- C
C, tales que, para cada par de flags distintos F, F" en C y todo 1 <
i < r, tenemos F;NF! = C;. En tal caso, la sucesion C' = (C4,...,C,)

se llama el centro del girasol.

e Un girasol-proyectado si cada codigo proyectado C; de C es un girasol
de G,(t;,n).
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En general, no hay una relacién directa entre las propiedades de ser equidis-
tante (resp. un girasol) y equidistante-proyectado (resp. girasol-proyectado). Sin
embargo, bajo la condiciéon de consistencia para codigos flag, probamos que son
equivalentes, es decir, un codigo flag consistente es equidistante (resp. un gira-
sol) si, y solo si, todos sus proyectados son equidistantes (resp. girasoles) de las
dimensiones correspondientes (Capitulo 5, Teoremas 2 y 3). Por tltimo, y tam-
bién en el Capitulo 5, mostramos que los c6digos consistentes presentan grandes
bendiciones a la hora de ser decodificados y damos un algoritmo de decodifi-
cacion (Capitulo 5, Algoritmo 1) valido para cualquier codigo flag consistente.
En particular, dicho algoritmo puede aplicarse a la construccion presentada en el
Teorema 4.2 del Capitulo 7 o a cualquiera de los codigos flag de distancia éptima
construidos en los Capitulos 1-4, 6 y 7.

Cuando trabajamos con codigos flag consistentes —y, en particular, con codi-
gos de distancia 6ptima— la distancia minima se calcula siempre de la misma
forma: sumando las distancias de los codigos proyectados. Este comportamiento
es caracteristico de esta familia de cédigos pero, en general, cada valor de la
distancia de flags puede obtenerse como suma de distintas combinaciones de dis-
tancias de subespacio. Por esta razon, en el Capitulo 8, introducimos diferentes
versiones del concepto de vector distancia.

(Capitulo 8, Definiciones 3.1 y 3.6 ) El vector distancia asociado al
par de flags F,F' € Fy((t1,...,t;),n) es

A(F, F') = (ds(F1, F), ..., ds(F., F)) € 2Z". (22)

El conjunto de vectores distancia de un codigo flag C C Fy((t1,...,t),n)
contiene a todos los vectores distancia asociados a pares de flags en C para
los que se alcanza la distancia minima del cédigo.

En particular, los codigos flag consistentes se caracterizan por ser disjuntos
y tener a (dg(Cy),...,ds(C,)) como unico vector distancia. Por el contrario, un
codigo flag arbitrario puede tener un conjunto de vectores distancia con mas de
un elemento.

El Teorema 3.9 de este Capitulo 8 permite caracterizar a los vectores distancia
(asociados a cierto valor de la distancia de flags) en términos de sus componentes
y una serie de relaciones entre ellas. En otras palabras, determinamos todos los
vectores de 2Z" que realmente representan configuraciones vélidas de la distancia
entre flags. Ademés, parte del mismo trabajo estd dedicado al estudio de las
distancias alcanzables al fijar cierta componente en un vector distancia. Presta-
mos especial atencion a aquellas distancias asociadas a vectores distancia con
una componente nula, es decir, aquellas entre flags con, el menos, un subespacio
comtn. A continuacién, extendemos este anélisis y consideramos vectores dis-
tancia de longitud r» con 1 < M < r componentes nulas, dicho de otro modo,
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investigamos distancias entre flags que comparten, al menos, M subespacios.

En la segunda parte del Capitulo 8, utilizamos nuestro estudio previos para
obtener propiedades de codigos flag con una distancia minima prefijada. En
nuestro camino, generalizamos el concepto de disyuncion de codigos flag v el
de codigos proyectados, haciendo uso de la siguiente familia de proyecciones.
Dado un vector tipo (t1,...,%.), un entero 1 < M < r e indices ordenados
1< <+ <1y <1, consideramos la proyeccion

Piv,eing) - FQ((tla"-atr)an) — ftI((tiN'-'?tiM)’n)

(Fiooo ) e (Fupe o Fo ). (23)

(Capitulo 8, Definicion 5.2) Sea C un codigo flag en F,((t1,...,t.),n).
Su (iq,...,1)-codigo proyectado es el codigo flag

Pir,sine)(C) = { Plir,ian) (F) | F E€C } (24)

de tipo (ti, ..., ) en Fy.

Notemos que, para cualquier eleccion de indices 1 < 27 < --- < 1y < 7, Se
cumple trivialmente |pg, i) (C)| < |C|. Aquellos codigos flag para los que se
alcanza la igualdad son de especial interés para nuestro estudio.

(Capitulo 8, Definicion 5.3) Un codigo flag C se dice (iy,...,0n)-
disjunto si la proyeccion pg, ., restringida a C es inyectiva, es decir,
si |C] = [P(ir,...ia)(C)|- Si esto ocurre para cada eleccion de M indices
1 <4y <--- <ipy <1, entonces decimos que C es M -disjunto.

En estos términos, los codigos flag disjuntos son ahora 1-disjuntos. Por otra
parte, la clase de codigos flag M-disjuntos conecta perfectamente con nuestro
estudio previo de la distancia, ya que ningin vector distancia de un codigo flag
M-disjunto puede contar con M componentes nulas. Esta propiedad nos permite
dar una condicién suficiente sobre la distancia minima de un cédigo para asegurar
cierto grado de disyuncion (Capitulo 8, Teorema 5.9). Este resultado nos permite,
por otra parte, obtener de forma muy natural nuevas cotas superiores para el
valor Ag(n, d, (t1,...,t.)), esto es, el maximo cardinal posible para un codigo flag
en F,((t1,...,t),n) con distancia minima d, en funcién de cuéntos subespacios
pueden compartir dos flags distintos sin bajar de la distancia d. La Seccién 6
del Capitulo 8 esta dedicada a esta cuestion. Alli obtenemos resultados para
cualquier valor de los parametros ¢, n,d y el vector tipo.

Este estudio de la distancia de flags utiliza un enfoque algebraico, donde los
vectores distancia y sus propiedades nos permiten obtener informacion relevante
sobre los codigos flag. Por otra parte, en el Capitulo 9 presentamos un estudio
de la distancia entre flags completos, desde un punto de vista combinatorio. En
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este caso, por razones técnicas, utilizamos la métrica equivalente inducida por la
distancia de inyeccion (de subespacios) dada por:

n—1
1
di(F,F) = (1 —dim(F; N F))) = =ds(F, F').
> ) = 54 (F,F)
En este trabajo, introducimos la idea de camino de distancia (en el soporte
de distancia) como una representacion grafica de los vectores distancia.

3+ e o

2+ ° o

1,,
1234567

Figure 2: Caminos de distancia en el soporte de distancia para n = 7.

Utilizando esta nueva perspectiva, el calculo de distancias de flag se reduce a
contar puntos circulares del soporte de distancia en un camino de distancia o
por debajo de él. Anélogamente, el valor complementario de la distancia, al que
llamamos codistancia, coincide con el niimero de puntos que quedan sobre un
camino. Por otra parte, tras enriquecer el soporte de distancia, anadiendo una
red auxiliar de puntos rojos, y efectuar una rotacion, obtenemos un diagrama de
Ferrers: el diagrama de Ferrers marco asociado a la variedad de flags completos
en [Fy.

X X © @ o o o o
X X © © o o e
° X X © o o @
¢ ¢ X X o o o
e o o
° ° ° ° ° ° ° ° X X o o
e o o ° ° X X @
e o o o o o e o o o o o
X %
X X X X X X X
X X X x X x x X X X X X x x x X X

Figure 3: Soporte, soporte enriquecido y diagrama de Ferrers marco para n = 7.

Haciendo uso de este diagrama de Ferrers, establecemos una correspondencia
biyectiva entre el conjunto de caminos de distancia y determinados elementos pro-
pios de la Teoria de Particiones, relacionados con el niimero de puntos circulares
negros contenidos en subdiagramas de Ferrers adecuados (Capitulo 9, Teorema
4.28). Este punto de vista combinatorio nos permite establecer conexiones entre
los parametros de codigos flag completos y los de sus codigos proyectados. Més
concretamente, fijado un cédigo flag completo C en [y, le asociamos un conjunto
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de diagramas de Ferrers y utilizamos sus rectdngulos de Durfee para obtener in-
formacion sobre el cardinal y la distancia de cada uno de sus proyectados C; y
viceversa (Capitulo 9, Teoremas 5.2, 5.6-5.8, 5.11 y Corolario 5.10). Estas nuevas
herramientas nos permiten, ademas, reinterpretar algunos resultados conocidos
en términos combinatorios. Prueba de ello es el Teorema 5.17 del Capitulo 9,
donde caracterizamos de nuevo los codigos flag de distancia éptima en funciéon
de sus conjuntos de caminos de distancia y/o de subdiagramas de Ferrers asoci-
ados. Este resultado, el ultimo teorema de esta tesis pero también el primero,
cierra nuestro estudio sobre codigos flag.

Las relaciones descritas a lo largo de esta seccion introductoria quedan recogi-
das de forma esquemaética en el Figura 7 de la pagina 53 de esta memoria.
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Introduction

Flag codes in the network coding setting were introduced by Liebhold, Nebe
and Vazquez-Castro a few years ago as a generalization of constant dimension
codes. The seminal work in this research line is [54] and, since then, other works
in this respect have appeared (see, for instance, |2, 3, 4, 5, 6, 7, 8, 9, 23, 47, 52,
53, 59]).

This thesis is devoted to the study of different but interconnected aspects
related to flag codes. It is presented as the compendium of the following works,
that the reader can find, in this order, in Chapters 1-9.

e C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva, Flag
codes from planar spreads in Network Coding, Finite Fields and their
Applications, Vol. 68 (2020), 101745.

e C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva, Opti-
mum distance flag codes from spreads via perfect matchings in graphs,
Journal of Algebraic Combinatorics (2021), https://doi.org/10.
1007/s10801-021-01086-y.

e C. Alonso-Gonzélez, M. A. Navarro-Pérez and X. Soler-Escriva, An
orbital construction of optimum distance flag codes, Finite Fields and
their Applications, Vol. 73 (2021), 101861.

e C. Alonso-Gonzalez and M. A. Navarro-Pérez, Cyclic orbit flag codes,
Designs, Codes and Cryptography, Vol. 89 (2021), 2331-2356.

e C. Alonso-Gonzalez and M. A. Navarro-Pérez, Consistent flag codes,
Mathematics, Vol. 8(12) (2020), 2234.

e M. A. Navarro-Pérez and X. Soler-Escriva, Flag codes of mazximum
distance and constructions using Singer groups, https://arxiv.
org/abs/2109.00270 (preprint)

e C. Alonso-Gonzélez and M. A. Navarro-Pérez, On generalized Ga-
lois cyclic orbit flag codes, https://arxiv.org/abs/2111.09615

(preprint).

e C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva, Flag
codes: distance vectors and cardinality bounds, https://arxiv.org/
abs/2111.00910 (preprint).

e C. Alonso-Gonzalez and M. A. Navarro-Pérez, A combinato-
rial approach to flag codes, https://arxiv.org/abs/2111.15388

(preprint).

We dedicate the first part of the thesis to explain the main contributions in
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these works as well as to exhibit the interrelationship among them. To this end,
we start with some preliminaries about constant dimension codes and we also
comment the state of the art in the flag codes framework.

Constant dimension codes

Network coding was introduced in [1] as a new method to send information
through channels modelled as directed acyclic multigraphs with (possibly) sev-
eral senders and receivers, where intermediate nodes are allowed to perform linear
combinations of the received packets (vectors), instead of simply routing them.
In [1], it was proved that the use of linear combinations at every intermediate
node improves the communication rate. The butterfly network, represented in
the next figure, is a well-known example of this:

R1 —Za {a}

Ri — {a,a+ b}

Ry — {a,b} Ry — {a+b,b}

Figure 4: Butterfly network

Observe that in the first case, where intermediate nodes just resend packets,
two uses of the channel are needed so that both receivers R; and Ry get messages
a and b since, despite the fact that the “bottleneck” node (marked in red) receives
both a and b, it can just send one of these messages. On the other hand, if we
allow coding at intermediate nodes, both receivers are able to recover a and b in
just a channel use.

On the negative side, whenever errors occur and a packet (a vector) is affected,
every linear combination involving it is corrupted as well. This fact makes net-
work coding especially vulnerable to error propagation and opens the door to
construct suitable error-correcting codes for this new scenario. Moreover, in view
of the previous example, one can see that the receivers need to know how the
network works to be able to recover vectors a and b from the received ones. In
order to overcome this problem, in [45], Koetter and Kschischang suggest the
use of vector subspaces (instead of vectors) as codewords. Notice that, since
vector subspaces are invariant under linear combinations, neither the sender(s)
nor the receiver(s) need information about the performed linear combinations of
the network. That paper represents the first algebraic approach to network cod-
ing through non-coherent networks, those where intermediate nodes compute and
send random linear combinations and the topology of the network is unknown.
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There, the authors introduce the class of subspace codes and define a suitable
metric to count errors and erasures produced through the communication pro-
cess. Let us precise these ideas. To do so, and for the rest of the thesis, we will
consider the following notation:

- )

e Let ¢ be a prime power,

e [F, denotes the finite field with ¢ elements and

e k and n are positive integers such that 1 < k < n.

e [y represents the n-dimensional vector space over the field F,.

e The Grassmann variety (or just the Grassmannian) G,(k,n) is the
set of k-dimensional F -vector subspaces of Fy.

e The projective geometry of Fy, is the set P;(n) containing all the vector
subspaces of Fy.

The projective geometry P,(n) can be seen as a metric space endowed with
the subspace distance given by

ds(U,V) = dimU + V) — dimU NV), (25)

for every U,V € P,(n). In particular, if both subspaces have the same dimension,
say dim(U) = dim(V) = k, the previous expression becomes

ds(U,V) =2(k — dimU NV)). (26)

This metric allows to define error-correcting codes as follows (see [45]).

A subspace code of length n is a nonempty subset C C Py(n). If every
codeword (subspace) in C has the same dimension, say 1 < k < n, then C
is said to be a constant dimension code (in G,(k,n)).

Given a constant dimension code C C G,(k,n), its minimum distance is given
by
ds(C) = min{ds@U,V) | U,V €C, U # V),

whenever |C| > 2. In case that |C| = 1, we just put ds(C) = 0. In general,
according to (26), we have that dg(C) is an even integer such that

o%k  if 2k < n,

0<ds(C) < { 2(n — k) if 2k >n. (27)

The cardinality of a constant dimension code is related to the amount of
different messages it can encode. As a consequence, given 1 < k < n and a
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value of the distance d satisfying these bounds, we are interested in obtaining
constructions of constant dimension codes in G,(k,n) having minimum distance
d and large cardinality. The value A,(n,d, k) represents the largest possible
size for such codes. However, in many cases, these values are not even known.
Determining the exact value of A,(n,d, k) or giving lower and upper bounds for
it is a interesting problem that has been tackled in many papers in recent years
(see [22, 35, 41, 43, 48, 66, 67, 70, 71, 73], for instance).

As for general error-correcting codes, the minimum distance of a constant
dimension code is clearly related to its capability to detect and correct errors.
More precisely, a constant dimension code C detects up to dg(C) — 1 errors and
corrects up to dg(C)/2 — 1. As a result, special attention has been given to those
codes in G,(k,n) attaining the maximum possible (minimum) distance.

More precisely, in [30], the following family of constant dimension codes of
maximum distance is well studied, for k < L%J

A partial spread code of dimension k (or partial k-spread, for short) of
Fy is a subset C of G,(k,n) in which different subspaces pairwise intersect
trivially. Equivalently, C C G,(k,n) is a partial k-spread if every nonzero
vector of [Fy lies in, at most, a subspace in C.

It is well-known that the cardinality of any partial k-spread of Fy is upper
bounded by
q" —
¢"—1’
where r is the remainder obtained dividing n by k. As a special case of these
codes, one has the class of spread codes, first introduced in [56] as follows.

A,(n, 2k, k) <

(28)

A k-spread (code) S of Fy is a subset of G,(k,n) in which every nonzero
vector of Fy lies in one, and only one, subspace in §. In other words, spreads
are partitions of Fy into k-dimensional vector subspaces.

Spreads are classical objects coming from Finite Geometry (see [65]). It is
well-known that k-spreads of Fy exist if, and only if, & is a divisor of n and in
this case, their cardinality is exactly

q" —1
S1= Ay, 20 k) = =

It turns out that spreads are optimal codes in the following sense: they attain
the best distance for their dimension and have the largest possible size among
codes with their dimension and distance.

The study of spread codes has lead to many papers in the last decade (see,
for instance, [56, 57, 68, 69]). If n = ks and P € GL(k,q) is the companion
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matrix of a monic irreducible polynomial of degree k in F,[z], the following set is
a well-known example of k-spread:

S(s, k, P) = {rowsp(S) | S € £} C G,(k,n), (29)

where

S = {(AiAs] ... |A) | A € F,[P]} (30)

and the first non-zero block from the left is equal to I,. This construction is
originally due to Segre (see [65]) and it is obtained by applying field reduction to
the Grassmannian of lines of sz’ In the network coding setting, this construction
was presented in [56, Theorem 1].

Another interesting family of constant dimension codes is the one of orbit
codes. They were presented in [69]. In that paper, the authors introduce those
constant dimension codes arising as orbits under the transitive action of the
general linear group GL(n, ¢) on the Grassmannian G,(k,n) defined as

G,(k,n) x GL(n,q) —> Gy(k,n)

U, A) — U - A =rowsp(UA), (31)

where U € F’;X” is any generator matrix of U.

Given U € G,(k,n) and a subgroup H of GL(n, q), the set
OrbugU)={U-A| Aec H} C G,(k,n)

is called the orbit code generated by U under the action of H. The stabilizer
of U (w.r.t. H) is the subgroup of H given by

Stabu(U) ={AcH |U-A=U}.

The parameters of orbit codes can be computed in an easier manner (than the
ones of general constant dimension codes). Moreover, the orbital structure has
been exploited to provide efficient decoding algorithms (see [68]). The authors
also motivate the use of orbit codes by exhibiting constructions with optimal
parameters. More precisely, in [69], they show that the k-spread S(s,k, P) in
(29) can be expressed as the orbit generated by U = rowsp(Iy | Opx(n—k)) under
the action of the subgroup of GL(n, q) generated by the set of block matrices

07| Ay |- | Ag g
Blale i (GRS Lol
k Aol 0 ] 0 . co | Iy
010 I 0100 T, Iy 010
(32)
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where A; € F [P], for 1 <i<s—1.

When the acting group is cyclic, we speak about cyclic orbit codes. The
seminal work in this line is [68]. In that work, another construction of k-spread
appears. In this case, the authors use the fact that the extension field Fy» is
isomorphic to Fy (as Fy-vector spaces) and show that if & divides n, then the
orbit

S = Ol"bF;n (]Fqk) = {]Fqkoz | € F;n} (33)

is a k-spread of the field Fy», with Stab]]?;n (Fgr) = F?.. Following this approach,
in [25], Gluesing-Luerssen et al. present the class of §-cyclic codes by using
the natural multiplicative action of subgroups () of F;.. More precisely, given
a k-dimensional F,-vector subspace U of the extension field F;» and a nonzero
element 3 € F;, with multiplicative order |3, the 3-cyclic (orbit) code generated
by U is the set

Orbg(U) = {UB | 1 <i < |B|},

where UB' = {uf’ | u € U}. In the same work, the authors study the possible
parameters of S-cyclic codes depending on largest field over which the generating
subspace is a vector space, that is, its best friend.

Flag codes: state of the art

Constant dimension codes in G,(k,n) are examples of codes in which every code-
word (a subspace) requires a single use of the channel to be sent. However, the
subspace channel can be used many times, giving rise to the so-called multishot
(subspace) codes, introduced in [60]. In this setting, codewords are elements of
P,(n)", i.e., sequences of r subspaces of [F;;. The authors suggest using this class
of codes as an interesting alternative to subspace codes if we are interested in
obtaining better values of the distance or the cardinality in case that neither the
field size ¢ nor the length n could be modified. Moreover, working with multishot
codes in P,(n)" can be easier than doing it with their equivalent subspace codes
of Fy".

As a particular case of multishot codes, we have the class of flag codes. These
codes were introduced by Liebhold et al. in their pioneering works [52, 53, 54].
Let us recall the basic definitions with this respect.
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Given integers 1 <t < --- <t,. <mn, a flag of type (t1,...,t,) on Fy is a
sequence F = (Fy,...,F,) of Fg-vector subspaces of Fj such that

{cAcC - CFRCF

and dim(F;) = t;, for 1 < i < r. The flag variety of type (t1,...,t,) is the
set Fy((t1,...,t,),n) containing all the flags of this type. If the type vector
is (1,...,n — 1) we speak about full flags and the full flag variety.

The flag variety can be seen as a metric space. In [54], the authors analyze
several distances and conclude that the following one is the most appropriate
to measure errors and erasures in the network coding setting. Given flags F =
(F1,...,F) and F' = (Fj,..., F.) in Fy((t1,...,t.),n), their flag distance is
given by

df(F,F') = ds(Fi, F). (34)

=1

Observe that it generalizes the subspace distance given in (26) to the flag scenario.
By analogy to constant dimension codes, flag codes are defined as follows.

Given integers 1 <t < --- <t, <n, a flag code of type (t1,...,t,) on F}
is a nonempty subset C of F,((t1,...,t,),n). Its minimum (flag) distance
is the value

df(C) =min{d;(F,F') | F,F €C, F#F'} (35)

whenever |C| > 2. For trivial codes with |C| = 1, we put d¢(C) = 0.

In [54], the authors work with the well-known transitive action of the general
linear group GL(n, ¢) on the flag variety F,((t1,...,t,),n) given by

F-A=(F-A.. . F A, (36)

where F; - A is defined in (31). This means that the whole flag variety can be
expressed as the orbit Orbar,n,q) (F) generated by any flag F € F((t1,...,t,),n).
The stabilizer of this orbit is given by the subgroup of lower block triangular
matrices, with blocks sizes determined by the positive integers t1,t5 —t1,...,t, —
t,_1 and n —t,.. In this context, one can also study flag codes arising as orbits of
this action.
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Given a flag F € F,((t1,...,t,),n) and a subgroup H of GL(n, q), the orbit
flag code generated by F under the action of H is

Orbu(F)={F-A| A H}.
Its associated stabilizer is the subgroup of H given as

Stabp(F)={A€H | F-A=F}.

\. J

The reader can find some interesting orbit constructions of flag codes in [54],
all of them with trivial stabilizer. Moreover, the authors bring matrix codes
(endowed with the rank metric) into the flag code setting and also present a
decoding algorithm for one of their constructions.

As for constant dimension codes, determining the value of A{; (n,d, (t1,...,t.)),
i.e, the maximum possible size for flag codes in F,((¢1,...,¢,),n) with minimum
distance equal to d, is an interesting problem which has been recently tack-
led in [47]. There, the author develops techniques to obtain upper bounds for
Al(n,d,(1,...,n —1)) and give an exhaustive list of bounds for small values of
n. Out of the full type case, some examples are also given.

Flag codes: our contributions

This part of the section is devoted to explain in detail the advances in the theory
of flag codes introduced in our published papers (Chapters 1-5), preprints and
forthcoming works (Chapters 6-9). We do so by collecting the most relevant
results in the subsequent sections. In order to relate them and exhibit properly
the connections among our works, we follow this order:

Chapter 1 — Chapter 2 — Chapter 3 — Chapter 6 — Chapter 4 —
Chapter 7 — Chapter 5 — Chapter 8 — Chapter 9.

Let us start from the very beginning. The origin of this thesis, and a recurrent
leitmotiv in our works, is the relationship of a given flag code with a special family
of constant dimension codes that can be naturally associated to it: the projected
codes, first introduced in Chapter 1 and used through the rest of chapters. Let
us precise this concept. To do so, given positive integers t; < --- < ¢, < n and
1 <1 < r, we consider the projection

pit Fo((tr, ... t),n) = G,(ti, n) (37)

defined as p;((Fi, ..., F,)) = F;. Using these maps we define the projected codes
of a flag code as follows.
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(Chapter 1, Definition 3.6) Let C be a flag code of type (1,...,t.) on
Fg. For every 1 < ¢ < r, its i-th projected code is the constant dimension
code

Ci = pi(C) = {ps(F) | F €C} C G,(ts,n). (38)

Observe that, for every 1 < i < r, we clearly have |C;| < |C|. If the last
inequality holds with equality for every projected code, we have the next special
class of flag codes.

(Chapter 1, Definition 3.10) A flag code C of type (t1,...,t,) on F} is
said to be disjoint if it holds

Cl = 1G] =---=|C (39)

or, equivalently, if for every 1 < ¢ < r, the projection map p; is injective
when restricted to C.

Observe that, from a geometrical point of view, disjoint flag codes are those
where different flags have all their subspaces different. These two concepts —
the one of projected code and the notion of disjointness for flag codes— were
introduced in our first work, [8] (see Chapter 1), in order to study flag codes with
maximum distance. More precisely, given a flag code C C F, ((t1,...,t,),n), its
minimum distance is an even integer d;(C) satisfying

0<ds(C) < > 2+ Y 2n—ty). (40)
2t;<n 2t;>n

In case d¢(C) attains this upper bound, we say that C is an optimum distance
flag code. One of the most relevant results in the same paper is the next charac-
terization for optimum distance flag codes.

(Chapter 1, Theorem 3.11) A flag code C C F,((t1,...,t,),n) is an
optimum distance flag code if, and only if, it is disjoint and every projected
code C; attains the maximum distance for dimension t;.

At this point, motivated by this result and also by the optimality of spread
codes among constant dimension codes with maximum distance, we consider the
possibility of constructing optimum distance flag codes having a spread as a
projected code. In such a case, by means of the disjointness condition, only one
spread can appear as the projected code of an optimum distance flag code. More-
over, in Chapter 1 (see Theorem 3.12), we show that, whenever a divisor k of n ap-
pears in the type vector of an optimum distance flag code C C F,((t1,...,t.),n),
then its cardinality must satisfy
q" —1

C| <
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and the equality holds, if and only if, C has a k-spread as its projected code of
dimension k. In other words, the excellent properties satisfied by spread codes are,
in some sense, transferred to optimum distance flag codes when a k-spread arises
as their projected code. This idea is also present in Chapters 1-3 and 6, where,
for distinct situations and using different approaches, we provide constructions of
optimum distance flag codes with a spread as a projected code. More precisely, in
Chapter 1, we address the construction of such codes for the full type vector. We
conclude that, if optimum distance full flag codes with a k-spread as a projected
code exist, then it holds either n = 2k or kK = 1 and n = 3 (Chapter 1, Proposition
4.1). In the same work, we prove the existence of such codes in case that n = 2k,
for every value of k, by giving a systematic construction of them with the k-
spread S(2, k, P), defined in (29), as a projected code (see Chapter 1, Theorem
4.5), together with a decoding algorithm over the erasure channel.

The remaining situation, that is, & = 1 and n = 3, becomes a particular
case of the study provided in Chapter 2, where we tackle the general problem of
constructing optimum distance flag codes on Fy with a k-spread as a projected
code for an arbitrary divisor k of n. To this end, we show (see Chapter 2, Theorem
3.3) that such codes could only be constructed for a set of admissible type vectors,
i.e., those (ty,...,t,) satisfying

ke{t,...,t.} C{1,....k,n—Fk,...,n—1}. (41)

This condition is, up to certain point, expected. Spread codes have the maxi-
mum possible distance and give the largest possible size. The price to pay for
constructing them is a condition on the dimension: £ must divide n. In our case,
optimum distance flag codes with a k-spread as their projected code have the
maximum possible distance and optimal cardinality. In this case, a condition on
the type vector is demanded. The rest of the paper is dedicated to prove the
existence of these codes by giving a systematic construction for every choice of
the parameters. We do it gradually by using two essential arguments. On the one
hand, the existence of perfect matchings on bipartite regular graphs allows us
to give optimum distance flag codes of type (1,n — 1) with the spread of lines
of F7 as a projected code (Theorem 3.6 in Chapter 2). On the other hand, we
use field reduction techniques to suitably translate the previous construction
into another one of type (k,n — k) on [y, having a Desarguesian k-spread as its
projected code (see Theorem 3.8). We finish that work by extending the last
construction to the full admissible type vector, i.e., (1,...,k,n—Fk,...,n—1) in
Theorem 3.10 and, by suitably removing projected codes, to any other admissible
type vector (Theorem 3.12). The key point in this work is the suitable translation
of our problem into a classical and well studied question in Graph Theory. More
precisely, the existence of perfect matchings on bipartite graphs allows us to link
dimensions k£ and n — k, whenever 2k < n.

In Chapters 3 and 6, we wonder if these optimum distance flag codes with
a k-spread as a projected code could be constructed as orbits under the action
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of some subgroup of the general linear group GL(n,¢) on the corresponding flag
variety. This question naturally arises from the existence of some well-known
orbit constructions for spreads. As before, we tackle this problem in two different
works. We start by constructing optimum distance full flag codes on Fy with
a k-spread as a projected code for the case n = 2k in Chapter 3. To do this,
our starting point is the planar k-spread S(2,k, P) given in (29). Recall that,
in [69], the authors exhibit this spread as the orbit generated by the subspace
U = rowsp(Iy, | Ogxx) under the action of the subgroup

_ kak‘ I 1 A) >
G_<( [k Oka)7(Ok><ka ‘AE]FQ[P] (42)

of GL(n, q) (see (32)). We start Chapter 3 by showing that G does not generate
optimum distance flag codes since their orbits are not even disjoint flag codes.
Hence, we study conditions for an orbit flag code to be disjoint, obtaining that,
in general, if we consider a flag F € F,((t1,...,t,),n) and an arbitrary subgroup
H of GL(n, ¢), the orbit flag code Orbg (F) is disjoint if, and only if, we have the
equality of stabilizer subgroups

StabH(fl) =R — StabH(]-}). (43)

Moreover, in Chapter 3, the reader can find the next result.

s ~

(Chapter 3, Proposition 3.7) Let F be a full flag on ng and H, a
subgroup of GL(2k,q) such that Orbg(Fy) has maximum distance. If
Stabg (Fr) € Stabg(F;) for all 1 < @ < 2k — 1, then Orby(F) is an
optimum distance flag code with size |Orbg (Fy)|.

. J

Hence, a sufficient condition for a subgroup H of G to generate optimum
distance full flag codes on ng is providing trivial stabilizer when acting on U (or
any other subspace in §(2,k, P)). In this situation, the maximum possible size
would only be attained if that subgroup had order Z::l. Then, with the goal of

1
extracting a suitable subgroup H of G in mind, we study the group structure of

G and show that it always contains an isomorphic copy of the special linear group
SL(2,¢*) (Chapter 3, Proposition 4.2). Moreover, the existence of subgroups of
SL(2, ¢*) of the desired order, allows us to choose a subgroup H of G, isomorphic
to a Singer subgroup of SL(2,¢"), as our acting group. Singer subgroups of
GL(n, q) are cyclic subgroups with the largest possible order, that is, ¢" — 1. It is
well-known that these groups act transitively on the Grassmannians of lines (and
also) hyperplanes of ;. Moreover, in [18], the author shows that, if & divides n,
there is exactly one orbit of a Singer subgroup of GL(n, ¢) that is a k-spread of
[y In our case, using the action of H allows us to obtain an orbit construction
of optimum distance full flag codes on ng with the k-spread S(2,k, P) as their
projected code whenever ¢ is even (see Theorem 4.14 in Chapter 3). For odd
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values of ¢, we get another construction, given as the union of two different
orbits under the action of H (Chapter 3, Proposition 4.15).

The natural continuation of this work is carried in Chapter 6, which contains
two differentiated parts. The first one is devoted to study general optimum dis-
tance flag codes. There, a new characterization for them is provided in terms of,
at most, two projected codes: those with the closest dimensions to the value 7
both from left and right (see Theorem 4.8). We apply this result to the construc-
tion of optimum distance orbit flag codes of type (1,...,k,n—Fk,...,n—1) on Fy
with a k-spread as its projected code, for an arbitrary divisor k of n. In this case,
the dimensions k£ and n — k are the ones that play a key role in the construction.
Moreover, we consider the action of a Singer subgroup of GL(n,q) on flags of
this type and, by means of the uniqueness of subgroups of cyclic groups, we are
able to characterize those subgroups providing optimum distance flag codes as
their orbits in terms of their order (see Chapter 6, Theorem 5.1). For those cases
in which the maximum cardinality is not obtained by a single orbit, we provide
a sufficient condition to attain the largest possible size as the union of different
orbits (Chapter 6, Theorem 5.2), just depending on the order of the acting sub-
group. Recall that these constructions present the restriction on the type vector
given in (41). However, when & = 1 and n = 3 or n = 2k, it allows us to give
constructions of full type vector and, by using a suitable puncturing process, of
any other type. The case n = 2k was also covered with our work in Chapter 3.
On the other hand, systematic constructions of orbit optimum distance full flag
codes with the maximum cardinality for odd values of n were not known. In order
to fill this gap, for n = 2k + 1, we use the action of a subgroup G of GL(n,q)
isomorphic to a Singer subgroup of GL(k + 1,¢) and a suitable full flag F to
get an orbit construction of optimum distance full flag code Orbg(F) with size
¢"*! — 1 (Theorem 5.7), whereas, by means of [47, Proposition 2.4, the largest
possible size in this case is ¢"*' + 1. Thus, we discuss and characterize how to
choose two extra full flags F', F” so that the code Orbg(F) U {F', F"} still has
the maximum distance and optimal size (see Theorem 5.11 in Chapter 6).

Recall that the action of Singer subgroups of GL(n, ¢) on [F,-subspaces of Fy
can be translated into the action of the multiplicative group Fy. on FF,-subspaces
of the extension field Fy» (see [25]). This is the approach that we follow in Chapter
4, where we work with flags on the field F,» and study theoretical features of those
flag codes arising as orbits under the action of subgroups (5) of the Singer group
Fyn, ie., B-cyclic orbit codes. We do so by generalizing some concepts coming
from [25] to the flag codes framework. One of them is the following one:

Let F = (Fi,...,F:) be a flag on Fn. The largest subfield Fm of Fn over
which all the subspaces of the flag are vector spaces is called the best friend
of F.

As it happens for subspaces, we prove that the best friend of a flag is closely
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related to its stabilizer under the action of Fy.. More precisely, if Fym is the
best friend of a flag F, then Stab]F;n (F) = ;... Due to this fact, we use the best
friend of a flag in order to give the cardinality and lower and upper bounds for the
distance of those -cyclic orbit flag codes that it generates. Moreover, we devote
part of this work to study families of flag codes attaining the extreme values
of the distance. We start with the so-called [-Galois flag codes, that is, those
generated by flags given by sequences of nested subfields of Fyn, i.e., Galois flags,
under the action of subgroups of Fy.. More precisely, it 1 <t <& <--- <t
are divisors of n such that every t; divides t;,1, the Galois flag of type (t1,...,t,)
is F = (Fgtu,...,Fgr). In Chapter 4 (Theorem 4.14), we prove that the set of
possible distances for the code Orbg(F) is exactly

(261,20t +1a), . 20t + -+ ,)} (44)

and characterize those subgroups (3) of F;. that give each of these distance
values. In particular, when the acting group is F., we obtain the minimum
possible distance for codes with [F+; as their best friend, which is 2¢;. However,
an interesting structure of nested spreads appears. More precisely, for every
1 < i < 7, the i-th projected code is the #;-spread Orbg:, (Fy.) given in (33)
and all these spreads “dance to the tune” of the acting group Fy.. Moreover,
we are able to establish a correspondence between distance values in (44) and
subgroups () of F g~ I particular, we also obtain constructions with distance
2(ty + -+ + t,), i.e., optimum distance flag codes, and connect this fact with
the study of general optimum distance flag codes with a prescribed best friend.
More precisely, we characterize those optimum distance flag codes arising as -
cyclic orbit flag codes for 3 € F}, primitive (Chapter 4, Corollary 4.23) and give
necessary conditions for the dimensions that can appear in the type vector for
not necessarily primitive elements 5 (Chapter 4, Theorem 4.21). In particular,
the constructions given in Chapters 3 and 6 can be translated into this general
scenario by identifying the acting groups used there with (a subgroup of) F7..
Recall that those constructions have a k-spread of Fy as a projected code for
some divisor of n. In this framework, that property can be translated by suitably
placing the subfield F,+ as a subspace of the generating flag F (on the extension
field) F,n, with the ground field F, as its best friend.

This idea of using subfields as subspaces of the generating flag is explored in
more detail in Chapter 7. There, we introduce generalized Galois flags as flags
on [Fy» with at least one but not all its subspaces being a subfield of F,n. The
maximal sequence of subfields in a generalized Galois flag is called its underly-
ing Galois flag. In this work, we study how the presence of certain subfields
affects the behaviour of cyclic orbit flag codes. In particular, we show that the
underlying Galois flag determines a set of potential values for the distance (see
Chapter 7, Theorem 3.31 and Definition 3.32). Distance values out of this set
are automatically discarded. This fact makes us wonder how far the structure
of the underlying Galois flag determines the properties of the generalized Galois
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flag code. More precisely, and motivated by Theorem 4.14 in Chapter 4, given
a generalized Galois flag F, we wonder if all these potential distance values can
actually be attained by some code Orbg(F), with 8 € F}..

In order to put some light on this matter, we provide a systematic construction
of generalized Galois flag codes for every prescribed underlying Galois flag. We
do so by using a specific generalized Galois flag written in a regular form that
allows us to control the parameters of the code. In case of considering Fy. as
the acting group, we obtain interesting examples of flag codes that can be easily
decoded by using techniques provided in Chapter 5 and we determine the exact
parameters of our codes. Moreover, we derive constructions of optimum distance
flag codes (Corollaries 4.4 and 4.16). On the other hand, if we take a proper
subgroup (3) of ;- as the acting group, we lose some control of our codes but
still obtain a reduced range of possibilities for the minimum distance (Chapter 7,
Theorem 4.15). These constructions, apart from being a miscellaneous battery
of examples of generalized Galois flag codes, allow us to ensure that not every
potential value of the distance (fixed the underlying Galois flag) can be obtained
as the minimum distance of a generalized §-Galois flag code.

Recall that making connections between a flag code and its set of projected
codes is the thread that runs through this whole dissertation. Up to now, we
have focused mostly on optimum distance flag codes. As proved in Chapter 1,
the property of attaining the maximum possible distance requires, in particular,
the flag code to be disjoint. This concept of disjointness has been deeply studied
in Chapters 5 and 8, giving rise to the notions of consistency (of a flag code
w.r.t. its projected codes) and M -disjoint flag codes. Let us explain these works
in detail.

First, in Chapter 5, we start from a disjoint flag code C C F,((t1,...,t.),n),
ie., a flag code with |C| = |C;] = --- = |C,|. This condition represents a
cardinality-consistency relationship for flag codes. On the other hand, we in-
troduce the notion of distance-consistency for flag codes.

A flag code C C F,((t1,...,t,),n) is said to be distance-consistent if, for
every pair of flags F, F' € C, if holds

df(C) = df(F, Jr/) < ds(cz) = df(EaH); Vi = 1, Lo, T (45)

Observe that this condition is equivalent to say that pairs of closest flags in a
distance-consistent flag code are given by nested sequences of closest subspaces
in the corresponding projected code. Moreover, as a consequence of (45), for a
distance-consistent flag code C, it clearly holds d¢(C) = Y ._, ds(C;). However,
this condition does not characterize this class of flag codes. In order to better
control the parameters of flag codes, we introduce the class of consistent flag codes
as those flag codes being both cardinality-consistent and distance-consistent. For
these codes, both cardinality and distance are perfectly determined by the ones
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of its projected codes. More precisely, we characterize them as follows.

(Chapter 5, Theorem 1) A flag code C C F,((t1,...,t,),n) is consistent
if, and only if, the following statements hold:

@) fe] =il =+~ = || and

(2) ds(C) = >, ds(Cy).

In particular, optimum distance flag codes are consistent flag codes where
every projected code, in addition, has the maximum possible distance (Chapter
5, Corollary 3).

Apart from the cardinality and the minimum distance, we show that some
structural properties are transferred from a consistent flag code to its projected
codes and vice versa. Observe that using the projected codes of a flag code makes
us able to generalize some concepts coming from the constant dimension codes
framework to flag codes in two possible ways. In Chapter 5 we bring the notions
of equidistant and sunflower codes, studied for subspace codes in [21, 29|, to the
flag codes setting.

(Chapter 5, Definitions 6, 7, 8 and 9) A flag code C C
Fo((t1,...,t;),n) is said to be:

e Fquidistant if, for every pair of different flags F, F' € C, it holds

df(C) = ds(F,F").

e Projected-equidistant if all its projected codes are equidistant con-
stant dimension codes.

e A sunflower flag code if there exist nested subspaces C; C --- C C,
such that, for every pair of different flags F, F' € C and every 1 < ¢ <
r, we have F; N F] = C;. In this case, the sequence C' = (C4,...,C,)
is called the center of the sunflower.

o A projected-sunflower flag code if every projected code C; of C is a
sunflower in G,(t;,n).

In general, there is not a clear relationship between the properties of be-
ing equidistant (resp. sunflower) and projected-equidistant (resp. projected-
sunflower). However, under the consistency condition, we prove that they are
equivalent, i.e., a consistent flag code is equidistant (resp. a sunflower) if, and
only if, their projected codes are equidistant (resp. sunflower) constant dimen-
sion codes of the corresponding dimensions (Chapter 5, Theorems 2 and 3). In
addition, the consistency condition is also exploited in Chapter 5 to provide a
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decoding algorithm over the erasure channel (see Algorithm 1), valid for arbitrary
consistent flag codes. In particular, it can be applied to the construction given
in Theorem 4.2 (Chapter 7) or any optimum distance flag code constructed in
Chapters 1-4, 6 and 7.

Observe that when working with consistent flag codes —and, in particular, with
optimum distance flag codes— the minimum distance of the flag code is always
obtained in the same way, that is, by adding the distances of the projected codes.
This behaviour is characteristic of consistent flag codes but, in general, any value
of the flag distance might be obtained by many different combinations of subspace
distances. This is the reason why, in Chapter 8, we present the notion of distance
vector.

(Chapter 8, Definitions 3.1 and 3.6 ) The distance vector associated
to a pair of flags F, F' € F,((t1,...,t.),n) is

d(F,F) = (ds(F1, Fy),- -, ds(F., F,)) € 2Z". (46)

The set of distance vectors of a flag code C C F,((t1,...,t,;),n) contains
those distance vectors associated to pairs of flags in C and giving the min-
imum distance of the code.

\. J

In particular, consistent flag codes can be seen as disjoint flag codes with
the singleton set of distance vectors {(ds(Cy),...,ds(C,))} but general flag codes
might have a set of distance vectors with more than one element.

In the same work, see Chapter 8 (Theorem 3.9), we also characterize dis-
tance vectors in terms of certain conditions satisfied by their components, i.e.,
we determine those sequences in 27" that truly represent possible realizations
of the flag distance. Moreover, we devote part of the paper to determine which
values of the flag distance can be obtained by distance vectors with a prescribed
component. This can be particularized to the study of attainable values of the
flag distance by distance vectors with a null component, that is, flag distances
between flags with exactly one common subspace. Later on, we generalized our
study to flag distances obtained with distance vectors of length r and 1 < M < r
a components equal to zero, i.e., distances between flags with at least M identical
subspaces.

In the second part of Chapter 8, we apply our analysis of the flag distance
to derive properties of flag codes with a given minimum distance. In particular,
we generalize the class of disjoint flag codes by using the following new family of
projected codes. Given a type vector (t1,...,t,), a positive integer 1 < M < r
and ordered indices 1 < 7; < --- < i) < 7, we consider the projection map

PGi,iing) ¢ FII((tlv"'>t1“)7n) — fQ((tiM"'?tiM)’n)

(Firoon F) = (Fas Fu ) (47)
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(Chapter 8, Definition 5.2) If C is a flag code in F,((¢y,...,t,),n), then
its (i1,...,in)-projected code is the flag code

Plirinn)(C) = { Plar,.oian)(F) | F €C }. (48)

Observe that, for every choice of indices 1 < 17 < -+ < 1y, it clearly holds
1Dr,.ian) (C)] < |C|. Those flag codes where this inequality holds with equality
have special interest for our study.

s ~

A flag code C is (i1, ..., i )-disjoint if the projection p(, . i, is injective
when restricted to C, i.e., if |C| = |py,,..i,)(C)|. If this happens for every
choice of M indices 1 < 77 < -+ < iy < 1, then we say that C is an
M -disjoint flag code.

In these new terms, disjoint flag codes are 1-disjoint. Moreover, notice that
distance vectors between different flags in an M-disjoint flag code cannot contain
M null components. This fact is used in Chapter 8 in order to give a sufficient
condition on the minimum distance of a flag code to ensure certain degree of
disjointness (Chapter 8, Theorem 5.9). This result allows us to derive natural
upper bounds for Ag(n, d,(t1,...,t.)) (the maximum possible size for flag codes
in F,((t1,...,t),n) with minimum distance d) in terms of the maximum number
of subspaces that different flags can share without compromising the minimum
distance d. We do this for every choice of the parameters ¢,n,d and the type
vector. These results can be found in Section 6 of Chapter 8.

This study of the flag distance parameter is carried from an algebraic point
of view. On the other hand, in Chapter 9, the reader can find a combinatorial
approach for the full flag distance. In this case, for technical reasons, we use the
equivalent metric induced by the injection distance for full flags, defined as

n—1
1
di(F,F') = E z—dlm]-"ﬂ}"')):§df(}",]:').
=1

In this work, we introduce the notion of distance path in the distance support
as a graphic representation of a distance vector defined as above.

iy

1 2 3 45 6 7

= N W

Figure 5: Examples of distance paths in the distance support for n = 7.
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Using this perspective, we are able to compute flag distances by simply count-
ing the number of circle points (in the distance support) in a given distance path
or below it. Similarly, the complementary value of the distance —the codistance—
coincides with the number of points over a distance path. After a suitable process
of enrichment of the distance support and a rotation, we get the Ferrers diagram
frame associated to the full flag variety on Fy.

X X © @ o o o o
X X © © o o e
° X X © o o @
¢ e X X o o ®
[ ] [ ] [ ]
. ° ° ° ° ° . ° X X o o
e o o ° ° X X @
e o o o o o e o o o o o
X %
X X X X X X X
X X X x X x x X X X X X x x x X X

Figure 6: Enrichment and rotation of the distance support for n = 7.

We use this new object to establish a one-to-one correspondence between
the set of distance paths (associated to a given value of the flag distance) and
some elements coming form the Theory of partitions, related to the set of circle
black points contained in certain Ferrers subdiagram (see Chapter 9, Theorem
4.26). Using this combinatorial viewpoint, we exhibit connections between the
parameters of a given full flag code and the ones of its projected codes (of length
one). More precisely, given a full flag code C on F}; we associate to it a set of
Ferrers diagrams and use their Durfee rectangles to obtain information about the
distance and size of every projected code C; and conversely (Chapter 9, Theorems
5.2, 5.6-5.8, 5.11 and Corollary 5.10). These new tools allow us to interpret some
known results in combinatorial terms as, for instance, Theorem 5.17 in Chapter
9, which is a characterization of optimum distance flag codes by using the sets of
distance paths or Ferrers subdiagrams associated to a flag code. With this result,
which is the last theorem in this thesis but also the first one, we close our study
on flag codes.

We finish this section with the following bird’s-eye view of our work where
the reader can see at a glance all the connections described through these pages.
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Figure 7: Our contributions to the study of flag codes
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CHAPTER 1

‘—FLAG CODES FROM PLANAR SPREADS IN
NETWORK CODING

C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva,
Flag Codes from Planar Spreads in Network Coding,
Finite Fields and Their Applications, Vol. 68 (2020), 101745.

Abstract:

In this paper we study a class of multishot network codes given by families of
nested subspaces (flags) of a vector space Fy, being ¢ a prime power and F, the
finite field of ¢ elements. In particular, we focus on flag codes having maximum
distance (optimum distance flag codes). We explore the existence of these codes
from spreads, based on the good properties of the latter ones. For n = 2k, we
show that optimum distance full flag codes with the largest size are exactly those
that can be constructed from a planar spread. We give a precise construction of
them as well as a decoding algorithm.

https://doi.org/10.1016/j.ffa.2020.101745
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CHAPTER 2

LFLAG CODES FROM SPREADS VIA PERFECT
MATCHINGS IN GRAPHS

C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva,
Optimum Distance Flag Codes from Spreads via Perfect Matchings in Graphs,
Journal of Algebraic Combinatorics (2021).

Abstract:

In this paper, we study flag codes on the vector space [y, being ¢ a prime power
and [F, the finite field of ¢ elements. More precisely, we focus on flag codes that
attain the maximum possible distance (optimum distance flag codes) and can be
obtained from a spread of ;. We characterize the set of admissible type vectors
for this family of flag codes and also provide a construction of them based on
well-known results about perfect matchings in graphs. This construction attains
both the maximum distance for its type vector and the largest possible cardinality
for that distance.

https://doi.org/10.1007/s10801-021-01086-y
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CHAPTER 3

L___AN(HHﬂTALCONSTRUCTKHJOF(EWTMUM
DISTANCE FLAG CODES

C. Alonso-Gonzalez, M. A. Navarro-Pérez and X. Soler-Escriva,
An Orbital Construction of Optimum Distance Flag Codes,
Finite Fields and Their Applications, Vol. 73 (2021), 101861.

Abstract:

Flag codes are multishot network codes consisting of sequences of nested sub-
spaces (flags) of a vector space [Fy/, where g is a prime power and F,, the finite
field of size g. In this paper we study the construction on ng of full flag codes
having maximum distance (optimum distance full flag codes) that can be endowed
with an orbital structure provided by the action of a subgroup of the general lin-
ear group. More precisely, starting from a subspace code of dimension k and
maximum distance with a given orbital description, we provide sufficient condi-
tions to get an optimum distance full flag code on ng having an orbital structure
directly induced by the previous one. In particular, we exhibit a specific orbital
construction with the best possible size from an orbital construction of a planar

spread on sz that strongly depends on the characteristic of the field.
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CHAPTER 4

CYCLIC ORBIT FLAG CODES

C. Alonso-Gonzalez and M. A. Navarro-Pérez,
Cyclic Orbit Flag Codes,
Designs, Codes and Cryptography, Vol. 89 (2021), 2331-2356.

Abstract:

In network coding, a flag code is a set of sequences of nested subspaces of Fy,
being [, the finite field with ¢ elements. Flag codes defined as orbits of a cyclic
subgroup of the general linear group acting on flags of Fy are called cyclic orbit
flag codes. Inspired by the ideas in [25], we determine the cardinality of a cyclic
orbit flag code and provide bounds for its distance with the help of the largest
subfield over which all the subspaces of a flag are vector spaces (the best friend
of the flag). Special attention is paid to two specific families of cyclic orbit flag
codes attaining the extreme possible values of the distance: Galois cyclic orbit
flag codes and optimum distance cyclic orbit flag codes. We study in detail both
classes of codes and analyze the parameters of the respective subcodes that still
have a cyclic orbital structure.
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CHAPTER b

CONSISTENT FLAG CODES

C. Alonso-Gonzalez and M. A. Navarro-Pérez,
Consistent Flag Codes,
Mathematics, Vol. 8(12) (2020), 2234.

Abstract:

In this paper we study flag codes on Fy, being F, the finite field with ¢ elements.
Special attention is given to the connection between the parameters and proper-
ties of a flag code and the ones of a family of constant dimension codes naturally
associated to it (the projected codes). More precisely, we focus on consistent flag
codes, that is, flag codes whose distance and size are completely determined by
their projected codes. We explore some aspects of this family of codes and present
examples of them by generalizing the concepts of equidistant and sunflower sub-
space code to the flag codes setting. Finally, we present a decoding algorithm for
consistent flag codes that fully exploits the consistency condition.
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Chapter 6: Flag codes of max distance and constructions using Singer groups

Abstract:

In this paper we study flag codes of maximum distance. We characterize these
codes in terms of, at most, two relevant constant dimension codes naturally as-
sociated to them. We do this first for general flag codes and then particularize
to those arising as orbits under the action of arbitrary subgroups of the general
linear group. We provide two different systematic orbital constructions of flag
codes attaining both maximum distance and size. To this end, we use the action
of Singer groups and take advantage of the good relation between these groups
and Desarguesian spreads, as well as the fact that they act transitively on lines
and hyperplanes.

Keywords: Network coding, flag codes, orbit codes, Desarguesian spreads,
Singer group actions.

1 Introduction

Network Coding appeared in [1] as a method for maximize the information rate
of a network modelled as an acyclic directed multigraph with possibly several
senders and receivers. Afterwards, Koetter and Kchischang stated in [16] an
algebraic approach for coding in non-coherent networks (Random Network Cod-
ing). In this setting, subspace codes stand as the most appropriate codes for error
correction. Given a finite field F,, a subspace code is just a set of subspaces of
the F,-vector space Fy, for a positive integer n. Since their definition in [16], re-
search works on the structure, construction and decoding methods of this type of
codes have proliferated considerably, e.g. in [9, 10, 15, 21, 28|. In many of these
articles, all the codewords are vector subspaces having the same dimension, in
which case we speak about constant dimension codes. Among them, spread codes,
that is, constant dimension codes which partition the ambient space, appear as
a remarkable subfamily, since they have the best distance and the largest size
for that distance. Besides, a particular way of constructing constant dimension
codes is based on the natural and transitive action of the general linear group,
GL(n,q), on the Grassmannian G,(k,n), which is the set of all k-dimensional
vector subspaces of Iy over F,. In this context, an orbit code is a constant di-
mension code which is the orbit under the action of some subgroup of GL(n, q)
acting on G,(k,n). When the acting group is cyclic, we call them cyclic orbit
codes. First studied in [27], orbit codes have a rich mathematical structure due
to the group action point of view. Concerning cyclic orbit codes, Singer groups,
that is, cyclic subgroups of GL(n, ¢) of order ¢"™ — 1, play a very important role.
The structure of these groups, as well as their multiple mathematical proper-
ties, have permitted to obtain relevant information about the orbit codes they
generate (see [8, 13, 22, 24, 26|, for instance).

Flag codes can be seen as a generalization of constant dimension codes. In
this case, the codewords are flags on 7, that is, tuples of nested vector subspaces
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of prescribed dimensions. The use of these codes is particularly interesting when
there are limitations on the size ¢ of the field or the length n of the information
packets to be transmitted [23]. The use of flags in the Network Coding setting
began with the work [20] by Liebhold et al. and has continued with several
articles that have extended and deepened this line of research [4, 5, 17]. The
action of the general linear group on the Grassmannian can be easily extended to
any variety of flags. Consequently, it also makes sense to study those flag codes
arising as orbits of some relevant groups (see |2, 3, 20]). The paper at hand is
also involved in this research. Concretely, we deal with flag codes of maximum
distance (optimum distance flag codes), with special emphasis on those having an
orbital structure under the action of a suitable Singer group.

The paper is structured as follows. In Section 2 we give all the background we
need on finite fields, constant dimension codes and Singer group actions. Section
3 is devoted to highlighting the well-known relationship between Desarguesian
spreads and Singer groups, which will be very important for the subsequent
derivation of our flag codes. In Section 4 we start with a summary of known
results on flag codes, after which we delve into optimum distance flag codes. In
Theorem 4.8 we characterize these flag codes in terms of at most two constant
dimension codes, improving considerably on the, up to now, only known result
in this respect (see [4]). Moreover, we give several characterizations of optimum
distance flag codes when arising as orbits of the action of an arbitrary subgroup
of the general linear group (Theorem 4.11). In Section 5, we use the action of ap-
propriate Singer groups and the theoretical results previously obtained, in order
to provide two systematic orbital constructions of optimum distance flag codes
having the best cardinality. First, in Section 5.1, we give a construction starting
from a Desarguesian spread of Fy and the results set out in Section 3. Since this
kind of construction entails a restriction on the type vector of the flags (see [5]),
we complete our research in Section 5.2, where we deal with the construction of
orbit flag codes of full type having maximum distance and size.

2 Preliminaries

2.1 Finite fields

We begin this section by recalling some definitions and results that can be found
in any textbook on finite fields (see [19], for instance).

Let F, denote the finite field of ¢ elements, for a prime power ¢g. Given a
positive integer k, we put F’;Xk for the set of all £ x k& matrices with entries
in F, and GL(k,q) for the general linear group of degree k over F,, composed
by all invertible matrices in ]F’;Xk. A primitive element w of the field Fyr is
just a generator of the cyclic group sz, which has order ¢ — 1. Let p(z) =

ok + Z;:OI pir’ € F,[z] be the minimal polynomial of w over F,. It turns out that
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p(z) is the characteristic polynomial of the matrix

o 1 0 - 0
o 0 1 - 0
M= | : Lo € GL(k,q),
o 0 0 - 1
—Po —P1 —P2 - —Pk-1

which is called the companion matriz of p(z). In particular, M} can be seen as
a root of p(x) and the finite field F,x can be realized as F = Fylw] = F,[M;],
where the last field isomorphism is given by:

¢ Fylw] — Fy [M]
k—1 i k—1 i (61)
Doicg Giw' > YTy aiMy,
Consequently, the multiplicative order of M is ¢® — 1, that is, M, generates a
cyclic subgroup (M) of order ¢* — 1 in GL(k, q). Equivalently, M, is a primitive
element of the finite field Fy[M;] C Fi**.

For any positive integer n and ¢ € {0,...,n}, we denote by G,(i,n) the set of
all i-dimensional vector subspaces of Fy over Fy, which is called the Grassmann
variety (or simply the Grassmannian). For any positive integer s > 2, the field
isomorphism ¢ is useful to map vector subspaces of sz into vector subspaces of

ks . .
Fa®. For m € {1,..., s}, one has the following embedding map

Q: Gy (m, s) — Gy(km, ks)
aip - Qs Plann) | -+ | Plass)
. ! L . . . (6.2)
rOwWSsp : .. : —— TOWSD : .. : )
Umi 0 s O(am1) | -+ | Pams)

which is called a field reduction map. In particular, o(U) Np(V) = (U NV), for
allU,V € G(m,s), since ¢ is an injective map.

Besides, we can also use ¢ to obtain the following group monomorphism (see
29, Th. 2.4)):

(I GL(s, ") — GL(ks, q)
apy - Qs ¢(a11) | Plags)
. (6.3)
: S — : " :
Qg1 -+ Qgs ¢(a51) e ¢(ass)

2.2 Subspace codes, orbit codes and Singer group actions

For any integers 1 < k < n, the Grassmannian G,(k,n) can be seen as a metric
space endowed with the following subspace distance (see [16]):
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ds(U,V) = dimU + V) — dim@U N V) = 2(k — dimU NV)),  (6.4)

for all U,V € G,(k,n). Using this metric, a constant dimension code is just a
nonempty subset C of G,(k,n) and its minimum distance is defined as

2k if 2k < n,

ds(C) = min{ds(U, V) | U,V €C, u#V}g{z(n_k) s

(6.5)
In case that |C| = 1, we put dg(C) = 0. In any other case, dg(C) is always a
positive even integer. When the upper bound provided by (6.5) is attained we
say that C is a constant dimension code of mazximum distance.

Notice that the distance dg(C) = 2k can only be attained if 2k < n and dif-
ferent subspaces in C pairwise intersect trivially. This class of codes of maximum
distance were introduced in [10] as partial spread codes since they generalize the
class of spread codes, previously studied in [21]. A spread code is just a spread in
the geometrical sense, that is, its elements pairwise intersect trivially and cover
the whole space [} (see [12]). The size of a partial spread code of dimension &
(or k-partial spread code) is always upper bounded by

qn_qr

1 6.6
qk_l’ ( )

where r is the reminder obtained dividing n by k (see [10]). In turn, k-spreads
exist if, and only if, k£ divides n and, in this case, they have cardinality (¢" —
1)/(¢* — 1), which is the largest size among k-partial spreads of Fy.

On the other hand, if 2k > n and C C G,(k,n), then the dual code of C
is the set C* = {V+ | V € C}. It is a constant dimension code of dimension
n — k with the same cardinality and distance than C (see [16]). In particular, if
ds(C) = 2(n — k), then C* is an (n — k)-partial spread code and the size of C can
be also upper bounded in terms of (6.6).

Notice that any code C included in the Grassmannian of lines G,(1,n) or in the
Grassmannian of hyperplanes G,(n — 1,n), with |C| > 2, is a constant dimension
code of maximum distance and its size is upper bounded by (¢" —1)/(¢ — 1).

Orbit codes were introduced in [27] as constant dimension codes arising as
orbits under the action of some subgroup of the general linear group. Given a
subspace V € G,(k,n) and a full-rank matrix V € IE";X" generating V), that is,
V = rowsp(V'), the map

G,(k,n) x GL(n,q) — Gy(k,mn)
(V,A) — V- A=rowsp(VA),

is independent from the choice of V' and it defines a group action on G,(k,n) (see
[27]). For a subgroup H of GL(n, q), the orbit code Orbg (V) is just:

Orbg(V)={V-A| Ae H} C G,(k,n).
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The size of an orbit code can be computed as |Orbg(V)| = %, where

Stabup(V) = {A € H| V- A = V} is the stabilizer subgroup of the sub-
space V under the action of H. If H = Stabg()V), then Orbg(V) = {V} and
ds(Orbg(V)) = 0. In any other case, the minimum distance of the orbit code
Orby (V) can be computed as (see [27]) :

ds(Orbg(V)) = min{ds(V,V - A) | A€ H\ Stabu(V)}.

When the acting group is cyclic, the corresponding orbit codes are called cyclic
orbit codes. These particular type of orbit codes have been deeply studied in
several papers (see [8, 22, 24, 26| for instance).

In this paper we will use the action of Singer cyclic subgroups of GL(n,q),
which are generated by the so called Singer cycles of GL(n, q). These are elements
of GL(n, ¢) having order ¢" — 1, which is the largest element order in GL(n,q).
Although Singer cycles are not necessarily conjugate, the generated subgroups
are always conjugate subgroups of GL(n, q) (see [11, 14| for more information on
Singer groups).

The following seminal result about the action of a Singer group on the Grass-
mannian of lines and the Grassmannian of hyperplanes is due to Singer (1938)
and will be used extensively throughout this article:

Theorem 2.1. [6, Th. 6.2/ Any Singer cyclic subgroup S of GL(n,q) acts tran-
sitvely on both G,(1,n) and G,(n —1,n). Moreover, for anyl € G,(1,n) and any
h € G,(n—1,n), it holds

Stabs(l) = Stabg(h) = {al; | a € Fy},

which s the unique cyclic subgroup of S of order ¢ — 1.

3 Desarguesian spread codes and Singer groups

In this section we focus on the action of Singer groups in order to obtain certain
k-spreads of [y as their orbits, for n = ks and s > 2. Later on, in Section 5.1,
we will use the results obtained here to construct orbit flag codes by considering
Singer groups and their subgroups.

Consider the field reduction map ¢ defined in (6.2) which maps vector sub-
spaces of F;k into vector subspaces of Fy. Applying ¢ to a constant dimen-
sion code C C Gr(m,s), we obtain another constant dimension code p(C) C
G,(km,n). Since ¢ is injective, it preserves intersections and therefore it follows
that ds(p(C)) = kdg(C). In particular, if C attains the maximum possible dis-
tance, then ¢(C) do it as well. Even more, if C is a m-spread code of ng, then
¢(C) is a km-spread code of Fy.
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We will use two constant dimension codes of Fy constructed in this way. First,
from the spread of lines of ]F;k, we consider

§= gO(qu(LS» C gtI(kvn>7 (67)

which is a k-spread of Fy. Originally due to Segre (see [25]), in the network
coding setting, this construction appears for the first time in [21]|. Secondly, from
the Grassmannian of hyperplanes of sz, we obtain

M =@(Gp(s—1,5)) C Gg(n —k,n), (6.8)

which is a constant dimension code of Fy with maximum distance.

Notice that the field reduction map ¢ together with the group monomorphism
¢ defined in (6.3) make it possible to establish the following relation between
the group action of GL(s,¢") on G (m,s) and the group action of GL(n,q) on
Gy(km,n):

(V- A) = (V) ¢(4), (6.9)
for all V € G (m,s) and A € GL(s,¢"). In particular, we will use this equality
to relate the respective actions of two Singer cyclic subgroups in which we are
very interested.

Let o be a primitive element of F;». Recall that, given the minimal polynomial
of a over F and its companion matrix, M, € GL(s,¢"), then Fgn = F[a] &
F,x[M,]. Therefore, the multiplicative order of M, is ¢" — 1 and F. [M,] =
{0555} U (M) CF;°. In particular, M, is a Singer cycle of GL(s, q"), generating
the Singer cyclic subgroup (M) of GL(s,q"). Furthermore, ¢ ((M,)) = (¢(M,))
is a Singer cyclic subgroup of GL(n,q). These two Singer groups will be crucial
in Section 5.1.

Coming back to the spread S = (G, (1,s)) defined in (6.7), let us denote
Gp(1,5) = {li,ly,...,[,} and S = {&51,S,,...,S,}, where r = Z:j and S; =
o(l;) for all ¢ = 1,...,r. In accordance with (6.9) and Theorem 2.1, for every
ie{l,...,r}, we can write

S = w(Gp(1,8)) = @(Orbury (L) = {e(li - A) | A€ (M)}
= {Si-v(A) | ¥(A) € (Y(M,))} = Orbryar)(S;)- (6.10)

In an analogous way, we denote Gur(s — 1,5) = {hy,hs,...,h.} and the code
H = {Hi,Ha, ..., H,}, where H; = @(h;), for all ¢ = 1,...,r. Then, for every
h; € Gyo(s —1,s), we obtain that

H= @(qu(s —1,5) = Qp(orb(Ms)(hi)) = Orb<w(Ms))(Hi)' (6.11)

That is, the transitive action of (M) on the lines and hyperplanes of sz is
translated to the transitive action of (¢)(Mjy)) on the constant dimension codes of
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maximum distance S and H. Moreover, from Theorem 2.1 we also obtain that,
for any S; € S and H; € H it holds

Stabu)(Si) = Stabuy (Hi) = ¢ (Stabur, (L) = {¥(aly) | a € Fy}
P(a) | - | Opxi

aelFy », (6.12)

Okxk | -+ | ¢(a)
which has order ¢* — 1 (see also |29, Lemma 3.5]).

Remark 3.1. Following [18] and [29, Cor. 3.8], we can say that a k-spread D
of F is Desarguesian if it is GL(n, ¢)-equivalent to S, that is, if there exists
B € GL(n, q) such that

D:S'B:{81,827...,8T}'B:{Sl'B,SQ'B,...,ST'B}.

From [7, 29|, we know that, given a Singer cyclic subgroup of GL(n,q), there
exists a unique k-spread of ' which appears as its orbit. Moreover this k-spread
is Desarguesian. Consequently, S is the unique k-spread of Fy' which arises as an
orbit of the Singer cyclic subgroup (1(Mjy)). Besides, given another Desarguesian
k-spread D of Fy and B € GL(n, q) such that S - B = D, it follows that

D = S-B=O0rbyuy(S) B
= {Si-A[Ae M)} B
= {Si-AB [ Ac (v(M,))}
= {(8i"B) - BAB | A€ (y(M,))}
= Orbyys(Si- B), (6.13)

that is, the k-spread D appears as the orbit under the action of the Singer cyclic
subgroup (¢(M;))? = B~ ()(M;))B. In Section 5.1, we will construct flag codes
with maximum distance and an orbital structure. To do so, we will make use of
the k-spread S defined in (6.7) and its orbital structure under the action of the
Singer group (¢ (My)). By virtue of (6.13), to work with any other Desarguesian k-
spread D, it would be enough to consider the group (1 (Mj))? instead of (1)(M,)).

4 On Flag codes

The present section is devoted to a theoretical study of flag codes. We start in
Section 4.1 with a revision of some known results. Next, in Section 4.2 we focus on
flag codes attaining the maximum possible distance and give a characterization
of them that considerably improves the one obtained in [4]. We finish the section
by studying how to construct these flag codes as orbits (or union of orbits) of
arbitrary subgroups of the general linear group.
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4.1 Background of flag codes

Given integers 0 < t; < --- < t,. <mn, a flag F = (Fy,...,F.) of type (t1,...,t,)
on [y is a sequence of nested subspaces of Fy,

{0} CARC - CFCF,

with F; € G,(t;,n), for all i = 1, ... r. We say that F; is the i-th subspace of the
flag F and when the type vector is (1,2,...,n — 1) we speak about full flags.
The set of all flags of type (¢1,...,t.) on [y is known as the flag variety of
type (t1,...,t,) on F} and will be denoted here by Fo((t1,...,t.),n).
The subspace distance defined in (6.4) for the Grassmann variety can be
naturally extended to F,((t1,...,t,),n) as follows. Given F = (Fy,...,F,) and
F' = (Fy, ..., F.) two flags in F,((t1,...,t.),n), their flag distance is

df(F, F) = ds(Fi, F).
i=1

The use of flags in the network coding setting appears for the first time in [20].
Since then, several papers on this subject have recently appeared (see, for in-
stance, [2, 3, 4, 5, 17]). It 0 £ C C F,((t1,...,t,),n), we say that C is a flag code
of type (t1,...,t,) on Fy. The minimum distance of C is given by

df(C) = min{df(f,f’) | f,f/ € C, .F?éf/}

As for subspace codes, if |C| = 1, we put d¢(C) = 0. Notice that d(C) is upper
bounded by (see [4])

ds(C) < 2 (Z ti+ > (n— m) . (6.14)

2t; <n 2t;>n

For any i € {1,...,r}, the i-projected code C; of C is defined in [4] as the constant
dimension code

Clz{E | (Fl,...,Fr) EC} ggq<t“n>

Observe that |C;| < |C|, for every 1 < i < r. When we have the equalities
IC| =|Ci| = -+ =|C,|, the flag code C is said to be disjoint (see [4]). In the same
paper, optimum distance flag codes (ODFCs, for short) are defined as flag codes
attaining the upper bound given in (6.14). The close relationship between a flag
code C and its projected codes can be used to characterize this class of flag codes
by using the concept of disjointness.

Theorem 4.1. [/, Th. 3.11] Let C be a flag code of type (t1, ... ,t.). The following
statements are equivalent:

(i) C is an ODFC.
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(17) C is a disjoint flag code and every projected code C; is a constant dimension
code of maximum distance.

As a result, the size of an ODFC can be upper bounded in terms of the upper
bound given by (6.6) of Section 2.2.

Theorem 4.2. [}, Th. 3.12] Let k be a divisor of n and assume that C is an
ODFC of type (t1,...,t.) on [y . If k is a dimension in the type vector, say t; = k,
then |C| < Z:j. Equality holds if, and only if, the projected code C; is a k-spread
of FY.

On the other hand, requiring an ODFC to have a k-spread as one of its
projected codes leads to a condition on its type vector.

Theorem 4.3. [5, Th. 3.8/ Let C be an ODFC of type (t1,...,t,) onFy. Assume
that some dimension t; = k divides n and the associated projected code C; is a
k-spread. Then, for each j € {1,...,r}, either t; <k ort; > n —k holds.

Consequently, when n = ks and s > 2, the full admissible type vector for an
ODFC having a k-spread as a projected code is (1,...,k,n —k,...,n—1). We
will come back to this situation in Section 5.1. Besides, notice that for s = 2 the
full admissible type vector is just the full type vector. A construction of ODFCs
with the largest possible size in this particular case, together with a decoding
algorithm, can be found in [4].

The action of the general linear group on the Grassmannian seen in Section
2 can be naturally extended to flags as follows. This approach already appears
in [2, 3, 20]. Given a flag F = (Fy,..., F,) € Fy((t1,...,t,),n) and a subgroup
H of GL(n, q), the orbit flag code generated by F under the action of H is

Orbu(F)={F-A|AcH} ={(Fi-A,....F-A) | Aec H} C F,((ts,...,t ),n).

Its associated stabilizer subgroup is Stabg(F) = {A € H| F-A = F} and it

holds |Orby (F)| = %. Moreover, the minimum distance of the orbit flag

code can be obtained as

df(Ol"bH(.F)) = min{df(]:,]: . A) | AcH \ StabH(f)}
and it holds d;(Orbg(F)) = 0 if, and only if, Stabg(F) = H. The projected
codes of an orbit flag code are orbit (subspace) codes. More precisely, for every

1 < i < r, we have Orbg(F); = Orbu(F;) C G,(t;,n). Besides, the stabilizer
subgroup of F is closely related to the ones of its subspaces:
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Remark that, fixed an acting subgroup H of GL(n,q), the cardinality of the
flag code Orby(F) and their projected codes are determined by the orders of
the corresponding stabilizer subgroups of H. The equality given in (6.15) allows
to obtain that disjoint flag codes, in the orbital scenario, involve an equality of
subgroups and not only of cardinalities.

Proposition 4.4. /3, Prop. 3.5/ Given a flag F = (F1, ..., F) of type (t1, ..., 1t.)
on Iy and a subgroup H of GL(n, q), the following statements are equivalent:

(i) Orbu(F) is a disjoint flag code.
(ZZZ) StabH<.F1) == StabH(]-"T).

4.2 On Optimum Distance Flag Codes

Next, we will go deeper into the theoretical study of ODFCs, obtaining some
important properties that will be useful for the subsequent orbital constructions
(Section 5). In Theorem 4.1, ODFCs are characterized in terms of all their
projected codes. In this section, we go one step further and present a new criterion
to characterize them just regarding, at most, two of its projected codes. To
achieve this result, we start studying how the fact of having a projected code
with maximum distance gives us some information about the cardinality and
distance of some other projected codes.

Proposition 4.5. Let C be a flag code of type (t1, ... ,t,) onFy having a projected
code C; of mazimum distance, for some i € {1,...,r}, and take flags F,F € C
such that F; # F.

(a) If 2t; < n, then ds(F;, F;) = 2t;, for every 1 < j < i. In particular,
Gl < IC5l, for 1 < j <.

(b) If 2t; = n, then ds(Fy, F;) = 2(n —t;) for all i < j < 1. As a consequence,
ICi| < |Cjl, for values i < j <.

Proof. Assume that C; is a constant dimension code of maximum distance. In
particular, |C;| > 1 and we can consider flags F, F' € C such that F; # F,. We
distinguish two possibilities:

(a) If 2t; < n, then dg(F;, F!) = ds(C;) = 2t; or, equivalently, F; N F! = {0}.
Hence, for every 1 < j < 4, it holds that F;NF; = {0} and then ds(F;, F}) =
2t;, which is the maximum possible distance between ¢;-dimensional sub-
spaces. In particular, F; # F; and we conclude that |C;] < |C;], for all
I<sy<u
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(b) If 2t; > n, then ds(F;, Fi) = ds(C;) = 2(n—t;) or, equivalently, F; +F; = Fy.
As a result, when we consider higher dimensions ¢; > ¢; in the type vector,
we obtain F; + F; = [ as well. Consequently, ds(F;, F;) = 2(n —t;), which
is the maximum distance between ¢;-dimensional subspaces of ;. Moreover,
Fj and F are different and we obtain |C;| < |C)], for all i < j < 7.

Remark 4.6. Notice that having a projected code attaining the maximum dis-
tance it is not enough to deduce that other projected codes satisfy the same
property. The following example shows this situation.

Example 4.7. Consider the canonical basis {ei,...,es} of IFS and let C be the
flag code of type (2,3) on FS given by the flags

Fl = (<81,92>7 <e1,ez,es>)7
Fr = ((e,e3), (e}, ey, e3)),
F? = ((es, e5), (e4,es5 €q)).

Notice that Co = {(e1, e, €3), (€4, €5,€4)} is a code of mazimum distance, dg(Cy) =
6. However, the first projected code Cy = {(e1,€z), (e1,e3), (es,e5)} has distance
ds(Cy) = ds(F}, F?) = 2, whereas the mazimum distance for its dimension is 4.

We will use Proposition 4.5 in order to characterize ODFCs in terms of, at
most, two of their projected codes. These constant dimension codes are the ones
(if they exist) of closest dimensions to § in the type vector, both at left and right.
Let us make this idea precise. Given an arbitrary but fixed type vector (¢, ...,t,)
and an ambient space Fy, we give special attention to two indices defined as

a = max{i € {l,...,r}|2t; <n} and
nzexed el 0, N e D0 (6.16)
Note that the sets
{ie{l,...;r}|2t; <n}and {i € {1,...,r} | 2t; > n}
cover the family of indices {1,...,r}. Hence, at least one of them must be

nonempty. Even more, the first set is empty if, and only if, b = 1 and every

dimension in the type vector is lower bounded by Z. Similarly, the second one

does not contain any element if, and only if, a = r, i.e., if all the dimensions

in the type vector are upper bounded by 7. In any other situation, a and b are

well-defined and a < b. The equality holds if, and only if, n is even and the
n

dimension § appears in the type vector. In this case t, = t;, = 7. In any other

situation, these two sets partition

{1,...,r}={1,...,a U{b,... 1},
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with b =a + 1.

For sake of simplicity, the following results are presented in terms of both
indices a and b. Despite the fact that these two indices do not need to exist
simultaneously, at least one of them is always well defined. In that way, for type
vectors in which the index a (resp. b) does not exist, the next result still holds
true and gives a characterization of ODFCs just in terms of the projected code
of dimension t, = t; (resp. t, = t,.). In any case, it represents a significant
improvement with respect to Theorem 4.1 (see [4, Th. 3.11]).

Theorem 4.8. Let C be a flag code of type (t1, ... ,t,) on Ty and consider indices
a and b as in (6.16). The following statements are equivalent:

(i) The flag code C is an ODFC.

(77) C, and Cy, are constant dimensions codes of maximum distance with cardi-

nality |C,| = |G| = [C].

Proof. The implication (i) = (i7) follows straightforwardly from Theorem 4.1.
To show (ii) == (i), notice that if C, and C, have the maximum possible distance,
by means of Proposition 4.5, we have

and

IC|] = |C.] <|Ci| for every i < a
< > .

IC| = |G| < |Cj] for every j
Since the cardinality of every projected code is upper bounded by |C|, we conclude
that |C| = |Cy| = --- = |C,], i.e., the flag code C is disjoint. Now, in order to
see that every projected code attains the maximum possible distance, we argue
as follows. Take an index 1 < ¢ < r and consider a pair of different subspaces
Fi, F € C;. These subspaces come from different flags F, 7’ € C and, since C
is disjoint, we have F; # F for every 1 < j < r. In particular, F, # F, and
Fy # Fi. Hence, by means of Proposition 4.5, in any case, the distance dg(F;, F)
is the maximum possible one for dimension ¢; and, as a result, every projected
code C; is a constant dimension code of maximum distance. Thus, by application
of Theorem 4.1, the flag code C is an ODFC. |

Here below we translate the previous results into the orbital scenario. As
before, we express them in terms of both indices a and b defined in (6.16), but
always having in mind that one of them might not exist. In such a case, the
result is fulfilled by the remaining index.

The following proposition was already stated in [3] for n = 2k and flags of full
type vector.

Proposition 4.9. Let F be a flag of type (t1,...,t.) on Fy and H a subgroup
of GL(n,q) such that Orbg(F,) and Orbg(Fy) are subspace codes of mazimum
distance. Then
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(i) Stabm(F;) C Stabu(F,) for alli < a and
(77) Stabm(F;) C Stabu(F,) for all i > b.

Proof. (i) Consider a matrix A € H\Stabg(F,). Then F, # F,-A and, by means
of Proposition 4.5, for every i < a, it holds dg(F;, F; - A) = 2t;. In particular,
it is clear that A ¢ Stabg(F;), whenever ¢ < a. Equivalently, we have that
Stabg (F;) C Stabg(F,) for all i < a.

(i1) If A € H\ Staby (F}), then F, # F,- A and Proposition 4.5 leads to dg(F;, F;-
A) = 2(n —t;) for all i > b. Consequently, A ¢ Staby(F;), for every i > b, and
the result holds. |

Remark 4.10. Observe that Proposition 4.5 gives us some conditions on the
cardinality of the projected codes. From that result, in the orbital scenario, if
we assume that C, and C, attain the maximum possible distance, it follows that
the order of every Stabg(F;) must be upper bounded either by |Stabg(F,)| or
|Stabp (F)|. However, in Proposition 4.9, we obtain a stronger condition: a
subgroup relationship.

Next we summarize several different characterizations for ODFCs arising as
orbits of the action of an arbitrary subgroup of GL(n, q).

Theorem 4.11. Consider a flag F of type (t1,...,t.) on F} and a subgroup H
of GL(n,q). The following statements are equivalent:

(1) The flag code Orbg(F) is an ODFC.

(17) The subspace codes Orbg(F,) and Orbu(Fy) are of mazimum distance and
Staby (F,) = Stabu(F,) C Stabu(F;), for every 1 <i < r.

(2ii) The subspace codes Orbu(F,) and Orbg(Fy) are of mazimum distance and
StabH(]-"a) = StabH(}"b) Q StabH(]-")

(tv) The subspace codes Orby(F,) and Orbu(Fy) are of mazimum distance and
|StabH(]-"a)| = |StabH(]-"b)| < |StabH(.7:)|

The cardinality of such a flag code is |Orbg(F)| = |Orbu(F,)| = |Orbu(F)|.

Proof. Observe that, by means of Theorem 4.1, together with Proposition 4.4,
statement (i) clearly implies the other ones. On the other hand, by application of
Proposition 4.9 and expression (6.15), all conditions (i7), (i7i) and (iv) are equiv-
alent and make the code Orbg (F) be disjoint by Proposition 4.4. In particular, it
holds |Orbg (F)| = |Orbu(F,)| = |Orbu(F)| with projected codes of dimensions
t, and t, attaining the maximum possible distances. Theorem 4.8 finishes the
proof. |
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Recall that the cardinality of an orbit flag code is completely determined by
the orders of the acting group and the stabilizer subgroup of the generating flag.
Fixed the acting group, a natural way of obtaining codes with better cardinalities
is to consider the union of different orbits. We finish this section by characterizing
when the union of orbit flag codes is an ODFC. To this purpose, notice that every
nonempty subset of an ODFC is either an ODFC too or a trivial code having
just one element. In both cases, such a subset is a disjoint flag code. With the
goal of obtaining better cardinalities in mind, we proof first the following lemma
where we work with the union of two disjoint flag codes that are orbits of the
same group.

Lemma 4.12. Let F and F' be flags of type (t1, ... ,t,) onFy and take a subgroup
H of GL(n, q) such that the orbits Orbg(F) and Orbg(F') are disjoint flag codes.
The following statements hold:

(a) If Orbg(F;) # Orbu(F)), for somei € {1,...,r}, then |Orby(F)UOrbg (F')| =

(b) If Orby(F;) # Orbu(F)), for alli = 1,...,r, then Orbg(F) U Orbg(F’) is
a disjoint flag code.

(¢) If Orbu(F;) = Orbu(F]), for somei € {1,...,r}, then Orbg(F)UOrby(F)
is a disjoint flag code if, and only if, Orbg(F) = Orbg(F').

Proof. (a) Since Orbg(F;) # Orbg(F]), their intersection is the empty set and,
since Orbg (F) and Orbg(F’) are disjoint flag codes, it follows that

|Orbg (F) U Orbu (F)| |Orbu (F)| + |Orbu (F')| = |Orbu(F;)| + |Orbu(F))|

)

|Orby(F) U Orbg (F)].

VASNII/AN

(6.17)
Therefore, |Orbg (F) U Orbg(F')| = |Orbg(F)| 4+ |Orbu(F’)| and the statement
holds.

(b) Follows directly from applying (6.17) for alli =1,...,r.

(¢) Assume that the union code Orbg(F) U Orbg(F’) is a disjoint flag code.
Given that Orbg(F;) = Orbyg(F]), there must exist a matrix A € H such that
Fi; = F! - A. Hence, both flags F and F' - A are in Orbg(F) U Orbg(F’) and
they share their i-th subspace. Thus, we conclude that F = F’ - A and therefore
Orby(F) = Orbg(F’). The converse statement trivially holds. 1

Now, with the benefit of the above lemma and using Theorem 4.8, the next
result states when the union of a family of disjoint flag codes, arising as orbits
of the same group, provides ODFCs of larger cardinality. To do so, we consider
indices a and b as in (6.16).
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Theorem 4.13. Let {F7 = (F{,...,FI)}", be a family of flags of type (t1,.. ., t,)
on F? and consider a subgroup H of GL(n,q) such that every orbit Orby(F7) is
a disjoint flag code, for 1 < j < m. If the subspaces F.,...,F™ and F}, ..., Fi"
lie in different orbits under the action of H, then

m

|| Orbu(F)| = |Orbu(F).

j=1 j=1
Moreover, the following statements are equivalent:

(i) The union flag code |J;-, Orbu(F’) is an ODFC.

(i1) The projected union codes |J;-, Orbu(F]) and ;. Orby(F]) have the
mazximum possible distance.

Proof. Since every orbit Orbg(F7) is a disjoint flag code, we can argue as in
(6.17) of the previous lemma to obtain that

|| Orbu(F7)| = |Orbu(F)] Z |Orby (F; (6.18)

j=1 j=1

for ¢ = a,b. Hence, by means of Theorem 4.8, the union flag code is an ODFC
if, and only if, its projected codes of dimensions t, and t, attain the maximum
possible distance. |

We will use these theoretical results in the following section in order to give
specific constructions of orbit ODFCs having the maximum possible cardinalities
for the corresponding type vectors.

5 ODFC From Singer Groups

This section is devoted to construct flag codes of maximum distance having an
orbital structure. For this, we will use suitable Singer groups (or their subgroups)
and their transitive action on lines and hyperplanes (Theorem 2.1). The goal of
Section 5.1 is to obtain ODFCs on Fy having a k-spread as a projected code,
for k a divisor of n. To do so, according to Theorem 4.3, we consider first flags
of type (1,...,k,n —k,...,n —1). Such a construction leads to full flag codes
whenever n = 2k or k = 1 and n = 3. In Section 5.2, we build ODFCs of full
type vector for the remaining cases.
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5.1 Orbit ODFC from Desarguesian spreads

In this section we address the orbital construction of ODFCs on Fy with the k-
spread S defined in (6.7) as a projected code. To this end, write n = ks for some
s = 2. Recall that, by virtue of Theorem 4.2, such a code has also the largest
possible size. Throughout the rest of this section, and for sake of simplicity,
we will write F = (Fy,..., Fr, Fuk,--.,Fn_1) to denote an arbitrary flag of
the full admissible type vector (1,...,k,n —k,...,n — 1). In these conditions,
indices a and b of (6.16) are such that t, = k and t, = n — k. Consider the
Singer group (¢ (M;)) of GL(n, q) defined in Section 3. Recall that the constant
dimension codes S§ and H arise as their orbits (see (6.10) and (6.11)). Next, we
use Theorem 4.11 in order to characterize those subgroups of ()(Mjy)) that are
appropriate to construct ODFCs.

Theorem 5.1. Let F = (Fi, ..., Fey Fnky---,Fn-1) be a flag of full admissible
type vector such that Fy, € S and F,,— € H. For any positive integer t dividing
q" — 1, consider the unique subgroup T of ((My)) of ordert. Then:

(i) [Orbr(F) 3

= ged(tg-1)°
(it) Orbyp(F) is an ODFC if, and only if, ged(t,q* — 1) = ged(t,q — 1) # t.
Proof. (i) By (6.15) and Theorem 2.1, it follows that
Stab () (F) = Stabua,) (F1) = Stabyu,)) (Fr-1) = {aln | a € Fy},

which has order ¢ — 1. As a result, Stabp(F) = T N{al, | a € F}}, is a
group of order ged(t,q — 1) and the statement holds. Notice that, in particular,
Orby(F) = {F} exactly when ¢ | ¢ — 1.

(77) By using (6.12), it follows that

StabT(}"k) = TnN Stab@,(Mg»(.Fk) =TnN {w(als) | a e sz} =
= TnN Stab(w(MS»(Fn—k) = StabT(Fn_k),

which is a group of order ged(t, ¢*—1). Since we are working with cyclic groups, we
obtain that Stabr(F;) = Staby(F,_1) = Staby(F) if, and only if, ged(t, ¢*—1) =
ged(t,g — 1). On the other hand, since Orby(Fy) C S and Orbr(F,—x) C H,
these projected codes of the flag code Orby(F) will be constant dimension codes
of maximum distance whenever they have at least 2 elements. As a result, the
statement (i¢) follows from Theorem 4.11 and (7). 1

As stated in Theorem 4.2, the size of the k-spread S, that is, ZZ—:}, determines
the maximum size of an ODFC having S as a projected code. In order to achieve

this optimal size, we will consider unions of orbits under the action of a suitable
subgroup T of (¢)(Mjy)) and then apply Theorem 4.13 as follows.
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Theorem 5.2. Let T be a subgroup of ordert of (¥(M,)) such that ged(t, ¢"—1) =
ged(t,q —1). Form > 2, let {F/ = (F,....,.FL,F_.,....F._ 1)} be a family
of flags of full admissible type such that }",i, A SN S and erkv L EH
lie in different orbits under the action of T. Then

(i) U™, Orby(F?) is an ODFC of size

d(t q—1)"

(i) If m = %, then U7, Orby(F7) is an ODFC' of the mazimum

. . n_q
size, that is, Z’“—l'

Proof. (i) By Theorem 5.1 we know that |Orbp(F7)| = W for all 1 < j <

m. Moreover, since ged(t, ¢* — 1) = ged(t, ¢ — 1), the same theorem ensures that
either Orby(F7) = {F7} or Orby(F7) is an ODFC, for all 1 < j < m. In any
case, one has that Orbyp(F7) is a disjoint flag code, for all 1 < j < m. Thus, we
have the hypotheses of Theorem 4.13 and following (6.18) we can write

mt

| U7, Orbp(FY)| =) [Orby(F/)| =) [Orby(FY)| = st g =1 > 2,

Jj=1 J=1

for © = k,n — k. In particular, the projected codes of dimensions k£ and n — k of
the union flag code U7 Orby(F7) are subsets of S and H, respectively, having
at least two elements. Hence they are subspace codes of maximum distance and
Theorem 4.13 states that U7, Orbp(F7) is an ODFC.

Statement (ii) follows just by computing the number of orbits of the action
of TonS. |

Remark 5.3. Theorem 5.1 states which subgroups of (¢(M;)) allow the con-
struction of ODFCs as a single orbit of them. Notice that bigger subgroups not
always will provide bigger orbit flag codes. In addition, it may eventually happen
that some subgroup provides an orbit ODFC of the maximum possible size, Z:j.
Otherwise, Theorem 5.2 leads to an optimal construction consisting of the union
of several orbits. Clearly, the larger the size of each orbit, the fewer orbits we
need to join to reach the maximum size and vice versa. In particular, the degen-
erate case where an ODFC is constructed as a union of g:—j orbits with just one
element is also contemplated in Theorem 5.2.

All these considerations are reflected in the following examples, in which we

apply Theorems 5.1 and 5.2 for different values of the parameters.

Example 5.4. With the notation of Theorem 5.1, we consider all the divisors t
of ¢ —1 such that gcd(t, ¢* — 1) = ged(t, q—1) and the corresponding subgroup T
of (W(My)) of ordert. Consider a flag F of the full admissible type (1,...,k,n—
k,...,n—1) such that F, € S and F,_ € H. Finally, denote by m the number
of required orbits of T to attain the maximum size, Z:—j, for an ODFC with these
parameters.
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(1) Putq=3, k=3 andn =6. Thus, k=n—k, ¢"—1=728, ¢* —1 =26
and Z:j = 28. Then

t 1] 2478142856
Orbr(FA) | 1 |1 [ 2 [7[4] 7 [14]28
m 2828 1447|421

Table 6.1: ¢ =3, k =3 and n = 6.

Notice that, in this case, the subgroup of order t = 56 allows us to obtain
ODFCs of full type vector and having the best possible size, i.e., 28, by using
a single orbit. In this sense, for odd characteristic, Theorem 5.1 eventually
improves the construction presented in [3, Prop. 4.15], where two orbits
were always needed. Moreover, remark that the subgroup of order t = 8
gwes an orbit ODFC of smaller size than the obtained with the subgroup of
ordert =1.

(2) Putq=4,k=3andn=9. Thus,n—k =6, ¢" —1 = 262143, ¢* — 1 = 63
and ng = 4161. Then

t 1 3 [ 19 [ 57 | 73 [ 219 | 1387 | 4161
[Orbe(F)[ | 1 1 |19 | 19 |73 | 73 | 1387 | 1387
m 4161 | 4161 | 219 | 219 | 57 | 57 | 3 3

Table 6.2: ¢ =4, k=3 and n=29.

The largest orbit size is 1387 and it is obtained when the acting group has
order either 1387 or 4161. On the other hand, the mazimum possible size
of an ODFC with these parameters is 4161. Hence, in order to achieve that
cardinality, we must consider the union of, at least, 3 different orbits.

The orbital constructions of ODFC provided in this section present a re-
striction on the type vector, coming from the condition of having a spread as a
projected code. However, there are two possible situations in which flag codes
of full type can be given by using Theorems 5.1 and 5.2. First, for even values
of n, taking the divisor k = 7 leads to a construction of full type in which the
values k and n — k coincide. This particular case was first studied in [3|, where
a construction using the action of a Singer subgroup of SL(2k,q) is presented.
On the other hand, for n = 3 and £ = 1, the action of a Singer subgroup of
GL(3,q) on the Grassmannian of lines and hyperplanes gives us a construction
of type (1,2), this construction is also known and the reader can find it in [17,
Prop. 2.5|, where the author shows that it is the one with the biggest cardinality
among ODFC of full type when n = 3. In the following section, we consider the
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remaining situations, that is, we address the construction of orbit ODFCs of full
type vector on Fy for odd values of n > 3.

5.2 Orbit ODFC of full type vector

Throughout this section, we work with full flags on F2*!, for some k& > 1. In this
case, by virtue of Theorem 4.8, the construction of ODFCs can be done by giving
appropriate constant dimension codes for dimensions k and k41 (see (6.16)). To
this end, we present the next subgroup of GL(2k+1, q). Let My, € GL(k+1,q)
be the companion matrix of a primitive polynomial of degree k+1 in F[z]. Recall
that, as pointed out in Section 2.2, M is a Singer cycle of GL(k + 1,¢) and
Fo[Myi1] = (Mis1) U {0k+1)x(k41) } 1S a matrix representation of the finite field
of ¢**! elements. Let us write

I | Opxqrr) )
= e GL(2k + 1,
J ( Ok1yxk | Mis ( 4)

and consider the cyclic group
G={(g)={g |0<i<g™ —2}. (6.19)

Clearly, G is a subgroup of order ¢**! — 1 of GL(2k + 1,¢), isomorphic to the
Singer subgroup (M) of GL(k + 1,¢). In the rest of this section, the orbit
codes considered will be always generated by the action of this particular group
G.

We start by characterizing the subspaces of dimensions k£ and k£ + 1 of Fflk“
whose orbits under the action of G are constant dimension codes of maximum
distance. Given arbitrary subspaces U = rowsp(U) € G,(k,2k + 1) and V =
rowsp(V) € G,(k + 1,2k + 1), the respective full-rank generator matrices U €

FSX(%H) and V € ngﬂ)x(%ﬂ) can split into two blocks as
U= U, |Uy) and V = (V1 | Va), (6.20)

where U; (resp. Vi) denotes the first k columns of U (resp. V). Therefore,
Uy € T Uy € T "D vy e B and vy € BYEPD*EHD 0 Using this
notation, we can write

OrbgU) = {U-¢" | 0<i< gt -2}
= {rowsp(U; | UsM{,;) | 0 <i < "' =2} (6.21)

and

Orbg(V) = {V-¢'|0<i< "™ —2}
= {rowsp(Vy | VaM},;) | 0 <i < ¢! -2} (6.22)
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With this notation, the following results hold. To make this section easier to
read, their proofs, and all the ones concerning subspace codes, are included in
the final Appendix of the article, so that only proofs concerning results on flag
codes appear here.

Proposition 5.5. The orbit code Orbg(U) defined in (6.21) is a partial spread
of dimension k of ng“ if, and only if, tk(Uy) = rk(Uy) = k. Its cardinality is
|Orbg (U)] = |G| = ¢"*! — 1.

Proposition 5.6. The orbit code Orbg (V) defined in (6.22) attains the mazimum
possible distance if, and only if, tk(Vy) = k and vk(Va) = k + 1. Its size is
|Orbg (V)| = |G| = ¢**! — 1.

Here below, we use the previous characterizations for constant dimension
codes of maximum distance in order to provide orbit ODFCs of full type on F2*+1.
To do so, we need to consider nested subspaces & C V of dimensions k£ and k41,
respectively. Using the notation of (6.20), we can formulate the problem in a
matrix approach: given a full-rank generator matrix U = (U; | Us) € ]FI; XL of
U, we consider a subspace V spanned by the rows of a matrix V' € IFfIkH)X(%H),
obtained by adding an appropriate row to U. In other words, we choose vectors
vi € F} and v, € FI*! such that the matrix

V:<vlrv2>=<U1 U2>

Vi | Vo

(6.23)

has rank equal to k£ + 1. Using this notation, we present the next construction of
ODFCs arising from the action of the group G defined in (6.19).

Theorem 5.7. Let F = (Fy, ..., Fa) be a full flag on F2*1 such that
Fir =U = rowsp(Uy | Uz) and Fry1 =V = rowsp(Vy | Va),

with generator matriz (Vi | Va) as in (6.23) and consider the group G defined in
(6.19). The following statements are equivalent:

(i) the flag code Orbg(F) is an ODFC.

(it) Uy € FZXk and Vy € ]ngﬂ)x(kﬂ) are invertible matrices.
In this situation, |Orbg(F)| = |G| = ¢**1 — 1.

Proof. Assume that Orbg(F) is an ODFC. In particular, the projected codes
Orb(Fy) and Orbg(Fg+1) must attain the maximum distance. By means of
Propositions 5.5 and 5.6, it must hold rk(U;) = rk(Us) = rk(Vy) = k and rk(13) =
k + 1. Consequently, U; and V5 are invertible matrices.

Conversely, assume now that rk(U;) = k and rk(V3) = k + 1. Since U is
composed by the first & rows of the invertible matrix V5, we clearly obtain that
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rk(Uy) = k. On the other hand, observe that V; € Fékﬂ)Xk contains U; as a
submatrix. Hence, its rank is k£ as well. Now, by using Propositions 5.5 and
5.6, we conclude that both Orbg(F;) and Orbg(Fy41) are constant dimension
codes of maximum distance such that Stabg(Fy) = Stabg(Fry1) = {loks1} C
Stabg(F;), for every 1 < ¢ < 2k. Hence, by application of Theorem 4.11, the

orbit flag code Orbg(F) is an ODFC of size |Orbg(F)| = |G| = ¢**! — 1. |

The ODFC constructed in Theorem 5.7 contains ¢“*! —1 flags. It is the largest
size for orbits under the action of the group G. On the other hand, as proved
in |17, Prop. 2.4], the maximum possible cardinality for ODFCs of full type on
ngﬂ is exactly ¢"*! + 1. Consequently, our orbital construction is only two flags
away from reaching the mentioned bound.

We devote the rest of the section to complete the construction in Theorem
5.7 into an ODFC on F2**! with the largest possible size, that is, ¢"*' + 1.
Notice that this value coincides with the largest size of a partial spread of ng“
of dimension £ or, equivalently, the largest size of a constant dimension code
of dimension k + 1 of ng“ having maximum distance. Therefore, by virtue of
Theorem 4.8, the problem can be reduced to adding to Orbg (Fy) and Orbg (Fr11)
two appropriate respective subspaces such that the resulting subspace codes of
dimensions k£ and k 4 1 are still of maximum distance. We start tackling this
problem for dimension k. The following remark will help us in this research.

Remark 5.8. With the notation of (6.21), observe that, in the particular case
where Uy = I, and U; = (Ik+1)(k), i.e., the matrix given by the last k rows of
I} 1, we obtain

Orbg (rowsp(Z | (Ip41)@w))) = {rowsp([,C | (Mli+1)(k)) 10<i< gt — 2}7

where (M}, ) is the matrix composed by the last k rows of Mj . Therefore,
in this case, Orbg (rowsp(Jy, | (Ie41)(r))) is a subset of the partial spread of F2++!
of dimension k given in [10, Th. 13|, which attains the maximum possible size,
that is, ¢**' + 1, and can be written as

Orbg (rowsp(Ix | (Jr+1)k))) U {rowsp(Lx | Orx(rt1)), T0WSP(Opscr | (Tes1)x))}-

Inspired by this fact, for any election of full-rank matrices U; € F’;Xk and

U, € ]FI,;X(kH), we suggest the subspaces
U =rowsp(Uy | Oxes1y) and U” = rowsp(Opxs | Us). (6.24)
as candidates to make Orbg(rowsp(U; | Us)) U {U',U"} be a partial spread of

F25+1 of dimension k. The proof of the following result appears in the final
Appendix of the paper.
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Proposition 5.9. Let Uy € F¥** and U, € IF];X(HU matrices such that tk(Uy) =
tk(Us) = k and form the k-dimensional subspaces U = rowsp(U; | Uy) and U',U"
as in (6.24). Then the code Orbg(U) U{U',U"} is a partial spread of F2H1 of
dimension k with cardinality ¢*** + 1.

Now we address the same problem for dimension k4 1. To do so, we consider
full-rank matrices Uy € Fi** U, € F’;X(kﬂ) and vectors vy € FF, vy € FFH such
that the matrix V' = (V; | V5) defined in (6.23) has rk(V') = rk(V5) = k + 1 and
put V = rowsp(V') € G,(k + 1,2k + 1). In these conditions, by Proposition 5.6,
the code Orbg (V) attains the maximum possible distance and has size ¢®1 — 1.
Hence, we wonder if it is possible to find two suitable subspaces V' and V" such
that the code Orbg (V) U {V',V"} still has the maximum distance and achieve
the best cardinality. Moreover, in order to use such a code, together with the
one given in Proposition 5.9, to construct ODFCs of full type vector on F2*, we
also require the condition U’ C V' and U” C V”. Taking into account the form
of the matrix V' defined in (6.23), it seems quite natural to use subspaces V' and
V", spanned by the rows of matrices

V/ — ( Ul ‘ OkX(k+1) ) and V/I _ ( Ok’Xk‘ U2 ) 7 (625)

Vi ‘ V2 Vi | V2

respectively. Observe that the vector space spanned by the first k& rows of V' (resp.
V") is precisely U’ (resp. U"). The next result states that this pair of subspaces
works if, and only if, vi = 0. The corresponding proof is also postponed to the
final Appendix of the paper.

Proposition 5.10. Let V' be the matriz defined in (06.23), taking rk(U;) =
tk(Us) = k and vy ¢ rowsp(Us). Consider V = rowsp(V) and subspaces V'
and V" as in (6.25). Then the code Orbg(V) U {V',V"} has the mazimum pos-
sible distance (i.e., 2k) if, and only if, vi = Oy. In such a case, the code attains
the largest size, that is, ¢"t' + 1.

Now, making use of Propositions 5.9 and 5.10, we are ready to present the
next construction of ODFC of full type on ngﬂ having the maximum size.

Take matrices Uy € FE**, U, € ]FSX(’CH) such that 1k(U;) = 1k(U,) = k and
vectors vi € FF, vy € Fit!\ rowsp(U;) and form subspaces

B B U | Uy
U = rowsp(U; | Us), Y = rowsp ( vV, ) ,
U" = rowsp(Uy | Opx(kt1)), V' = rowsp < ‘[{1 ka‘ikﬂ) ) , (6.26)
1 2

U" = rowsp (O | Ua), V" = rowsp ( O | U ) :
With this notation, the next result holds.
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Theorem 5.11. Let F, F', F" be full flags on F2** such that

Fr=U, Fr1=Y,
Ay ! !
‘Fk_uv k+1_vv
1" g1 1"\
p=UL T =V

defined as in (06.26). Then the flag code C = Orbg(F) U {F',F"} is an ODFC
with the mazimum possible cardinality, i.e., ¢°*t' + 1, if, and only if, vi = Oy.

Proof. By means of Theorem 4.8, we just need to check that the projected codes
of dimensions k and k + 1 attain the maximum distance, which is 2k in both
cases, and |C| = |Ck| = |Cg+1|. As proved in Propositions 5.5 and 5.6, the orbits
Orbg(Fk) and Orbg(Fr11) give us the maximum distance. Moreover, by using
Proposition 5.9, we obtain that C, attains the maximum distance and size for
every choice of vi. On the other hand, for Cyy; this happens if, and only if,
v1 = 0k, by Proposition 5.10. In this case, it follows that

Cl = ICk| = [Chas| = ¢"* + 1,

as stated. |

6 Conclusions and open problems

In this paper we have addressed the study of flag codes having maximum distance
(ODFCs). We have obtained a characterization of such codes in terms of, at most,
two of their projected codes. We have done this first in a general context and
then in an orbital scenario (Section 4.2). In particular, these results improve on
those obtained in [4] in this respect. Next, we have focused on the construction
of ODFCs with an orbital structure. To do this, we have used the action of
suitable Singer groups. We have provided two different systematic constructions,
both of them reaching the maximum possible cardinality. For the first one, we
have exploited the good relationship between Singer groups and Desarguesian
spreads to obtain ODFCs having a specific Desarguesian spread as a projected
code (Section 5.1). For the second construction, we have used the transitive
action of Singer groups on hyperplanes and worked with flags of full type vector,
thus covering the cases that cannot be considered in the previous construction
(Section 5.2).

Given that the theoretical results obtained in Section 4.2 do not in any case
require working with Desarguesian spreads, a possible research to be done along
these lines could include the specific construction of orbital ODFCs having a non-
Desarguesian spread among their projected codes. In a wider context, it would
be interesting to address the study of flag codes associated with a fixed distance,
as well as to provide systematic constructions of them.
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7 Appendix

Proof of Proposition 5.5: Assume that the code Orbg(U) = {U - ¢' | 0 < i <
¢"*' — 2} is a partial spread code of dimension k of F2*!. In other words,
ds(Orbg(U)) = 2k and Stabg(U) is a proper subgroup of G. In particular,
for every ¢/ € G \ Stabg(U), it holds that ds(U,U - ¢’) = 2k or, equivalently,
UN U- g ={0}. Let us see that this necessarily implies that rk(U;) = rk(Uy) =
k. First, suppose that rk(Us) < k. Then at least one of the rows of U, is a
linear combination of the other ones. Hence, there must exist a nonzero vector
ac F’; such that ally = 0j4;. Then, for every 0 < i < ¢*T! — 2, one has that
aUgM,i+1 = 0k+1 and

x = (al, | Opp1) = a(Uy | Uy) = a(Uy | UsMjy,) €UNU - g

Moreover, since the k rows of U = (U | Us) are linearly independent and a # 0y,
it follows that x # Og,;. That is a contradiction with 4 NU - ¢/ = {0}, for
those ¢/ € G\ Stabg(U). Hence, it must hold that rk(Us) = k. Now, let us
prove that U; has also rank k. If not, as before, there must exist a nonzero vector
ac F’; such that all;/ = 0,. Denote x, = al,, which is a nonzero vector of
Uy = rowsp(Us), since the rows of U, are linearly independent. Besides, notice
that Us is a hyperplane of ]F’;H. Consider now, another hyperplane (different
from Us) containing X too. Since the Singer subgroup (Mj. 1) acts transitively

on G,(k,k + 1), we can write such a hyperplane as U, - M}, for some not

scalar matrix M}, . In particular, we have 0 % M{,, + 41 = M],, for some

. 1
j €A0,...,¢"" —2}. This, in turn, implies that M, | neither is a scalar matrix.
Thus, by Theorem 2.1, necessarily Uy # Us - M], ;. Since Opyq 7# X € Up- M} | =

rowsp(Us M}, ), there must exist a nonzero vector b € Fk such that

Xy = bUy M}, = bUs(M;} 1 + Iyy1 — Ir1) = bUs M, | — bU,.

+1 7
Now, consider the vector

(a—i—b)(U1 | Ug) = (aU1 +bU1 | aUQ—f'—bUg)
= (bUl | X9 +bU2Mg

11— X2) =b(Ur | U2Mj,).
Finally, since b # 0 and the rows of (U} | Uy M 1) are linearly independent, we
have found a nonzero vector lying on U N U - g7. Moreover, since Uy # Uy - M ,g 1)
we have that U # U - ¢°. This represents a contradiction with the fact that
Orbg(U) is a partial spread. As a result, we conclude that rk(U;) = k.

Conversely, assume that rk(U;) = rk(Us) = k. Let us see that Orbg (i) is a
partial spread with ¢"™! — 1 elements. To do so, given g* € G \ {Iz.1}, consider
a vector x in U NU - ¢*. Hence, we can find vectors a,b € IF’; such that

x = a(Uy | Us) = b(Uy | UsMjy).
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In particular, it holds allj = bU; or, equivalently, (a — b)U; = 0. Since the
matrix U; is invertible, we conclude that a = b. In this case, we have that
al, = aUngiH, ie., aUQ(MléJrl — Ity1) = 0p41. Notice that, since ¢' # Iopy1,
the matrix M, — Iy is invertible and then, it must hold ally = 0441. Moreover,
as the k rows of U, are linearly independent, it follows a = 0. In other words,
the intersection subspace U NU - ¢* is trivial and then dg(U,U - ') = 2k, for every
g" # Iyy1. As a consequence Stabg(U) = {Iyi1} and Orbg(U) is a partial
spread of cardinality ¢**' — 1. B

Proof of Proposition 5.6: Assume that the code Orbg (V) attains the maximum
possible distance, i.e., 2k. Hence, Stabg (V) is a proper subgroup of G and, for
every ¢' € G \ Stabg(V), it holds dim(V NV - g¢') = 1.

Let us start proving that V5 must be an invertible matrix. To do so, arguing
by contradiction, we assume that rk(V32) < k + 1. We proceed in two steps:

(1) If rk(Va) < k—1= (k+1)—2, then we can find, at least, two independent
vectors a,b € F’;*l such that bV, = 0,1 = al%. In this case, both vectors

x = a1 |V) = a(Vi|0Ok) = a(Vi|VaM,) and
y = b(Vi[V2) = b1 [0k1) = b(Vi|VaM,,)

lie on every subspace of Orbg (V). In particular, x,y € VNV - g', for every
g' € G\ Stabg(V). Since in this case we know that dim(V NV -g") =1,
there must happen that x = Ay for some A € F,. Then, it holds

0211 =X — Ay = (a— Ab)(V1 | V3).

Moreover, since the rows of (V] | V3) are linearly independent, we conclude
that a = Ab, which is a contradiction with the independence of a and b.
Hence, it must hold k& < rk(V5) < k + 1.

(2) If rk(V3) = k, then the subspace V, = rowsp(V5) is a hyperplane of Fi+!.

On the other hand, since V; € ]F((IkH)Xk, there must exist a nonzero vector

a € Fi*! such that al; = 0;. Moreover, notice that the vector a(V; | V3) is
not zero since rk(V; | V) = k + 1. Hence, xo = aV; is a nonzero vector in
the hyperplane V, of FF™!. Let us consider a different hyperplane of Fit!
containing x, as well. As the action of (Mj;) is transitive on G,(k,k+ 1),
such a hyperplane is of the form Vy- M 41, for some not scalar matrix M, ; 1
Then we can write x; = bV,M],, for some vector b € Fi*!. Observe that

M\ + Ipy1 is again a power of My, say M, | + Iy = M, which is

not a scalar matrix too. Thus, by Theorem 2.1, V5 # V; - M’gﬂ and then
V #V - g¢/. Now, notice that x, = bV, M}, — bV, = aV; and

x=(a+b)(Vi|Va) =b(Vi | VaM], ) VNV ¢
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Moreover, since xg # 0,1, it follows that bV, # 0,1 and then ng.M,zle =+
0x+1. On the other hand, since rk(V2) = k, there must exist a nonzero vector
c € F¥*! such that ¢V, = Ogq1. Observe that, given that rk(V; | Vo) = k+1,
then cV; # 0,. Hence, the nonzero vector

y = (Vi [0441) = c(Vi | Vo) = c(Vi | VaM{,,)

lies as well on VNV - g/. We conclude that, dim(V NV - ¢/) > 2, which
contradicts the hypothesis of Orbg()) attaining the maximum possible
distance.

Hence, assuming that dg(Orbg(V)) = 2k, then it must holds rk(V5) = & + 1.
We will see now that Vi needs to have rank equal to k. To do so, we assume
that rk(V;) < k — 1. First of all, notice that if Vi = O(s41)xk, since V5 is an
invertible matrix, one has that Orbg(V) = {V} and its distance is zero. Hence,
we can assume that 1 < rk(Vj) < k — 1. In this situation, there exist at least
two independent vectors a,b € IF’;H such that al; = bV; = 0. Now, since
rk(Vz) = k4 1, the rows of every matrix VoM} , span the whole space Fit!.
Take M | # —Ix41, then the matrix My | + I, is again a power of My, say
M\ + Iy = M}, ,, for some 0 < j < ¢**! — 2. Now we express both (nonzero)
vectors al, and bV, as linear combinations of the rows of VoM | and obtain the
following equalities:

al, = CVQJW,’%Jrl = (:\/2(]\4,;rl + Iopr — D) = cVaMj, —cVy,
by = dVeMi,, = dVa(Mi,, +leni— 1) = dVaMi,, —dVa,
(6.27)
for some nonzero vectors c,d € IF’;“. Hence, both vectors
x = (atc)(Vi|Ve) = (cVi|aletely) = e(Vi|VaM,y),

y = (b+d)(Vi[V2) = (dVi|bVa+dVa) = d(W | VaM,),

lieon VNV -g¢’. Let us see that they are independent. Otherwise, x = \y, for
some A € F, and it must hold

01 = (€ — Ad)VaM, .
Since VgMg 1 is invertible, we conclude that ¢ = Ad. As a result, by (6.27), we

obtain . .
aVh = cVoM;  , = A\dVoM; | = AbVj

and, given that rk(V5) = k + 1, it follows a = Ab, which is not possible. Hence,
dim(VNV-¢’) > 2. Moreover, let us see that V # V- g7. Note that dim(V+V-¢?)
is exactly the rank

il W ) < Vi |V ) |
k =rk ; > rk(Vy) +rk(VaM} ) > k+ 2,
( Vi | VaMj Oger1ywr | VoM, (V1) (VaMp1)
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which is greater than dim(V) = dim(V - ¢/) = k + 1. Hence, V # V- ¢/ and we
obtain a contradiction with dg(Orbg(V)) = 2k. Then, it must happen rk(V;) =k
and rk(V5) =k + 1.

Now, let us prove that the converse is also true. Assume that rk(V}) = k and
tk(V3) = k + 1 and take ¢' € G\ {Izp;1}. We show that dim(V NV - ¢) = 1. To
do so, consider two arbitrary vectors x,y € VNV - ¢ and write them as

x = a(Vi | V) = e(Vi|VaM],,) and
y = b(Vi|Va) = d(Vi| VM),

for some vectors a, b, c,d € IF’;“. Observe that (a—c)V; = (b—d)V; = 0. Since

Vi e IF((JICH)X’C with rk(V}) = k, it follows that a—c and b—d must be proportional
vectors. Let us write (a — c¢) = A(b — d), for some A € F,. Equivalently,
a— Ab = ¢ — Ad. Moreover, since alV, = cVaM] , and bVs = dVoM;}_,, we
obtain

(a—Ab)Vy = (c — )\d)VgM,iJrl =(a— )\b)VQM,iH,

or, equivalently, (a — Ab)Vo(M,; — Ii41) = Ogy1. Last, since ¢' # Iy, then
Va(M . — Ii41) is an invertible matrix and it follows a = Ab and x = Ay. As
a result, for every ¢' € G \ {lay1}, it occurs dim(V NV - g*) = 1 or, equiva-
lently, ds(V,V - ¢') = 2k. Consequently, Stabg (V) = {Iz;41} and Orbg(V) has

maximum distance and cardinality ¢**! — 1. B

Proof of Proposition 5.9: Since rk(U;) = rk(Uy) = k, Proposition 5.5 proves
that the orbit Orbg(U) is a k-partial spread of ngﬂ. Hence, it suffices to see
that adding the two subspaces U’ and U” defined in (6.24) does not decrease the
distance. Observe that two k-dimensional subspaces in ]F‘Z"“'+1 attain the maximum
possible distance if, and only if, they intersect trivially or, equivalently, if their
sum subspace has dimension 2k. It is clear that

dimU - ¢' +U") = rk( Ur | UpMi sy ) = rk< Ok | UpMipy ) = 2k,
Ut | Okx(rt) U | Opxisn

Uy | UaM
O ‘ Us

2k > dim(U - ¢' + U") = 1k ( ) > rk(Uy) +1k(Us) = 2k

and

dim(U’ +U") = rk( [0]; 0’“(}’;“) ) = 1k(Uy) + tk(Uy) = 2k.

As a result, in these three situations we obtain distance equal to 2k and we
conclude that the code Orbg(U) U {U',U"} is a partial spread with ¢**! + 1
elements. "

Proof of Proposition 5.10: Notice that, by virtue of Proposition 5.6, we have that
ds(Orbg(V)) = 2k. Hence, in order to give the minimum distance of the code
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Orbg (V)U{V', V"}, we just need to compute distances between pairs of different
subspaces not both in Orbg (V). Moreover, recall that two (k + 1)-dimensional
subspaces of ng“ have the maximum possible distance if, and only if, their sum
is the whole vector space F2"+1.

Let us start proving that taking vi = 0 leads to a construction of maximum
distance. To do so, just notice that

gl 52%?4-1 Ok><k: UQMli—&-l
dim(V - ¢* + V') = 1k k| Y2kl = 1k 0y | voM}
Ut | Okx(re1) Uy | Opgery
Ok Vo
= tk(Uh) +rk(VaM}, ) =2k +1,
U | UM,
dim(V - g + V") = rk | 2 1 VeMir | o iy 4onk(vy) = 2k +1
O(k+1)xk Us
Ok Vo

and

Uy ka(k—i—l)
Ok Vo

dim(V' + V") =rk = rk(Uy) +rk(Vs) = 2k + 1.
O(k41)xk Uy

0% Vo

Hence, we obtain that V- ¢’ +V = V. g + V' =V 4+ V" = F** for every
0 <7 < ¢**' —2. Consequently, the distance of the code is the maximum possible
one. In particular, V' and V" are different and they do not lie in the orbit of V.
Thus, it follows |Orbg(V) U {V',V"}| = ¢**! + 1, ie., the largest size for its
distance.

Conversely, we show that taking vi = 0y, is the only possibility for Orbg(V)U
{V',V"} to attain the maximum distance. To do so, assume that v; is a nonzero
vector of IF’; . Hence, since rk(U;) = k, there exists a nonzero vector a € IF’; such
that v; = all;. We will exhibit a explicit subspace V - g/ € Orbg(V) such that
ds(V - g7, V") < 2k.

Since U,y € ]FZX(kH) has rk(Us) = k, the subspace Uy = rowsp(Us) is a hyper-
plane of Fi*! and, as rk(V3) = k+1, it follows that v, ¢ Us. In particular, v, and
al/, are linearly independent vectors and so they are v, and vy —als. Consider a
hyperplane of IF’;H containing the vector vy — al/; but not v,. Recall that, since
the Singer subgroup generated by M. acts transitively on G,(k, k+1) (see Theo-
rem 2.1), such a hyperplane is of the form Uy - M;_, for some i € {0,...,¢*" -2}
Observe that, for this choice of i, we have vo —al, € U2~M,i+1 and vo ¢ I/lg-M,iH.
Thus, at this point, we have that

(Vo — aUQ)Ml;—il €Uy and vy, V2Ml~;f1 ¢ Us.
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On the other hand, as V3 € GL(k + 1, q), every vector in IF’;“ can be written
as a linear combination of its rows, which are the ones of U, together with v,. In
particular, there must exist A € F, and b € IF’; such that Vng_fl = Avy + bUs.
Moreover, since voM,/, ¢ Uy, it follows A # 0. Then the matrix A™'M, 7, €
F,[My41] is a power of My, and we can write A‘le;fl = M,zH,
exponent j € {0,...,¢"" —2}. Observe that, for this matrix Mj_, we have that
VoM, — va € Uy and also (vo — all,) M}, | € Us. As a result, their difference,
i.e., the vector vy —als M, , € U, as well. Now, consider the subspace V- g/.

Let us see that dg(V - ¢/,V") is not the maximum one or, equivalently, that
V.g' + V" #FFH. Observe that

for certain

J
U, | UM

J
Vi V2Mk+1

dim(V-¢? +V") = rk

O(k+1)xk Us

Vi Vo .
Ur U2Mlz+1
— 1k 0y, VoM., —alU,Mj
=T
O(k+1)xk Us
Ok V2A— aUgMg_H
= k( U1 ‘ UsM; )
= ¥
Oy | Uo

= dimU - ¢/ +U") = 2k.

Since k > 1, it follows that 2k > k + 1. Consequently, for this precise value
of j, it holds that V - ¢’ # V" and ds(V - ¢/, V") < 2k. We conclude that
Orbg (V) U{V',V"} does not attain the maximum distance. 1
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Chapter 7: On generalized Galois cyclic orbit flag codes

Abstract:

Flag codes that are orbits of a cyclic subgroup of the general linear group acting
on flags of a vector space over a finite field, are called cyclic orbit flag codes.
In this paper we present a new contribution to the study of such codes started
in [3], by focusing this time on the generating flag. More precisely, we examine
those ones whose generating flag has at least one subfield among its subspaces.
In this situation, two important families arise: the already known Galois flag
codes, in case we have just fields, or the generalized Galois flag codes in other
case. We investigate the parameters and properties of the latter ones and explore
the relationship with their underlying Galois flag code.

Keywords: Network coding, flag codes, cyclic orbit flag codes.

1 Introduction

Network coding represents a procedure to data transfer within a network that is
a directed multigraph without cycles, where the information travels from one or
several senders to several receivers. In [1], it was proved that one can improve
the efficiency if the intermediate nodes can linearly combine the information vec-
tors. We speak about random network coding whenever the underlying network
topology is unknown. Due to the fact that vector subspaces are invariant under
linear combinations, they are proposed as suitable codewords in [13], giving raise
to the concept of subspace codes. When all the subspaces have a fixed dimension,
we get constant dimension codes. Research in this area has been very intense in
latter years (consult [26] and references inside).

One method devised in [25] to build subspace codes consists of making sub-
groups of the general linear group GL(n, q) act on the set of subspaces of Fy and
thus, consider the corresponding orbits. This idea leads to the concept of orbit
codes. In particular, when the acting group is cyclic, we obtain the so-called
cyclic orbit codes, widely studied in the last times (see [8, 9, 10, 11, 20, 22, 24,
25, 27|CHAP7, for instance). Of special relevance for our purposes is the paper
[11], where the authors treat [-cyclic orbit codes as collections of F,-vector sub-
spaces of Fyn that are orbits under the natural action of a subgroup (3) of I,
on F,-vector spaces (if § is primitive, the corresponding orbit is called just cyclic
orbit code). In that paper, it is introduced an interesting tool to analyze S-cyclic
orbit codes: the best friend of the code, that is, the largest subfield of Fy» over
which the generating subspace is a vector space.

Flag codes can be seen as a generalization of constant dimension codes. The
codewords of a flag code are flags, that is, sequences of chained subspaces of
prescribed dimensions. In the network coding context, they appeared for the first
time in the paper [15] where the multiplicative action of GL(n,q) is translated
from subspaces to flags to provide different constructions of orbit flag codes. This
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seminal work has sparked an incipient interest in flag codes reflected in the recent
works (2, 3, 4, 5, 6, 7, 14, 19].

In [3], the authors undertake the study of S-cyclic orbit flag codes inspired
by the ideas in [11]. More precisely, they consider flags on F,» given by nested
I -subspaces of the field Fy» constructed as orbits of subgroups (3) C F}., and
coin the concept of best friend of a cyclic flag code as the largest subfield of Fyn
over which every subspace in the generating flag is a vector space. The knowledge
of the best friend turns out to be extremely useful to determine the parameters
of the code as well as other features such as the necessary conditions on the type
vector to reach the maximum distance. It is also presented the particular family
of Galois flag codes, that consists of S-cyclic orbit flag codes generated by flags
given by nested fields. For that class of codes it is possible to precisely establish
a nice correspondence between the set of attainable distances and the subgroups
of Fy..

In the current paper we extend the study performed in [3]| by focusing on
the generating flag. More precisely, we examine [-cyclic orbit flag codes whose
generating flag has at least one subfield among its subspaces. We distinguish two
situations: either all the subspaces are fields, then we have the already known
Galois flag codes, or there is also at least one subspace not being a field. The
last case entails the definition of a new kind of S-cyclic orbit flag codes called
generalized Galois flag codes. We discuss the properties of this new class of
codes by taking into account that a generalized Galois flag code has always an
underlying Galois flag code that influences on it to a greater or lesser extent.

The text is structured as follows. In section 2 we remember the basics on sub-
space codes as well as some notions and results related to cyclic orbit (subspace)
codes developed in [11]. In Section 3 we recall, on the one hand, some back-
ground on flag codes and the most important facts on cyclic orbit flag codes that
appear in [3]. On the other hand, we present some new results on the interplay
between type vectors, best friend and the flag distance parameter. The family of
generalized $-Galois flag codes is introduced here as an extension of the §-Galois
flag codes. We discuss in which way the properties of a generalized Galois flag
code are driven by its underlying Galois flag code and launch a related question.
Section 4 is devoted to provide a systematic construction of generalized 3-Galois
flag codes with a prescribed underlying [-Galois flag code by using generating
flags written in a precise regular form. In Subsections 4.1, 4.2 and 4.3 we analyze
the particular properties of the previous construction in case [ is primitive, and
propose a decoding algorithm over the erasure channel taking advantage of such
properties. In Subsection 4.4 we address the case when § is not primitive and
present some specific results. To finish, we show how our construction allows us
to give an answer to the question previously formulated.
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2 Preliminaries

Consider ¢ a prime power and F, the finite field with ¢ elements. We denote
by I the n-dimensional vector space over F, for any natural number n > 1
and by P,(n) the set of all the subspaces of . For every 0 < k < n, the set
of k-dimensional subspaces of Fy, that is, the Grassmannian, will be denoted
by G,(k,n). The set P,(n) can be equipped with a metric called the subspace
distance: for any pair U,V € P,(n), we set

ds(U, V) = dim(U + V) — dim@U N V). (7.1)

In particular, the subspace distance between two subspaces U,V € G,(k,n) be-
comes

ds(U, V) = 2(k — dim(U N V). (7.2)

A constant dimension code C of dimension k£ and length n is a nonempty subset
of G,(k,n) whose minimum subspace distance is given by

ds(C) = min{ds(U,V) | U,V €C, U # V}.

If |C] =1, we put ds(C) = 0. For further details on this family of codes, consult
[26] and the references inside.

It is clear that the minimum distance of a constant dimension code C C
G,(k,n) is attained when the intersection of every pair of codewords has the
minimum possible dimension. In this case, we have that

2k it 2k < n,

ds(C) < { An—k) if 2k >n. (73)

A constant dimension code with dimension k£ < [ %] attaining the previous bound
is called partial spread code. A partial spread code being also a partition of Fy
into k-dimensional subspaces is known as a spread code or just a k-spread. In 23]
it is proved that k-spread exist if, and only if, £ divides n. As a result, the size of
any k-spread is exactly g:j. See [12, 16, 17, 26] for more information concerning
spread codes in the network coding setting.

Among all the special families of constant dimension codes, here we are inter-
ested in orbit codes, that is, those that arise as orbits of the action of subgroups of
the general linear group GL(n, ¢) on the Grassmannian. This family of codes was
introduced in [25]. More precisely, fixed a k-dimensional subspace U C ' and
a subgroup G C GL(n, q), the orbit of & under the action of G is the constant
dimension code given by Orbg(U) = {U-A | A € G}, where U - A = rowsp(U A),
for any full-rank generator matrix U of U. The stabilizer of U under the action
of G is the subgroup Stabg(U) ={A € G |U-A=U}. As a consequence,

_ g
|Stabe ()]

|Orbe (U)] (7.4)
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and the minimum distance can be computed as
ds(OI‘bg(U)) = mln{d5<u,u . A) | AedG \ Stabg<U)}

Whenever the acting group G is cyclic, the orbit Orbg(U) is called cyclic orbit
code. The works [11, 18, 21, 24] are devoted to the study of this family of codes.
In the current paper we are especially interested in the viewpoint developed in [24]
and [11] where, taking advantage of the natural F -linear isomorphism between
[y and Fg, cyclic orbit codes are seen as collections of subspaces in Fyn. More
precisely, in [11] the authors consider a nonzero element 5 and define 3-cyclic orbit
codes as orbits of the group (f) on F,-vector subspaces of Fyn. In particular, if
1 <k<nandU C Fy is a k-dimensional subspace over F,, the -cyclic orbit
code generated by U is the following set of F,-subspaces of dimension k

Orbs(U) = {UB' | 0 < < || - 1},

where |f| denotes the multiplicative order of . The stabilizer of the subspace
U under the action of () is the cyclic subgroup Stabg(U) = {8' | US" = U}.
An important example of such kind of codes, already developed in [24], is the
following k-spread code, where £ is a divisor of n and « is a primitive element of
Fon:

q

Orbiyy (Fpr) = {Fpa | i =0,...,¢" — 2}. (7.5)
Remark 2.1. Following the notation used in [11], when the acting group is F},,
we simply denote the corresponding orbit by Orb(U/) and call it just the cyclic

orbit code generated by U. In this situation, we also remove the subscript § and
write Stab(U) to denote the stabilizer of U.

Concerning the cardinality and distance of a f-cyclic orbit code, in [11] the
authors study these parameters with the aid of the best friend of the generating
subspace. This concept is closely linked to the stabilizer of the subspace. Let us
recall the definition.

Definition 2.2. A subfield Fm of Fy» is said to be a friend of a subspace U C Fyn
if U is an Fym-vector space. The largest friend of ¢ is called its best friend.

The knowledge of the best friend of a subspace U provides straightforwardly
the cardinality of the cyclic orbit code as well as a lower bound for its distance.

Proposition 2.3. ([11, Prop. 8.3, 3.12, 3.13 and 4.1]) Let U be a subspace of
Fyn with the subfield Fym as its best friend. Then

" —1
¢gm—1

Orb(U)| =

Moreover, the value 2m divides the distance between every pair of subspaces in
Orb(U) and, hence, we have that ds(Orb(U)) = 2m.
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We finish this section recalling a construction of cyclic orbit codes with pre-
scribed distance and cardinality from the choice of a subspace U written in a
specific regular form.

Proposition 2.4. ([11, Prop. 4.3]) Consider the subspace U = @E;é Fnali for
some 1 <1< L= such that Fym is the best friend of U. Then ds(Orb(U)) = 2m.

q’rn_l

It is clear that the subfield Fym is a friend of a subspace U written as in
previous proposition, although it is not necessarily its best friend. In fact, there
are just two possibilities for the best friend of U.

oy - . t—1 i
Proposition 2.5. 7(1[11, Proposition 4.4]) Given the subspace U = @,y Fymal
for some 1 <1 < ;’m—:ll. If f(z) is the minimal polynomial of o' over Fym, then
its degree is at least t and

U=Fm < deg(f) =t < o € Stab(d) < Fym is not the best friend of U.

We will come back to this family of subspaces and to the S-cyclic orbit codes
generated by them in Section 4, where we provide a specific construction of gener-
alized Galois cyclic orbit flag codes by using subspaces written as in Proposition
2.4.

3 Cyclic orbit flag codes

Part of this section is dedicated to gather the basic background on flag codes
that already appears in [6, 7, 15|, and to recall the main definitions and results
that pertain to the particular class of cyclic orbit flag codes introduced in [3]. In
Subsection 3.3, we present new results concerning the interdependence between
the minimum distance of a [S-cyclic orbit flag code, its best friend and the set
of dimensions appearing in the type vector. In addition, the class of generalized
Galois flag codes is introduced in Subsection 3.4.

3.1 Flags and flag codes

A flag F = (Fi,...,F,) on the extension field F;» is a sequence of nested F-
vector subspaces
(0} CFC- CF CFp.

The subspace F; is called the i-th subspace of F and the type of F is the vector
(dim(F;), . ..,dim(F,)). When the type vector is (1,2,...,n—1), we say that F
is a full flag. Given two different flags F, F' on Fyn, we say that F' is a subflag
of F if each subspace of F’ is a also subspace of F.

The flag variety of type (t1,...,t,) on Fyn is the set of flags of this type and
will be denoted by F,((t1,...,t.),n). Note that F,((t1,...,t.),n) embeds in the
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product of Grassmannians G,(t;,n) X --- x G,(t,,n) and, hence, this variety can
be endowed with a metric that extends the subspace distance defined in (7.1).
Given two flags F = (Fy,..., F) and F' = (F{,.... F)) in F((t1,...,t.),n),
their flag distance is

J(FF) = st (Fi, Fl).

Definition 3.1. A flag code C of type (t1,...,t,) on Fyn is a nonempty subset
of Fy((t1,...,t.),n). The minimum distance of C is given by

df(C) = min{df(]:, .F/) ’ f, F e C, F 7& .FI}

whenever C has more that two elements. In case |C| = 1, we put d;(C) = 0. For
type (ti,...,t.), it always holds

ds(C) < 2 Zt+zn—t . (7.6)

There are constant dimension codes intrinsically correlated with a flag code
C that play an important role in the study of parameters and properties of C.

Definition 3.2. Given a flag code C of type (t1,...,t.), the i-projected code of
C is the set

CZ:{]:Z|(.7:1,,.E,,]—})GC}QQ(Q,TL)

Remark 3.3. Concerning the relationship between the size of a flag code and
the ones of its projected codes, it is clear that |C;| < |C| for every i = 1,...,r
In case |Cy| = --- = |C,| = |C|, we say that C is disjoint. Under this condition,
it is possible to establish also a clear connection between the minimum distance
of a given flag code and the ones of its projected codes. More precisely, if C is a

disjoint flag code, then
C) > Z ds(Ci)
i=1

In 2] the authors introduced a family of flag codes such that the distance and
size of the projected codes completely determine the ones of the corresponding
flag code.

Definition 3.4. A flag code C is consistent if the following conditions hold:
(1) C is disjoint.
(2) df(C) = 2oim1 ds(Co).
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In the same paper, the authors develop a decoding algorithm for consistent
flag codes over the erasure channel and provide important families of such a class
of codes. Among them, we can find the one of optimum distance flag codes. This
class of flag codes has been already studied in [4, 6, 7, 19]. In these works, the
reader can find specific constructions of them as well as the following characteri-
zation.

Theorem 3.5. [6, Th. 3.11] A flag code is an optimum distance flag code if,
and only if, it 1s disjoint and every projected code attains the maximum possible
distance for its dimension.

We will come back to this ideas in Subsection 4.3 in order to adapt the consis-
tent flag codes decoding algorithm designed in [2]| to the constructions proposed
in the present paper.

3.2 Cyclic orbit flag codes

Let us recall the concept of cyclic orbit flag code as the orbit of the multiplicative
action of (cyclic) subgroups of Fy. on flags on Fyn. This concept of cyclic orbit
flag code was first introduced in [3| following the approach of [11] for cyclic orbit
subspace codes.

The cyclic group F}, acts on flags on Fy» as follows: given 5 € F}, and a flag
F=(F,...,F) of type (t1,...,t.), the flag Fp is

FB=(Fip,...,F.0) (7.7)

and the orbit .
Orbg(F) ={Fp" | 0<j<[B] -1} (7.8)

is called the S-cyclic orbit flag code generated by F. The stabilizer of F (w.r.t.
B) is the subgroup of () given by

Stabg(F) = {p’ | Fp/ = F}. (7.9)

If 8 is primitive, that is, if the acting group is IF}., we simply write Orb(F)
to denote the cyclic orbit flag code generated by F. We also drop the subscript
in Stab(F). Observe that, for every 3 € F},, it holds Stabg(F) = () N Stab(F).

We can take advantage of the orbital structure to compute the code parame-
ters: the cardinality of Orbg(F) is given by

LI |51

Orbg(F)| = = 7.10
105 = {Staba@)] = 1By A Stab(7) (7.10)

and its minimum distance can be calculated as
d;(Orbg(F)) = min{d;(F, FB7) | # ¢ Stabs(F)}. (7.11)
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Remark 3.6. Concerning the projected codes associated to Orbg(F), there are
important facts to point out. First of all, note that the projected codes of a
p-cyclic orbit flag codes are also §-cyclic orbit (subspace) codes. More precisely,
for every 1 <4 < r, we have

(Orbs(F)); = Orbgs(F). (7.12)

Moreover, the straightforward stabilizers relationship
Stabg(F) = () Stabgs(F;) (7.13)
i=1

leads to a nice rapport between cardinalities: for every 1 < i < r, we have that

|Orbg(F;)| divides |Orbg(F)| ([3, Prop. 3.6]).

Coming back to the computation of the values |Orbg(F)| and d¢(Orbg(F)), in
[3], it is showed that the knowledge of a specific subfield associated to F allows
us to obtain them directly. Let us recall the concept of best friend of a flag

introduced in [3] by generalization of the concept of a subspace best friend given
in [11].

Definition 3.7. A subfield F,m of Fy» is said to be a friend of a flag F on Fyn
if all the subspaces of F are [F m-vector spaces, that is, if it is a friend of all of
them. The best friend of the flag F is its biggest friend.

From this definition it clearly holds that the type vector of a flag has to satisfy
a necessary condition whenever the best friend is fixed. Furthermore, as it occurs
when we work with the stabilizer subgroup, there are important connections
between the best friend of a flag and the ones of its subspaces.

Proposition 3.8. /3, Lemma 3.1/, Prop. 3.16, Cor. 3.18] Let F = (F1,...,Fr)
be a flag of type (t1,...,t;) on Fyn. If Fym is a friend of F, then m divides
ged(ty, ..., t,,n). Moreover, if Fym is the best friend of F, then it is the in-
tersection of the ones of F;, for every i = 1,...,r, and we also have that
F,m = Stab(F) U {0}.

Remark 3.9. Note that, if 1 € F7, then every friend of the flag F is contained in
Fi. Moreover, all the flags in Orbg(F) have the same best friend, allowing us to
speak about the best friend of a 5-cyclic orbit flag code. Now, if F = (Fy,...,F,)
is a flag of type (¢1,...,t,) on Fyn with Fym as its best friend, F,m must be a
friend of all its subspaces and we can write t; = ms; for ¢ = 1,...,r, where
1<s1 <+ <5, <s==2. Finally, we can find linearly independent elements
ai,...,as € Fpn (over F,m) such that, for every 1 < i < r, we have

3=

~—

Fi = P Fyma;. (7.14)
j=1
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In case m is a dimension in the type vector, then s; = 1 and the cyclic orbit
code Orb(F7) is the m-spread of F,n described in (7.5). Moreover, if 1 € Fj, this
subspace is exactly the subfield Fym.

Let us recall how the knowledge of the best friend of a -cyclic orbit flag code
provides relevant information about the code parameters.

Proposition 3.10. /3] Let F = (Fi,...,F;) be a flag on Fpn and assume that
Fym is its best friend. Then

Orby(F)| = — 9L (7.15)

[(B8) N Fom|

Moreover, the value 2m divides dy(Orbg(F)) and, if the the type vector of F is
(ms1,...,ms,), then it holds

2m < dg(Orb(F)) <2m | D> si+ > (s—s) |, (7.16)

s<lyl  s>L3)
whenever § ¢ Fr... On the other hand, if B € Fn, then dy(Orbg(F)) = 0.

Remark 3.11. From (7.15) and (7.16), it is clear that both size and cardinality
depend on the generating flag (hence on its best friend), the acting subgroup and
the type vector. In particular, once we have fixed the best friend F,m, we obtain
the maximum possible orbit size if 3 is a primitive element of F». In this case,
it holds |Orb(F)| = 5:;—:11. However, if we take 8 € [F}.., we obtain the minimum

possible cardinality since Orbg(F) = {F}.

3.3 Flag distances, best friend and type vectors interplay

From the bounds provided in (7.16) we know that, fixed the subfield F;m as best
friend of a flag code C of type (msy, ..., ms,), the possible values for the distance
between flags in C belong to the interval

[2m, 2m Z si + Z (s — 5] (7.17)

si<l3) s>y

Nevertheless, in the orbital flag codes setting it is very important to point out
that not every possible flag distance value is compatible with every type vector. In
general, the greater the flag distance, the more conditions over the corresponding
type vector we will have to impose. The simplest case comes from considering
cyclic flag codes of length one. In [11, Lemma 4.1], it was already shown that
a cyclic (subspace) code with best friend F,m has, at least, distance 2m and
constructions attaining this extreme value of the distance were also provided in
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[11, Prop. 4.3]. However, when we work with flags of length > 2, not even the
minimum value of the distance, which is 2m as well, can be obtained for every
type vector. This is a consequence of the link between flag distance values and
the number of subspaces of a flag F that share the best friend of F. Let us
explain this relationship in the following result.

Theorem 3.12. Let F be a flag on Fyn with the subfield Fym as its best friend
and take 3 € Fy \ Frn.

(1) If there are 1 < j < r subspaces of F with Fym as their best friend, then

(2) If dy(Orbg(F)) = 2m, then Fym is the best friend of exactly one subspace
of F.

Proof. Let us prove (1). Assume that there exist j subspaces, say F;,, ..., F;,, of
F having F n as their best friend. Then it suffices to see that, if 3 ¢ Stabg(F) =
(B) NF;m, then B does not stabilize the subspaces F; ..., F;,. Consequently,
we have

HF, FBY st Fis Fin BY) = 2my.

To prove (2), let us start assuming that there are at least two different subspaces
F; and F; in F with F,m as their best friend. By (1) we have that d;(Orbg(F)) >
4m > 2m. On the other hand, suppose that no subspace in F has F,m as its
best friend. In this case, for every 1 < ¢ < r, we put Fym; the best friend of F;
and, since Fym = (;_; Fym:, we have that m is a proper divisor of every m;. In
particular, m < m;, for every 1 < i < r. Now, for every ' ¢ Stabg(F), we have
at least one index 1 < i < r such that 3' ¢ Stabg(F;). Hence,

d(F, FBY) = ds(F;, Fif') = 2m,; > 2m.

Thus, d¢(C) > 2m.
1

Remark 3.13. Note that the converses of statements (2) and (1) in the previous
result are not necessarily true. Take, for instance, F = (Fp,F,,Fs) on e,
which has best friend Fy2. Let us consider 3 = o” where (a) = Fys. Then we
have just one subspace of F with best friend F,2 whereas ds(Orbg(F)) = 12 =
2-3-2 > 4. At the same time there are not three subspaces in F sharing its best
friend.

The previous theorem allows us to discard some type vectors if we work with
the minimum value of the distance when the best friend is Fym.
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Corollary 3.14. Let F be a flag of type (msy,...,ms,) on Fpn with best friend
Fym and take B € Fin \ Frn. If d(Orbg(F)) = 2m, then ged(s;, %) # 1 for, at

least r — 1 indices 1 < j < r.

Proof. By means of Theorem 3.12, we know that there is exactly one subspace
of F having best friend F¢m, say F;. Now, for each j # 7, we put F »; the best
friend of F;. In particular, we know that m is a proper divisor of every m;. Let
us write m; = ma;, with a; > 1 for every j # 7. In addition, m; = ma; divides
both dim(F;) = ms; and n. Hence, 1 < a; divides both s; and . We conclude
that ged(s;, &) > 1 forall 1 <j <7, j #14. |

Example 3.15. If n = 16 and we fizx Fp2 as the best friend of our flags, the
minimum distance value 4 cannot be obtained for type (4,6,10) since ged(3,8) =
ged(5,8) = 1. In contrast, this value would be attainable for type (4,6,8), for
instance. Using the same argument, if we take n = 14, and consider a flag F on
F 14 having the subfield F 2 as its best friend, we can conclude that 3-cyclic orbit
flag codes generated by F will never give distance 4, unless F 1s the flag of length
one F = (Fp).

We have seen that, fixed the best friend Fym, the minimum value of the
distance 2m can only be obtained by codes Orbg(F) in which F has exactly
one subspace with F,» as its best friend as well. On the other end, as said in
Theorem 3.5, a flag code C attains the maximum possible distance for its type if,
and only if, it is disjoint and all its projected codes attain the respective maximum
(subspace) distance. Recall that a flag code C of length r on Fy is disjoint if it
holds

G| = =G =C]. (7.18)

In [3, Prop. 4.19] the authors prove that for cyclic orbit flag codes (8 primitive)
this condition is equivalent to say that each subspace of F has the same best
friend (then the best friend of F). Summing up, we can also draw conditions
on the type vector in the case of cyclic orbit flag codes having F;» as their best
friend and the largest possible distance, that is, the upper value of the range in

(7.17).

Proposition 3.16. [3, Cor. 4.23] Assume that the cyclic orbit code Orb(F) is
an optimum distance flag code on Fyn with the subfield Fym as its best friend.
Then one of the following statements holds:

(1) Orb(F) is a constant dimension code of dimension either m or n —m.
(2) Orb(F) has type vector (m,n —m).

In any of the three cases above, the code Orb(F) has the largest possible size, that
is, L =L
7 gm—1
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Using Theorem 3.12, we obtain the next construction of cyclic orbit flag codes
with the best possible distance for the above mentioned cases.

Proposition 3.17. Let F = (Fy1,F2) a flag of type (n,n—m) on Fpn. If Fy and
Fy have the subfield Fym as their best friend, then the cyclic orbit codes Orb(Fy),
Orb(F2) and Orb(F) have the mazimum possible distance.

Proof. The result holds for Orb(F;) = Orb(F,m) by means of (7.5). For Orb(F2),
it suffices to see that, if F" is the best friend of 75, then dg(Orb(F2)) = 2m,
which is the maximum possible distance for dimension n —m. Last, by means of
Theorem 3.12, we conclude that df(Orb(F)) = 4m, i.e., the maximum possible
distance for type (m,n —m). |

Remark 3.18. In the case of -cyclic orbit flag codes with § non primitive, in
[3, Prop. 4.19] it is proved that the code Orbg(F) is disjoint if, and only if,

(B) NFGn = (B) NFymy = - -+ = (B) N Fgm, . (7.19)

Note that to have (7.19) it is not necessary that all the subspaces of F share
the same best friend, contrary to what happens if § primitive (see part (2) on
Example 3.19). Moreover, in [3, Thm. 4.21] the authors give also conditions on
the type vector of F of an optimum distance §-cyclic flag code with fixed best
friend if 8 is not primitive. Here we present some examples extracted from [3,
Table 3] where they determine the set of allowed dimensions in the type vector,
depending on the size of the acting subgroup () of Fj, = (), when the best
friend is Foe.

6] 18] (B)NTFsm |Orbg(F)| Allowed dimensions Max. distance

a 4095 F. 1365 2,10 8
a® 819 F, 273 2,4, 8,10 24
o 455 {1} 455 2,10 8
a% 65 {1} 65 2,4, 6,8, 10 36

Table 7.1: Admissible dimensions for ¢ = 2, n = 12, m = 2.

Concerning the explicit construction of such codes, in [4, 19|, the authors
follow the approach of [24] to build optimum distance flag codes under the action
of (subgroups of) Singer groups of the special linear group and the general linear
group, respectively, by placing a suitable spread among the projected codes. In
our framework, this idea corresponds to the choice a generating flag that has
certain subfield among its subspaces. Let us exhibit some concrete examples.

Example 3.19. Let us work in Fai2 and fix Fpe as best friend of all our flags.

(1) Take F = (Fo2, Fo,Fos, Fu, Fs5) of type (2,4,6,8,10) and consider 3 = a5,
then the orbit Orbg(F) is an optimum distance flag code of cardinality 65
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(see [4]), which is the mazimum possible size for an optimum distance flag
code of this type. With the same notation, the orbit Orbg((Fa2, Fa, Fa, Fs))
is an optimum distance flag code, in this case of type (2,4,8,10), of the
same size.

(2) On the other hand, following the ideas in [19], if we consider the flag F' =
(Fo2, Fous, F5, F}) of type (2,4,8,10) such that Fou is the best friend of F3,
and take B = o, then the orbit Orbg(F') is an optimum distance flag code
with cardinality 273. Note that in this example the subspaces F| and Fj do
not share their best friend even thought Orbg(F') is disjoint.

These examples lead us to study [-cyclic orbit codes when we place one or
more subfields in the generating flag.

3.4 Generating flags based on subfields

In this subsection we focus on -cyclic orbit flag codes generated by flags having
at least one subfield among their subspaces. We distinguish two situations: either
every subspace in the generating flag is a subfield or there is also one subspace
that is not a subfield.

Galois flag codes

Let us start with [-cyclic orbit flag codes generated by flags having just subfields
of F,n as subspaces, that is, generated by the so-called Galois flags. This par-
ticular class of -cyclic orbit flag codes was introduced in [3|. Let us recall the
definition. Consider a sequence of integers 1 < t; < --- < t,, < n such that all of
them are divisors of n and t; divides t;,1, for 1 <7 <r — 1.

Definition 3.20. The Galois flag of type (t1,...,t.) on Fyn is the flag given by
the sequence of nested subfields (Fy, ..., Fg.). Given 8 € F}., the S-cyclic orbit
flag code generated by this Galois flag is called the - Galois cyclic orbit flag code,
or just B-Galois flag code, for short, of type (¢,...,t,).

In the Galois flag F of type vector (¢, ...,t,.), clearly the i-th subspace has
the subfield F, as best friend. Hence, the first subfield F,: is the best friend of
any [(-Galois flag code of type (t1,...,t.). For 8 primitive we have the following
straightforward result.

Proposition 3.21 [3]. Let C be the Galois flag code of type (tq,...,t.), then
the cardinality of this flag code is |C| = (¢" — 1)/(¢"* — 1) and its distance is
ds(C) = 2ty. Its i-th projected code C; has size |C;| = (¢" — 1)/(¢" — 1) and
distance 2t;.
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Remark 3.22. Note that, if we take the Galois flag F of type (t1,...,t,.), the
distance d;(Orb(F)) = 2¢; is the lowest possible one for cyclic orbit flag codes
with F, as best friend, according to (7.6) (in case [C| > 1). In fact, there
is a precise set of attainable distances for the different orbits Orbg(F) when we
consider the action of subgroups (3) C F;,.. Furthermore, as proved in [3], we can
always select § in a controlled manner such that the code Orbg(F) reaches any
distance value in the set of possible distances. This choice is made by checking
the relationship between the subgroup (/) and the subfields F ;. Let us recall
the precise result.

Theorem 3.23. [3, Thm. 4.14] Let F be the Galois flag of type (t1,...,t,) and
consider an element 8 € F,.. Then

dr(Orbg(F)) € {0,2t1,2(t1 +t2),...,2(t1 +t2 +- -+ 1)} (7.20)
Moreover,
(1) dg(Orbs(F)) = 0 if, and only if, Stabs(F;) = Stabg(F,) = ().
(2) ds(Orbg(F)) =25, t; if. and only if, Stabg(F;) = Stabg(F,) # (B).

(3) ds(Orbs(F)) = 23271t if, and only if, Stabs(Fy) # Stabg(F,) and j €
{2,...,7} is the minimum index such that Stabg(F;) C Stabg(F;).

In view of the previous result, it is worth highlighting that, given a Galois
flag F, the range of attainable distances by the codes Orbg(F) follows a concrete
pattern in terms of the dimensions in the type vector (see (7.20)). On the other
hand, we have the possibility to gradually improve the distance of Orb(F) by
selecting the orbit Orbg(F) for an appropriate 3, even if this choice could involve
a loss of size. This nice behaviour gives rise to think that Galois codes could
constitute an appropriate “skeleton” to support a more general family of S-cyclic
orbit flag codes whose properties, in turn, might be driven by them. To explore
this idea, in the following section we introduce a new family of codes.

Generalized Galois flag codes

Let us take now generating flags having at least one subspace that is a subfield
and at least another one that is not. This condition gives length at least two.
Note also that, all the fields in a flag F constitute a Galois subflag.

Definition 3.24. We say that a flag F = (Fy,..., Fx) of type (s1,...,5k) gen-
eralizes the Galois flag of type (t1,...,t,) if {t1,...,t,} € {s1,...,s,} and the
following conditions are satisfied:

(1) The subflag of F of type (t1,...,t,) is the Galois flag of this type,
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(2) there is at least one subspace of F that is not a field.

Remark 3.25. Observe that the second condition in Definition 3.24 excludes
Galois flags from our study of generalized Galois flags. Even more, according to
the previous definition, a generalized Galois flag is just a flag having at least one
field and one subspace that is not a field among its subspaces. Besides, in the
conditions of the previous definition, F clearly generalizes every subflag of the
Galois flag of type (t1,...,t.) as well. We pay special attention to the longest
Galois flag being a subflag of F.

Definition 3.26. Let F be a generalized Galois flag. Its longest Galois subflag
is called its underlying Galois subflag.

Observe that the underlying Galois subflag of a generalized Galois flag always
exists and, due to the nested structure of flags, it is unique.

Definition 3.27. Given F a generalized Galois flag and § € Fj., the S-cyclic
orbit flag code generated by F is called a generalized 5-Galois (cyclic orbit) flag
code. If F' is the underlying Galois subflag of F, then we say that Orbg(F’) is
the underlying 5-Galois flag code of Orbg(F).

Let us see some examples reflecting different situations related to this new
class of flag codes.

Example 3.28. Take n = 8 and primitive elements o € Fys, v € Fga. The
sequences

F=FgzFu,Fu®Fa) and F = (Fe,Fp®Fy, Fa)

are generalized flags of type (2,4,6) and (2,3,4) onF s, respectively, with common
underlying Galois subflag (Fg2,Fya). Now, for any B € Fy., the best friend of the
B-Galois flag code Orbg((F,2,F)) is the field F 2 and this property also holds for
the generalized [3-Galois flag code Orb(F). However, the best friend of Orb(F")
is IF,, which is a field not appearing in F'.

Remark 3.29. Given a generalized 3-Galois flag code C of type (s1, ..., sx) with
underlying Galois subflag (Ft.,...,Fg.), if the subfield Fym is the best friend of
C, then it holds Fgm C F;.

Concerning the attainable distance values for this class of codes, contrary what
happens with Galois flag codes whose set of reachable distances is completely
determined by the type, different situations can arise.

Example 3.30. Take n = 4 and consider a generalized Galois flag F of type
(1,2,3) with underlying Galois subflag (F,). In this case, the set of attainable
values for ds(Orbg(F)) is exactly the same as for general flag codes of this type
on Fya, that is, any even integer between 0 and 8. However, for the same choice
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of the parameters, flags generalizing the Galois flag (F,,F2), i.e., those of the
form

F' = (Fy, B2, Fy),
for some subspace Fy of dimension 3 of Fu, present a restriction on the set
of possible distances. Let us prove that the value dg(Orbg(F')) = 6 cannot be
obtained for any 3 € ;.. Observe that the projected code Orbg(Fg2) is a partial
spread of dimension 2 of Fga. Hence, when computing the distance

dp(F', F'3") = ds(Fy, Fy ') + ds(Fpp, Fe 8°) + ds(F, F35°),
we have that

4  otherwise.

ds(E 78 = {

Moreover, if ds(Fpe,Fp28") = 0, then it holds dy(F', F'8') < 4. On the other
hand, if ds(Fp,F, 26) = 4, we have dim(Fp NF2B') = 0 or, equivalently,
dim(F 2 @ F28") = 4. Hence, for this precise 5, we get

dim(F, NF,B8) =0 and dim(F;+ F38') = 4.

In both cases, we can conclude dgs(F,,F,B8") = ds(Fs, Fi5°) = 2. As a conse-
quence, it holds dy(F', F'3") = 8. Thus, the value d = 6 cannot be obtained if we
consider flags of type (1,2,3) on Fp generalizing (F,,F2).

The situation exhibited in the last example is a direct consequence of the
presence of certain subfields of Fy» as subspaces of a generalized Galois flag F.
In other words, its underlying Galois subflag affects, in some sense, the value
df(Orbg(F)). The next result establish some conditions on the minimum distance
of generalized [-Galois flag codes that allow us to discard some values of the
distance.

Theorem 3.31. Let F be a generalized Galois flag of type (s1,...,sk) on Fyn
with underlying Galois subflag (Fg, ..., Fpr) and take 8 € F}.. Consider i €
{1,...,r}. Then the following statements hold:

(1) If B € Fy,,, then ds(Fi, Fif) =0, for all s, € {t;, ... 1, }.
(2) If B ¢ F;ti, then dg(Fy, Fif) = 2s; for all s1 < s; < ;.

Proof. (1) Assume that § € F?.,. Hence, § € IF* , for every i < j < r. In other
words, we have F ;8 =T ., i.e. ds(IFqJ,]quﬁ) =0foralli<j<r.

(2) Take now 8 ¢ F7,, = Stab(F,). In this case, Fy, and Fy, 3 are different
subspaces in the t;-spread Orb(FF,; ) and we have that dim(F; NF, ) = 0.

Thus, for every dimension s; < ¢; in the type vector, we have dim(F; N
FiB) = 0 and then dg(F;, Fi8) = 2s;.
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According to this result, it is clear that some combinations of subspace dis-
tances are automatically discarded when we compute the minimum distance of a
generalized [-Galois flag code. Even thought we do not have a pattern to com-
pute the distance values as it occurs for Galois flag codes (see (7.20), by means
of Theorem 3.31, we can state some required conditions for potential distance
values between flags on a generalized [-Galois flag code.

Definition 3.32. Take a flag F of type (s1, ..., s;) on F,» generalizing the Galois
flag (Fgt1,...,Fgr) and an element 3 € Fy.. We say that an even integer d is
a potential value for dg(Orbg(F)) if it can be obtained as a sum of subspace
distances of dimensions si, ..., s; satisfying:

(1) For dimensions t;, only distances 0 or 2t; are considered.

(2) If we sum 2t; for dimension ¢;, then all the distances for lower dimensions
in the type vector are maximum as well.

(3) If for some dimension t; we have distance 0, then the same happens for
dimensions ¢;, with i < 7 < 7.

Remark 3.33. Notice that, according to Definition 3.32, and as suggested in
Example 3.30, having the field F, as the first subspace of a flag does not affect
to the set of potential distance values since every [-cyclic code of dimension 1
of Fn (generated or not by F,) has distance either 0 or 2. On the other hand,
as also mentioned in Example 3.30, some distances cannot be attained when we
have other fields among the subspaces of the generating flag. For instance, the
single value d = 6 is discarded for n = 4, type (1,2,3) and underlying Galois
subflag of type (1,2).

The next example shows that, in general, many values of the flag distance are
not compatible with the underlying structure of nested fields.

Example 3.34. Fiz n = 16 and the type vector (2,4,5,6,8). In general, every
even integer 0 < d < 50 is a possible value for the flag distance for this choice of
the parameters. Nevertheless, if F is a generalized Galois flag of type (2,4,5,6,8)
with underlying Galois subflag of type (2,4,8), then for every 3 € F., the set of
potential values for Orbg(F) is

{0,2,4,6,8,10,22,50}.

In other words, no intermediate distances 12 < d < 20 or 24 < d < 48 can
be obtained when the starting flag contains fields as its subspaces of dimensions
2,4 and 8 (for more details on the computation of the set of distance values, we
refer the reader to [5], where a deep study on the flag distance parameter and its
behaviour is presented,).
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At this point, we can assert that the distance of a generalized Galois flag code
is strongly influenced by its underlying Galois code. Hence, it is quite natural to
wonder if generalized [-Galois flag codes behave as well as Galois flag codes in
the following sense:

(%) Given a generalized Galois flag F and a potential value d for
the distance defined in 3.52, can we always find a suitable subgroup

(B) C Frn such that d;(Orbg(F)) =d?

In the following section we prove that the answer to the previous question is
negative by exhibiting a specific family of generalized Galois flags.

4 A construction of generalized Galois flag codes

This section is devoted to build generalized Galois flags written in a regular
form that allows us to provide constructions of S-cyclic orbit flag codes with a
prescribed best friend. In Subsections 4.1, 4.2 and 4.3, we focus on the particular
case of 8 primitive due to the fact that the obtained cyclic orbit codes present
important properties that deserve to be underlined. Finally, Subsection 4.4 is
devoted to deal with the -cyclic case and, in particular, to give an answer to the
question () formulated in the previous section.

Recall that, according to the definition of best friend, we can express all the
subspaces of a given flag as vector spaces over its best friend (see (7.14)). In our
case, we will consider a specific family of flags, whose subspaces are written in
the regular form used in Proposition 2.4. Let us describe the form of such flags
and obtain the parameters of cyclic orbit flag codes generated by them.

Fix F,m a subfield of Fy» and consider a primitive element a of Fyn. For
each positive integer [ such that 1 <1 < g;ill, let L be the degree of the minimal
polynomial of o' over Fn. Observe that L is also the degree of the field extension
F e /Fgm, that is, L = [Fyme : Fgm]. Hence, L divides [Fgn : Fgm] = n/m = s and,
we have that L < s. In addition, the set {1,a!,a?, ..., a!=V"} is a basis of the
field extension Fymz /Fgm. Thus, we can write

L-1
P Fema? =Fynla'] = Fu. (7.21)
j=0

Now, for every ¢ =1, ..., L, the vector space

i—1
U = PF o’ (7.22)
5=0

has dimension mi (over ) and, as stated in Section 2, it is a field if, and only
if, either ¢« = 1 or ¢ = L. Hence, the sequence (U, ...,U;) forms a generalized
Galois flag of type (m,2m, ..., mL) with underlying Galois subflag (Fgm, F mr).
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Remark 4.1. Observe that we cannot define a direct sum of this shape with more
than L terms, since every power of ol is always an element in Uy, = F m[al] =
F,mz. Hence, this regular form allows us to construct flag codes on Fy» of length

r < L. Moreover, in case L = s, asUy, = Fgn, we just get r < L —1=15—1.

The following two subsections (4.1 and 4.2) are devoted to describe a con-
struction of generalized Galois flag codes having F,» as their best friend. We
perform it in two steps. First, we use flags in the regular form just described
above in order to obtain a “basic” construction of generalized Galois flag codes
where the underlying Galois flag code has, at most, length 2. Then, we pro-
pose a procedure to overcome this restriction and present another construction
of generalized Galois flag code having a prescribed underlying Galois flag code
by suitably “weaving” several basic generalized Galois flag codes.

4.1 Basic constructions

By means of Proposition 2.5, we can easily determine the best friend of the
subspaces U; defined in (7.22): it is the subfield Fym, for 1 < ¢ < L — 1 whereas
the subspace Uj, = F me is its own best friend. This fact implies that we will find
one or two fields among the subspaces U;, according to Remark 4.1. Since the case
of length r = 1 corresponds to constant dimension codes (already studied in [11]),
from now on, we will assume r > 2. Now, we know that for every type vector given
by multiples of m, say (msi,...,ms,), where 1 < s; < --- < s, < L, we select
the subspaces defined in (7.22) corresponding respectively to these dimensions,
that is,

s;—1

Fi=U, =PFma” 1<i<r (7.23)
7=0

With this notation, the next result holds.

Theorem 4.2. Let a be a primitive element of Fyn, | a positive integer with
1<l< ;1;:11 and L the degree of the minimal polynomial of o' over Fym. Consider
the flag F = (Fi,...,F.) of type (msy,...,ms,) on Fyn with subspaces defined
in (7.23). Hence, the code Orb(F) has best friend Fym and, in particular, its

cardinality is (¢" —1)/(¢™ — 1). Moreover,

(1) If s, < L, the code Orb(F) is consistent with distance d;(Orb(F)) = 2mr.

(2) If s, = L, we have that d;(Orb(F)) = 2m(r — 1) and we can write

- c—1
Orb(F) = U‘—o Orbge(Fa'),

q"—1
L_1-

with ¢ = -L
q
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Proof. Recall that, by means of Proposition 2.5, the best friend of every subspace
in F is either Fgm or F mr. Since r > 2, there is at least one subspace with Fym as
best friend and, automatically, this subfield is the best friend of the flag F. As a
consequence, by Proposition 3.10, the cardinality of Orb(F) is (¢" —1)/(¢™ —1).

Now, suppose that s, < L. In this case, every dimension in the type vector
is ms; < ms, < mL and every subspace in the flag F has the subfield F;m
as its best friend. Hence, the code is disjoint and, by means of Theorem 3.12,
we have d;(Orb(F)) > 2mr. Moreover, notice that, for every 1 < ¢ < r, the
subspace F; N Fol = @j;ll F,ma! has dimension m(s; — 1) over F, and then

ds(Orb(F;)) = ds(F;, F;al) = 2m. Hence, it holds

df(C) < df(F,Fa') = dg(F;, Fia') = 2mr
i=1
and we conclude ds(C) = 2mr. Moreover, the value coincides with the sum of the
ones of its r projected codes (each one of them with distance 2m). Hence, our
code is consistent (see Definition 3.4).

Assume now that s, = L. Then Orb(F) is not disjoint since the subspace
Fp = Fyme is its own best friend. However, since Fi, ..., F._; have the same best
friend Fym, Theorem 3.12 ensures that d;(Orb(F)) > 2m(r — 1). On the other
hand, observe that of € IF;”L \ 7., stabilizes F,. but dg(F;, Fial) = 2m for every
1 < i < r. Hence, we have d;(Orb(F)) = d;(F, Fa') = 2m(r — 1).

Concerning the structure of this cyclic orbit flag code, it is clear that

c—1

|J Orbuc(Fa') € Orb(F).

i=0
Let us see that both sets have the same cardinality. To do so, observe that a¢ is
a primitive element of F .. Hence, for every 1 < ¢ < r, it holds

Stab,e(Fa') = Flme N Stab(Fa') = Fome NFgm = Fm.

As a consequence, we have |Orbge(Fa')| = q;;f:f. Now, we prove that all these
orbits are different. To do so, for every choice 0 < i < ¢ — 1, observe that flags
in Orbae(Fa') have the same last subspace Fr.a' = F mra' since af stabilizes

Fr =Fymr = {0} U (). Moreover, the last projected code
Orb(F,) = {]quLOéi |0<i<c—1}

of Orb(F) is precisely the m/L-spread Orb(F,mz) of Fg». Hence, for every choice

0 <i<j<c—1,subspaces Fnra! and Fymza are different. Therefore, all the

orbits Orb,e(Fa') are different and the cardinality of their union is exactly
C.qu_l - qn_l .qu_l _ qn

-1
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From Theorem 4.2, and making a suitable choice of the type vector, we derive
some constructions of our interest.

Corollary 4.3. Consider the flag F of type (msy,...,ms,) with r > 2 defined
in (7.23). If L < s, then:

(1) the code Orb(F) is a Galois flag code if, and only if, the type vector is
(m,mL).

(2) Orb(F) is a generalized Galois flag code if, and only if,
0A{1, L} {s1,...,s} #{1,L}.

Proof. In the first place, if L < s, it is clear that F is a Galois flag if it just have
subfields of F» as its subspaces. According to expression (7.23), just subspaces
of dimensions m and mL are fields. Moreover, since r > 2, the result follows. 1

Corollary 4.4. Take the flag F of type (msi,...,ms,) defined in (7.23) and
assume r = 2 and L = s, then:

(1) Orb(F) is a generalized Galois flag code if, and only if, s; = 1.

(2) In particular, if sy = 1 and sy = L—1, then Orb(F) is an optimum distance
generalized Galois flag code of type (m,n —m) with the largest possible size.

Proof. In this case, the only subfield of F» writen in the regular form (7.22) is Fm
and the first statement follows straightforwardly. For the second one, it suffices
to notice that the subspaces 7, = U; = Fym and Fy = Uy are of dimensions m
and n —m and have Fym as their best friend. Hence, the result holds by means
of Proposition 3.17. |

At this point, we have all the ingredients to perfectly describe the structure
of any cyclic orbit flag code Orb(F) given in Theorem 4.2, in case its distance is
either the minimum or the maximum possible one. This result is closely related
with to discussion in Subsection 3.3 about the interdependence of distance values
and type vectors, for this particular family of codes.

Theorem 4.5. Let o be a primitive element of Fgn, | a positive integer such
that 1 <1 < ;]:l:ll, and L the degree of the minimal polynomial of o' over Fym.
Consider F = (Fi,...,F,) the flag of type (ms1,msa,...,ms,) on Fypn of length

r > 2 with subspaces defined as in (7.23). If s = n/m, then:

(1) The code Orb(F) has distance equal to 2m if, and only if, its type vector is
(ms1,mL) for some 1 < s1 < L < s. Moreover, if s1 = 1, then Orb(F) is
the Galois flag code of type (m,mL).
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(2) The code Orb(F) is an optimum distance flag code if, and only if, L = s
and its type vector is (m,m(L — 1)). In this case, Orb(F) is a generalized
Galois flag code that attains the largest possible size.

Proof. We divide the proof into two parts.

(1) By means of Theorem 3.12, if the orbit Orb(F) has distance 2m, then there
is exactly one subspace of F with Fym as its best friend. Since subspaces
defined in (7.23) have the subfield F,~ as their best friend except if they
are fields, we conclude that the last subspace of the generating flag must
be the field Fymr = Fym[a]. Thus L cannot be s and it holds L < s. Its
first subspace can be any other subspace F; of dimension ms; < mL.

To prove the converse, just note that the distance between (Fy,F,mz) and
(F1,Fyme)at is 2m, which is the minimum distance for cyclic orbit flag codes
with F,m as their best friend.

To finish, if s; = 1, the only possibility for F is to be the Galois flag of type
(m,mL) and the result holds.

(2) On the other hand, if Orb(F) is an optimum distance cyclic orbit flag code
with F,» as its best friend, by means of Proposition 3.16, and assuming
r > 2, its type vector must be (m,n —m). Hence, we need mL to be at
least n — m = m(s — 1). In other words, L must be greater or equal than
s — 1. However, L has to divide s. If L = s — 1, the only possibility is
s = 2 and the only type vector consisting of multiples of m is (m), which
has length one. Thus, it must hold L = s. The converse is also true by
application of Corollary 4.3.

Remark 4.6. Concerning the first statement of the previous result, it is impor-
tant to point out that if we consider a generating flag not necessarily written in
the regular form described in (7.23), it is possible to attain the distance 2m with
no other field among the subspaces of the generating flag than the best friend
of the flag. Recall that, for general flags, even if we fix the field Fym as the first
subspace, there are three possibilities for the best friend of each one of its sub-
spaces: the field F,m, the subspace itself (in case it is a field) or an intermediate
extension field over Fym. The next example contemplates this situation.

Example 4.7. Fiz n = 16 and consider a generalized Galois flag F = (Fy, Fa)
with type vector (2,8) such that

F = ]FqQ,
Fo = ]qu @quﬁ@FqQQ@FqQﬁa = Fq4EBFq4Oé,

where a denotes a primitive element of Fpe and B = @ =D/ =) g g primitive
element of the subfield F 1. Observe that F,a is a friend of Fy. Even more, it is its
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best friend by means of Proposition 2.5, since the degree of the minimal polynomial
of a over Fpa is 16/4 = 4. According to this, Fp is the best friend of the cyclic
orbit flag code Orb(F). Moreover, we have that d¢(F,FB) = ds(F1,F10) = 4
is the minimum possible distance for cyclic orbit flag codes with Fp2 as its best
friend. However, Orb(F) is not the Galois flag code of type (2,8), since F is the
only flag in the code with its first subspace containing the element 1 € Fpe but
Fo is not a field.

Observe now that, taking again the flag F = (Fi, F2) as in the previous
example, we have the subfield F4 as an intermediate subspace. In other words,

the sequence
F = (qu,Fq4,Fq4 D Fq405)

forms a generalized Galois flag longer than F. Notice that the field F+ can be
written in regular form as a vector space over F. as Fp2 ® F.23. Moreover, the
subspace F« ©F 4av is, at the same time, written in regular form as a vector space
over [Fg+. Inspired by this idea, we will describe a general procedure that allows
us to obtain generalized Galois flags codes, written in regular form over suitably
chained subfields.

4.2 Weaving basic generalized Galois flag codes

The previous basic construction (Theorem 4.2) presents a limitation on the num-
ber of subfields that can appear as subspaces of the generating flag. In this
subsection, we focus on a systematic construction of generalized Galois flag codes
with a prescribed underlying Galois subflag. More precisely, if mq, mo, ..., mg
are divisors of n such that m; divides m;. 1, for every 1 < ¢ < k, we work on the
construction of generalized Galois flag codes with (Fymi,...,F,m) as underlying
Galois subflag.

As a matter of notation, through this section we will write my,1 = n. Let «
be a primitive element of F,» and put ¢; = %, for 1 << k+ 1. It turns
out that each power a; = a“ is a primitive element of the corresponding subfield
Fymi. For every 2 < i < k + 1, the degree of the minimal polynomial of «; over
Fymi1 is Ly = mm,l With this notation, we consider k flags F*,..., F* on Fn,
whose subspaces are given by

7j—1
Fi =P Fmioi,,, (7.24)
=0

for 1 <j < Liy;—1and 1 <7< k. Observe that, for every 1 < i < k, we have
that F; = F,m and the dimension of ]-"; (as an F,-vector space) is jm,. Hence,
the type vector of F* is given by all the multiples of m; smaller than m;,, that
is, (mg,2m;,...,m;z1 —m;). As a consequence of Theorem 4.2, the next result

holds.
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Corollary 4.8. Let F' be the flag defined in (7.2]) for every 1 < i < k. Then
the generalized Galois flag code Orb(F") is consistent with distance 2(m;,; —m;)
and has the field Fym; as its best friend.

Proof. For every 1 < i < k, we apply Theorem 4.2 (part (1)) to the generalized
Galois flag code Orb(F?) and conclude that it is a consistent flag code with
distance equal to 2m;(L;11 — 1) = 2(m1 — my). |

Observe that we have constructed a collection of orbit flag codes with respec-
tive generating flags in regular form over their best friend. The first subspace
of each flag F? is precisely its best friend and contains the last subspace of the
previous flag, since

"T-;éi+1—1 - qui [O'/i-‘rl] = qui+1 - ‘/—-;+I7
for every value 1 < i < k — 1. By means of this property, we can consider a
generating generalized Galois flag having all the subfields {F,m; }¥_; among its
subspaces just by taking

F=F e Fl Fiee o Fhyts o Fry oo FL 1), (7.25)

whose type vector is (mq,...,ma — My, Mo, ..., Mg — Mo, Mg, ..., Mk, ..., N —
my). In this way, by weaving the independent basic constructions described in
Corollary 4.8, we get a generalized Galois flag code with the prescribed tower of
subfields (Fymi, ... ,F,m.) as its underlying Galois subflag.

Proposition 4.9. Let F be the generalized Galois flag on Fyn given in (7.25).
Then the generalized Galois flag code Orb(F) generalizes the Galois flag of type

. . . n_q . .. .
(ma,...,my). Its cardinality is Jm— and its minimum distance, 2(ms —my).

Proof. By construction, it is clear that the subspace of dimension m; of F is the
field Fym,, for every 1 < ¢ < k. Moreover, subspaces of dimensions m;, ..., m;11 —
m; have the subfield Fy=; as its best friend. As a result, the best friend of the
flag F coincides with its first subspace, that is, Fgmi. This fact leads to the
statement about the cardinality. Let us compute now the minimum distance
of the code. First, by means of Theorem 3.12, since there are exactly Lo — 1
subspaces of F with Fym: as their best friend, we conclude that ds(Orb(F)) >
2mq(Ly — 1) = 2(mg — my). Moreover, observe that ay stabilizes every subspace
of the flag F containing Fym» = {0} U (o). Hence, d;(Orb(F)) < df(F, Fas) =
dy(F', Flag) = 2m(Ly — 1) = 2(my — my) since, for every 1 < j < Ly — 1, the
subspace ]—"jl N ]—"jloz = {;11 F,mab has dimension m(j — 1). We conclude that
df(Orb(F)) = 2(me —my). I

Remark 4.10. Note that weaving our basic constructions allows us to give gen-
eralized Galois flag codes with any given underlying Galois subflag in a systematic
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way. Another interesting fact to point out is that the best friends of the sub-
spaces in the generalized Galois flag F defined in (7.25) form a nested sequence
of subfields. This does not happen in general for arbitrary generalized Galois flag
codes and it helps us to easily determine the cardinality and distance of the code
Orb(F) as well as to give bounds for the distance when we consider its §-cyclic
subcodes, as we will see in Subsection 4.4. On the negative side, contrary to what
happens with the basic construction, the waved one is not consistent since it is
not even disjoint.

4.3 Decoding our constructions over the erasure channel

The use of flags in network coding was originally introduced by Liebhold et al. in
[15]. In that paper, a channel model for flags was presented and some construc-
tions, together with their decoding algorithms (over the erasure channel) were
provided. In [2], a decoding algorithm over the erasure channel for consistent flag
codes is presented. In particular, such an algorithm can be applied to the basic
construction given in Theorem 4.2, part (1). Although the rest of constructions
in this paper are not consistent, we can adapt the decoding process in [2] to them.
To do so, let us briefly recall some concepts related to the notion of correctability.

Assume that we have sent a flag F = (Fi,...,F,) and hence, the receiver
gets a sequence of nested subspaces X = (X1,...,X,) that, when working over
an erasure channel, must satisfy X; C F;, for all 1 <7 < r. In this context, each
value e; = dg(F;, X;) = dim(F;) — dim(A;) is called number of erasures at the
i-th shot whereas e = dg(F,X) = Y., e; is the total number of erasures. We
say that the total number of erasures e is correctable (by minimum distance) by

a flag code C whenever e < LMJ Analogously, we also say that the value ¢;

2
is correctable by the projected code C; if ¢; < L%J

Let us fix the flag code C as the one presented in Theorem 4.2, part (2). Recall
that such a code has distance 2m(r — 1) and r projected codes of distance 2m.

Following the ideas of |2, Proposition 8], we state the next result.
Proposition 4.11. If the total number of erasures e is correctable by the gener-
alized Galois flag code C, then there exists some 1 < i < r—1 such that the value

e; 15 also correctable by the corresponding projected code C;.

Proof. Assume that no value e; is correctable for every 1 < ¢ < r—1. Equivalently,
we have that e; > m for every 1 <7 <r — 1. As a consequence, we have that

e:Zei>m(r—1)+€T>m(r—1),
i=1

which is a contradiction, since C can correct up to m(r — 1) — 1 erasures. 1
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Now, if C' denotes the generalized Galois flag code obtained by the weaved
construction given in Proposition 4.9 and m; = m, then we have d;(C") = 2(mq —
m) = 2m(Ly — 1). Moreover, dg(C;) = 2m holds for the first Ly — 1 projected
codes. Hence, the same argument in the proof of Proposition 4.11 can be used to
show that a correctable total number of erasures can be detected and corrected
by one of the first Ly — 1 projected codes of C.

Proposition 4.12. If the total number of erasures e is correctable by C', then
there exists some 1 <1 < Ly — 1 such that e; is correctable by the projected code

c.

Moreover, in both situations, every projected code has the same distance,
which is 2m. Hence, the number of erasures at any shot is correctable whenever
it holds e; < m — 1. We can easily identify if an erasure is correctable just by
checking the dimension of every received subspace X;. The next proposition is
valid for both a generalized Galois flag codes C and C'.

Proposition 4.13. The number of erasures e; is correctable by the constant di-
mension code C; (resp. C}) if, and only if, dim(X;) > dim(F;) —m + 1.

Proof. Assume that we send a flag F € C (resp. in C’) and a stuttering flag X is
received. Then e; is correctable by C; (resp. C)) if, and only if, it holds

dim(F;) — dim(X;) = dg(F;, Xi)) =e; <m —1
or equivalently, if dim(X;) > dim(F;) —m + 1. 1

Remark 4.14. Observe that neither C nor C’ are disjoint flag codes. However,
Proposition 4.11 (resp. 4.12) allows us to decode at least one of the received
subspaces &; into the sent one F; for an index i satisfying |C;| = |C| (resp.
|IC/| = |C’|). Hence, after having recovered JF;, one can easily obtain the sent flag
F as the unique flag in C (resp. C’) having F; as its i-th subspace.

4.4 The [-cyclic case

In this part of the paper, we consider orbits under the action of proper sub-
groups of Fy, generated by the flag F given in (7.25), which has underlying
Galois subflag (Fymi,Fyms, ..., Fgm). In other words, for every 8 € F}., we
study the generalized 8-Galois flag code Orbg(F). Recall that this code has type
(my,...,mg — My, Ma, ..., M3 — Mg, M3, ..., Mg,...,n —my) and it has the fol-
lowing particularity: the best friends of the subspaces of F are nested. More
precisely, the subfield Fym; is the best friend of the subspaces of dimensions
m;,...,miz1 — m; in the flag, for every 1 < ¢ < k, where mg,;y = n. This
property makes our flag F be closer to the Galois flag of type (mq,...,my) than
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other flags that also generalize it. As a result, we can give lower and upper
bounds for the distance of Orbg(F) by studying the sequence of subgroups

(B) NFgmi € (B) NFgmy -+ C (B) NFgmy.

In particular, we consider two possibilities: either all these subgroups coincide or
some inclusion is strict. In the latest case, we are especially interested in the first
index 1 < i < k such that (8) NFym, # (8) NFym,. Moreover, we exclude those
elements [ € Fyn, since they provide trivial orbit flag codes with distance equal
to zero.

Theorem 4.15. Let F be the generalized Galois flag given in (7.25) and B €
Frn \ Fimy. For every 1 <i < k, we write M; = 22;11 mj+1(Ljy —1).

(1) 1If {8) N FZ"H = (8)N Fzmk; then

L2
2my (L1 — 1) + My < dy(Orbg(F)) < my, {%J + M.

(2) Otherwise, consider the minimum 1 < i < k such that (8) N Fym, & () N
Fymi. Then it holds:

2
2mi_1(Li - 1) + Mi—l < df(Orbﬂ(}")) < m;_—q \‘%J + Mz‘—1~

Proof. Assume that (8) N Fym, = (B8) N Fim,. Let us compute the distance
dg(F, Fp'), for every element ' ¢ Stabg(F) = (8) N Fim,. Since (3) NFim, =
(B) N Fym,, this power A! does not stabilize any subspace in the flag F. In
particular, observe that F,m: and F m.3' are different subspaces in the spread
Orb(F,m). In other words, it holds dg(F,m,Fm3') = 2my, and, by means
of Theorem 3.31, every subspace distance between subspaces of F and F3' of
dimensions lower than my is maximum as well, i.e., twice the corresponding
dimension. Hence, for dimensions up to my; — my_; = my_1(Lx — 1), we obtain
the sum of subspace distances:

ST (2my + 4 2my(Lyg — 1))) = Sim2mi(1+ -+ (L — 1))
k—
Z%ﬂi m;Lj(Ljs — 1)
= Yo myti(Lj — 1) = M.
Moreover, since subspaces of dimensions my,...,n — my = mg(Lgr; — 1) have
F mi. as their best friend, if d represents the flag distance between the subflags of
type mi(1,..., Ly, — 1) of F and F3' and, by means of (7.16), we have:

L2
2my (L — 1) <d <my, { ];HJ :
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Combining these two facts, we get the desired lower and upper bounds for
dy(F,Fp), if B ¢ Stabg(F). In particular, these bounds are also valid for
d(Orbs(F)).

To prove (2), suppose that (8)NF,m # (5)NF,m. and then take the minimum
1 < i < k such that (8) NFym € () NFym:. In this case, we can always find an
element ' € Fm; \ Fim, . This power B! stabilizes every subspace in F having
the subfield Fym; as a friend, i.e., all those of dimensions at least m,. This means
that these dimensions do not contribute to the computation of d¢(F,F3'). On
the other hand, since (8) NFym; = -+ = (8) NFymi1, then Fymi 1 # Fymioi " are
different spread elements and the distance between them is 2m;_;. As before, by
means of Theorem 3.31, all the subspace distances are maximum for dimensions
up to m;. In particular, the distance between the subflags of type (mq,...,m; —
m;_1) of F and FA3 is exactly

i—2
ij+1(Lj+1 —1)=M; .
j=1

Besides, observe that the subspaces of dimensions m;_1,...,m; — m;_; of F and
FB are [Fjmi-1-subspaces of Fgm;. Hence, if d denotes the distance between the
corresponding subflags of F and F3', by (7.16), we have

L?
Qm,;_l(Li — 1) < d < m;—1 {TZJ .

As a result, we conclude

L2
2m;_1(L; — 1) + M; 1 < dy(F, FBY <mi_y {jJ + M;_4 (7.26)
for every B! € F m; \F7m, . Arguing as above, if we take another power of 3 not in
[Fym,, say B", we obtain maximum subspace distances up to, at least, dimensions

m; and then
dp(F, FB") = ds(F, Fp").

As a consequence, the minimum distance of the code is attained when we consider
powers 3! € Fomi \]F;;ml and we have the result. |

Observe that the upper bound for the distance in the first part of Theorem 4.15
is exactly the maximum possible distance for general flags of the corresponding
type. Here below, we go a step further and give a sufficient condition for our
construction to provide optimum distance flag codes, i.e., flag codes with the
maximum possible distance for their type on Fyn.

Corollary 4.16. Consider the generalized Galois flag F given in (7.25) and take
B € Fpu such that (B) NFymy = (B) NFim,. If L < 3, then Orbg(F) is an
optimum distance flag code.
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Proof. Notice that, under these assumptions, by means of Theorem 4.15 (part
(1)), we have

L2
ka(Lkz—i-l - 1) + M < df(Orbg(]-")) < my \‘%J + M.

Moreover, if the degree of the extension F,n/F,m:, that is, the positive integer
L1 = [Fyn : Fypmi] = n/myq, satisfies 1 < Ly < 3, then we have

L2
2(Lk+1—-1)::{—ﬁilJ.
2
Hence, both lower and upper bounds for d;(Orbg(F)) coincide and the code
Orbg(F) attains the maximum possible distance for its type vector. 1

To finish this subsection we address the question (x) launched in Subsection
3.4. Recall that the potential distance values of generalized Galois flag code
follow the rules stated in Theorem 3.31 and Definition 3.32. These conditions
arise naturally from the presence of certain subfields among the subspaces of a
generalized Galois flag. Concerning question (x), we wonder if, given a generalized
Galois flag F, every potential value of the distance can be truly obtained by a
cyclic (or S-cyclic) orbit flag code generated by F. We answer this question by
using the S-cyclic construction presented in Subsection 4.4

Example 4.17. Consider the following parameters choice: ¢ = 2, n = 10. More-
over, we take nested subfields Fo C Fos of the field Fi0, which correspond to the
election of divisors my = 1 and ms =5 of n = 10. In this case, we have Ly =5
and L3 = 2. Let us use the generalized Galois flag F = (Fa, Fa, F3, Fu,Fas) of
type (1,2,3,4,5) with subspaces:

Fo=TF, @y, F3=Fy@®Fyy®Fsy?, and Fy=TFys®Foy®Foy® BFay°,

where v is a primitive element of Fas.
The set of potential values of the distance in this case is given by:

{0,8,10, 12, 30}.

In this case, we know how to choose B € F5,, so that the orbit Orbg(F) attains
some of these distances. More precisely:

e Distance d = 0 is obtained if, and only if, B € F; = {1} = Stab(F).

e For distance d = 8, it suffices to take the cyclic orbit code Orb(F) that, by
means of Theorem 4.2, has distance dg(Orb(F)) = 8.
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o Last, since Ly = 2 < 3, by application of Corollary 4.16, we know that
every € 5, such that (5) NFys = {1} makes Orbg(F) be an optimum
distance flag code. For instance, it suffices to consider subgroups (3) of F.,
of orders {3,11,33} to attain the maximum distance, i.e., the value d = 30.

Moreover, for this specific example, we have obtained the parameters of the code
Orbg(F), for every subgroup (B) of Fiio by using GAP. First of all, since Stab(F) =
F3 = {1}, we have |Orbg(F)| = |5|. The next table collects the set of distances
for the generating flag F:

18] ds(Orbg(F))
1

0
3 30
11 30
31 8
33 30
93 8
341 8
1023 8

Table 7.2: Distance of all the -cyclic orbit flag code generated by F.

Using this example, one can see that not all the potential values of the distance
can be obtained by taking a suitable subgroup of F5.,. It suffices to observe that
neither distances d = 10 nor d = 12 appear in Table 7.2. FEven more, despite the

fact that dy(Orbg(F)) # 12 for any B € F3.0, this value still can be the distance
between a couple of flags; for instance, we have

dp(F,Fy*) =2+4+4+2+0=12.

However, this is not even true for distance d = 10. In other words, for every
B € F3o and any power 1 <1< |B|, the distance dg(F, F ') # 10.

5 Conclusions and future work

In this work we present new contributions to the study of §-cyclic orbit flag
codes started in [3], also following the viewpoint of [11]. The best friend of a flag
code still has a crucial role throughout the paper. In particular, we discuss the
rich interplay among flag distances, best friend and type vector for this family of
codes.

Nevertheless, whereas in [3] the accent was put precisely on the best friend of
the flag code, this time we turn our attention to the generating flag of the orbit.
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We focus especially on those ones having at least one field among their subspaces,
by distinguishing the case of having just fields on the generating flag from the
case where also at least one subspace not being a field appears. This dichotomy
leads, on one side, to the known (-Galois flag codes and, on the other one, to the
generalized (-Galois flag codes, which properties we describe.

Every generalized (-Galois flag code has an underlying §-Galois flag code.
Thus, we have addressed the question of determine if the parameters and the
behaviour of Galois flag codes drives, in some sense, the ones of the generalized
ones. To do this, we provide a systematic construction of generalized Galois flag
codes with a prescribed underlying Galois flag code that presents remarkable
properties and helps to us to shed some light on the raised questions.

To future work, we want to deepen the study of S-cyclic orbit codes by deter-
mining suitable generating flags that allow us to obtain a prefixed distance value
and code sizes as large as possible, even when it is necessary to take unions or
orbits.
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Chapter 8: Flag codes: distance vectors and cardinality bounds

Abstract:

Given I, the finite field with ¢ elements and an integer n > 2, a flag is a sequence
of nested subspaces of Fy and a flag code is a nonempty set of flags. In this
context, the distance between flags is the sum of the corresponding subspace
distances. Hence, a given flag distance value might be obtained by many different
combinations. To capture such a variability, in the paper at hand, we introduce
the notion of distance vector as an algebraic object intrinsically associated to a
flag code that encloses much more information than the distance parameter itself.
Our study of the flag distance by using this new tool allows us to provide a fine
description of the structure of flag codes as well as to derive bounds for their
maximum possible size once the minimum distance and dimensions are fixed.
Keywords: Network coding, flag codes, flag distance, bounds.

1 Introduction

Network coding was introduced in [1] as a new method for sending information
within networks modelled as acyclic multigraphs with possibly several senders
and receivers, where intermediate nodes are allowed to send linear combinations
of the received vectors, instead of simply routing them. In [14], the reader can find
the first algebraic approach to network coding through non-coherent networks,
i.e., those which their topology does not need to be known. In the same paper,
Kotter and Kschischang present subspace codes as the most appropriate codes
to this situation. To be precise, if F, is the finite field of ¢ elements (with ¢
a prime power) and we consider a positive integer n > 2, a subspace code is a
nonempty collection of F-vector subspaces of Fy. When every codeword has the
same dimension, say 1 < k < n, we speak about constant dimension codes. In
this context, we use the subspace distance, denoted by dg (see [14]). Constant
dimension codes have been widely studied in the last decade. See, for instance,
[23] and the references therein.

Size and minimum distance are the most important parameters associated to
an error-correcting code. The first one gives us the number of different messages
that can be encoded. The second one is related with the error-correction capabil-
ity of the code. According to this, there are two central problems when working
with constant dimension codes. On the one hand, the study and construction
of codes having the maximum possible distance for their dimension (see, for in-
stance, |7, 8, 12, 18|). On the other hand, determining (or giving bounds for) the
value A,(n,d, k), that is, the maximum possible size of a constant dimension code
in G,(k,n) with minimum distance equal to d, is an interesting question that has
led to many research works (see [10, 13, 16, 24|, for instance).

In [17], the authors propose the use of flag codes in network coding for the first
time. This class of codes generalizes constant dimension codes and represents a
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possible alternative to obtain codes with good parameters in case that neither
n nor q could be increased. Flags are objects coming from classic linear algebra
defined as follows. Given integers 1 < t; < --- < ¢, < n, a flag of type t =
(t1,...,t,) on Fy is a sequence F = (Fy,...,F,) of nested subspaces F; of F}
such that dim(F;) = t;, for every 1 < @ < r. In this setting, codewords are
flags of the prescribed type vector t. As for constant dimension codes, describing
the family of flag codes attaining the maximum possible distance for their type
(optimum distance flag codes) is a central question that has been addressed in
[3, 4, 5, 19]. On the other hand, obtaining bounds for the value A{;(n, d,t), ie.,
the maximum possible size of flag codes of type t on Fy and minimum distance
equal to d, is also an important problem that, up to now, has only been addressed
in the work [15], where the author focuses on the full type vector (1,...,n —1).
The current paper represents a contribution in this direction.

Given two flags F,F’ of type t on Fy, their flag distance is defined as
de(F,F') = >, ds(Fi, F!). This definition implies that a flag distance value
might be obtained as different combinations of subspace distances and it sug-
gests that the way we obtain the flag distance is relevant information to take into
account beyond the proper numerical value. We deal with this question by in-
troducing the concept of distance vector d(F,F) = (dg(F1, Fy),...,ds(Fr, F)))
associated to the pair of flags F and F’. This is an algebraic object strongly
related not only to the value of the distance d;(F,F’) but also to the nested
linear structure of these flags. With its help, we develop techniques that allow
us to study both the cardinality and the minimum distance of flag codes. First,
the study of distance vectors will allow us to determine how the flag distance
fluctuates when we consider flags sharing a given number of subspaces. Hence,
we investigate the structure of flag codes in which different flags do not share
simultaneously their subspaces of a prescribed set of dimensions. This approach
leads us both to derive some structural properties of the flag code and to obtain
upper bounds for the value Ag (n,d,t), strongly based on the maximum number
of subspaces that different flags in a flag code of type t and distance d can share.

The paper is organized as follows. In Section 2, we recall some definitions and
known facts related with constant dimension codes and flag codes. In Section
3, the notion of distance vector and a characterization of them are presented.
Section 4 is devoted to study the flag distance between flags of the same type
that share certain subspaces. In Section 5, we generalize the notion of disjointness
introduced in [4] and use the results obtained in the previous section in order to
deduce structural properties of a code by simply looking at its minimum distance.
In Section 6, we apply the concepts and results in Sections 4 and 5 to extract
bounds for the values Ag (n,d,t). Last, Section 7 is dedicated to developing a very
complete example that illustrates in detail the techniques previously discussed.
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2 Preliminaries

In this section we recall some known facts on subspace and flag codes that we
need in this paper. We start fixing some notation. Let ¢ be a prime power and
consider the finite field F, with ¢ elements. For every positive integer n > 2,
we write F to denote the n-dimensional vector space over the field F,. Given a
positive integer k < n, the Grassmann variety, or simply the Grassmannian, of
dimension £ is the set G,(k,n) of k-dimensional vector subspaces of Fy. It is well
known (see [14]) that

n (¢" —1)...(g" 1 —1)
skl =3 = &

The Grassmannian can be seen as a metric space endowed with the subspace
distance defined as

ds(U,V) = dimU + V) —dim@U NV) = 2(k — dimU N V).  (8.2)

for all U,V € G,(k,n). A constant dimension code C in G,(k,n) is a nonempty
collection of k-dimensional vector subspaces of ;. These codes were introduced
in [14] and studied many papers (see [23| and references therein for further infor-
mation). The minimum distance of C is the value

ds(C) = min{ds(U,V) | U,V €C, U £V},

whenever |C| > 2. If |C| = 1, we put dg(C) = 0. In any case, the subspace
distance is an even integer such that

2% it 2k <n,
0<ds(C) < { An—k) if 2k >n. (8.3)

The study and construction of constant dimension codes attaining this upper
bound for the distance has been addressed in several papers (see [8, 18|, for
instance). Another important problem is the one of determining (or giving bounds
for) the value A,(n,d, k), which denotes the maximum possible size for constant
dimension codes in G,(k,n) having prescribed minimum distance d. The reader
can find constructions of constant dimension codes as well as lower and upper
bounds for A,(n,d, k) in [6, 10, 12, 13, 16, 20, 21, 22, 23, 24]. As a generalization
of constant dimension codes, in [17], the authors introduced the use of flag codes
in network Coding. Let us recall some basic definitions in this matter.

Given integers 1 <t <--- <t <n,a flag of type t = (t1,...,t,) on F} is a
sequence F = (F,...,F,) of nested subspaces F; of [y such that dim(F;) = t;,
for every 1 < i < r. The vector (1,...,n — 1) is called the full type vector and
flags of this type are known as full flags.
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Throughout the rest of the paper, we will write t to denote an arbitrary but
fixed type vector t = (t1,...,%,). The flag variety F,(t,n) is the set of all the
flags of type t on [Fj. This variety contains exactly

IF,(t,n)] = mq LZ - ZL . {”n—_’le]q (8.4)

elements (see [15]) and it can be equipped with the flag distance, computed as

dy(F,F') =) ds(F:, F)), (8.5)
i=1
for every pair of flags F, F' € F,(t,n).
A flag code C of type t on Fy is a nonempty subset of F,(t,n). We can
naturally associate to it a family of r constant dimension codes by projection.
For every 1 < ¢ < r, consider the map

Di - fq(t7n) — gq(tzan) (86)
defined as p;((F1,...,F,)) = Fi, for every (Fi,...,F,) € F,(t,n). With this

notation, the i-th projected code C; of the flag code C is the constant dimension
code C; = p;(C) C G,(t;,n), consisting of all the i-th subspaces of flags in C.
If C C F,(t,n) is a flag code with |C| > 2, its minimum distance is defined as

df(C) = min{df(]:, .F/) ’ F, Fe C, F 75 .F/}

and, if |C| = 1, we put df(C) = 0. Notice that, by means of (8.3), we can easily
deduce that ds(C) is an even integer such that

0<dC)<2| > ti+ Y (n—t)]. (8.7)
u<[3]  t>[3]

When working with full flag codes, the previous bound becomes

2 . .
% if n iseven,

0<dsC) < 5
1©) {" L if n s odd.

2

(8.8)

In the flag codes setting, we write A(J; (n,d,t) to denote the maximum attain-
able size for a flag code in F,(t,n) with minimum distance equal to d. In case
of working with full flags, we drop the type vector and simply write A{; (n,d).
This notation was recently introduced by Kurz in [15]. In that work, the author
provided techniques to upper and lower bound these values in the full type case.
Moreover, an exhaustive list of exact values of Af(n,d) is also given for small
values of n.
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3 Flag distance versus distance vectors

As seen in Section 2, the flag distance extends, in some sense, the subspace
distance. However, since it is defined as a sum, a particular flag distance value
might be attained by adding different combinations of subspace distances. This
makes that the minimum distance of a flag code will have associated some of the
possible combinations (maybe all of them). In order to clarify this fact, in this
section, we introduce the concept of distance vector to better represent how the
distance between different flags is distributed among their subspaces.

Definition 3.1. Given two different flags 7, 7' of type t on Fy, their associated
distance vector is

d(F,F) = (ds(F1, F}),...,ds(Fr, F.)) € 2Z".

Notice that the sum of the components of d(F, F') is the flag distance d¢(F, F")
defined in (8.5). Given a positive integer n > 2 and a type vector t, we denote
by D®™ the maximum possible value of the flag distance in F,(t,n) that, as a
consequence of (8.7), is

DEM =21 > t;i+ > (n—t;)|. (8.9)

u<[3] >3]
In particular, when working with the full type vector, we simply write

D”:{ %i if n iseven, (.10)

2 . .
”21 if n isodd

to denote the maximum possible distance between full flags on [Fy! (see (8.8)). For
technical reasons, even if we work with n > 2, we extend this definition to the
case n = 1 and put D! = 0.

From now on, we write d to denote an even integer such that 0 < d < D®™).
Observe that, under these conditions, we can always find flags F, F’ € F,(t,n)
such that d;(F, F') = d. Hence, such a value d represents the possible values for
the flag distance in F,(t,n). Let us study in which ways this distance value d
can be obtained.

Definition 3.2. Let d be an even integer such that 0 < d < D®")  We define
the set of distance vectors associated to d for the flag variety F,(t,n) as

D(d,t,n) ={d(F,F) | F,F € F,(t,n), de(F,F')=d} C2Z".
On the other hand, the set of distance vectors for the flag variety F,(t,n) is

D(t,n) = {d(F,F) | F.F € F,(t.n)} C27".

149



New insights into the study of flag codes

and it holds

D(t,n) = | JD(d t,n),

where d takes all the even integers between 0 < d < D®") When working with
the full flag variety, we drop the type vector and simply write D(d,n) and D(n),
respectively.

The next result reflects that, for every choice of the type vector, the set D(t, n)
can be obtained from D(n) by using the projection

T /A — /A

(U1, .oy Up1) > (Vg ey 0g,)e (8.11)

Proposition 3.3. Consider a type vector t and the projection map my defined in
(8.11). It holds

m(D(n)) = D(t,n),

i.e., distance vectors for an arbitrary flag variety can be obtained by projection
from (possibly several) distance vectors for the full flag variety.

Proof. Take a distance vector d(F,F’) € D(n), for a pair of full flags F =
(Fiyos Fuor) and F'o= (F,..., F, ;). It suffices to see that m(d(F,F"))
is the distance vector associated to the pair of flags F = (F,,...,F,) and

F'=(F,...., F)in Fyt,n).

Conversely, given two flags F = (Fy,...,F,) and F' = (F],...,F.) in
F,(t,n), we can consider full flags F = (Fi,...,F,1) and F' = (F},..., F,_4)
such that F,, = F; and F| = F/, for all 1 < i < r. In this case, it holds
m(d(F, F')) = d(F, F'). 1

Remark 3.4. Notice that, for every even integer d such that 0 < d < D(t’”), the
set D(d,t,n) is nonempty. Moreover, for some values of d, the set D(d,t,n) is
reduced to just one element. For instance, if we take d = 0, it holds D(0,t,n) =

{0}. If d = D™ there is also a unique distance vector, that we denote by D®").
(t,n)

For every 1 < i < r, its i-th component D, is exactly

D™ = min{2t;,2(n — t;)}, (8.12)

Le., the maximum possible distance between ¢;-dimensional subspaces of Fy.
Observe that, in particular, the distance vector D®™ does not have any zero
component. As before, when working with the full type vector, we simply
write D" = (D},..., D' ;) to denote the unique distance vector associated to
the maximum possible flag distance D™, given in (8.10). Its components are
D! = min{2i,2(n—1)}, for 1 <i <n—1. In other cases, the set D(d, t,n) might
contain more than one element, as we can see in Example 3.8.
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Using the projection defined in (8.11), and arguing as in Proposition 3.3, the
next result follows straightforwardly.

Corollary 3.5. Consider a positive integer n and fix a type vector t for Fy. It
holds
T (D") = D&M,

In the following definition we collect the subset of distance vectors of D(t,n)
that are significant for a flag code in F,(t, n).

Definition 3.6. Given a flag code C C F,(t,n), its set of distance vectors is
D(C) ={d(F,F) | F,F €C, d¢(F,F) =ds(C)}.

Remark 3.7. In general, given a flag code C C F,(t,n) and a pair of flags
F,F' € C such that d;(C) = ds(F,F'), it holds

d(F,F') € D(C) C D(ds(C),t,n) C D(t,n).

Example 3.8. Let {e;, ey, e3,e4} be the standard F,-basis of IF;1 and consider the
following full flags on Ff‘].

Fto= ((e1), (er,e2), (
F2 o= ((e2), (e1,e2), (
.FS = (<e1> R <e1,eg> 3 <el, €9, €3
Fto= ((e2), (ezes), (
Notice that D* = 16/2 = 8. Thus, the possible values of the flag distance for full

flags on IF3 are all the even integers d € [0,8]. In particular, for d = 4, vectors
(2,0,2),(0,2,2),(2,2,0) are elements in D(4,4) since

d(F',F?) = (2,0,2), d(F",F*) = (0,2,2) and d(F, F*) = (2,2,0).

On the other hand, if we take the full flag code C = {F', F* F*}, it holds

dy(FLF) = 0 + 2 + 2 = 4,
d(FLFY = 2 + 2 + 2 = 6,
dp(F3, FY) 2 + 2 4+ 0 = 4

Hence, the distance of the code is df(C) = 4 and D(C) = {(0,2,2),(2,2,0)} <
D(4,4).

Up to now, to show that a given vector v € 2Z" is a distance vector in D(t, n),
we need to exhibit a pair of flags F, F' € F,(t,n) such that v = d(F,F’). We
finish the section with the next result that characterizes distance vectors in terms
of some properties satisfied by their components.
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Theorem 3.9. Let d be an even integer such 0 < d < D&)A wector v =
(v1,...,0.) is a distance vector in D(d,t,n) if, and only if, the following state-
ments hold:

(i) Dt vi=d,

(ii) v; € 2Z, for all 1 <i < r,
(117) 0 < v; < min{2t;,2(n —t;)}, for every 1 <i <r, and
() |vig1 — vl < 2(ti01 — t;), for 1 <i<r—1.

Proof. We start assuming that v € D(d, t,n). Statements (i), (ii) and (iii) follow
from the definition of D(d,t,n). Let us prove (iv). Since v € D(d,t,n), there
must exist flags F, F' € F,(t,n) such that d = dy(F,F’) and v = d(F, F'), i.e.,
v; = dg(F;, Fi) = 2(t; — dim(F; N F))), for every 1 < i < r. Notice that, for every
1 <i<r—1,it holds

2t; — dim(F; N F)) = dim(F; + F}) < dim(Fppr +F4y) = 24 — dim(Fip N F7 )
and, as a consequence,

dim(F; N F)) < dim(Fipq N Fly) < dAm(F N F)) + 2(ti — ). (8.13)
Moreover, we have that

Vi1 — U = 2(tiy1 — ;) — 2(dim(F;q N Fpy ) — dim(F; N FY)). (8.14)

Hence, by using the first inequality of (8.13), we clearly obtain v;1 —v; < 2(¢;51 —
t;). On the other hand, combining the second inequality of (8.13) and (8.14), we
get

Vigr — 0 = 2(ti — ) — 4t — ) = —2(tiy1 — t;)

and (iv) holds.

Let us prove the converse. To do so, assume that v = (vy,...,v,) is a vector
satisfying conditions (i)-(iv). We want to show that v € D(d,t,n) or, equiva-
lently, to find a pair of flags in F,(t, n) such that v = d(F, F’) and d¢(F, F') = d.

First, by means of (ii) and (iii), every v; is an even integer such that 0 <
v; < min{2t;,2(n —t;)}. Hence, each v; is an admissible distance value between
t;-dimensional subspaces of Fy. Moreover, we can write every v; = 2w; for some
integer w;.

Notice that finding subspaces F;, F/ € G,(t;,n) with distance dg(F;, F}) = v;
is equivalent to choose them satisfying dim(F; N F}) = t; —w;,. This can be clearly
done for every 1 < ¢ < r. However, we need that the chosen subspaces form flags
F=(F,....,F)and F' = (Fj,..., F.). We use an inductive process in order
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to construct such flags. We start taking subspaces Fy, F| € G,(t1,n) such that
dim(F; N F;) = t; — wy. Assume now that, for some 1 < i < r, we have found
subspaces JFj, F; € G,(t;,n), for all 1 < j <4, such that

Fi C ¢ Foa ¢ F,
f{ g g H*l - H?

and dg(F;, Fj) = v; = 2w;. Let us see that we can find suitable subspaces ;1
and F;, ;. To do this, notice that, by using (iv) and (iii), in this order, we obtain

dim(F; + F)) = t; + w; < tip1 + wip1 < n.

Thus, we can consider a subspace U € G,(t;+1 + w;+1,n) such that F; + F CU.
It holds

We distinguish two possible situations in terms of the value [; 1= w; 1 — w;.
e If [; > 0, then we put m; := (t;11 — t;) — ;. Observe that, by means of (iv), we
have that m; > 0. Moreover, we have

= (tl + wl) + (’wi+1 — ’LUZ> + (ti+1 — tl)
= tit1 + Wit

= dim(U).

Hence, we can find linearly independent vectors a;,...,a;,, b1,..., b, c1,...,Cp,
in U such that this subspace can be expressed as the direct sum

U= (Fi+F)@(ar,...,a;)®(by,....,b,) B {ci,...,Cn,).
Now, consider the subspaces

Fip = Fi @ (ag,...ay)
i/+1 = *’T-Z b <b1”"7bli>

@ {(C1y---,Cmy),
@& (C1y..-\Cmy),
which have dimension

It is clear that F; C F;;1 and F] C Fj, . Moreover, observe that F; 1 +F/ , = U.
Hence, dim(F;41 + F;,;) = dim(U) = t;41 + wi1 and, consequently, it holds
dim(Fiy1 N Fj, ) = tip1 — wig1. As a result, we obtain dg(Fij1, Fi 1) = Vi1, as
desired.

o If /; < 0, then it holds t; < t; — I; < t; + w; = dim(F; + F/). Thus, we can
consider (t; — [;)-dimensional subspaces V and V' such that

Fi &V C© F+F C U,
F, ¢V C FR+F C U
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Notice that V + V' = F, + F,. Besides, recall that

since v satisfies condition (iv). Hence, there exists a subspace W C U of dimen-
sion (t;41 — t;) + [; such that

U= (F+F)ew=V+V)eWw.
Let us consider the subspaces

Fipp=V@e&Wand F,, =V W,
which have dimension
and clearly contain F; and F;, respectively. Moreover, since F; i1 + F/,; = U,
we conclude that dim(F;1 N F/ ) = 2ty — dim(U) = 2t — (tiv1 + wipa) =
tiy1 — wiy1. This is equivalent to say that dg(Fii1, Fi 1) = 2w; = v;, as we
wanted to prove.

In both cases, we conclude the existence of F,F’ € F,(t,n) such that v =
d(F,F’), which finishes the proof. I

Example 3.10. Consider the full flag variety on FZ. In this case, D" = 24 and
we can consider the possible value of the distance d = 20. According to Theorem
3.9, the set of distance vectors associated to d = 20 is given by

D(20,7) = {(2,4,4,4,4,2),(2,4,6,4,2,2), (2,2,4,6,4,2)}.

Observe that, even though all the components of the vector (2,2,6,4,4,2) are
allowed distances between subspaces of the corresponding dimensions and they
sum d = 20, such a vector is not a distance vector in D(20,7). This is due
to the fact that the sequence (2,6) violates condition (iv) in Theorem 3.9, since
6—-—2=4>2=2(3-2).

Forn =7 and t = (1,3,5,6), we have D®7 = 14. Observe that the distance
d =12 can only be attained by distance vectors

D(12,t,7) = {(2,4,4,2),(2,6,2,2)}.

In this case consecutive components (2,6) in the vector(2,6,2,2) are allowed,
since they represent distance between nested subspaces of dimensions t1 = 1 and
to = 3. Hence, the difference 6 —2 = 4 = 2(ty — t1) respects the condition (iv) in
Theorem 3.9.
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4 Distance between flags sharing subspaces

This section is devoted to the study of the flag distance between flags in F,(t,n)
that share subspaces. To do this, we start by analyzing the distance associated
to distance vectors with a prescribed component, in particular, the ones having a
component equal to zero. Then, we extend our study to distance vectors having
several zeros among their components. This study will be used in Sections 5 and
6 to obtain some information about the structure of flag codes as well as bounds
for their cardinality depending on their minimum distance.

4.1 Distance vectors with a fixed component

We start by describing the interval of attainable distances by distance vectors in
D(t,n) with their i-th component fixed, for some 1 < i < r. Throughout the rest
of the section, we will write v to denote an even integer 0 < v < min{2¢;,2(n—t;)}.
In other words, the integer v represents a possible value for the distance between
t;-dimensional subspaces of Fy. We focus on the set of distance vectors v =
(v1,...,v.) € D(t,n) with v as their i-th component, paying special attention to
those associated to the maximum and minimum distances.

Notice that, if we require a distance vector v to satisfy v; = v, then, by using
condition (iv) in Theorem 3.9, we obtain |v; — v| < 2|t; — ¢;] for all 1 < j <
r. Moreover, by means of (ii)-(iv) in Theorem 3.9, for every 1 < j < r, the
component v; must hold

max{0,v — 2|t; — t;|} < v; < min{2t;,2(n —t;),v + 2|t; — t;|}. (8.15)

Definition 4.1. Given v as above, we write d(i;v)®™ (resp. D(i;v)®™) to de-
note the minimum (resp. maximum) distance that can be attained by distance
vectors in D(t, n) having its i-th component equal to v. According to (8.15), there
exists a unique distance vector, that we denote by d(i;v)®™ (resp. D(i;v)®™),
giving the distance d(i;v)®™ (resp. D(i;v)®™) and having v as its i-th com-
ponent. For every 1 < j < r, the j-th components of these vectors are given
by

d(i;v)\"" = max{0,v — 2[t; — 1]},

D(isv)™ = min{2t;,2(n — t;),0 + 2[t; — ;] }.

(8.16)

Consequently, the value d(i;v)®™ (resp. D(i;v)®™) is obtained as the sum of
the components of d(i;v)®™ (resp. D(i;v)®™), given in (8.16). Notice that, by
construction, these values satisfy 0 < d(i;v)®™ < D(i;v)®™ < D®™ . When
working with the full type variety, we simply write d(i;v)™, D(i;v)", d(i;v)™ and
D(i;v)™.

Example 4.2. For the full flag variety on FZ, take i = 3 and v = 4, we have

d(3;4)" = (0,2,4,2,0,0) and D(3;4)" = (2,4,4,6,4,2)
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and their associated distances are the values d(3;4)" = 8 and D(3;4)" = 22.
Consider now the type vector t = (1,3,5,6) on IFZ. For the same choice of
1 =3 and v =4, we have

d(3;4)*7 = (0,0,4,2) and D(3;4)*7 =(2,6,4,2).
Hence, in this case, we have d(3;4)®" =6 and D(3;4)®7 = 14 = D7),

According to the definition of d(i;v)®™ and D(i;v)®™, it is clear that if
v € D(t,n) such that v; = v, then its associated distance d is an even integer
such that d(i;v)®™ < d < D(i;0)®™. The next result allows us to ensure that
the converse is also true.

Proposition 4.3. Consider the type vector t on Fy, take an index 1 <1 < r and
an even integer 0 < v < min{2t;,2(n — t;)}. If d is an even integer such that
d(i;v)®™) < d < D(i;0)®™) | then there exist distance vectors in D(d,t,n) with v
as its i-th component.

Proof. We prove the result by induction on d. For d = d(i;v)®*™, the result
holds since the vector d(i;v)®™ satisfies the required condition. Now, assume
that, for some even integer d such that d(i;v)®™ < d < D(i;v)®™, we have
found a distance vector v = (vy,...,v,) € D(d,t,n) such that v; = v. Let us use
v to construct a suitable distance vector in D(d + 2,t,n). Observe that, since
d < D(i;v)®™ | clearly the set
{v | v; < D(i;v)'"™}

is nonempty. Hence, we can consider the minimum 1 < k£ < r such that v, =
min{v; | v; < D(i;v)g-t’n)}. According to this, we have that v, < D(i;v)!*" and
then vy +2 < D(1; v),(:’") is a possible distance between ¢;-dimensional subspaces

of Fy. Consider now the k-th canonical vector e; € Z", i.e., the vector with k-th

component equal to 1 and zeros elsewhere. Since v; = v = D(i; v)z(-t’"), it clearly

holds k # i and thus, the vector v 4 2e;, still has v as its i-th component. Hence,
we just need to prove that v + 2e;, is a distance vector in D(d + 2,t,n). To so so,
it only remains to check condition (iv) of Theorem 3.9 for the k-th component
and the adjacent ones. In other words, we must show that the relations

(tp —tg—1) if 1<k <r and (8.17)
(tk—i-l — tk) if 1<k<r. (818)

|(vk + 2) — g

1] <2
|opg1 — (v +2)] <2

hold. We start by proving (8.17) in case 1 < k < r. To do so, we distinguish two
cases. First, if vy < vi_1, then we have

|(Uk+2) —Uk_1| = Vk—-1 —Uk—2 = |Uk—Uk_1| —2 < Q(tk—tk_l) —2 < 2(tk—tk_1).
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On the other hand, if v, > v;_1, by the minimality in the choice of k, we have

that vg_1 = D(3; v),(:;"l). Hence, since D(i;v)®™ is a distance vector, it holds

(v + 2) — vee1| = (v + 2) — ve—1 < D)™ — D 0)™ < 2t — tr_y).

The proof of (8.18), in case that 1 < k < r, is completely analogous and we omit
it. |

To our purposes, it will be important, in turn, to look at the behaviour of the
components of distance vectors associated to a given value for the flag distance.
Hence, given an even integer 0 < d < D™ we consider the values

d; = min{v; | v € D(d,t,n)} and D; = max{v; | v € D(d,t,n)}. (8.19)

The value d; (resp. D;) represents the minimum (resp. maximum) value that can
be placed in the i-th component of a distance vector in D(d, t,n).

Remark 4.4. Notice that, the values d; and D; defined in (8.19) satisfy the chain
of inequalities
d(i; d;)®™ < d(i; D)™ < d < D(i; d;) ™ < D(i; D;) ™. (8.20)
Example 4.6 illustrates this fact.
With this notation, the next result holds.

Proposition 4.5. Let d be an even integer such that 0 < d < D®™ . Consider
an index 1 < i < r and take an even integer v with 0 < v < min{2t;,2(n — t;)}.
The following statements hold:

(1) If v < d;, then we have D(i;v)®™ < d.
(2) If v > D, then d(i;v)®™ > d.
Proof. Suppose that v < d;, then, by means of (8.20), it holds
d(i;v) ™ < d(i; d;) ™ < d.

Suppose now that d < D(i; v)(t’"). In this case, by means of Proposition 4.3, there
must exist a distance vector in D(d, t,n) with v as its i-th component. This leads
to d; < v, which is a contradiction. Hence, it holds d > D(i;v)®™),

On the other hand, if v > D;, by using (8.20), we clearly have that

d < D(3; Di)(t’”) < D(i;v)(t’").

If we assume that d > d(i; U)(t’”), by using Proposition 4.3, we can find a distance
vector in D(d,t,n) with v as its i-th component. This contradicts the fact that
v > D;. As a result, we conclude that d < d(i;v)®™. 1
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The previous result points out the impossibility of attaining the flag distance
value d when we consider subspaces distances v out of the interval [d;, D;] at the
i-th summand. This fact will be useful in Section 6 and it is reflected in the next
example.

Example 4.6. As said in Example 3.10, the set of distance vectors associated to
d = 20 for the full flag variety on IFZ is

D(20,7) = {(2,4,4,4,4,2),(2,4,6,4,2,2), (2,2,4,6,4,2)}.

Hence, for d = 20, it is clear that d3 = 4 and Ds = 6. Moreover, in this case
expression (8.20) becomes

d(3;4)" =8 < d(3;6)" =18 < 20 < D(3;4)" =22 < D(3;6)" = 24.

Besides, by means of Proposition /.5, the mazimum distance that can be obtained
by distance vectors with third component vy < 4 is lower than 20. Indeed, that
mazimum distance is attained with the vector

D(3;2)" = (2,4,2,4,4,2),

whose associated distance is D(3;2)" = 18 < 20.

4.2 Distance vectors with prescribed zero components

In this subsection we study the set of attainable values of the flag distance by
distance vectors having prescribed zero components, i.e., distance vectors associ-
ated to pairs of flags that share certain subspaces. For the sake of simplicity, we
will present partial results for the full flag variety, followed by the natural general
version for F,(t,n), deduced by using the projection map defined in (8.11).

Remark 4.7. Recall that, as pointed out in Remark 3.4, in case of working with
distance vectors with no zero components, the maximum possible distance is the
value D®") which is attained by the vector D®m),

Let us start our study with distance vectors with just one zero among their
components by taking advantage of the results provided in Subsection 4.1. Later
on, we generalize this and analyze the properties of distance vectors with several
null components. Given the type vector t and a position 1 < ¢ < r, by means of
(8.16), it clearly holds d(i;0)®™ = 0. On the other hand, now we study the value
D(i;0)®™ and its associated distance vector D(i;0)®™). Observe that, in this
case, we do not need to specify the fixed component since is always zero. Hence,
we will just write D(i)®™) and D(i)®™). Moreover, by means of (8.16), the j-th
component D(7)*™ is given by

D)™ = min{2t;,2(n — t;), 2/t; — t;]} (8.21)

J
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for every 1 < j < r. When working with full flags, we also drop the type vector
and simply write D(7)” and D(4)". In this case, expression (8.21) becomes

D) = min{2j,2(n — §),2]i — |}, (8.22)

for 1 < j < mn—1. Using both (8.21) and (8.22) and the map defined in (8.11),
the next result follows.

Proposition 4.8. Given a type vector t on Fy and an index 1 < i <, it holds
D(i)®" = m (D(t;)").

This fact allows us to restrict our study to the full type case. At the end of
the section we will come back to the general flag variety F,(t, n).

The full type case

We start giving some properties of the value D(7)".

Proposition 4.9. For every 1 <i < n — 1, we have that

D@)!=Dn—d),_ ., Vji=1,...,n—1

J n—j’

In other words, to obtain D(n—1)", it suffices to read backwards the vector D(i)™.
As a consequence, it holds D(i)" = D(n —1)™.

Proof. Take an integer 1 < ¢ < n—1. According to (8.22), for every 1 < j < n—1,
it clearly holds

D(n—i),; = min{2(n —j),2(n — (n —j)),2|(n —i) — (n = j)|}

which gives the result straightforwardly. |

In light of this result, we just need to study the values D(i)" for 1 <7 < [3].
We can also give the following nice description of D(i)" in terms of the values D’
defined in (8.10).

Proposition 4.10. For every 1 <i < n —1, it holds
D))" = D'+ D",

Proof. Regarding equation (8.22), we can compute the value D(i)" as
n—1
D(@)" = min{2j,2(n — j),2|i — j|}.
j=1
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Observe that, in case i = 1, we have

>y min{27,2(n — 5),2(j — 1)}
Z? zlmln{Q( —1),2(n—j)}

Y ory m1n{2k3, 2((n—1)—k)}
Dn 1 Dl + anl‘

D(1)"

Besides, by means of Proposition 4.9, the result also holds if i = n — 1. Let us
now consider the case 1 < ¢ < n — 1. In this case, the i-th component is zero and
we have

i—1 n—1
D(@)" = min{2j,2(n—j),2li—j[}+0+ > min{2j,2(n—j),2[i—j|}. (8.23)
j=1 j=i+1

Moreover, for values of j < i, one have that 2|i — j| = 2(i — j) < 2(n — j). On
the other hand, if ¢ < j, it is clear that 2|i — j| = 2(j — i) < 2j. Hence, (8.23)
becomes

D" = S min{2) 20 — )} + X0, min{2(n — ),2(7 — i)}
= Yimimin{2),2(i — j)} + X2y min{2(n — i — k), 2k}
— D1+Dn z
where the second equality comes from writing k = j — 7. |

This result confirms again the fact that D(i)” = D(n —)". Next, we use
the previous proposition together with expression (8.10) to provide an explicit
formula for every D(i)".

Corollary 4.11. For every 1 < i< n—1, it holds

-1 vg AL A3
M if both n and 1 are even,
2 2
D@)" = FHn—i) if n is even and i is odd,
2 2021
! —|—(n2 ) if n is odd.
\

This expression allows us to establish an order on the set {D(i)" | 1 < i <
(5]}
Proposition 4.12. For every n it holds

D" > D(1)" > DE)" >+ > D([5] = 1)" > D(L5 )"

and the last equality holds if, and only if, 4 divides n.
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Proof. Consider any 1 <i < [%]. We will use the expression in Corollary 4.11 in
order to compare D(i)" and D(i + 1)". We do so by dividing the proof into two
parts, depending on the parity of n. First of all, assume that n is odd. In this
case, it follows i + 1 < [2] = 251, Then 2i+1 < 2i+3 < n and

D(i+1)" = (i+1)2+(n—(i+1))2-1

2
i242i+14+(n—1i)%2—2(n—i)+1-1

i2+(n—i)2—1 j 2(

— D(i)" — (n— (2 + 1)) < D)

2i+1—n)

n

Now, suppose that n is an even integer and 1 < i < |3

2(i + 1) < n. We distinguish two cases:

| = §. Equivalently,

e if ¢ is even, then ¢ + 1 is odd and we have

D(i+1)” _ (D)’ H(n—(i41))> -2

2
i242i4+14(n—i)2—2(n—i)+1-2

2
i2+(n—i)? i—n
*+(n—1) + 2(2i—n)

— D(i)" — (n - 2i) < D(i)".

e On the other hand, if 7 is odd, then i + 1 is even and:

D(Z+1)n — (i+1)2+(721_(i+1))2
i24+2i+1+(n—i)?—2(n—i)+1

2
2?2 2
— 5 +

— D)~ (n—2i+1)) < D)

2(i+1)—n)

and the last equality holds if, and only if, n = 2(i 4+ 1) and then 4 divides
n.

The next example reflects the information given in the previous results for a
specific value of n.

Example 4.13. For n = 7, we have D" = 24. In this example, we compute all
the values D(i)7 and respective vectors D(i)".

i D(i) DY i D(i) D@
1 (0,2,4,6,4,2) 18 6 (2,4,6,4,2,00 18
2 (2,0,2,4,4,2) 14 5 (2,4,4,2,0,2) 14
3 (2,2,0,2,4,2) 12 1 (2,4,2,0,2,2) 12
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Notice that, as stated in Proposition 4.9, for every 1 < i < 6, it holds D(i)" =
D(7 —i)". Moreover, the reader can see that every vector D(i)" has the same
components than D(n — i)7 but written backwards. Moreover, it is also shown
that

D" >D(1)" > D(2)" > D(3)".
We will come back to this example in Section 7.

Recall that the flag distance between full flags on Fy is an even integer in

the interval [0, D"]. Moreover, in light of Proposition 4.12, we can partition this

interval into intervals of the form |D(i + 1)", D(i)"] that will be used in Sections
5 and 6 to obtain useful information about full flag codes.

0 D(ln/2))" D)™ pr

A A A A

Figure 8.1: Distribution of the values D(i)".

In order to give a partition of the left interval [0, D(|n/2])"], let us introduce
another set of relevant distances that correspond to the maximum possible flag
distances associated to distance vectors with more that one zero among their
components.

Definition 4.14. Consider an integer value 0 < M < n — 1 and fix dimensions
1<t <ig <+ <ipy <n—1. Wewrite D(iq,...,1y)" to denote the maximum
possible distance attainable by distance vectors in D(n) with M zeros in the
positions 1, ...,45. This situation corresponds uniquely to the distance vector
D(iy,...,ip)", whose j-th component is given by

D(iq, ... ,z'M)? = min{2j,2(n — 7),2|j — i1|,.--,2|7 — iml}, (8.24)
forall 1< j<n—1

Notice that, in case M = 0, we have the distance vector D™ given in Remark
3.4. The case M = 1 corresponds to the distance vector D(7)" defined in (8.22).
On the other hand, if M =n — 1, then D(iy,...,iy)" = 0 and D(4y,...,0n)" is
the null vector.

Proposition 4.15. Given indices 1 < iy < --- < iy <n— 1, we have
D(iy, ... ip)" = D" + D?™" ... DM DRI

Proof. We prove the result by induction on the number of zeros 1 < M < n — 1.
Observe that, by means of Proposition 4.10, the result holds for every n and
M = 1. Now, assume that M > 1 and, by induction hypothesis, that the result
is true for all n and distance vectors having up to M — 1 zeros. Let us study the
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case of having M zeros in the positions i1, ...,7y,. We start by considering the
case where ¢; = 1. In this situation, according to (8.24),

n—1
D(]-ai%'--)iM)n = Z mln{2]72(n_.])a2|j - 1‘72|j _i2|a‘-'52|j _ZM|}
j=1

n—1
j=2

n—2

=0+ > min{2((n — 1) — k), 2k, 2|k — (i — 1)|,..., 2|k — (ias — 1)|}
k=1

=D+ D(ig—1,...,iy — 1) Y

where the third equality comes from taking £ = 7 — 1. Hence, the induction
hypothesis leads to

D(l, 19, ... ,ZM)n = Dl + Di2*1 + D’L'S*’L'Z et DiM*iMf1 + D”*iM’
as stated. Assume now that i; > 1, then we obtain

D(iy,...,ip)" = Z?;l min{2j,2(n — j),2|7 —i1|,...,2]j —im|}
11-1

= >0 min{2j,2(n — ), 27 —ir|,..., 25 — i} + 0
n—1 . . X . . . .
+ 2 i ming2j,2(n — 5), 2|7 — i, -, 207 — din}

Observe that, when 1 < j <43 — 1, it holds j < 71 < iy < --- < ip < n and then
n—j>|j—ul=14—j>j—i forall 1 <I< M. Hence, the first part of the
last sum can be substituted by

i1—1

>~ min{2),2(i1 - j)} = D",
j=1
On the other hand, if i; + 1 < j <n — 1, clearly |j —i1| = j — i1 < j and then

. n—1
D(iy,...,ip0)" =D" + > min{2(n—75),2(j —1),2[j —dz2l,...,2]j —inml|}
j=t1+1
e
=D"+ > min{2(n—1i — k), 2k, 2|k — (ia —i1)]|,..., 2|k — (irr — 01)|}
k=1

= D4 +D(’L2 — Ayt —’L'l)nill.

Hence, by applying the induction hypothesis to D(iy — 1y, ..., i3 —11)" ", we
obtain

D(il, . 7ZM)n — Di1 + Diz—i1 + . + D(iM_il)_(i]M—l_il) + D(n—’il)—(iM—il)
— Di1 + DiQ*il R DiM*'L'Z\/I—l + Dn*iM’

as we wanted to prove. |
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Proposition 4.15 along with expression (8.10) allows us to compute every value
D(iq,...,iy)™ depending on the parity of the positive integers iy, is —iy,...,n —
iy, as we see in the following example.

Example 4.16. For n = 7, M = 3 and indices 11 = 1, 15 = 3 and i3 = 4, by
means of Proposition 4.15, we have

D(1,3,4)" = D'+ D*'4+D*? 4D
= D'+D*+D'+D?
= 0+Z2 40+ =6

Remark 4.17. A multiset is a collection whose elements can appear more than
once. The number of times that each element appears in the multiset is its
multiplicity. We represent multisets by using double braces {{...}}. Notice that,
for any two families of M indices 1 < i3 < - <iy<n—land 1<) <<
Jm < n— 1 satisfying the equality of multisets

i, io =iy, ..on—in}y = {01, 2 — Jis - o — Ju b},

by means of Proposition 4.15, we have the equality D(iy, ..., i)™ = D(j1,. .., jm)"™
Hence, in order to compute all the values D(iy, ... ,iy)", we can restrict ourselves
to choices of M ordered indices 1 < 47 < --- < i3 < n—1 such that the differences

I<n<ico—u<...<ty—tya<n—M

are also ordered. In general, the converse is not true: there are different families
of multisets as above providing the same values of the distance. It suffices to
see that, with M = 1 and n = 8, it holds D(3)® = 16 = D(4)®. However, the
multisets of differences associated to indices i = 3 and i = 4 are {{3,5}} and
{{4,4}}, respectively.

The next result establishes that the maximum distance attainable by distance
vectors in D(n) with M zero components is always obtained when these zeros are
placed in the first M positions.

Proposition 4.18. Given 1 < M < n — 1 and any election of indices 1 < 17 <
coe<idpy <n—1, it holds

D(iy,...,ix)" < D(1,...,M)" = DM,

Proof. Notice that D(1,...,M)* = D" holds by application of Proposition
4.15. Hence, we just need to prove the first inequality. To do so, we proceed
by induction on M. We start with the case M = 1, in which, by means of
Proposition 4.12, it is clear that D(n — )™ = D(i)" < D(1)", for every value of
nand 1 <1< n—1.
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Assume now that M > 1 and that the result holds for any value of n and
distance vectors in D(n) having up to M — 1 ceros. Let us prove that it is also
true for M zeros. To do so, consider M indices 1 < 11 < --- < 1y < n — 1.
Notice that M < ip. Moreover, if M = iy, then it holds i; = j, for every
j€A{1,..., M} and therefore D(iy,...,ip)" = D(1,..., M)™. Assume now that
M < ip;. By means of Proposition 4.15 |, we have

D(il, N ,ZM)” — Di1 + Diz—il 4+ 4 DiM—iM,1 + Dn_iM
= D(il, .. ,Z'M,l)iM + Dn—im

Moreover, since M — 1 < 1)y — 1, we can apply the induction hypothesis to the
case of having M — 1 zeros in the positions 1; < --- < ijp;_1 on IFfJM. We obtain
D(iy,. .. ip—1)™ < DM~M=1) and Proposition 4.10 along with Proposition 4.12
gives that

D(iy, ... iy)" < Dwm~M=1) 4 pn—iu
= D(ZM — M+ 1)iM—M+1+n—iM
= D(iyr — M + 1)~ M+1
< D(l)nfMJrl o Dl _|_Dn*M+1*1 — an]\/[7

as we wanted to prove.

The general case

We finish this section by generalizing the previous concepts to the general flag
variety F,(t,n) as follows. As done for the full type case in Definition 4.14,
we can consider distance vectors D(t,n) with a prescribed number of zeros, say
0 < M < r,in the positions 1 < i; < --- < iy < r. We denote the corresponding
maximum distance by

D(il, R ,iM)(t’n).

This number represents the maximum possible distance between flags in F,(t,n)
that share simultaneously their subspaces of dimensions ¢;,,...,%;,,. The only
distance vector giving this distance and having zeros in its components i1, ..., %y,
is denoted by D(iy,...,iy )™ and its j-th component is given by

D(iy, . .. ,z'M)g.t’”) — min{2t;,2(n —;),2t; —to,|,..., 2t — ti,, |}, (8.25)

for1 <j <.

Using the projection map 7y defined in (8.11), we can give the following
description of the distance vector with components as in (8.25), in terms of the
vector D(t;,,...,t;,,)" introduced in Definition 4.14. The next result generalizes
Proposition 4.8.

165



New insights into the study of flag codes

Proposition 4.19. Given a type vectort and 1 < M <7 indices 1 <1y < -+ <
iy <1, it holds

D(ila - J.M)(t’n) = Wt(D(tiw e ’tiM)n)'

Proof. Consider the type vector t and take 1 < M < r indices 1 < 41 <
- < iy < r. Notice that, for every 1 < j < r, the j-th component of
(D (i, .., tiy,)") is exactly the ¢;-th one of D(¢;,,...,t;,,)" that, by (8.24),
is:
min{Qtj, 2(n — tj), 2’% — ti1|, e 2’t] — tiM’}-
This value corresponds to the j-th component of D(iy, ..., M)(t’”), as we wanted
to prove. 1

Next, we give a generalization of Proposition 4.15 for any arbitrary type
vector t = (t1,...,t.). To do so, consider 1 < M < r zeros in the positions
1 <ip < -+ <1y <r. These positions allow us to split t into M + 1 new type

vectors, that we denote by t!,... tY*! given by
1‘:1 = (tla"'ati1—1)>
tIt =t =ty ti o —ty), for 1< G <M -1, (8.26)
MY = (01 — iyt — tiy)-

Using this notation, the next result holds.

Proposition 4.20. Given a type vector t and a choice of 1 < M < r ordered
indices 1 < iy < --- < iy <1, then the value D(iy, ..., iy)®™ satisfies:

D(iy, ... i) "™ = DE ) 4 pE-tia—ti) 44 DETa—ti,)
The next example reflects this fact.

Example 4.21. Take n = 12 and consider the type vectort = (1,3,5,6,8,10,11)
of length r = 7. Assume that we place M = 2 zeros in the positions iy, = 3 and
19 = b, i.e., the ones corresponding to the dimensions ts =5 and t; = 8. In this
case, by means of (8.26), we have

t' =(1,3), t?=(6—-5)=(1) and t* = (10—8,11 —8) = (2,3).
Moreover, by (8.25), it holds
D(3,5)®12 = (2,4,0,2,0,4,2).

Observe that the zero components of D(3, 5)®12) allow us to split this vector into
three new ones, which are precisely

D*9) = (2,4), D5 = (2) and D127 = (4,2).
Hence, we have
D(3,5)®12) =24+ 44 0+240+4+2= DD 4 pE*8-5) L p(t*12-8)

as stated in Proposition 4.20.
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Remark 4.22. Notice that the computation of the distance D(iy,...,i5)®"™
only depends on the flag variety F,(t, n) and on the choice of the indices iy, . .., ip.
As a result, these values can be computed in advance, before considering any par-
ticular flag code, as we will see in Section 7.

In the following sections we will take advantage of this study of the values
D(iy,...,i3)®™ in order to derive some properties related to the structure and
cardinality of flag codes.

5 Disjointness in flag codes

Recall that, given a flag code C C F,(t,n), for every 1 < i < r, its i-th projected
code is the constant dimension code

Ci = pi(C) € Gy(ti,n),

where p; is the projection map defined in (8.6). As a consequence, for every
1 <7< r, we have
ICi| = [p:(C)] < IC]

and the equality holds if, and only if, the projection p; is injective when restricted
to C. If we have the equality for all 1 < i < r, ie, if |C] = |C| = -+ = |C,],
the flag code C is said to be disjoint (see [4]). Under the disjointness property,
the code cardinality is completely determined by its projected codes and different
flags never share a subspace. Moreover, observe that every flag code C C F,(t,n)
with |C|] = 1 is trivially disjoint and it holds d;(C) = >_/_, ds(C;) = ds(C;) = 0,
for every 1 < i < 7. On the other hand, if C is a disjoint flag code with |C| > 2,
then

dy(C) > Z ds(C;) (8.27)

and dg(C;) > 0, for every 1 < ¢ < r. In particular, we obtain d;(C) > 2r.

Remark 5.1. Disjoint flag codes in F,(t,n) in which expression (8.27) holds
with equality are called consistent (see [2]). It is quite easy to see that this
family of disjoint flag codes is also characterized by the property of having as
a unique distance vector (dg(Cy),...,ds(C,)). Optimum distance flag codes in
F,(t,n) are a particular class of consistent flag codes whose associated distance

vector is D™ defined in (8.12).

The simple structure of disjoint flag codes leads us to seek a generalization of
this concept. We do so by using the next family of projections. Consider the flag
variety F,(t,n) and take 1 < M < r indices 1 <43 < i3 < --- <ipy < r. The
(i1, ...,1pr)-projection map is given as

Piy,eing) ¢ ‘FQ(tvn> — ‘Fq«tin s atiM)vn)

(—Flw"?f?“) — (EU wF.’iM) <828>
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and the value M will be called the length of the projection. Now, given a flag code
C in F,(t,n), we can define a set of flag codes of length M, naturally associated
to C, by using these projection maps.

Definition 5.2. Let C C F,(t,n) be a flag code and fix 1 < M < r indices
1 <ip < -+ <iy <r. The set py,,. 4,)(C) is called the (i1, ..., in)-projected
code of C. The images of C by all the projections of length M constitute the set
of the so-called projected codes of length M of C.

Observe that in case M = 1, both projections p;, and py;,), defined in (8.6) and
(8.28) respectively, coincide. Hence, the (i)-projected code is just the i-projected
(subspace) code defined in Section 2, seen now as a flag code of length one.

Next, we use these new projected codes and we introduce two wider notions
of disjointness.

Definition 5.3. Let C C F,(t,n) be a flag code and take 1 < M < r specific
indices 1 < i1 < --- < iy < r. The code C is said to be (i1, ...,y )-disjoint if
the projection p, .. i, is injective when restricted to C. If this condition holds
for every choice of M indices 1 < i1 < -+ < iy < 7, we say that C is M -disjoint.

According to this definition, we provide the next geometric interpretation of
(i1, .. .,1p)-disjoint flag codes.

Remark 5.4. Consider the type vector t and 1 < M < r indices 1 < 11 <
<o <y <. Acode C C Fy(t,n) is (iy,...,ip)-disjoint if, and only if, different
flags in C never share simultaneously their subspaces of dimensions ¢;,...,t
Similarly, C is M-disjoint if different flags C never have M equal subspaces.

TN

Example 5.5. Let {e1, eq, €3, €4, €5} be the standard F-basis ofIE‘g. We consider
the full flag code C on IFZ giwen by the flags

‘Fl = (<el> 3 <e17 e2> ; <el7927e3> ) <e1a e27e37e4>)7
F?o= (<el> ) <el, e3) ) <e1762> 83> ) (eh ez,es,€4>),
‘Fl = (<el> ) <e17 e3> ) <el7e3ve5> ) <ela e37e47e5>)-

On the one hand, observe that no pair of flags in C share their second and third
subspaces at the same time, i.e., C is a (2,3)-disjoint flag code. On the other
hand, it is not (i1, iz)-disjoint for any other choice of indices 1 < iy < iy < 4. As
a result, the code C is not 2-disjoint.

Proposition 5.6. Let C C F,(t,n) be an (i1, ..., ir)-disjoint flag code for some
choice of 1 < M < rindices 1 < i1 < --- < iy < r. Then, for every choice of
M < N < rintegers1 < ji < -+ < jn <71 suchthat {i1,...,ips} C {1, Jn D,
the code C is (j1, ..., jn)-disjoint. In particular, if C is M-disjoint, then it is N -
disjoint as well.
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Proof. Assume that C is not a (ji, ..., jy)-disjoint flag code. Hence, there ex-
ist different flags 7, F € C such that (Fj,,...,Fj,) = (F},,...,Fj,). Since

{ir, ... in} € {41, ., jn}, then we have (F;,, ..., F;,,) = (Fi, .. .7-"Z'M) which
is a contradiction with the fact that C is an (i1, ...,y )-disjoint ﬂag code. Sim-

ilarly, assume now that C is not N-disjoint. The previous argument leads to
different flags sharing N > M subspaces at the same time. In other words, the
code C cannot be M-disjoint. |

At this point, we relate the M-disjointness property of a flag code with its
minimum distance. These relationships will help us to establish bounds for flag
codes in Section 6. We start giving a lower bound for the distance of M-disjoint
flag codes in terms of the distances of some of their projected codes of length 1.

Proposition 5.7. Let C C F,(t,n) be a flag code and consider an integer 1 <
M < r. If C is M-disjoint, then there exist r — (M — 1) indices 1 < i3 < -+ <
ir—n41 < 7 such that ds(Ci;) # 0 and

Proof. Let C C F,(t,n) be an M-disjoint flag code for some integer 1 < M < r
and consider a pair of different flags F, F' € C giving the minimum distance. The
M-disjointness condition makes that F and F’ cannot share more than M — 1
subspaces. Hence, their associated distance vector, i.e., the vector

d(fvfl) = (dS<JT_‘17]:{>>'"7d5(fraf7/~))

does not contain more than M — 1 zeros. As a result, at least, r — (M — 1) of
its r components are nonzero. Thus, there exist different indices 1 < 1; < -+ <
Tr—nm41 < 7 such that ds(ﬂj,f{j) # 0. Consequently, we have ds(JT';J,JT';]) >
ds(C;;) > 0 and then

r— r—(

(M— M-1)
ds(C) = dy(F, F') = Z s(F, Fly = Y
=1 j=1

In other words, the distance of C is lower bounded by the sum of nonzero distances
of r — (M — 1) specific projected codes of length 1. |

Observe that, in the previous proof, the choice of the r — (M — 1) indices
1 <9 < -+ < 4p_py1 < 1 strongly depends on the election of the pair of
flags F,F’ € C giving the minimum distance of the code. On the other hand,
if d;(C) = ds(F,F'), for another pair of flags F, F' € C, following the proof of
Proposition 5.7, one might obtain another lower bound for d;(C) as the sum of
the (positive) distances of r — (M — 1) different projected codes of C.
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Corollary 5.8. Let C C F,(t,n) be an M-disjoint flag code for some 1 < M < r.
Then it holds

r—(M-1)
df(C) 2 min Z dS(CzJ> | 1 < il <0 K ir—(M—l) < r with dS(Clj) 7é 0

j=1
In particular, we have that df(C) = 2(r — (M — 1)).

Observe that, if C C F,(t,n) is a disjoint flag code, i.e, 1-disjoint in our new
notation, the previous bound coincides with the one given in (8.27). On the other
hand, by using the notation introduced in Section 4, we provide the following suf-
ficient condition on the distance of a flag code to ensure some type of disjointness.
More precisely, we can conclude that a given flag code is (iy, ..., iy )-disjoint just
by checking if its minimum distance is greater than the value D(iy, ..., i5)®™.
Recall that, as said in Remark 4.22, fixed the flag variety F,(t,n), these values
only depend on the choice of the indices 1 < iy < --- < i)y < r. Hence they
are independent from any specific flag code and can be computed and stored as
parameters associated to F,(t,n). We use these remarkable distances as follows.

Theorem 5.9. Let C C F,(t,n) be a flag code such that d;(C) > D(i, ..., i)™,

for some choice of 1 < M < r indices 1 < 17 < --- < iy < 1. Then C 1is
(11, ..., in)-disjoint.
Proof. Assume that C is not (i1, ...,y )-disjoint for this particular choice of in-

dices 1 < iy < --- < iy < r. Then we can find different flags F, 7’ € C such that
Fi, = .7-'{j for every 1 < 7 < M. As a result, the distance vector associated to
the pair of flags F and F’ has, at least, M zeros in the positions iy,...,iy. As
a result, and according to the definition of D(iy, ..., i)™, we have

df(C) < df(f, .F,) < D(il, R ,Z']w)(t’n),
which is a contradiction. |

The previous result leads to a sufficient condition for flag codes to be M-
disjoint in terms of their minimum distance.

Corollary 5.10. Let C C F,(t,n) be a flag code and consider an integer 1 <
M <L r If

dp(C) > max {D(ir, ... ip)""" | 1<iy <+ < iy <1},
then C is M-disjoint.

Remark 5.11. Observe that comparing the distance of a code with the maximum
of the values D(iy,...,iy;)®™ is not a big deal since, as said in Remark 4.22,
for each choice of indices and type vector, this maximum value can be computed
in advance. Moreover, in case of working with full flags on Fy, this maximum
value is explicitly computed in Proposition 4.18. Hence, we can give an easier

condition to guarantee that a given full flag code is M-disjoint as follows.
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Corollary 5.12. Let C be a full flag code on Fy. If ds(C) > DM for some
1< M <n—1, then C is M-disjoint.

Theorem 5.9 and Corollary 5.10 state sufficient conditions to deduce some
degree of disjointness in terms of the minimum distance of a flag code. The
concept of disjointness and, in particular, these two results will be crucial to
establish bounds for the cardinality of flag codes in F,(t,n) with a prescribed
minimum distance.

6 Bounds for the cardinality of flag codes

This section is devoted to give upper bounds for the cardinality of flag codes
from arguments introduced in both Sections 4 and 5. As said in Section 2, the
value Ag (n,d,t) denotes the maximum possible size for flag codes in F,(t,n)
with distance d. In the particular case of full flags on Fy, we just write A{; (n,d).
Up to the moment, bounds for A(J;(n, d) have only been studied in [15]. In that
paper, the author develops techniques to determine upper bounds for the size of
full flag codes and gives an exhaustive list of them for small values of n. Out
of the full type case, the author also exhibits some concrete examples. The
bounds in the present paper are valid for any type vector and arise from different
techniques. More precisely, for each value of the distance, we apply Theorem 5.9
and Corollaries 5.10 and 5.12, in order to ensure certain degree of disjointness and
derive upper bounds for A{;(n, d,t), related to the size of a suitable flag variety.
From now on, we will write d to denote a possible distance between flags
in F,(t,n), that is, an even integer d € [0, D*™]. Next we will use the values
D(iy, ..., i)™ defined in Section 4, along with the condition of (i1, ..., i )-
disjointness introduced in Section 5, to derive upper bounds for A{; (n,d,t).

Theorem 6.1. If d > D(iy,..., i)™, for a particular choice of 1 < M < r
mdices 1 <11 < -+ <1y <71, then

! 4 . _ |y |n—t vt
ajtnd. ) <Al =[] 28] [

Proof. By application of Theorem 5.9, we know that every flag code C C F(t, n)
with distance d > D(iy, ..., iy)®™ must be (iy, ..., iy )-disjoint. Hence, it holds

|C| - |p(i1,---,iM)<C)| < |fq<<ti17 s 7tiM)7n)"

Consequently, every flag code in F,(t, n) with minimum distance d > D(iy, ..., ip)
cannot contain more flags than the flag variety F,((t;,,...,%:,,),n). The last
equality follows from (8.4). 1

t,n)

Comparing the distance d with all the possible values of D(iy, ..., iy)®™

leads to the next result, which is a direct consequence of Theorem 6.1.
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Corollary 6.2. If d > D(iy,...,iy)®™ for every election of 1 < M < r indices
1<ip <~ <ipy <, then

Al(n,d, t) < min{|F,((ti,, ... tiy)n)| | 1 <idp < -+ < iy <}

Notice that, in the case that M = 1, Theorem 6.1 entails a bound for
A{; (n,d,t) in terms of the size of certain Grassmann varieties.

Corollary 6.3. Assume that d > D(i)(t’") for some 1 < i < r. It holds
Ag(n,d,t) < |Gy (ti,m)l.

Here below, we provide a potentially tighter bound than the one in Corollary
6.3 in terms of the maximum possible size for constant dimension codes in G, (t;, n)
with a suitable value of the subspace distance. Notice that, if d > D(i)®™) by
the definition of D(i)®*™ no distance vector in D(d,t,n) can have a zero as its
i-th component. Therefore, the value d; defined in (8.19) satisfies d; > 2. As a
consequence, it makes sense to consider the next upper bound.

Theorem 6.4. If d > D(i)*™ for some 1 <i < r, then
Aﬁ;(n,d,t) < Ay (n, d;, ).

Proof. Let C be a flag code in F(t,n) such that d = d;(C) > D(i)®™ and
assume that |C| > A,(n, d;, ). By means of Theorem 5.9, we know that C is (i)-
disjoint, i.e., |C| = |C;|. Hence C; is a code in G,(t;,n) with more than Ay(n, d;, )

subspaces. As a result, we have that ds(C;) < d;. Consequently, there must exist
different flags F, F' € C such that dg(F;, F]) = dg(C;) < d;. Proposition 4.5
leads to

d=ds(C) < dg(F,F') < D(i,ds(Fi, F7)) < d,
which is a contradiction. |

Remark 6.5. Notice that, since d; > 2, we clearly have

AQ(nvdzﬁi) < Aq(’I’L,Q,i) = |g¢Z(Z>n)|

and the equality holds if, and only if, d; = 2. Consequently, the upper bound for
Ag (n,d,t) given in Theorem 6.4 is as good as the one provided in Corollary 6.3
and it is even tighter in case d; > 4.

Let us consider now the full flag variety. To do so, from now on, we will
write d to denote a feasible distance between full flags on Fy, i.e., an even integer
with 0 < d < D" In this case, all the results in this section still hold true.
However, since we have a better description of the values D(iy,...,iy)" when
we consider the full flag variety, we can give more information for this specific
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case. For instance, fixed 1 < M < n — 1, instead of checking the condition
d > D(iy,...,ip)" for every choice of indices as in Corollary 6.2, by means of
Proposition 4.18, one just need to ascertain if d > D"~™ holds. Moreover, when
restricting to the case M = 1, by means of Proposition 4.9, we can restrict
ourselves to indices 1 <7 < [§].

The next result follows straightforwardly from the definition of the value D (7)™

(see (8.22)) along with Propositions 4.9 and 4.12.

Lemma 6.6. If d > D(i)" for some 1 <i < |2], then the values d; defined in
(8.19) satisfy )

d; =2, for everyi < j<n—i.

By means of the previous lemma, and arguing as in Theorem 6.4, whenever
d > D(i)" holds, we obtain the next upper bound for A/ (n, d).

Theorem 6.7. If d > D(i)" for a given 1 < i < [5], then
Al(n,d) < min{A,(n,d;, j) | i <j<n—i}

Using this last result when working with full flags gives us a bound as good
as the one given in Theorem 6.4, formulated for the general type. Moreover, in
some cases, it even improves it, as we can see in the following example.

Example 6.8. For n = 6 and the full type vector, consider the flag distance
d = 16, which satisfies d = 16 > D(1)% = 12. Moreover, taking into account
that D(16,6) = {(2,4,4,4,2)}, it is clear that d; = 2 for i = 1,5 and d; = 4 for
7 =2,3,4. Hence, Theorem 6./, leads to

A7(6,16) < A4(6,2,1) = G,(6. )| = ¢’ +¢" + ¢’ +¢* + ¢ +1
(see (8.1)). On the other hand, by using Theorem 6.7, we obtain
Al(6,16) < 4,(6,4,2) = ¢* + ¢ + 1,

which 1tmproves the previous bound. Notice that the last equality just gives the
cardinality of any 2-spread code in Iﬁ‘g, i.e., optimal constant dimension codes (of
dimension 2) having the mazimum distance. These codes were introduced in [18].

7 A complete example

In this section we illustrate how to combine all the elements introduced in this
paper in order to exhibit relevant information about a flag code with a prescribed
minimum distance d. To do so, we compute all the values D(iy,... ,Z'M)(t’"),

defined in Section 4 for a specific choice of n and t.
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Let us fix n = 7 and consider both the full type vector (1,2,3,4,5,6) and the
type vector t = (t1,ta,13,t4) = (1,3,5,6). We start working with full flags and
computing all the values D(iy, ..., iy)", for every possible choice 1 < M < 6 and
indices 1 < 47 < --- < ij7 < 6. As pointed out in Section 4, these values are
not only useful for the full type case but also serve to extract conclusions for any
other flag variety on IFZ (see Proposition 4.19).

The following table shows all these distances D(iy, ..., i), separated accord-
ing to the number of zeros 1 < M < 6. We also exhibit the associated distance
vector D(iy,...,15)", the choice of ordered indices 1 < iy < -+- < iy < 6 and
the multiset of differences {{i1,42 —1i1,...,7—1in}}. Recall that, as stated in Re-
mark 4.17, we can restrict ourselves to families of indices such that the differences
1<y <ig—141 < ... <7 —1y are also ordered.

M=1
i1 Differences D(iy)” D(iy)"
1 {1,617} (0,2,4,6,4,2) 18
2 12,51 (2,0,2,4,4,2) 14
3 ((3,4)) (2,2,0,2,4,2) 12
M=2
(i1,12) Differences D(iy,19)" D(iy,i5)"
(1,2) {115 (0,0,2,4, 4,2) 12
(1,3) ({1,2,4}} (0,2,0,2,4,2) 10
(1,4) {{1,3,3}} (0,2,2,0,2,2) 8
2,4 12.2,31 (2,0,2,0,2,2) 8
M=3
(i1, 19, 13) Differences D (i1, 19,173)" D(iy,i2,13)"
(1,2,3) {11,141} (0,0,0,2,4,2) 8
(1,2,4) (11,1,2,3) (0,0,2,0,2,2) 6
(1,3,5) (11,2,2,21) (0,2,0,2,0,2) 6
M=14
(11, ... ,14) Differences D(it,...,04)" | D(it, ... 04)"
(1,2,3,4) | {{LLLL3} | (0,0,0,0,2,2) 4
(1,2,3,5) | {{1.1,1,2,2}} | (0,0,0,2,0,2) 1
M=5
(i1, ...,15) Differences D(i1,...,i5)" | D(iy,...,i5)"
(1,2,3.4,5) | ({L,1,1,1,1,2}} | (0,0,0,0,0,2) 2
M=6
(11, ..,1g) Differences D(iy,...,i6)" | D(i1,...,ig)"
1,....6) | ({LLL,1,1,L1,11} | (0,0,0,0,0,0,0) 0

Table 8.1: Possible values of D(iy,...,iy)" for every 1 < M < 6.
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Any other choice of indices 1 < 7; < --- < i3 < 6 has an associated multiset
of differences {{iy, iy —i1,...,7 — iy }} that already appears in these tables. For
instance, to compute the value D(1,3,6)", we just need to consider the multiset

{{1,3-1,6-3,7—6}} = {{1,2,3,1}}

and order its elements as an increasing sequence {{1,1,2,3}}. This multiset
already appears in Table 8.1, associated to the choice of indices (1,2,4). Hence,

D(1,3,6)" = D(1,2,4)" = 6.

The next table contains upper bounds for Af; (7,d), for every value of 2 < d <
D" = 24 and every prime power ¢. To compute them, we compare d with specific
values D(iy,...,ip)" provided in Table 8.1, for some 1 < M < 6. Notice that
applying Theorem 6.1 to different elections either of the integer M or of indices
i1 < --- < 1y provides, in general, different bounds. We proceed as in Corollary
6.2 and give the tightest bound for each case.

4 D(iy, .. im)" Upper bound for A7(7, d)
2 | D(1,2,3,4,5,6)" =0 | |F,((1,2,3,4,5,6),7)| = (¢" _(1) 1(;12 1)
4 D245 =2 | |F(12,345).7) = L= (1; . 1(;3 1)
6 | D(1,2,3,4)7 =4 1 F,((1,2,3,4),7)] = (g" _(13_ 1()‘{1 — 1)
8 | D247 =6 F((1,2,4),7)| = LD ?qlz(z;— 1)(¢? + 1)
10 | D(1,4)7 =38 Fo(14),7)] = 4D quz(?;’; 1)(¢* +1)
12 | D(1,3)" = 10 F((1,3),7)] = (a" — 1)(615((]—_1)1()6124 +¢+1)
14 | D(1,2)7 =12 Fy((1,2),7)] = (¢’ ?q11<(£2_ 1)
16— 18 | D(2)" = 14 6,2,7) = L= 12(EQiJlr>q +1)
20— 24 | D(1)" = 18 1G,(1,7)] = ((q(;_—ll))

Table 8.2: Bounds for A{;(?, d) obtained by using Theorem 6.1.
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Moreover, observe that the restriction to the families of ordered indices in Ta-
ble 8.1 is not a problem since any choice of M indices {iy,...,iy} and {j1,...,Jjm}
giving equal multisets

{{ir,i0 — i1, .. on—iy}y ={{U1, 2 — J1,-- s — Jjm}}
also provide the same bound

Ag(n,d) <|F((in, - yiag),0)| = | Fo((r, - ), )]
because the cardinality of the flag variety

| Fo (G, ing),m)| = m {n_il}q'“ [n_iM_lL

Zlq ig—il TL—ZM
(¢"—1...(¢=1)

((¢r=1)...(¢—1)) (Hf‘il (g1 —1)...(q— 1))) ((qm =1)...(¢—1))

just depends on the values iy,%9 —21,...,1n — 1.

Notice that the bounds for A{;(?, d) in Table 8.2 do not change for distances
16 < d <18 or 20 < d < 24. In Table 8.3, for each flag distance value 16 < d <
24, we indicate the specific choice of 1 < i < 6 and the corresponding value d;
(see (8.19)) that provide the best upper bound for Af(7,d) that can be obtained
by means of Theorem 6.7.

d | i| d; Upper bound for AfL(7, d)
(¢ D'+ +1)

16| 2 2 | Ay(7,2,2) = |G,(2,7)] =

(¢—1)
18] 2| 2 | 4122 = G0 - CHELCHD
20| 1| 2 Aq(7,2,1):|gq(1,7)|:(g]?__ll))

22 4] 4 | AJ(7,4,2) <ql¢* +F+1)
2136 | A,(7,6,3) = ¢ 11

Table 8.3: Bounds for A/(7,d) obtained by using Theorem 6.7.

Notice that, as said in Remark 6.5, for those cases in which d; = 2, bounds in
Tables 8.2 and 8.3 coincide. On the other hand, whenever d; > 2, Table 8.3 gives
better bounds. The next example illustrates how bounds in this table have been
computed.
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Example 7.1. For d = 20 and the full flag variety on IFZ, we have
D(20,7) = {(2,4,4,4,4,2), (2,2,4,6,4,2), (2,4,6,4,2,2)}.

As a consequence, it holds d; = 2 fori=1,2,5,6 and d; = 4 for j = 3,4. Hence,
Theorem 6.7 leads to three possible upper bounds for A{;(?, 20):

AN(7,20) < Ag(7,2,1) = Ag(7,2,6) = |G,(1,7)
AN(7,20) < Ag(7,2,2) = A(7,2,5) = |G,(2,7)
Al(7,20) < Ag(7,4,3) = Ay(7,4,4).

Clearly the first bound is tighter than the second one. Moreover, by means of [10,
Th. 3.20], we know that

7
1
Aq(7,4,3)>q8+q5+q4—q—1>q6+---+q+1=(‘g_ =1G,(1,7)l.

o=
Thus, Theorem 6.7 leads to AI(7,20) < |G4(1,7)|, as we see in Table 8.3.

Using similar arguments we arrive to give some upper bounds for AZ; (n,d)
that coincide with the already presented in [15]. See, for instance, Propositions
2.5,2.6,2.7,4.4,4.5, 4.6, 6.1, 6.2, 6.3 and 6.4 in that paper.

Now, also for n = 7 but for type vector t = (1,3,5,6), we apply the re-
sults presented in this paper with the goal of exhibiting upper bounds for the
cardinality of flag codes of this specific type vector. We start computing the
values D(iy,...,iy)®7, for 1 < M < 4, by applying Proposition 4.19 to the al-
ready computed values D(t;,,...,t;,,)" in Table 8.1 and their associated vectors
D(tiy, .. tiy,)"

M=1
i D(t;,)’ D(t;,)*" D(t;,)*"
1 (0,2,4,6,4,2) (0,4,4,2) 10
2 (2,2,0,2,4,2) (2,0,4,2) 8
3 (2,4,4,2,0,2) (2,4,0,2) 8
4 (2,4,6,4,2,0) (2,6,2,0) 10
M=2
(il,ig) D(tilath)? D(il,lg)(t’7) D(il,ig)(t’7)
(1,2) (0,2,0,2,4,2) (0,0,4,2) 6
(1,3) (0,2,4,2,0,2) (0,4,0,2) 6
(1,4) (0,2,4,4,2,0) (0,4,2,0) 6
(2,3) (2,2,0,2,0,2) (2,0,0,2) 1
(2,4) (2,2,0,2,2,0) (2,0,2,0) 4
(3,4) (2,4,4,2,0,0) (2,4,0,0) 6
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M=3
(11,49, 13) D(ti,, iy, ti)" D (i, ia, i3)®7) D(iy,ig,i3) 7
(1,2,3) (0,2,0,2,0,2) (0,0,0,2) 2
(1,2,4) (0,2,0,2,2,0) (0,0,2,0) 2
(1,3,4) (0,2,4,2,0,0) (0,4,0,0) 4
(2,3,4) (2,2,0,2,0,0) (2,0,0,0) 2
M=14
(il,ig,ig,i4) D(til,tiQ,ti3,ti4)7 D(il,ig,ig,i4)(t’7) D(il,ig,ig,i4)(t’7)
(1,2,3,4) (0,2,0,2,0,0) (0,0,0,0) 0
Table 8.4: Possible values of D(iy, ..., i) ®7.

Using this table and applying Corollary 6.3, we obtain the next list of bounds
for Ag (7,d,t). As before, we provide the tightest possible upper bound for each
value d. We do so by making a suitable choice of 1 < M < 4 and indices
1 <iy <--- <y < 4. This information is collected in the next table.

i D, -, in) " Upper bound for A(7,d,t)
2 | D(1,2,3,4)7 =0 | |[F(t,7)] = (¢ ~ (¢ - 1)85_—12(613 ~D(@+1)
4 D2yt =2 | |Fa.e). =0 quz(i];_ D(+ 1)
6 | D(2,4)t) =4 1F,((3,6),7)| = (¢" = (¢’ quj((i?)’;r 1)(¢* +1)
I I L
I T

12— 14 | D()®ED = 10 1G,(1,7)] = 27:11

Table 8.5: Bounds for A/(7,d,t) obtained by using Theorem 6.1.

Last, for distance d = 14 =

Observe that
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D®7) we can improve the previous bound.

D(14,t,7) = {D®D} = {(2,6,4,2)}.
Thus, taking into account that d, = 6, by using Theorem 6.4, we obtain

AL(7,14,8) < Ay(7,6,t2) = Ay(7,6,3) = ¢* + 1,
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(see [10, Th. 3.43| for the last equality) which is a better bound than the one
given in Table 8.5.

8 Conclusions

In this paper we have addressed an exhaustive study of the flag distance param-
eter. To do so, we have introduced the concept of distance vector as a tool to
represent how a flag distance value can be obtained from different combinations
of subspace distances. Besides, we have characterized distance vectors in terms
of certain conditions satisfied by their components.

We have presented the class of (i1, ...,i))-disjoint flag codes, as a general-
ization of the notion of disjointness given in [4] and also established a connection
between the property of being (i1, ..., iy )-disjoint and the impossibility of hav-
ing distance vectors with M zeros, placed in the positions i, ...,45;. This allows
us to read some structural properties of flag codes in terms of their minimum
distance and their sets of distance vectors. As a consequence of our study, we
deduce upper bounds for the value A{; (n,d, t) for every choice of the parameters.
These bounds strongly depend on the number of subspaces that can be shared
by different flags of a code in F,(t,n) with minimum distance d. We finish our
work by explicitly computing our bounds for A{; (7,d,t) and two particular type
vectors when we sweep all the possible distance values in each case.
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Chapter 9: A combinatorial approach to flag codes

Abstract:

In network coding, a flag code is a collection of flags, that is, sequences of nested
subspaces of a vector space over a finite field. Due to its definition as the sum
of the corresponding subspace distances, the flag distance parameter encloses a
hidden combinatorial structure. To bring it to light, in this paper, we interpret
flag distances by means of distance paths drawn in a convenient distance support.
The shape of such a support allows us to create an ad hoc associated Ferrers
diagram frame where we develop a combinatorial approach to flag codes by re-
lating the possible realizations of their minimum distance to different partitions
of appropriate integers. This novel viewpoint permits to establish noteworthy
connections between the flag code parameters and the ones of its projected codes
in terms of well known concepts coming from the classical partitions theory.
Keywords: Network coding, flag codes, flag codistance, Ferrers diagrams, inte-
ger partitions, Durfee squares.

1 Introduction

Random network coding, firstly introduced in [1], has proven to be the most
efficient way to send data across a non-coherent network with multiple sources
and sinks. Despite its efficiency, it is very susceptible to error propagation and
erasures. In order to overwhelm this weakness, in [12] the authors propose an alge-
braic approach by simply considering subspaces of [ as codewords and subspace
codes as collections of subspaces. Since this pioneering paper, much research has
been made in constructing large subspace codes, and also in determining their
properties. In case all the subspaces in the code have the same dimension, we
speak about constant dimension codes. To have an overview of the most impor-
tant works in this subject, consult [16] and the references therein.

In [14] the authors developed techniques for using flags of constant type, that
is, sequences of nested subspaces of prescribed dimensions, in network coding. In
this context, collections of flags are denominated flag codes and they appear as
a generalization of constant dimension codes. The recent works |2, 4, 5, 6, 13]
among others, show a growing interest in this topic.

If we consider all the subspaces of a given dimension of all the flags in a flag
code, we obtain a constant dimension code called projected code. In the study of
flag codes, a central problem is the one of unraveling to what extent is it possible
to get the parameters of a flag code from the ones of its projected codes and
conversely. In [3, 5, 6, 15| this problem has been addressed for the family of flag
codes attaining the maximum distance (optimum distance flag codes) whereas
in [2], the authors define consistent flag codes as precisely those ones whose
projected codes completely determine their parameters. In the paper at hand, we
deal with this question for general full flag codes from an innovative combinatorial
perspective.
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When investigating the parameters of a flag code, one of the main difficulties
lies in the definition of the distance between flags: it is obtained as the sum
of their subspaces distances, which causes that many different combinations of
them can give the same flag distance value. To succinctly represent these possible
fluctuations, in [4], the authors introduce the notion of distance vector (associated
to a given distance value). Here, we draw distance vectors in the distance support
to obtain the so-called distance paths. This simple geometrical idea allows us to
focus on the codistance of the flag code (the complement of the distance) and
hence, naturally associate to a flag code different combinatorial objects coming
from the classical theory of partitions that result very convenient for our purposes.

The remain of the paper is organized as follows. In Section 2 we remember
some basics on partitions and Ferrers diagrams. We also recall some background
on subspace codes and flag codes. In Section 3 we address a deep study on the
flag distance parameter by defining the distance support of the full flag variety
which allows us to graphically represent the distance path of a couple of flags. We
analyze the properties of such paths and we define the new concept of codistance
of a flag code. In Section 4 we translate the information that can be read in
the distance support into information encoded in a combinatorial scenario. To
this end, we enrich the distance support to create a Ferrers diagram frame where
each distance path will be read as a set of Ferrers subdiagrams, that is, as a set
of integer partitions. At the same time, we associate to each of such partitions
its underlying distribution that gives a particular splitting of the corresponding
codistance. In this way, we establish a one-to-one correspondence between the
set of distance paths associated to a distance value and the set of splittings
associated to the corresponding codistance value. Finally, in Section 5, we take
advantage of the dictionary established in the previous section and, with the
help of specific objects coming from the partitions world, as Durfee rectangles,
we exhibit different results that precisely relate the parameters of a flag code to
the ones of its projected codes. We finish the paper with some representative
examples that illustrate our results, one of them giving rise to a combinatorial
characterization of full flag codes of the maximum distance.

2 Preliminaries

In this section we briefly recall the main definitions and results on partitions,
Ferrers diagrams, subspace codes and flag codes that will be needed along the

paper.

2.1 Partitions and Ferrers diagrams

Let us first fix some notation on integer partitions and their representation by
Ferrers diagrams. Our basic reference related to this subject is [8].
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Definition 2.1. Given a positive integer s, a partition of s is a sequence of non-
increasing positive integers A = (A1,..., A,,) such that A\; + -+ A, = s. Each
value J; is called a part of A and we say that m is the length of \.

The number of partitions, usually denoted by p(s), was determined asymp-
totically by Hardy and Ramanujan [11|. A remarkable expansion by Rademacher
that permits calculate p(s) more accurately can be found in [9, Chapter 5.

Example 2.2. Here we give the possible seven partitions of s = 5:

5=5
—4+1

=342

=3+1+1 (9.1)
=24+2+1

=24+141+1

=1+14+14+141.

The Ferrers diagram of an integer partition provides a very useful tool for
geometrically visualizing partitions and to extract relevant properties about them
in some cases.

Definition 2.3. Given a partition A = (Ay,..., \,), its associated Ferrers dia-
gram §» is constructed by stacking right-justified m rows of dots, where the
number of dots in each row corresponds to the size \; of the corresponding part.
The dot at the top right position is called the corner of the Ferrers diagram.

Example 2.4. The next picture shows the Ferrers diagrams associated to the
partitions of s =5 given in Example 2.2.

Figure 9.1: Ferrers diagrams with 5 dots.

There are other important elements naturally associated to the Ferrers dia-
gram of a partition, as their Durfee rectangles and squares, that will be helpful
for our purposes as we will see in Section 5. Let us briefly recall the precise
definition.

Definition 2.5. Given the Ferrers diagram §, of a partition A\, we call the Durfee
k-rectangle associated to §y, and denote it by Dy ()), the largest-sized rectangle
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within §, with top right vertex at the corner of §, and such that its number of
columns exceeds its number of rows by k. In particular, if & = 0, the Durfee
k-rectangle will be just called the Durfee square associated to §, and simply

denoted by D(\).

o o L] o L] o o [ ] o (]
o o o o o [ ] [ ] [ ]

(] (] (] L] [ ] L]

o [ ]

Figure 9.2: Durfee square and 2-Durfee rectangle Dy(\) for A = (5,4,3,1).

In [7, 10], the reader can find more information on these objects.

2.2 Subspace codes and flag codes

Throughout the paper ¢ will denote a fixed prime power and k, n two integers
with 1 < k& < n. Consider F, the finite field with ¢ elements and denote by
Gq(k,n) the Grassmannian, that is, the set of k-dimensional subspaces of F7.
The set of vector subspaces of [y can be equipped with different metrics but, in
the current paper, we will use the so-called injection distance.

Definition 2.6. The injection distance between two subspaces U,V C Fy is
defined as
d;(U,V) = max{dim(U),dim(V)} — dim(U N V). (9.2)

In particular, if U,V € G,(k,n), then we have
dr(U, V) = k — dim@ N V). (9.3)

Using this distance, we can define error-correcting codes in the Grassmannian
as follows.

Definition 2.7. A constant dimension code C of length n and dimension k is a
nonempty subset of G,(k,n). The minimum distance of C is defined as

d[(C) = mln{dl(U,V) | U,V € C, U 7é V}
whenever |C| > 2. In case |C| = 1, we put d;(C) = 0.

Remark 2.8. Another frequent metric used when working with codes whose
codewords are subspaces of [y is the subspace distance. It is given by

ds(U, V) = dim(U + V) — dim@U N V). (9.4)
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Observe that, if U,V € G,(k,n), then
ds(U, V) = 2(k — dim(U N V)) = 2d, (U, V).

Hence, in the context of constant dimension codes, the injection distance and the
subspace distance are equivalent metrics. Consult [16] and the references therein
for more information on this class of codes.

The concept of constant dimension code can be extended when considering
flags of constant type on Fy, that is, sequences of nested subspaces of F where
the list of corresponding dimensions is fixed. The use of flags in network coding
as a generalization of constant dimension codes was first proposed in [14]. Let us
recall some basic background on flag codes.

Definition 2.9. A flag 7 = (F1,...,F;) on F} is a sequence of nested F -vector
subspaces

(}CF G- CFCF
of Fy. The type of F is the vector (dim(Fy),...,dim(F,)). In particular, if the
type vector is (1,2,...,n — 1), we say that F is a full flag. The subspace F; is
called the i-th subspace of F.

The set of all the flags on Fy of a fixed type vector (t,...,t,) is said to
be the flag variety F,((t1,....t.),n) C G,(t1,n) X -+ x G,(t,,n) and, for every
1=1,...,r, we define the i-projection as the map

pit Fo((ts,....t:),n) —  G,(t;,n)
(9.5)
F=(F,...., F) — p(F)=F.

The flag variety F,((¢1,...,t.),n) can be endowed with a metric by a natural
extension of the injection distance defined in (9.2). More precisely, given two flags
F=(F,....,F)and F' = (Fj,..., F)in F,((t1,...,t,),n), the (injection) flag
distance between them is the Value

H(FF) = Zdl (Fi, F)). (9.6)

Remark 2.10. Observe that the subspace distance dg defined in (9.4) can also
be extended to the flag variety. Given F and F’ as above, the sum of subspace
distances

> ds(Fi F) = 2d;(F, F)

i=1
is an equivalent distance to d¢. Due to the approach followed in this paper, it is
more convenient for us to choose the injection flag distance.
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Definition 2.11. A flag code of type (ti,...,t,) on F} is a non-empty subset
C C F,((t1,...,t;),n). Its minimum distance is given by

df(C) = min{ds(F,F) | F,F €C, F#+F'}.
when |C| > 2. If |C| = 1, we put d¢(C) = 0. The i-projected code of C is the set
Ci={p:(F)[F €C} CGyltin).

Example 2.12. Let {ey, €2, €3, €4, €5, ¢} be the canonical F,-basis of]Fg and con-
sider the flag code C of type (1,3,5) on Fg given by the set of flags:

‘Fl = (<61>7 <€17e27€3>7 <617627e37€47€5>>7
Fr o= (<e4>7<64765766>7<61’627647€5766>>,
‘FS - (<e5>7<e4’65’66>7<627637647657€6>)'

Its projected codes are

Ci = {(e1),{eq), (e5)},
CQ = {(61,62,€3>,<€4,€5,€6>},
C3 - {<617627637€47€5>7<€17€27e4765766>7<627637€47€5766>}7

with minimum distances d;(Cy) = dr(C3) = 1 and d;(Cy) = 3. Moreover, it holds
di(C)=dy(F, F)=1+0+1=2.

Remark 2.13. Note that the i-projected code C; of C is a constant dimension
code in the Grassmannian G,(¢;,n). At this point it is important to underline
that, albeit the projected codes are constant dimension codes closely related to
a flag code, they do not determine it at all; different flag codes can share the
same set of projected codes. On the other hand, the cardinality of |C;| always
satisfies |C;| < |C|, whereas concerning the distance, we can have d;(C) > d;(C;),
df(C) = d;(C;) or even df(C) < df(C;). It suffices to see that, if C is the flag
code given in Example 2.12, we have d;(C) = 2 > 1 = d;(C;) for i = 1,3, but
d¢(C) = 2 < 3 = d;(Cy). This range of possibilities in the distance parameter
behaviour comes from the flag distance definition itself; a fixed distance value can
be obtained by adding different configurations of the subspaces distances. For
instance, if we take flags 72, F3 as in Example 2.12 and consider

F' = ({e3), (es, 5, €q), (€2, €3, €4, €5, €6)),
then we have
dp(F2F) =1404+1=2=1+1+0=d;(F F".

In [4] the authors deal algebraically with this question by capturing such a vari-
ability with the so-called distance vectors. The distance paths defined in Section
3 are a geometrical version of such distance vectors.
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In light of the previous remark, it naturally arises the problem of obtaining
the parameters of a flag code from the ones of its projected codes and conversely.
In Section 5 we tackle this problem with the help of new techniques based on the
combinatorial objects that we will describe along Sections 3 and 4.

3 Flag distance and distance paths

In this section we deepen the study of the flag distance parameter describing its
particular quirks from a brand-new combinatorial viewpoint. In the remain of
the paper we will always work with full flags.

As said in Section 2, the flag distance defined in (9.6) extends the subspace
distance given in (9.2) in the following way: the flag distance between two given
flags on a vector space is exactly the sum of the distances between their subspaces.
This fact implies that, contrary to what happens with subspaces distances, flag
distances conceal certain complexity in the sense that a fixed value for the flag dis-
tance can be attained from different combinations of the corresponding subspace
distances.

Remark 3.1. Observe that every full flag F = (Fy,...,F,_1) of length n — 1
can be “enlarged” to the sequence of n + 1 nested subspaces of [y given by

= ({0}, F1, .., Fe1, ) (9.7)

just by adding Fy = {0} and F,, = F}. Now, for every pair of full flags F, F, it
clearly holds

H(F,F) = Zdl Fi F) =Y _di(Fi. F)) = de(F. F).

So that the distance between two full flags F, ' does not change if we extend
them respectively to F,F’. Taking this fact into account, and for technical
reasons, our study of the flag distance parameter will be undertaken by using
extended full flags as in (9.7). However, observe that, when we consider an
“extended” full flag code C, two new and trivial projected codes arise: Cy = {0}
and C, = {Fy}. These codes do not give any relevant information about C.
Consequently, in our study, we will just take into account the projected codes C;
with 1 <7 < n — 1, as usual.

The injection flag distance between two (extended) full flags F, F’ on Fy is
an integer that satisfies 0 < d(F, F') < D", where

Dr — {nQJ B % if n iseven, 9.8)
4] "24_1 if n 1is odd. .
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This expression is a direct consequence of the possible values that the injection
distance between i-dimensional subspaces of ]Fg can reach. For every 0 < i < n,
let us write R(i,n) to denote the set of attainable injection subspace distances
by subspaces in G,(i,n). It is clear that R(0,n) = R(n,n) = {0} and

R(i,n) ={0,1,... min{i,(n —i)}}, forie {1,2,...,n—1}. (9.9)
Hence, we deduce straightforwardly the next lemma.
Lemma 3.2. The following statements hold:
(1) R(i,n) = R(n —i,n) for every 0 < i < n.
(2) R(0,n) C R(1,n) C R(2,n) C--- C R(|5],n).

Using this notation, for every value of 0 < ¢ < n, we consider the set of points
S(i,n) of Z? given by

S(i,n) = {i} x R(i,n) = {(i,0) € Z* | § € R(i,n)}. (9.10)

Definition 3.3. For every dimension 0 < i < n, the set S(i,n) defined in (9.10)
is called the distance support of the Grassmannian G,(i,n).

This geometrical representation can be generalized to the full flag variety as
follows.

Definition 3.4. The distance support of the full flag variety on [} is the set

S(n) = 0 S(i,n) C Z*. (9.11)

1=0

Graphically, the distance support S(n) has the following representation.

4 1] .
3 [ ] [ ] 3** [ ] [ ] [ ]
2 [ ] [ ] [ ] [ ] 2** [ ] [ ] [ ] [ ] [ ]
1 e o o o o o 11 e e e e o o o
XK —X—> XK —X—>
1 2 3 45 6 7 1 2 3 45 6 7 8

Figure 9.3: Distance supports S(7) and S(8).

Remark 3.5. The reader can appreciate that two different node styles have been
used in Figure 9.3. This is due to the fact that not every point contributes equally
when we use the support to represent flag distances. On one side, crossed dots
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denote null distances. On the other side, there are exactly D" circle dots repre-
senting positive distances. This dichotomy will be very useful when representing
distances between pairs of flags in S(n).

It is clear that the i-th column of the distance support S(n) is just the distance
support S(i,n) of G,(i,n). Hence, as a consequence of Lemma 3.2, the support
S(n) is symmetric with respect to the vertical line 2 = % and the columns heights
grow as the dimension gets closer to 5. Observe that there is a remarkable
difference in the distance support shape depending on the parity of n: when n is
even, the value 7 is a dimension on the type vector. In this case, S(n) has a peak in
this central dimension. In contrast, when n is odd, S(n) presents a plateau on its
top. The higher attainable distances in this latter case are placed at dimensions

n

|5] and [5], i.e., the closest integers (from left and right, respectively) to the

value %

Remark 3.6. Concerning also the distance support shape, notice that the dis-
tance support S(n — 1) can be obtained from S(n) just by removing the set of
points with coordinates (i, (n — )) whenever 2i > n. These points are the ones
in the “right-roof” as in the next figure.

4 ° 4
3 e e o© 3 e o
2 e e e o O 2 e o o o
11 e e e e e e o 11 e e e e e o
e e S
1 2 3 4 5 6 7 8 1 2 3 45 6 7 8

Figure 9.4: Getting S(7) (right) from S(8) (left).

At this point, if we consider two full flags on [y, their flag distance can be
geometrically represented by means of a collection of n+ 1 points in the distance
support S(n), each one of them in a different column S(i,n) as follows.

Definition 3.7. Given a pair of full flags F and F' on Fj, we define their
distance path T'(F,F') as the directed polygonal path whose vertices are the
points (¢, dr(F;, F})) for every 0 < i < n.

Figure 9.5: Examples of distance paths in S(7).
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Similarly, given a full flag code, we can consider a collection of distance paths
associated to it.

Definition 3.8. Let C be a full flag code on Fy. The set of distance paths of C
is the set
re) ={nrr)|F,FecC, F£F}

Notice that every distance path in S(n) starts at the point (0,0) and arrives
to (n,0). Nevertheless, it is important to point out that not every polygonal path
with vertices in the support S(n) satisfying this condition represents a potential
distance path of a pair of flags. In order to characterize the polygonal paths in
S(n) also being distance paths between a couple of flags in Fy, in the following
result we see that, for a given pair of full flags F, 7 on [y, the value of d;(F;, F7)
completely determines the range of possibilities for d;(Fii1, Fi, ;).

Theorem 3.9. Consider F,F' full flags on F and denote 6; = di(F;, F;) where
i€{0,1,...,n}. Then, for any 0 < i < n, it holds

5i+1 S {62 = 1, 61,51 + 1}

Proof. The proof is based on the flags nested structure. Consider full flags F and
F'on Fy. For every 1 <i <n — 1, we have

FiNF € Fipr N Fiyy and Fi + F; C Fir + Fiy.
The second inclusion leads to the next inequality
20 —dim(F;,NF)) <21+ 1) — dim(Fip1 N Fpq)

or, equivalently,
Using this fact, and taking into account that d;(F;, F;) = j — dim(F; N F}) for
every 1 < 7 < n — 1, it follows that

i+1—dim(FNF) —2<di(Fisr, Fipy) <i+1—dim(F N F),

which is equivalent to

(2

i —dim(F N F)) — 1 < dy(Fisr, Fipy) <0 — dim(F N F)) + 1.
Hence,
dI(EwH) —1 < dl(E+17H+l) < dl(ﬁa‘F.D + L.

In other words, we have that the value ;41 = d;(Fiy1, Fi,,) is an element in

{6; — 1,0;,0; + 1} as we wanted to prove. |
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Example 3.10. In view of Theorem 3.9, the next figure illustrates how a distance
path is allowed to continue once we have fixed one of its points. From some points,
for instance (3,1), we have three options to continue. On the other hand, there
are just two possibilities if we fix either the point (0,0) or the point (5,1). Last,
paths passing through (4,3) must contain the point (5,2).

1+ °

7[/

ENEY

0
X

1 2

6

(@2

1

Lo X

Figure 9.6: Allowed movements from some points in S(7).

In general, given the point (i, ;) in S(¢,n), distance paths passing through it
can only come from a point (i — 1,d; 1) € S(i — 1,n) with

dic1 €{0; — 1,0;,0; + 1}. (9.12)

At the same time, these paths can only continue through points (7 + 1,9;41) €
S(i+1,n)

Allin all, distance paths are, graphically, oriented polygonal paths passing through
points
(0,0) = (1,61) = (2,09) = -+ = (n—1,0,_1) = (n,0) (9.14)

such that consecutive vertices (7,6;) and (i + 1,0;11) are related according to the
trident rules given by (9.12) and (9.13).

Remark 3.11. Observe that distance paths defined as above are the graphic
representation of the notion of the distance vector associated to a couple flags
introduced in [4]. Moreover, our Theorem 3.9 is a geometric version of Theorem
3.9 in [4], for the special case of full flags. In particular, as a consequence of that
result, we can assure that, given a path I' in S(n) satisfying (9.12), (9.13) and
(9.14), there is always a couple of full flags 7, ' on Fy such that I' = I'(F, 7).

In view of the previous remark, from now on, a path I' in S(n) described by
(9.12), (9.13) and (9.14) will be said a distance path given that it represents the
flag distance value dr = > 0;, attained by a couple of full flags F and F’ on
[y, such that d;(Fi, F!) = 9;. Conversely, this tool allows us to geometrically
determine how an arbitrary distance flag value d can suitably split into the n — 1
terms that are not trivially zero (recall that dy = 0, = 0). For instance, looking
again at paths I' and IV in S(7) in Figure 9.5, we can say that

6=0+1+24+14+14+14+04+0=04+14+1+0+14+24+1+0
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are permitted subspace distance combinations for the distance dr = dr» = 6. In
terms of the language used in [4], these two paths correspond, respectively, to the
distance vectors (0,1,2,1,1,1,0,0) and (0,1,1,0,1,2,1,0).

Note that any distance path I' in S(n) consists of n segments of lines with
slope equal to —1, 0 or 1. Moreover, recall that every distance path starts at the
origin and ends at the point (n,0), both with null height. Hence, the number of
edges with positive slope in a distance path must coincide with the one of edges
with negative slope. As a result, the number of horizontal segments appearing in
I' has the same parity than n. These latter edges will play an important role in
the following section. Let us define them more precisely.

Definition 3.12. A plateau of height 6 in a distance path I' is a sequence of
two consecutive vertices (i,d), (¢ + 1,d) on it. In other words, if we consider two
full flags F, F" on F; with I' = ['(F, '), a plateau appears when d;(F;, F;) =
dr(Fiy1, Fiyp) for some 0 < i < n— 1. We denote by pr the number of plateaus
on a given distance path I

Example 3.13. The distance path in red represented in Figure 9.5 has two
plateaus of height 1. As said before, if n is an even (resp. odd) positive inte-
ger, then every distance path T' in S(n) contains an even (resp. odd) number of
plateaus. In particular, for odd values of n, distance paths must contain at least
one plateau.

Remark 3.14. Let us briefly come back to the support S(n). In the following
sections it will be important to compute the number of dots associated to a given
distance path. Notice that in S(i,n), a point (i,0;) leaves exactly ¢; circle dots
and one crossed dot bellow it (including the point (7, d;) itself). Using this idea,
we can compute the associated distance of a given distance path I' by simply
counting the number of circle dots on I' or bellow I'. Moreover, we can relate the
value dr to the area of the polygons determined by I' together with the abscissa
axis. In Figure 9.5, the red path on S(7) determines a single polygon having the
points (0,0) and (6,0) as vertices whereas the path in blue determines two of
them. On the other hand, the path in Figure 9.7 forms a unique polygon in S(7)
with vertices on the points (0,0) and (7,0).

Theorem 3.15. Let I be a distance path in S(n) such that I' determines a unique
polygon Pr with the abscissa axis. Then the flag distance dr is exactly the area
Of PF.

Proof. Tt is enough to point out that Pr is a reticulated polygon with vertices
in the integer lattice Z?. We start assuming that the points (0,0) and (n,0) are
vertices of Pr. In this case, if we write I and B to denote the set of lattice points
in the interior and the boundary of Pr, respectively, then we have that [ is a
set of circle dots. However, B contains n — 1 circle dots and n + 1 crossed ones.
Consequently, according to Remark 3.14, it holds dr = |[I| +n — 1.

198



Chapter 9: A combinatorial approach to flag codes

By means of Pick’s Theorem, the area of Pr can be computed in terms of [
and B as B
A(Pp):|I\+%—1:\I|+n—1:dp.
On the other hand, if I' determines a unique polygon Pr with vertices (i,0) and
(7,0), for some 0 < i < j < n, then the result follows by interpreting Pr as a
polygon in a smaller distance support S(j —¢) with the points (0,0) and (j —¢,0)
as its vertices and arguing as above. |

The following corollary follows then straightforwardly:

Corollary 3.16. Let I' be a distance path in S(n) such that I' determines the
polygons PZ,..., PE with the abscissa axis. Then the flag distance dr is exactly
the sum of the areas of P, ..., Pk.

By means of Proposition 3.9 and Theorem 3.15, we can remove the coordinate
axes when representing flag distances in the support S(n). In fact, we just need
to study paths constructed by chaining the trident moves represented in Figure
3.10, and to count how many circle dots remain in or under such paths. Of course,
different distance paths can provide the same flag distance, i.e., they leave the
same amount of circle dots below them or, equivalently, above them. Next we
introduce the notion of (flag) codistance as a complementary value associated to
a flag distance which will be crucial in the remain of the paper.

Definition 3.17. Given a flag distance value d, i.e., an integer such that 0 < d <
D™, we define its (injection flag) codistance as the value d = D™ — d. Similarly,

given a full flag code C on Fy, we define its associated codistance as the value
df(C) = D" —dy(C).

Notice that both d and d provide exactly the same information since every
flag distance value determines a unique codistance value and conversely. Arguing
as in Remark 3.14, the codistance can be read in the distance support as follows.

Corollary 3.18. The number of dots over a distance path I' in S(n) is equal to
the codistance dr = D™ — dr associated to it.

Example 3.19. Take n =7 and consider the next distance path T in S(7)
I': (0,0) = (1,1) = (2,2) = (3,1) —» (4,1) = (5,2) — (6,1) — (7,0). (9.15)

There are DT = 12 circle dots in the distance support S(7). The distance path
passes ezxactly through 6 of them (in black) and the associated polygon Pr con-
tains 2 black circle dots in its interior. The area of such a polygon is exactly 8
(see the picture below). Hence, the distance path in (9.15) represents a possible
distribution to obtain the flag distance d = 8. Indeed, 8 =14+2+14+1+2+1.
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The corresponding codistance is 12 — 8 = 4, which is, as said in Corollary 3.18,
is the number of points over the path (white circle dots).

Figure 9.7: A distance path I' with associated distance and codistance.

4 Combinatorial perspective

In this section, we introduce some combinatorial objects closely related to the
distance support. To do so, we need to enrich it with an auxiliary collection of
(red) points that will allow us to obtain a Ferrers diagram. With the help of such
a diagram we will establish a round trip dictionary that will allows us to obtain
information, in Section 5, about the distance of a flag code in terms of classical
concepts related to partitions of integers.

Let us start describing the enriched version of the distance support S(n). We
complete it by adding suitable auxiliary red points as in the next picture. The
resultant two-colored set of points is called enriched flag distance support or just
enriched support for short. We denote it by S(n)

4 1] :
3 [ ] [ ] 3** [ ] [ ] [ ]
2 [ ] [ ] [ ] [ ] 2** [ ] [ ] [ ] [ ] [ ]
1 e o o o o o 1 e e o o o o o
S S S S S5 SV S S S S S OS S SRS
1 2 3 45 6 7 1 2 3 4 5 6 7 8

Figure 9.8: Enriched flag distance diagrams S(7) and S(8).

Recall that the silhouette of the distance support S(n) depends on the parity
of n. By contrast, the enriched version S(n) has always the same triangular shape.
However, the position of black/red points changes depending on the parity of n.
For instance, the top vertex, which has coordinates (n/2,n), is black (resp. red)
when n is even (resp. odd).

Remark 4.1. As stated in Remark 3.6, the distance support S(n — 1) can be
obtained from S(n) by deleting the set of points in the right-roof. Similarly, the
two-colored diagram S(7) can be constructed from S(8) by performing the same
operation.
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In order to give a systematic and convenient construction of the two-colored
enriched support S(n), we proceed as follows. First, we fix the set of points in
S(n) and plot them in black. Next, we consider the distance support S(n — 1)
whose points we plot in red, and translate it with the vector (%, %) We obtain
the set

S(n—1)+(%,%) :{<i+%,5+%) ‘(i,é)ES(n—l)}.

4 . 4
3 o o o 3 *e
2 e o o o o 2 ottt
1] o o o o o o o 1 e

123456 7 8 123456 7 8
Figure 9.9: The distance support S(8) (left) and the set S(7) + (1/2,1/2) (right).

The overlap of S(8) (left) and S(7) + (1/2,1/2) leads to the two-colored en-
riched support S(8) given in Figure 9.8 (right). Let us give a precise definition.

Definition 4.2. For every n > 2, the enriched distance support S(n) is given by

the set of points in
. 11

Remark 4.3. One can easily compute the number of dots (both black and red)
included in the enriched support S(n) By Proposition 4.2 along with Remark
3.5, it is clear that S(n) contains D" circle black points and D"~! red ones.
Hence, using the explicit value of D™ given in formula (9.8), we conclude that for
every n > 2, the enriched support S(n) contains @ circle dots. It also clearly
contains 2n + 1 crossed dots.

As done with distance supports in the previous part, we can remove the
axis and work with the two-colored enriched support S(n) without specifying the
coordinates of each point.

4.1 Associated Ferrers diagrams

This subsection is devoted to describe the flag distance between full flags on Fy
through the concept of distance path, by using suitable Ferrers diagrams. To do
so, fixed a positive integer n, we consider the enriched distance support S(n) just
introduced and rotate it around the point (n,0) it as in the next figure.
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Figure 9.10: Rotated enriched supports S(8) and S(7).

Note that after rotation of S(n) it arises a Ferrers diagram.

Definition 4.4. Given n > 2, the primary Ferrers diagram frame associated
to the full flag variety on Fy is the diagram FF(n) obtained from the enriched

support S(n) after a rotation with center (n,0) and angle —%. The set of circle

dots (both black and red) in FF(n) is called Ferrers diagram frame and denoted
by FF(n).

Remark 4.5. Once again, the reason to distinguish these two Ferrers diagrams
is the null contribution of crossed dots to the flag distance. On the other hand,
observe that FF(n) is a Ferrers diagram associated to the partition (n — 1,n —
2,...,1) of the integer n(n — 1)/2 that, as said in Remark 4.3, is the exactly
number of circle points in S(n).

There are some partitions of positive integers r < n(n — 1)/2 that can be
represented by Ferrers diagrams contained in the Ferrers diagram frame (then in
the primary one). The following definition precises this idea.

Definition 4.6. Every Ferrers diagram contained in FF(n) is said to be a Ferrers
subdiagram of FF(n). We also say that the partition A = (Ay,...,\,;,) of the
integer > ", A; is an embedded partition on FF(n) if

(1) 1<m < n—1and,
(2) for every 1 < i < m, it holds \; < n —i.

Due to technical reasons, we also consider the empty Ferrers subdiagram Fo,
associated to the null embedded partition N = (0) (see the second diagram in
Figure 9.11).

Observe that these embedded partitions are exactly those ones whose associ-
ated Ferrers diagram fits in FF(n). With this notation, we conclude directly the
next result.

Proposition 4.7. Let §) be a Ferrers diagram associated to the partition A =
(A, ..., Am). Then the following statements are equivalent.
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(1) §» is a Ferrers subdiagram of FF(n).
(2) The partition A = (A1,..., \y) is an embedded partition on FF(n).

At this point, and with the purpose of connecting these combinatorial ob-
jects with our study on the flag distance, we define a special class of polygonal
paths in the primary Ferrers diagram FF(n), closely related to the set of Ferrers
subdiagrams in FF(n).

Definition 4.8. A staircase path 3 on FF(n) is just a polygonal directed path
whose vertices are dots of FF(n) (crossed or circle ones) such that:

e it starts (resp. ends) at the highest (resp. lowest) crossed black point and

e its directed edges are either vertical segments straight down or horizontal
segments from left to right.

Remark 4.9. Observe that, since black and red dots are interspersed in FF(n),
staircase paths travel along the diagram alternating black and red points. Even
more, every staircase path contains exactly n + 1 black dots and n red ones.
Moreover, since staircase paths cannot go neither up nor to the left, the collection
of points that remains at right of any staircase path satisfy the next property:
the number of dots at a given row is always upper bounded by the number of
dots at the previous one, that is, any staircase path is the “silhouette” of a Ferrers
diagram.

X
X X e @
X X e e e

X X e e e o
X X e e e o o

Figure 9.11: Staircase paths and corresponding Ferrers subdiagrams.

Proposition 4.10. Given ¥ a staircase path in FF(n), the set of points to the
right of ¥ forms a set F(X) that is a Ferrers subdiagram of FF(n). Conversely,
a Ferrers subdiagram § of FF(n) determines a unique staircase path %(§) in
FF(n). In this situation we say that ¥ (resp. X(gF)) is the silhouette of the
Ferrers subdiagram §(3) (resp. §).

Proof. Consider a staircase path ¥ in FF(n). Giving this path is equivalent to
provide a sequence of integers A = (Ay,..., A,_1) such that, for every 1 < ¢ <
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n — 1, the value 0 < \; < n—i counts the number of circle dots in the i-th row of
FF(n) that remain to the right of ¥. As said in Remark 4.9, these values satisfy
Ai =2 XNig1 =20, for every 1 < i < n — 2. If the sequence A does not contain zeros,
or equivalently \,_; # 0, then it is a partition and we have that §(2) = §. On
the other hand, if \; = 0, then §(X) = §o. This case corresponds to the staircase
that flows horizontally up to the corner of FF(n) and then comes down vertically
as in the second diagram in Figure 9.11. Last, if A = (A1,...,\;,0,...,0), with
Ai # 0, then §(X) = Fv with X = (A,..., \).

Conversely, given a Ferrers subdiagram § with associated embedded partition
N = (N,...,\ ), then m < n—1. If m = n — 1, the partition )\ is the one
corresponding to X(§). Otherwise, it is enough to complete X with n — 1 —m
extra zero components to obtain (A},..., A ,0,...,0) as the sequence of length
n — 1 that characterizes the silhouette X(F). |

Corollary 4.11. The set of staircase paths in FF(n) is in one-to-one correspon-
dence with the set of embedded partitions in FF(n), that is, for any staircase path
¥ there is a unique embedded partition \(X) such that F(X) = Fa)-

4.2 Coming back to the flag distance

In the previous subsection, we associated a couple of Ferrers diagrams to the
distance support by adding a suitable collection of auxiliary red points. In that
scenario, the set of staircase paths are characterized by using embedded parti-
tions of integers. Once established these combinatorial tools, to re-connect them
with our distance paths, we need to remove the auxiliary red structure some-
how. This removing process will allows us describe distance paths associated
to a flag distance value d in terms of appropriate summand distributions of the
corresponding codistance value d. Let us explain this in more detail.

Our first objective is to consistently retrieve distance paths from staircase
paths. Recall that, as stated in Remark 4.9, black and red dots alternate in a
staircase path. Hence, in order to study distance paths obtained by removing red
dots, it is important to observe how two consecutive black dots can be connected
when the intermediate red point that appears between them in a staircase path
is eliminated. There are four admissible local movements for this operation:

o——o—o — *—o

Figure 9.12: Movements to locally recover a distance path by removing a red dot.
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Remark 4.12. The four motion patterns described in Figure 9.12 are also valid
when they involve crossed points.

With these four movements in mind, we do the following. We consider all
the possible sequences of black-red-black points that are parts of staircase paths
passing through a given black dot. We remove the red intermediate point and
apply the corresponding movement in Figure 9.12 and get just three possibilities,
labelled as 1,2 and 3 in Figure 9.13, starting from the given black dot. Observe
that this figure corresponds to the rotation of the trident pattern exposed in
Figure 3.10 and obtained in Proposition 3.9.

> 3 3 3

Figure 9.13: Recovering the trident pattern after deletion of red points.

As a consequence, we have straightforwardly the next result.

Proposition 4.13. The polygonal path I'(X) obtained after removing the red dots
of any staircase path ¥ in FF(n) by applying the movements in Figure 9.12 is a
distance path in the distance support S(n) (after rotation). We call it the skeleton
distance path associated to the staircase path 3.

It is clear that different staircase paths in FF(n) can share the same asso-
ciated skeleton distance path in S(n) (after rotation). Hence, we can define an
equivalence relation on the set of staircase paths.

Definition 4.14. We say that two staircase paths ¥ and ¥’ in FF(n) are distance-
equivalent if they have the same associated skeleton distance path, i.e., I'(2) =
['(X'). Given a distance path I' in S(n), we denote the set of distance-equivalent
staircase paths with I' as their skeleton distance path as 3(T").

Example 4.15. In Figure 9.1/, we can see a distance path T in S(8) and the
same path represented in the enriched support S(S) Below, in Figure 9.15, we
represent in red the four possible staircase paths in X(I'), i.e., those staircase
paths having I' as their associated skeleton distance path.
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Figure 9.14: A distance path ' in S(8) (left) seen also in FF(8) (right).

Figure 9.15: The four elements in ¥(I).

The next result gives the exact number of different staircase paths that lie in
a given coset of the distance-equivalence relationship, in terms of the number of
plateaus of their associated skeleton distance path (recall Definition 3.12).

Proposition 4.16. Consider a distance path T in the distance support S(n) with
p plateaus of positive height. Then the number of staircase paths in X(T") is exactly
2P,

Proof. Let T' a the distance path in the distance support S(n). Consider an
arbitrary edge e of I', connecting two consecutive vertices (7, d;) and (i + 1, 0;41),
for some 0 < ¢« < n — 1, and assume that X is a staircase path passing through
these two black points too. Let us study the possibilities for the red point in
Y} connecting these two black ones. By virtue of Proposition 3.9, we know that
e has slope either —1,0 or 1. If it has slope equal to —1 (resp. 1), then after
rotation we obtain a vertical (resp. horizontal) segment that already determines
the unique red point connecting the starting vertices, as we can see in the next
figure.
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R

Figure 9.16: Segments of slope 1 (in black) and —1 (in green) in S(n) (left). The
same segments seen in FF(n) (right).

On the other hand, if e has slope equal to 0, i.e., it is a plateau, then it is
transformed (after rotation) into a segment with slope —1 in FF(n). It can be
replaced by two sequences of movements in X: either right-down or down-right,
marked in red and green, respectively in the picture below. These sequences
correspond to use the middle red point with coordinates (i + ; 0; + 1) or (i +
1 ,0; — —), respectively. Hence, there are two possibilities for replacing e, unless
5Z = 6;+1 = 0. In this case, only the crossed red point (i + 3, 3) can be used. As
a result, if p counts the number of plateaus of I' with positive height, then there
are exactly 2P different staircase paths with I' as their skeleton.

° °
° °

° = °
*~—e — Wr Y

° > °
° ° . °

Figure 9.17: A plateau in S(n) (left) and its associated staircase paths in FF(n)
(right).

Notice that, since distance-equivalent staircase paths have the same associated
skeleton distance path, in particular, they are associated to the same flag distance
value, which becomes a numerical invariant that can be assigned to staircase
paths. On the other hand, a staircase path always contains n + 1 black dots and
n red ones. Using these facts along with Remark 3.14, we obtain the next result.

Corollary 4.17. Given a staircase path Y, the number of circle black dots in
Y or to its left is constant for all staircase paths distance-equivalent to . This
value is exactly dps)

The same idea can be applied to the set of points to the right of X, i.e.; the
points in §(X), the Ferrers subdiagram of FF(n) having 3 as their silhouette.

Definition 4.18. Let § be a Ferrers subdiagram in FF(n). The underlying black
diagram of § is the set of black points Us obtained after removing the set of red
points on it.
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Remark 4.19. Observe that the the underlying black diagram Uz of the Ferrers
subdiagram § might be empty. This happens if, and only if § does not contain
any circle black point. This happens if either § = o (for every value of n) or

§ = §q) and n is odd.

Definition 4.20. Two Ferrers subdiagrams of FF(n) are said to be distance-
equivalent if they have the same underlying black diagram. Analogously, two
embedded partitions A and )\ are said to be distance-equivalent if their associated
Ferrers subdiagrams §, and §) are.

X X e © o o o o o X X e © e o o o o X [ ) [ ) () [ )
X X e o e o o o X X e @ e o o o X [ ) () [ )
X X e o o o o X X e o o o o X [ ) [ ) [ )
X X e e o @ X X e o e @ X [ ) [ )
X X e o @ X X e o @ X [ ] o
X X e @ X X e @ X [ ]
X X e X X e X [ )
X X X X X
X X X

Figure 9.18: Two distance-equivalent Ferrers subdiagrams in FF(8) and their
common underlying black diagram.

It is also possible to determine algebraically whether two different subdia-
grams in FF(n) are distance-equivalent. To do so, we make use of the corre-
sponding embedded partitions.

Remark 4.21. Observe that, given A = (A\1,...,\,,) an embedded partition in
FF(n), in order to compute the number of black (or red) dots in the i-th row of
the corresponding Ferrers subdiagram g, there are two possibilities depending
on the parity of both 7 and n:

(1) In case i is even, the number of black dots in the i-th row is

{%J for n even, and [%—‘ for n odd.

(2) In case i is odd, the number of black dots in the i-th row is

[%—‘ for n even, and L%J for n odd.

Clearly, the number of red points at each row is just A; minus the corresponding
number of black points given above.
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Definition 4.22. Given A = (Aq,...,\,;,) an embedded partition in FF(n), we
define its underlying distribution as the vector

U,\:{ ((%W,L%J,(%L) if n iseven,

>

([A], 127, [2&],...) if n isodd.

Notice that the i-th component of the underlying distribution U, represents
the number of black points in the i-th row of the underlying black diagram Uy, .
Nevertheless, the underlying distribution U, of a partition A is not necessarily a
partition itself as we can see in the following example.

Example 4.23. In FF(7), for the embedded partition A = (6,3,2), we have
Uy = (3,2,1), which is, in turn, a partition of 6. Nevertheless, N = (6,5,2,1,1)
gives us Uy = (3,2,1,0,1,0), which is not a partition. On the other side, we can
have partitions with distance-equivalent Ferrers subdiagrams but with different
underlying distributions. Just look Figure 9.18, where we have A = (5,5,1,1,1,1)
and X' = (6,5,2,1,1), both partitions of 14, such that Uz, = Ug,, whereas Uy =
(3,2,1,0,1,0) # Uy = (3,2,1,0,1).

In the next result we present a criterion to characterize those distance-equivalent
embedded partitions also in terms of their (maybe different) associated underlying
distributions.

Theorem 4.24. Let A = (Ay,..., A\y) and N = (N,..., X)) be two embedded
partitions in FE(n) and assume m < m'. Then A and N are distance-equivalent
if, and only if, we have the following:

(1) One of these two conditions hold:
(a) m=m'.
(b) m~+n isodd, m' =m+1 and X, = 1.
(2) In any of the cases above,
(2] = P?/-‘ if m+i s odd;
L%J = L%/J if m+1 is even.
for every 1 < i < m.

Proof. Assume that A and ) are distance-equivalent, i.e., their associated Ferrers
subdiagrams §, and §y are distance-equivalent. Hence, their underlying black
diagrams must coincide, that is, Uz, = Uz,,. Since one out of two rows in
FF(n) starts with a black point, the number of rows of distance-equivalent Ferrers
subdiagrams can differ by, at most, one unit. Moreover, the extra row can only
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contain a red point. In terms of the partitions A\ and )\, we conclude that m' €
{m,m + 1}. Moreover, in case m’ = m + 1, the first dot (from the right) in the
(m + 1)-th row of §Fy must be red. That happens if, and only if, m + n is odd
and the part A/ , = 1. In addition, for the first m rows, the number of black dots
in both diagrams have to coincide. Equivalently, for every 1 < ¢ < m, it must
satisfy

(&) = Pﬂ if ni s odd;

L%J = L%;J if n+14 iseven.

The converse holds immediately by using the same arguments. |

At this point we are able to establish in a consistent way the necessary link
between embedded partitions in FF(n) and flag codistance values which will
permit us to study properties of flag codes in terms of suitable partitions. The
next result follows straightforwardly:

Proposition 4.25. Let ¥ be a staircase path with associated flag distance d =
dr(zy and Ferrers subdiagram §(X). Take A = (\1,..., \y,) an embedded partition
such that §(X) = §x. Then the codistance d = D™ — d coincides with the value
uy where
s — ’—%-‘ + L%J aly ’_’\2—31 + ... if n s even; (9.16)
g |2+ [22]+[22]+... if n isodd. .

Due to the previous proposition, we can introduce a new concept that relates
embedded partitions and codistance.

Definition 4.26. Given A = (Ay,...,\,,) an embedded partition in FF(n), we
say that its underlying distribution U, splits the value u, defined in (9.16), or
that it is an splitting of uy,. This value u, is common for §, and all its distance-
equivalent Ferrers subdiagrams.

Remark 4.27. By extension, if we are in the conditions of Proposition 4.25, we
have that uy = d, and we say that U, is an splitting of the codistance d. Notice
that these splittings are not codistance vectors. Given full flags F, F' on Fy,
their codistance vector is the sequence of (subspace) codistances between their
subspaces. More precisely, the i-th component of this vector is

min{i,n — i} — d;(F;, F),

for every 0 < i < n. Moreover, if d = d;(F, F'), then d is also obtained as the
sum of the previous values. However, the notions of splitting and codistance

vector (associated to d) represent different ideas.

Finally, the next result provides the bridge to translate the information given
by distance paths to the embedded partitions level and conversely.
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Theorem 4.28. Let n > 2 be an integer and 0 < d < D" a flag distance value.
Then there is a bijection between the set of distance paths of distance d in S(n)
and the set of splittings of the codistance d = D™ — d.

Proof. 1t suffices to summarize all the results provided along this section. We
start from a distance path I" and consider the flag distance value d = dr. This
value is an invariant of all the distance-equivalent staircase paths in 3(I") by
Corollary 4.17. Take now all the Ferrers subdiagrams FF(n) whose silhouettes
are in 3(I"), i.e., those ones of the form Fy for any 3 € 3(I"). Each §y is also
associated to the corresponding partition A(X). Notice that all these Ferrers
diagrams are distance-equivalent since they have the set of black points that
remains at right of I' as their common underlying black diagram U, which has
exactly d black points. Hence, all the partitions {\(X) | ¥ € X(I')} are distance-
equivalent and their common underlying distribution is, by means of Proposition
4.25, a splitting of the codistance d.

On the other hand, consider a splitting Uy of the codistance d, induced by
an embedded partition A (or any other distance-equivalent partition). The dis-
tribution U, determines the underlying black diagram Uz, of §, (and of all its
distance-equivalent Ferrers subdiagrams). The silhouette 3 = 3(F,) has a skele-
ton I' = I'(X) that is a distance path associated to the distance d. This skeleton I"
is common for all the staircase paths that are silhouettes of subdiagrams distance-
equivalent to §,. Hence, every partition providing the distribution U, leads to
the same distance path I'. |

5 Applications and examples

In this section we show how this new dictionary between flag distance values
and underlying distributions of certain partitions can be applied to establish
connections between the parameters of a given full flag code and the ones of its
projected codes. To this end, we start with a lemma that counts the number of
circle black dots of a rectangular Ferrers subdiagram.

Lemma 5.1. Let R be a Ferrers subdiagram in FF(n) with rectangular shape. If
R has a rows and b columns, then the number of circle black dots in R is

{ (%ﬂ if n is even,
L“—bJ if noois odd.

2

Proof. Note that, as R has a rows and b columns, it is the Ferrers subdiagram
associated to the partition A = (b, (9., b) where A\ = ab. Then, the number of
black points in R is the value uy (see (9.16)), given as the sum of the components
of the underlying distribution U,. According to Definition 4.22, the expression
of U, is
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_ ) (BB IE1B)--) i s even and
UA_{ (B0 051 ) i o is odd,

Hence, for even values of n, we have:

S FRHREH | om

In general, note that for every positive integer ¢, we have ¢ = EJ + (%1 Thus,
in case that either a or b is even, it holds u) = %b = (%ﬂ On the other hand, if
both a and b are odd, then expression (9.17) becomes

Uy =

a+1 b+1+a—1 b—1 ab+1 |ab
2 2 2 2 2 |2

and the result is true for n even. If n is odd, the result follows by using the same

arguments and taking into account that

we Lo 8121 2] o

Next we apply this lemma in order to relate the cardinality of a given flag
code to the ones of its projected codes, by counting circle black dots in specific
rectangles in the Ferrers diagram frame.

Theorem 5.2. Consider a full flag code C on Fy with codistance d;(C) and take
a dimension 1 < i < L%J If the codistance satisfies

ds(C) < [@W , (9.19)

then |C| = |C;| = - = |Cuil.

Proof. Assume that |C| # |C;| and that d;(C) satisfies (9.19). In this case, there
exist different flags F, F’' in C with F; = F/. Equivalently, the distance path
['(F,F') € T'(C) passes through the crossed point (7, 0) of S(n), which determines,
in turn, a rectangle with ¢ rows and n — ¢ columns over it in the enriched distance
support S (n). By means of Lemma 5.1, this rectangle contains exactly

{@—‘ if n iseven,
pP= itn—i) | . :
LTJ if n isodd,
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circle black dots. Moreorver, notice that, if n is odd, then i(n — i) is even and we

can simply write
i(n —1)
p= B )

for every value of n. Notice that, at least all these p circle black points remain over
the distance path I'(F, F’), and then they do not contribute to the computation
of dy(F,F'). Hence, we have

ds(C) < dy(F,F) < D" —p.

Consequently, we obtain d;(C) = D™ — d;(C) > p, which is a contradiction, and
it must hold |C| = |C;|. The same arguments, but considering a rectangle with
n — i rows and 4 columns, lead to |C| = |C,—;|. On the other hand, if we take a
dimension i < j < LgJ, and we write j = ¢ + k for some integer £ > 0, then it
holds

jn—j) = (i+k)(n—i—k) =i(n—i)+k(n—2i—k) > i(n—i)+k(n—27) > i(n—1i).

Hence, if Jf(C) satisfies the stated condition, in particular, we also have

ds(C) < P(HT_‘”W

and, arguing as above, we get |C| = |C;| = |C,,—;|, for every i < j < L%J ) |

On the other hand, the connection between distance paths and Ferrers subdi-
agrams established in the previous section, enables us to associate the following
combinatorial objects to a flag code C.

Definition 5.3. Let C be a full flag code on Fy. The set of Ferrers subdiagrams
of C is
F(C) = {F subdiagram of FF(n) | ['(2(F)) € T'(C)}.

In other words, subdiagrams in §(C) are those ones whose silhouettes have a
distance path in I'(C) as their distance skeleton.

Associated to this set of Ferrers subdiagrams, we can consider, in turn, their
sets of Durfee rectangles as follows.

Definition 5.4. Let C be a full flag code on FZ. For every 0 < k < n — 2, the
set of Durfee k-rectangles of C is given by

Di(C) = {Dw(3) | § € 5(C)}-

In particular, for £k = 0, we simply write D(C) = Dy(C) and speak about the set
of Durfee squares of C.
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Notice that, given an embedded partition A\ = (\1,..., ;) and an integer
0 < k < n — 2, the Durfee k-rectangle Dy (F,) has, at least one row if, and only
if, it holds A\; > k£ + 1. On the other hand, for those Ferrers diagrams § having
no more than k points in their first row, we put Dy (F) as the “empty” Durfee
k-rectangle, which has zero rows (see Figure 9.19). Considering this special case
makes the set Dy (C) contain at least one element, for every 0 < k < n — 2.

Remark 5.5. Observe that the set Dy (C) can be encoded as a set of integers as
follows. Assume that

Di(C) = {R%, ... ,9%,’?%},

where each ER;“ is a Durfee k-rectangle having 0 < rf < VLQ;kJ rows, thus rf X
(r¥ + k) points. Then, to know D(C), we just need to store the list of integers
{ry,...,rE }. Moreover, without loss of generality, we can assume that r{ > 75 >

- >k > 0 so that R} is the biggest Durfee k-rectangle in Dy (C). As said
before, we are also contemplating the possibility of having Durfee k-rectangles

with 0 rows. Hence, in any case, the value r} associated to C always exists.

Let us finally see how can we use Durfee rectangles to relate the parameters
of C to the ones of its projected codes.

5.1 From the flag distance to subspace distances

By construction, a Durfee k-rectangle in FF(n) having r rows (and then r + k
columns) has its left down vertex at the point with coordinates

<n;k’n;k_<r_1)>.

in the enriched distance support S(n) This vertex will help us to obtain infor-
mation about the projected codes of a given flag code whenever it is a point in
the distance support S(n), i.e., if it is a circle black point. Observe also that this
happens if, and only if, ”T’k is an integer or, equivalently, when n and k have the
same parity. In this case, k-rectangles give information about the projected code

of dimension ”T_k The following picture illustrates this fact.

X X e @
X X e o @
X X e e o o o o
X X e e o e o o o
X
X X e @
X X e @ e
X X e e o @

X X e e o @
X X e e o o o

Figure 9.19: Possible Durfee 4-rectangles in FF(8) and 1-rectangles in FF(7),
included those ones with zero rows (in dashed lines).
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At left, for n = 8, we have three Durfee 4-rectangles with 0,1 and 2 rows,
respectively. Their left down vertices, after rotating back the diagram, are in
the column corresponding to the dimension % = 2. At right, different Durfee
l-rectangles on FF(7) are shown. All of them have their left down vertices in
the column related to the dimension 7% = 3. Having this in mind, we start
from our full flag code C on FZ and take 0 < k < n — 2 with the same parity
than n. We use the set of k-rectangles Dy (C) in order to derive information
about the cardinality and minimum distance of the projected code of dimension
1= "Q;k with i € {1,..., [gj }. Conversely, if we are specifically interested in the
projected code C;, where 1 < @ < L%J, then we just need to consider the set of
(n — 2i)-rectangles of C.

Theorem 5.6. Let C be a full flag code on Fy and consider a dimension 1 <1 <

LgJ They are equivalent:

(i) There are Durfee (n — 2i)-rectangles in D,_o;(C) with r rows, where 0 <
r < 1.

(ii) There exist flags F,F' € C such that d;(F;, F}) =i —r.

Proof. Notice that any (n — 2i)-Durfee rectangle in the Ferrers diagram frame
has its lower left vertex in a circle black dot, corresponding to the dimension i
in the distance support. Moreover, the number of rows of the rectangle coincides
with the number of dots being simultaneously in the rectangle and in S(i,n), i.e.,
in the i-th column of the distance support S(n) (recall (9.10) and (9.11)).
Hence, a Durfee (n — 2i)-rectangle in D,,_5;(C) with r rows is determined by
the existence of Ferrers subdiagrams in §(C) whose silhouettes pass through the
black circle point (7,7 — 7). This happens if, and only if, the skeleton of each of
these staircase paths is a distance path in I'(C) passing through the vertex (i,i—7)
as well. Equivalently, there must exist flags F, F’ € C with d;(F;, F)) =i—r. 1

Now, we focus on the biggest Durfee (n—2i)-rectangle of C, denoted in Remark
5.5 as D‘i?_%? and that contains 0 < r?_zi < 7 rows. In addition, since we will
always work with rectangles in D,,_5;(C), we drop the superscripts and simply
write PRy and ry, respectively. In light of the previous theorem, we analyze two
possible situations concluding the following results.

Theorem 5.7. Assume that C is a full flag code on Fy. Consider a dimension

1< < bJ and the biggest rectangle Ry in D,,_9;(C). The following statements

are equivalent:
(1) The number of rows of Ry, that is ri, satisfies 0 < ry < i.
(2) It holds |C| = |C;| and d((C;) =i — 1.
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Proof. By application of Theorem 5.6 and the maximality of r, we know that
the existence of Durfee (n — 2i)-rectangles with 0 < 7 < @ rows in D,,_5;(C) is
equivalent to say that, for any choice of different flags F, 7' € C, we have

d[(]:i,./—‘;-/)El'—T1>0

and the equality holds for some pair of flags in the code. In other words, |C;| =
|C| because a couple of flags in C never share their i-th subspaces and, clearly,
d;(C;) =1i—r1. 1

Now we study the remaining case, in which r; attains its maximum possible
value, that is, r; = . In that situation, we obtain valuable information about
the projected code C; in terms of the second largest rectangle Ry in D,,_5;(C),
whenever it exists. More precisely:

Theorem 5.8. Let C be a full flag code on IFZ;. Fiz a dimension 1 < i < L%J
and assume that the largest rectangle By € D,,_2;(C) has r1 = i rows. Hence, the

following statements hold:

(1) Dp_9;(C) = {4} if, and only if, |C;| = 1 or, equivalently, d;(C;) = 0.
(2) Dy—2i(C) # {1} if, and only if, |C| > |Cx| > 1 and d;(Cy) = k — 1y > 0,
where 0 < ry < 11 =1 1s the number of rows of Rs.

Proof. By means of Theorem 5.6, the condition r; = 7 is equivalent to say that
d;(Fi, F!) = 0 for a pair of different flags F, 7’ € C. This happens if, and only
if, F; = F, i.e, it |C;] < |C|. Let us distinguish two cases:

1)

(1) If MRy is the only (n — 2i)-rectangle of the code, by Theorem 5.6, we have
that d;(F;, F/) = 0 for every pair of different flags F, F' € C. In other
words, all the flags in C share their common i-th subspace. Equivalently,
the projected code C; consists of a single subspace and d;(C;) = 0.

(2) On the other hand, if D,,_9;(C) # {1}, we can consider the second largest
(n—2i)-rectangle Ry of C, which has 0 < 7 < r; = i rows. Hence, for every
pair of different flags F, F’ € C it holds either d;(F;, F}) = 0 or d;(F;, F}) >
1 — 19, and the last inequality becomes an equality for some choice of flags
in C by means of Theorem 5.6. Equivalently, d;(C;) =i —1ry >i—1 = 0.

Remark 5.9. Observe that Theorems 5.7 and 5.8 give us information about the
parameters of all the projected codes of dimensions up to LgJ . For the remaining
dimensions, it suffices to reason in the same way by simply considering maximal
k-rectangles with ¢ columns and ¢ + k£ rows. Moreover, it is important to point
out that we do not even need to know all the rectangles in D,,_5;(C); it suffices

to know the largest one and, in the worst case, also the second one.
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From the results stated along this subsection, and applying Lemma 5.1, we
derive bounds for the minimum distance of the projected codes of C in terms of
its codistance d(C).

Corollary 5.10. Let C be a full flag code on Fy with associated codistance ds(C).
Take a dimension 1 < 1 < L%J and consider an integer 0 < r < 7. Hence,
whenever

d,(C) < P(T%”_Qﬂ , (9.20)

then |C;| = |C| and d;(C;) > i — .

Proof. It suffices to see that, by means of Lemma 5.1, the number of circle black
points in a rectangle with r rows and r + n — 2i columns is exactly

’71"(1”+n—2i)
2

—‘ if n iseven,

{MJ if n is odd.

2

Morover, notice that, for odd values of n, the product r(r+n — 2i) is always even

and then an_%)J r(r +n — 2i) [r(r—l—n—%)—‘

2 2 2

Hence, under condition (9.20), the number of rows of any Durfee (n—2i)-rectangle
in D,,_9;(C) is upper bounded by r; < r < ¢ and we conclude, by means of

Theorem 5.7, that |C;| = |C| and d;(C;) =1 —1r1 > i —r. |

5.2 From subspace distances to the flag distance

In this subsection we deal with the converse problem: given a full flag code on

[y, we obtain information of its parameters from the ones of its projected codes.

As before we restrict our study to dimensions 1 < ¢ < \_%J since, for higher

dimensions, it suffices to consider rectangles with more rows than columns.

Theorem 5.11. Let C be a full flag code on Fy and take 1 < i < [%J

(1) If G| = [C], then

d1(C))? < ds(C) < D" - [(i ~ di(C)n i - df(cmw .

(2) If |Ci] < [C], then
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Proof. Let us start assuming that |C;| = |C|. If we write d;(C;) = i — r for some
0 < r <1, then Corollary 5.10 leads to

: F(Hn_zﬂ _ [(i—dﬂci))(n—z—dxci))w'

>
df(c) = 9 9

As a consequence, it holds d;(C) = D" —d;(C) < D" — W*d’(ci))(gfifdf(ci))-‘. On
the other hand, given arbitrary different flags F, F' € C, we have that F; # F|
and then d;(F;, F!) > d;(C;). Hence, every distance path in I'(C) passes either
through the vertex (7,d;(C;)) (green vertex in the next figure) or above it. As
a result, such a vertex determines a set of circle black dots that always remain
under distance paths in I'(C). This set is exactly the triangle in red in the picture
below, which top vertex is the point (i,d;(C;)) and edges with slope 1 (left) and
—1 (right).

[ o] . . [ o] [

3

. ) ) ) ) . . )
X X X X X X X X X
X X X X X X X X X X X X X X X X X X X X

Figure 9.20: Vertex (i,d;(C;)) (in green) and the triangle “under” it (in red).

The number of circle black points in such a triangle coincides with the number of
circle dots in the distance support S(2dr(C;)), which is d;(C;)?. Hence, Remark
3.14 leads to d¢(C) = d;(C;)*. Now, if we suppose that |C;| < [C], the result
follows straightforwardly by Theorem 5.2. |

5.3 Some examples

We finish this section by applying the previous results to three representative
situations.

Example 5.12. For n = 8, the full flag distance takes values in the interval
0,16]. Consider an arbitrary full flag code C with minimum distance ds(C) = 12
or, equivalently, codistance d 7(C) =16 —12 = 4. For this value of the codistance,
and by application of Theorem 5.2, we can derive that |C| = |Ca| = -+ = |Cs],
since Jf(C) =4 < @ = 6. Concerning the projected codes distances, for
dimension 4, we look at the number of points in Durfee squares (0-rectangles).
Since a Ferrers subdiagram with a Durfee square with 3 rows contains, at least
[9/2] =5 > 4 circle black points, by means of Corollary 5.10, we can ensure that
d[(C4) > 2.
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Figure 9.21: Largest k-rectangles with at most 4 black points for k = 0, 2, 4.

Similarly, for dimensions 2 and 3, we consider 4-rectangles and 2-rectangles,
respectively and obtain d;(C) > 1 and di(C3) > 1. These properties are trans-
ferred to the projected codes of dimensions 5 and 6 by symmetry of the Ferrers
diagram frame. On the other hand, the knowledge of just the code codistance does
not give any information about the projected codes C; and C;. To extract more in-
formation in these last cases it is also necessary to know if Dg(C) contains either
one or two elements. There are three possible situations:

{R} and r; =0,
D@(C) = {%1} and r = 1,
{9%1,%2} and r1=1>ry=0.

In the first case, by means of Theorem 5.7, we know that |Cy| = |C| and d;(Cy) = 1.
In the remaining cases, we have |Cy| < |C|. Moreover, Theorem 5.8 leads to
d;(Cy) =0 in the second situation and to dr(Cy) =1 in the third one.

Example 5.13. Also for n =8, now we consider a full flag code C' and assume
that the projected code Cj satisfies |Cy| = |C'| and d;(Cy) = 2. In this case, by
application of Theorem 5.11, we know that 4 < df(C") < 14. Moreover, if, in
addition, |C5| = |C| and d;(C) = 1, then Theorem 5.11 leads also to 1 < ds(C') <
12 and we conclude that 4 < df(C') < 12.

In general, the more conditions on the projected codes, the more information
on the flag code. However, at times we obtain redundant information. For in-
stance, if we require the projected code Cly to fulfill |C5| = |C'| and d;(Ch) = 1,
we obtain 1 < ds(C') < 13, which does not provide any new data. Nevertheless,
if |C5] < |C'|, we improve our knowledge about df(C') since, by virtue of Theorem
5.11, it must hold 4 < ds(C") < 10.

Remark 5.14. As pointed out in Remark 2.13, determining the exact value of
ds(C') from just the list of distances {d;(C;)}/_;, and conversely, is not always
possible. Nevertheless, we have seen that just with the data of at most two
Durfee (n — 2i)-rectangles for any dimension ¢, which is considerably less than
knowing the whole set of distance paths of C, we are able to establish interesting
connections between flag codes and their projected codes.
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Example 5.15. We finish this subsection by looking at the special case of full
flag codes with the mazimum possible distance. These codes were characterized in
[5, Th. 3.11] in terms of their projected codes, which must attain the mazimum
possible distance for their dimensions and have the same cardinality than the flag
code. Here below, we translate that result to the setting introduced in this work to
state an alternative combinatorial characterization of optimum distance full flag
codes.

Theorem 5.16. Let C be a full flag code on . They are equivalent:

(1) ds(C) = D" (or d;(C) = 0).

(2) The set I'(C) consists of the only distance path passing either through the
point (3,%), if n is even, or through the points ([%J , LgJ) and ((%W , L%J),

if n is odd.

(8) The set of Ferrers subdiagrams associated to C is

| {Bo} if n is even or
5(©) _{ {80, 8§y} if n is odd.

Proof. Observe that, by means of Corollary 3.18, the condition d;(C) = 0 holds
if, and only if, distance paths in I'(C) leave no point above them. In other words,
C has a unique distance path: the one that passes trough the points of S(n)
having coordinates (7, min{i,n —i}), for all 0 < ¢ < n (see the picture below).
By means of the trident rules (9.12) and (9.13), this is exactly the only distance

path passing through (%, %), if n is even, or through ([gj ) L%J) and ([%W , \_ﬂj),

2

if n is odd.

Figure 9.22: Maximum distance paths with n even (left) and n odd (right).

As a result, statements (1) and (2) are equivalent. Moreover, assuming (2),
and according to Definition 5.3, we conclude that only Ferrers diagrams §, and
Sy (if n is odd) appear in §(C). On the other hand, if condition (3) holds, the
underlying black diagrams associated to the flag code C are empty and then, the
associated value of the codistance d(C) is zero, which finishes the proof. 1

Remark 5.17. The result given in [5, Th. 3.11] can also be proved in our
new combinatorial terms. Observe that condition (3) in the previous theorem
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is equivalent to say that, for every 1 < i < |5], the set D,_5(C) contains just
one element: the Durfee (n — 2i)-rectangle with zero rows. Hence, by means
of Theorem 5.7, we conclude that every projected code of dimension up to | %]
attains the maximum possible distance, i.e., d;(C;) = ¢, and has size |C;| = |C|.
For those projected codes of higher dimensions, as stated in Remark 5.9, it suffices

to consider rectangles with more columns than rows.

6 Conclusions and future work

In this paper, we have undertaken a detailed study of the flag distance in terms
of different combinatorial objects. To this end, we have first devised a nice way
to graphically represent this numerical parameter through distance paths drawn
in a distance support whose particular shape has led us to design an associated
Ferrers diagram frame. Hence, we have established a one-to-one correspondence
between the set of distance paths (associated to a precise distance value d) and
the set of underlying distributions of Ferrers subdiagrams having exactly d (the
corresponding codistance value) black points. This fact allows us to perfectly
translate properties related to the flag distance into the language of integer par-
titions. Moreover, we take advantage of this dictionary to suitably associate a
family of Ferrers subdiagrams (and their corresponding Durfee rectangles) to a
given full flag code. Finally, we show how these objects result very useful to
make connections between the parameters of the flag code (minimum distance
and cardinality) and the ones of the corresponding projected codes.

In future research, we want apply the dictionary established in this paper to
derive new results concerning specific families of full flag codes. Moreover, we
would also like to adapt the ideas in the current work to the flag variety of general
type vector, where the distance support loses its triangular shape.
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Conclusiones

(English version on page 231)

Para la elaboracion de esta tesis, nos hemos sumergido en la teoria de codigos
flag en codificacion de red. A lo largo de nuestro camino, hemos abordado dis-
tintos problemas desde diferentes puntos de vista, utilizando herramientas prove-
nientes de distintas areas de las Matematicas, como el Algebra Lineal, la Geo-
metria Finita, la Teoria de Grafos, la Teoria de Grupos o la Combinatoria. Estos
enfoques han dado lugar a los distintos trabajos presentados en los Capitulos 1-9
de esta memoria. En la mayoria de ellos, hemos puesto el acento en la relacion
entre los codigos flag v sus codigos proyectados. Este hecho nos ha permitido
obtener informacién muy valiosa acerca de los codigos flag en términos de ciertos
coddigos de dimension constante. A continuacion, recapitulamos las contribu-
ciones més relevantes recogidas en esta tesis, presentada como el compendio de
los trabajos anteriormente mencionados.

Gran parte de nuestra investigacion se centra en el estudio de codigos flag
de distancia 6ptima. En el Capitulo 1, presentamos esta familia de codigos y
los caracterizamos como aquellos cédigos flag disjuntos con codigos proyectados
de distancia maxima (Capitulo 1, Teorema 3.11). Mas tarde, obtenemos un
resultado similar, pero que solo involucra, a lo sumo, a dos cédigos proyectados
(Capitulo 6, Teorema 4.8). De entre todos los codigos flag de distancia 6ptima,
probamos que aquellos con un spread como cédigo proyectado alcanzan el mejor
cardinal para su vector tipo que, por contra, queda restringido por la presencia
del spread. Para todas las posibles elecciones de los parametros, hemos dado
construcciones sistematicas de codigos flag de distancia 6ptima con un spread
como proyectado en los Capitulos 1 y 2. Ademas, la construcciéon del primer
capitulo va acompanada de un algoritmo de decodificacién sobre el canal de
borrado que puede ser facilmente adaptado a la construcciéon del Capitulo 2,
donde empleamos argumentos combinatorios relacionados con problemas clasicos
de emparejamientos en grafos.

Inspirados por el estudio de codigos (de subespacio) orbitales, y siguiendo el
enfoque orbital urilizado por Liebhold et al. para el estudio de cédigos flag, tam-
bién nos hemos interesado en aquellos cddigos flag obtenidos como érbitas bajo
la accion (de subgrupos) del grupo general lineal. En los Capitulos 3 y 6, el lector
puede encontrar construcciones orbitales de codigos flag de distancia éptima con
un spread entre sus codigos proyectados. Ademas, en el Capitulo 6 presentamos
una construccion de tipo completo con distancia y cardinal 6ptimos, partiendo
de un spread parcial. Todas estas construcciones han sido obtenidas utilizando
la accion de un subgrupo de Singer adecuado sobre la variedad de flags. Por
otra parte, y en virtud del isomorfismo Fg-lineal entre el espacio vectorial Fy y el
cuerpo F,», sabemos que la accién de los grupos de Singer del grupo general lineal
puede traducirse como la accion multiplicativa de Fy.. Este es el planteamiento
adoptado en los Capitulos 4 y 7. En el primero de ellos, introducimos el concepto
de codigo flag orbital (B-)ciclico (generado por cierto flag F en el cuerpo Fyn)
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y estudiamos propiedades generales de esta familia de cédigos flag en funcién
del mejor amigo del flag generador. También dedicamos parte de este trabajo al
estudio de los codigos flag de Galois, esto es, aquellos generados por una sucesion
de subcuerpos de Fg» encajados, y probamos que la distancia minima de estos
codigos solo puede tomar unos valores muy concretos. Més aiin, damos una co-
rrespondencia entre este conjunto de distancias admisibles y los subgrupos de Fy.
para los que se alcanzan (Capitulo 4, Teorema 4.14).

En el Capitulo 7, generalizamos este estudio a la familia de codigos orbitales
ciclicos generados por flags con algin subcuerpo entre sus subespacios (pero
no todos ellos) a los que llamamos flags de Galois generalizados. En este tra-
bajo, probamos que la presencia de determinados subcuerpos en el flag generador
descarta ciertos valores de la distancia de los codigos ciclicos que este genera. Sin
embargo, nos planteamos si, tal y como ocurre para los codigos flag de Galois,
todos aquellos valores de la distancia compatibles con la estructura encajada de
subcuerpos —o, equivalentemente, con la cadena de spread (parciales) entre los
codigos proyectados— son realmente alcanzables. En la segunda parte de este capi-
tulo, presentamos una construccion concreta de codigos de Galois generalizados
que nos permite responder negativamente a nuestra conjetura.

Volviendo sobre la relacion entre los codigos flag y sus codigos proyectados,
en el Capitulo 5, nos centramos en una familia de codigos flag cuyos parame-
tros quedan perfectamente determinados por los de sus codigos proyectados: los
codigos flag consistentes, caracterizados como codigos flag disjuntos con distan-
cia minima igual a la suma de las de sus proyectados (Capitulo 5, Teorema 1).
Ademas de esta relacion entre los parametros, probamos que algunas propiedades
estructurales, como la de ser equidistante o un girasol, se transfieren perfecta-
mente del codigo flag a sus proyectados y viceversa. Por ultimo, explotamos la
condicién de consistencia para elaborar un algoritmo de decodificacion sobre el
canal de borrado.

Otra peculiaridad que observamos al trabajar con cédigos flag consistentes
es que la distancia minima se obtiene siempre utilizando la misma combinaciéon
de distancias de subespacio: las distancias de sus proyectados. Sin embargo, en
general, cada valor de la distancia de flags puede alcanzarse de varias formas.
Es por ello que la distancia minima de un coédigo flag no siempre proporciona
suficiente informacion. Por esta razon, en los Capitulos 8 y 9 profundizamos en
el estudio de la distancia de flags. En el primero de ellos, utilizamos un punto de
vista algebraico e introducimos el concepto de vector distancia. Caracterizamos
este nuevo objeto y determinamos una serie de valores senalados de la distancia
para la variedad de flags de cualquier tipo. Al comparar la distancia minima de un
codigo flag con dichas distancias, obtenemos informaciéon sobre el maximo niimero
de subespacios que pueden compartir dos flags distintos del c6digo. Razonando
de esta forma, acotamos el cardinal de cualquier c6digo flag con una distancia
prefijada, para cualquier elecciéon del vector tipo.

Por otra parte, en el Capitulo 9 utilizamos un enfoque combinatorio en el que
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relacionamos la distancia entre flags completos con elementos relacionados con
particiones de enteros y diagramas de Ferrers. Mas concretamente, establecemos
una biyecciéon entre los caminos de distancia y el conjunto de distribuciones sub-
yacentes de ciertas particiones que asociamos a la variedad de flags completos.
Este prisma nos permite exhibir la relacion entre los parametros de un cédigo flag
completo y los de sus proyectados, a través del conteo de puntos en subdiagramas
de Ferrers adecuados.
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Conclusions

For the preparation of this thesis, we have dived deep into the theory of flag
codes in network coding. In our way, we have undertaken diverse problems related
to this class of codes and we have addressed them by using concepts coming from
distinct areas in Mathematics, such as Linear Algebra, Finite Geometry, Graph
Theory, Group Theory or Combinatorics. These different approaches have led to
the list of works provided in Chapters 1-9. Throughout the vast majority of them,
the accent has been put on the connection of flag codes with their corresponding
projected codes. This fact has allowed us to obtain valuable information about
flag codes in terms of a list of constant dimension codes. Here below we summarize
the most relevant contributions in this thesis, presented as the compendium of
the mentioned works.

Big part of our investigation is devoted to the study of optimum distance flag
codes. In Chapter 1, we introduced this class of flag codes and characterized them
as disjoint flag codes with projected codes with maximum distance (Chapter 1,
Theorem 3.11). A similar result, but just involving, at most, two projected codes
can be found in Chapter 6 (Theorem 4.8). Among flag codes with maximum
distance, we have shown that those having a spread as a projected code attain
the maximum possible size for their type vector that, on the negative side, must
satisfy a restriction. For all the admissible choices of the parameters, we have
provided systematic constructions of optimum distance flag codes with a spread
as a projected code in Chapters 1 and 2. In addition, the construction in Chapter
1 is accompanied by a decoding algorithm over the erasure channel that can be
easily adapted to the construction given in Chapter 2, based on combinatorial
arguments related to matching problems on graphs.

Inspired by the class of orbit (subspace) codes, and following the orbital ap-
proach for flag codes introduced by Liebhold et al., we have also studied those
flag codes arising as orbits of subgroups of the general linear group. Using this
viewpoint, in Chapters 3 and 6, we have also tackled the challenge of obtaining
optimum distance flag codes with a spread among the projected codes as orbits
of certain groups. Moreover, in Chapter 6, we have come up with a construction
of full flag codes with both maximum distance and optimal size, starting from
a partial spread. All these orbit constructions have been achieved by using the
action of suitable Singer subgroups on the corresponding flag variety. On the
other hand, and by virtue of the [Fy-linear isomorphism between the vector space
[F; and the extension field F7., the action of Singer subgroups of the general lin-
ear group can be appropriately translated into the multiplicative action of Fy.
on flags. This is the approach used in Chapters 4 and 7. In the first one, we
introduce the notion of (f-)cyclic orbit flag code generated by certain flag F on
the subfield F;» and study general properties of this new family of flag codes in
terms of the best friend of the flag. Moreover, we dedicate part of the paper
to the study of Galois flag codes, i.e., those generated by sequences of nested
subfields of F,». For these codes, we show that only a limited set of distances can
be attained and, in addition, we establish a correspondence between them and
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the set of subgroups of I}, (Chapter 4, Theorem 4.14). In Chapter 7, we study
those cyclic orbit flag codes generated by flags containing subfields among their
subspaces (but not only subfields). We call them generalized Galois flags and
show that the presence of certain subfields in the generating flag (its underlying
Galois subflag) is not compatible with many values of the distance, which are
automatically discarded of our study. However, we wonder if those values of the
distance that are compatible with having certain subfields among the subspaces
of the generating flag —or, equivalently, with having a prescribed list of (partial)
spreads among the projected codes— can actually be obtained as the minimum
distance of a generalized Galois flag code. We use a specific construction of
generalized Galois flag code in order to answer negatively to our conjecture.
Concerning the link between a flag code and its projected codes, in Chapter
5, we focus on a special family of flag codes in which the parameters of the flag
code are completely determined by the ones of its projected codes: the class of
consistent flag codes. More precisely, we characterize them as disjoint flag codes
with minimum distance equal to the sum of the ones of their projected codes
(Chapter 5, Theorem 1). Apart from this nice relations of the parameters, we
see that when we consider consistent flag codes, some properties (such as being
equidistant or a sunflower) are perfectly transferred from the flag code to its
projected codes and vice versa. In addition, the consistency condition is also
exploited in order to obtain a decoding algorithm over the erasure channel.
Another particularity of consistent flag codes is that the minimum distance of
any is always obtained as the sum of the minimum distances of the corresponding
projected codes. However, in general, a given value of the flag distance (which
is defined as a sum of subspace distances) might be obtained by many different
combinations of subspace distances. Due to this fact, the minimum distance of a
flag code does not always give enough information. For this reason, in Chapters
8 and 9 we deepen the study on the flag distance parameter. In the first one,
we use an algebraic approach and introduce the notion of distance vector. We
characterize distance vectors and use them to determine a list of remarkable
values of the distance for the corresponding flag variety. Comparing the minimum
distance of a flag code with the ones in the mentioned list gives us information
about the maximum number of common subspaces that different flags in the code
can have. This study entails new bounds for the cardinality of flag codes with
prescribed distance, for every type vector. On the other hand, in Chapter 9 we
address the study on the flag distance by using combinatorial elements related to
partitions of integers and Ferrers diagrams. More precisely, we work with full flags
and establish a one-to-one correspondence between distance paths (the graphic
representation of distance vectors) and the set of underlying distributions of a list
of partitions associated to the full flag variety. This research enables us to obtain
information about the parameters of a given full flag code from the ones of its
projected codes and vice versa, by counting points in a suitable Ferrers diagram.
Here below, we attach the general list of references of the thesis.
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