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Abstract: Gantry cranes of the H-type with dual electric-motor actuation are widely used in industry. In
this article the control problem of an H-type gantry crane which is driven by a pair of linear permanent
magnet synchronous motors is considered. The integrated system that comprises the H-type gantry crane
and its two PMLSMs is shown to be differentially flat. The control problem for this robotic system is
solved with the use of a flatness-based control approach which is implemented in successive loops. To ap-
ply flatness-based control in successive loops, the state-space model of the H-type gantry crane with dual
PMLSM is separated into subsystems, which are connected in cascading loops. Each one of these subsys-
tems can be viewed independently as a differentially flat system and control about it can be performed with
inversion of its dynamics as in the case of input-output linearized flat systems. The state variables of the
preceding (i-th) subsystem become virtual control inputs for the subsequent (i+1-th) subsystem. In turn,
exogenous control inputs are applied to the last subsystem. The whole control method is implemented
in successive loops and its global stability properties are also proven through Lyapunov stability analysis.
The proposed method achieves stabilization of the H-type gantry crane with dual PMLSM without the
need of diffeomorphisms and complicated state-space model transformations.

Keywords: H-type gantry cranes, Linear Permanent Magnet Synchronous Motors, differential flatness
properties, flatness-based control in successive loops, global stability, Lyapunov analysis.

1 Introduction

In this article, the feedback control and stabilization problem of dual PMLSM-driven H-type gantry cranes
is treated with the use of flatness-based control method which is implemented in successive loops. Differen-
tial flatness theory and flatness-based control are currently main research directions in the area of nonlinear
dynamical systems [1-8]. A system is considered to be differentially flat if (i) all its state variables and
its control inputs can be written as differential functions of a subset of its state vector elements which
constitute the systems’ flat outputs, (ii) the flat outputs of the system are differentially independent which

1

This is a previous version of the article published in Journal of Vibration Engineering & Technologies. 2024. https://doi.org/10.1007/s42417-023-01263-2

https://doi.org/10.1007/s42417-023-01263-2


means that they are not connected through a relation in the form of an homogenous differential equation
[9-12]. The differential flatness property is a constrained controllability condition, since it demonstrates
that there exist control inputs which enable the state vector elements track precisely the setpoints associ-
ated with them . Besides, by proving that a dynamical system is differentially flat it is also confirmed that
it can be transformed into the input-output linearized form and subsequently into the canonical Brunovsky
from through successive differentiations of its flat outputs [13-17]. By exploiting this latter property, the
majority of flatness-based controllers is designed. The controlled system is written into the canonical
Brunovsky form through consecutive differentiations of its flat outputs, and this latter state-space form is
both controllable and observable [18-21]. Using this new state-space description the feedback control and
state estimation problems are treated.

However, flatness-based control through descriptions into the input-output linearized form and the canon-
ical Brunovsky form requires also inverse transformation for finding the control inputs which should be
applied to the initial nonlinear state-space model of the system. These inverse transformations may come
against non-invertibility (singularity) issues. To overcome the need for state-space model transformations
and to exclude the occurrence of singularities in the computation of the control inputs, the present article
develops a flatness-based control method in successive loops [22-25]. To this end, the dynamic model of
the dual-PMLSM-driven gantry crane is decomposed into a series of subsystems which are connected in
chained form. It is proven that, each one of these subsystems, if viewed independently is differentially flat.
The state vector of the subsequent i + 1-th subsystem is considered to be a virtual control input for the
preceding i-th subsystem. Equivalently, the virtual control inputs vector of the preceding i-th subsystem is
considered to be the setpoints vector of the subsequent i+1-th subsystem. From the last N -th subsystem
the real control inputs of the gantry crane are computed by tracing backwards all preceding subsystems
N − 1, · · · , 1. The real control inputs signal contained also recursively the virtual control inputs of all pre-
ceding subsystems 1, · · · , N−1. Despite its simplicity, the flatness-based control method in successive loops
performs remarkably well and achieves also fast and accurate tracking of setpoints by the state variables of
the gantry crane. Using the local differential flatness properties of each one of the individual subsystems
the design of a local stabilizing feedback controller becomes an easy procedure. It suffices to invert the
dynamics of each subsystem, as it is often done for input-output linearizable systems while it also suffices
the control input for each subsystem to comprise a diagonal feedback gains matrix with positive diagonal
elements. The global stability properties of the new control method are also proven through Lyapunov
analysis.

The present article proposes flatness-based control in successive loops for dual-PMLSM-driven gantry
cranes. Dual-drive H-type gantry cranes are long-stroke high-speed Cartesian robotic systems which can
be used in several industrial applications, such as (i) circuit assembly, printing circuit boards, photolithog-
raphy, (ii) precision machining, computer numerical control (CNC), arc welding and laser or plasma cutting,
(iii) as lifting machines and for the loading, unloading and transfer of cargos, and finally (iv) in biomedical
applications such as CT and X-ray scanning [26-28]. The dual-drive H-type gantry crane consists of two
linear motors which are arranged in parallel along the vertical axes of an orthogonal board and which
are rigidly connected with a cross-beam along the horizontal axis [29- 31] . Dual drive gantry cranes can
achieve high torque and high precision in tasks’ execution [32-34]. The cross-beam serves also as support
to a third linear motor carrying a load [35-38]. There is need for precise synchronization between the
two parallel motors and for minimization of internal forces [39- 42]. When the two linear motors are not
well synchronized the crossbeam will mis-align from the horizontal axis and will rotate by a small angle
around its center of gravity [43-45]. Synchronization error is often caused by unbalanced forces, mechani-
cal assembly variations and various disturbances [46-48]. Permanent Magnet Linear Synchronous Motors
(PMLSMs) are a core subsystem in H-type gantry cranes [49-52]. PMLSMs can generate the actuation
forces which enable precise positioning along the crane’s vertical and the horizontal axes [53-55]. Taking
into account the above, the use of flatness-based control in successive loops in the dynamic model of the
dual-PMLSM-driven gantry crane is a challenging research topic.
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The structure of the article is as follows: In Section 2 the dynamic model of the dual PMLSM-driven gantry
crane is analyzed and the associated state-space model is formulated. It is proven that this robotic system
is differentially flat. In Section 3 it is demonstrated that the state-space model of the dual-PMLSM-driven
gantry crane can be decomposed into a series of chained subsystems. It is also proven that if each one of
these subsystems is viewed independently it is also differentially flat. In Section 4 flatness-based control in
successive loops is developed for the dynamic model of the dual PMLSM-driven gantry crane. The global
stability of the multi-loop flatness-based control method is also proven through Lyapunov analysis. In
Section 5 the performance of the flatness-based control method in successive loops for the dynamic model
of the dual-PMLSM-driven gantry crane is tested through simulation experiments. Finally, in Section 6
concluding remarks are stated.

2 Dynamic model of the dual PMLSM-driven H-type gantry crane

The diagram of the dual-drive H-type gantry crane with actuation by two Permanent Magnet Linear Syn-
chronous Motors is given in Fig. 2. The model of the gantry crane comprises four masses which are defined
as follows: (i) mb is the mass of the beam, (ii) mh is the mass of the moving head (load), (iii) m1 the mass
of the first motor, (iv) m2 the mass of the second motor. The motion of the gantry crane is also defined
by four friction coefficients: (i) cg1 is the friction coefficient of the first motor which moves at velocity Ẋ1,

(ii) cg2 is the friction coefficient of the second motor which moves at velocity Ẋ2, (iii) cy is the friction
coefficient for the actuator that moves the load along the rigid beam, (iv) cb = cb1 + cb2 is the friction
coefficient of the beam, which is connected to the two motors with two flexible joints that exhibit friction
coefficients cb1 and cb2 respectively. There is also a stiffness coefficient for the beam which is defined as
kb = kb1 + kb2 . The beam has length lb. The head (load) has length lh [26], [40].

Figure 1: Diagram of the dual-drive H-type gantry crane with actuation by two Permanent Magnet Linear
Synchronous Motors

The position of motor 1 is denoted as X1, while the position of motor 2 is denoted as X2. The position of
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the load with respect to the center of mass of the beam is denoted as Y . Moreover, the following position
variables are defined





X

Θ
Y



 =





1
2

1
2 0

1
Lb

− 1
Lb

0

0 0 1









X1

X2

Y



 (1)

Using the Euler-Lagrange approach, the dynamic model of the dual gantry crane is [40], [5]

Mq̈ +Hq̇ + Cq̇ +Kq = F (2)

where q = [X,Θ, Y ]T is the state vector of the crane. The inertia matrix M(q) is [40]

M =





M11 M12 −mbsin(θ)
M12 Jt +mbY

2 −mhd

−mbsin(Θ) −mbd mb



 (3)

where Jt = Jb + Jh + 0.25(m1 + m2)Lb + mhd
2 with Jb to be the moment of inertia of the beam

and Jh to be the moment of inertia of the load. Moreover, M11 = m1 + m2 + mb + mh and M12 =
mhd·sin(Θ)− [mhY − 0.5(m1 −m2)Lb]cos(Θ).

Matrix H is the Coriolis and centrifugal forces matrix: [40]

H =





0 H12Θ̇ −2mbΘ̇cos(Θ)

0 2mbY Ẏ 0
0 −mbYΘ 0



 (4)

Matrix K is the damping forces matrix which is defined as

K =





0 0 0
0 K22 0
0 0 0



 (5)

where K22 = Kb1 +Kb2 . The generalized forces vector is

F =
(

Fc Mc Fy

)T (6)

where Fc is a force causing translation X of the beam, Mc is a torque causing rotation of the beam by
angle Θ and Fy is a force causing translation of the load. The relation connecting the generalized forces
vector to the forces generated by the PMLSMs of the gantry crate are [40]





Fc

Mc

Fy



 =





1 10
Lb

2 −Lb

2 0
0 0 1









F1

F2

Fy



 (7)

The above relation about the forces vectors of the gantry crane can be also written as

F = AFF1 (8)

About the moments of inertia of the crane it holds that Jb = mb
L2

b

12 and Jh = mh
L2

h

12 .

Using description of the voltage and current variables of the PMLSM in the dq reference frame, the
dynamics of each motor is given by [2]

i̇q = −iq
Rs

Lq
−

npπv

Lqτ
(Ldid + λpm) + 1

Lq
vq

i̇d = −id
Rs

Ld
−

npπv

Ldτ
Lqiq +

1
Ld

vd
(9)
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The parameters of the electric part of the PMLSM are: Rs is the motor’s resistance, λpm is the magnetic
flux due to permanent magnets, np is the number of poles of the motor, Ld, Lq are the dq frame inductances.
Moreover, id, iq are the dq frame current variables, and vd, vq are the dq frame voltage input variables.
Additionally v is the linear velocity of the moving part of each PMLSM. For the first motor this velocity
variable is Ẋ1, for the second motor it is Ẋ2 and for the motor moving the load it is Ẏ . The electromagnetic
force for each motor is

Fe =
3πnp

M+ML

λpmiq−(Ld−Lq)idiq
2τ −Dv (10)

and by considering that Ld = Lq and a small friction coefficient D = 0 the electromagnetic force of the
motor is given by

Fe =
3πnp

M+ML

λpm

2τ iq (11)

Next, the dynamic model of the dual-drive H-type gantry crane is written as

q̈ = −M−1Hq̇ −M−1Cq̇ −M−1Kq +M−1AfF1⇒

q̈ = −M−1(H + C)q̇ −M−1Kq +M−1AfF1
(12)

About the inverse of the inertia matrix M of the dual-drive gantry crane it holds that

M−1 = 1
detM





M̄11 −M̄21 M̄31

−M̄12 M̄22 −M̄32

M̄13 −M̄23 M̄33



 (13)

where M̄11 = (Jt + mbY
2)mb − (mb·d)

2, M̄12 = M12mb − (mbsin(Θ))(mb·d), M̄13 = −M12(mb·d) +
(mbsin(Θ))(Jt + mbY

2), and also M̄21 = M21·mb − (mbsin(Θ))(mb·d), M̄22 = −M11mb − (mbsin(Θ))2,
M̄23 = −M11mbd − M12mbsin(Θ), M̄31 = M12mbd + (Jt + mbY

2)(mbsin(Θ)), M̄32 = −M11mbd +
M12(mbsin(Θ)), M̄33 = M11(Jt + mbY

2) − M2
12 while the determinant of inertia matrix is detM =

M11M̄11 −M12M̄12 +M13M̄13.

About the product (H + C)q̇ it holds that

(H + C)q̇ =





C11 C12 +H12Θ̇ −2mhΘ̇cos(Θ)

C12 C22 + 2mhY Ẏ 0
0 −mhYΘ Cy









Ẋ

Θ̇

Ẏ



 (14)

which is also written as

(H + C)q̇ =





C11Ẋ (C12 +H12Θ̇)Θ̇ (−2mhΘ̇cos(Θ))Ẏ

C12Ẋ (C22 + 2mhY Ẏ )Θ̇ 0

0 (−mhYΘ)Θ̇ Cy Ẏ



 =





h̄1

h̄2

h̄3



 (15)

Moreover, about the product −M−1(H +G)q̇ it holds that

M−1(H + C)q̇ = 1
detM





M̄11 −M̄21 M̄31

−M̄12 M̄22 −M̄22

M̄13 −M̄23 M̄33









h̄1

h̄2

h̄3



 (16)

which is also written as

M−1(H + C)q̇ = 1
detM





M̄11h̄1 − M̄21h̄2 + M̄31h̄3

−M̄12h̄1 + M̄22h̄2 − M̄22h̄3

M̄13h̄1 − M̄23h̄2 + M̄33h̄3



 (17)

Additionally, about the product −M−1Kq it holds that
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M−1Kq = 1
detM





M̄11 −M̄21 M̄31

−M̄12 M̄22 −M̄32

M̄13 −M̄23 M̄33









0
K22Θ
0



 = 1
detM





−M̄21K22Θ
M̄22K22Θ
−M̄23K22Θ



 = 1
detM





−M̄21k̄1
M̄22k̄2
−M̄23k̄3





(18)
where k̄1 = k̄2 = k̄3 = K22Θ. Consequently it holds that the aggregate term −M−1(H + C)q̇ −M−1Kq

takes the form

−M−1(H + C)q̇ −M−1Kq =





−M̄11h̄1 + M̄21h̄2 − M̄31h̄3 + M̄21k̄1
M̄12h̄1 − M̄22h̄2 + M̄32h̄3 − M̄22k̄2
−M̄13h̄1 + M̄23h̄2 − M̄33h̄3 + M̄23k̄3



 (19)

Additionally, about the control inputs gain matrix of the dual-drive gantry crane it holds that

M−1Af = 1
detM





M̄11 −M̄21 M̄31

−M̄12 M̄22 −barM32

M̄13 −M̄23 M̄33









1 1 0
Lb

2 −Lb

2 0
0 0 1



 (20)

and by defining as Lb1 = Lb

2 the previous equation gives

M−1Af = 1
detM

= 1
detM





M̄11 − Lb1M̄21 M̄11 + Lb1M̄21 M31

−M̄12 + Lb1M̄22 −M̄12 − Lb1M̄22 −M32

M̄13 − Lb1M̄23 M̄13 + Lb1M̄23 M̄33



 (21)

Consequently, the dynamic model of the dual-drive gantry crane is written as:













Ẍ

Θ̈

Ÿ













=













−M̄11h̄1+M̄21h̄2−M̄31h̄3+M̄21k̄1

detM

M̄12h̄1−M̄22h̄2+M̄32h̄3−M̄22k̄2

detM

−M̄13h̄1+M̄23h̄2−M̄33h̄3−M̄23k̄3

detM













+















M̄11−Lb1
M̄21

detM

M̄11+Lb1
M̄21

detM
M31

detM

−M̄12+Lb1
M̄22

detM

−M̄12−Lb1
M̄22

detM
−M32

detM

M̄13−Lb1
M̄23

detM

M̄13+Lb1
M̄23

detM
M̄33

detM



























F1

F2

Fy













(22)

About the forces which are generated by the PMLSM actuators it holds that

F1 =
3πnp1

m1+mb+mh

λpm1

2τ1 iq1⇒F1 = w1iq1 (23)

F2 =
3πnp2

m2+mb+mh

λpm2

2τ2 iq2⇒F2 = w2iq2 (24)

Fy =
3πnp3

mh

λpm3

2τ3 iq3⇒Fy = w3iq3 (25)

The currents of the PMLSMs are given by the following equations:

First PMLSM of the rigid beam

i̇q1 = −iq1
Rs1

Lq1
−

np1πẊ1

Lq1τ1
(Ld1id1 + λpm1) +

1
Lq1

vq1 (26)

i̇d1 = −id1
Rs1

Ld1
−

np1πẊ1

Ld1τ1
(Lq1iq1) +

1
Ld1

vd1 (27)

Second PMLSM of the rigid beam

i̇q2 = −iq2
Rs2

Lq2
−

np2πẊ2

Lq2τ2
(Ld2id2 + λpm2) +

1
Lq2

vq2 (28)

6



i̇d2 = −id2
Rs2

Ld2
−

np2πẊ2

Ld2τ2
(Lq2iq2) +

1
Ld2

vd2 (29)

Third PMLSM of the load

i̇q3 = −iq3
Rs3

Lq3
−

np3πẎ

Lq3τ3
(Ld3id3 + λpm3) +

1
Lq3

vq3 (30)

i̇d3 = −id3
Rs3

Ld3
−

np3πẎ

Ld3τ3
(Lq3iq3) +

1
Ld3

vd3 (31)

Besides, from Eq. (1) it holds

X1 = X + Lb1Θ Ẋ1 = Ẋ + Lb1Θ̇

X2 = X − Lb2Θ Ẋ2 = Ẋ − Lb2Θ̇
(32)

Next, the state-vector of the dual-drive gantry crane is defined as

x = [x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12]
T⇒

x = [X.Θ, Y, Ẋ, Θ̇, Ẏ , id1, iq1, id2, iq2, id3, iq3]
(33)

while the control inputs vector is defined as

u = [u1, u2, u3, u4, u5, u6]
T⇒

u = [vd1, vq1, vd2, vq2, vd3, vq3]
(34)

Using this state-vector and control inputs vector notation, the dynamic model of the dual-drive gantry
crane is written as follows

ẋ1 = x4 (35)

ẋ2 = x5 (36)

ẋ3 = x6 (37)

ẋ4 = −M̄11h̄1+M̄21h̄2−M̄31h̄3+M̄21k̄1

detM
+ M̄11−Lb1M̄21

detM
w1x7 +

M̄11+Lb1M̄21

detM
w2x9 +

M̄31

detM
w3x11 (38)

ẋ5 = M̄12h̄1−M̄22h̄2+M̄32h̄3−M̄22k̄2

detM
+ −M̄12+Lb1M̄22

detM
w1x7 +

−M̄12+Lb1M̄22

detM
w2x9 +

−M̄32

detM
w3x11 (39)

ẋ6 = −M̄13h̄1+M̄23h̄2−M̄33h̄3+M̄23k̄3

detM
+ M̄13−Lb1M̄23

detM
w1x7 +

M̄13+Lb1M̄23

detM
w2x9 +

M̄33

detM
w3x11 (40)

ẋ7 = −x7
Rs1

Lq1
−

np1π(x4+Lb1x5)
Lq1τ1

(Ld1x8 + λpm1) +
1

Lq1
u1 (41)

ẋ8 = −x8
Rs1

Ld1
−

np1π(x4+Lb1x5)
Ld1τ1

(Lq1x7) +
1

Ld1
u2 (42)

ẋ9 = −x9
Rs2

Lq2
−

np2π(x4−Lb1x5)
Lq2τ2

(Ld2x10 + λpm2) +
1

Lq2
u3 (43)

ẋ10 = −x10
Rs2

Ld2
−

np2π(x4−Lb1x5)
Ld2τ2

(Lq2x9) +
1

Ld2
u4 (44)

ẋ11 = −x11
Rs3

Lq3
−

np3πx6

Lq3τ3
(Ld3x12 + λpm3) +

1
Lq3

u5 (45)
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ẋ12 = −x12
Rs3

Ld3
−

np3πx6

Ld3τ3
(Lq3x11) +

1
Ld3

u6 (46)

As a result of the above, the state-space model of the dual-drive gantry crane can be also written in the
following matrix form:









































ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

ẋ6

ẋ7

ẋ8

ẋ9

ẋ10

ẋ11

ẋ12









































=









































x4

x5

x6

f4a + f4bw1x7 + f4cw2x9 + f4dw3x11

f5a + f5bw1x7 + f5cw2x9 + f5dw3x11

f6a + f6bw1x7 + f6cw2x9 + f6dw3x11

f7
f8
f9
f10
f11
f11









































+









































0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

g7,1 0 0 0 0 0
0 g8,2 0 0 0 0
0 0 g9,3 0 0 0
0 0 0 g10,4 0 0
0 0 0 0 g11,5 0
0 0 0 0 0 g12,6

























































u1

u2

u3

u4

u5

u6

















(47)
where the drift vector of the state-space model comprises the following functions:
f4a = −M̄11h̄1+M̄21h̄2−M̄31h̄3+M̄21k̄1

detM
f4b =

M̄11−Lb1M̄21

detM
, f4c =

M̄11+Lb1M̄21

detM
, f4d = M̄31

detM
w3x11.

f5a = M̄12h̄1−M̄22h̄2+M̄32h̄3−M̄22k̄2

detM
, f5b =

−M̄12+Lb1M̄22

detM
, f5c =

−M̄12+Lb1M̄22

detM
, f5d = −M̄32

detM
.

f6a = −M̄13h̄1+M̄23h̄2−M̄33h̄3+M̄23k̄3

detM
, f6b =

M̄13−Lb1M̄23

detM
, f6c =

M̄13+Lb1M̄23

detM
, f6d = M̄33

detM

f7 = −x7
Rs1

Lq1
−

np1π(x4+Lb1x5)
Lq1τ1

(Ld1x8 + λpm1), f8 = −x8
Rs1

Ld1
−

np1π(x4+Lb1x5)
Ld1τ1

(Lq1x7), f9 = −x9
Rs2

Lq2
−

np2π(x4−Lb1x5)
Lq2τ2

(Ld2x10 + λpm2), f10 = −x10
Rs2

Ld2
−

np2π(x4−Lb1x5)
Ld2τ2

(Lq2x9), f11 = −x11
Rs3

Lq3
−

np3πx6

Lq3τ3
(Ld3x12 +

λpm3) and f12 = −x12
Rs3

Ld3
−

np3πx6

Ld3τ3
(Lq3x11).

Finally, the state-space model of the dual-drive gantry crane is written in the following concise nonlinear
affine-in-the-input state-space form:

ẋ = f(x) + g(x)u (48)

where x∈R12×1, f(x)∈R12×1, g(x)∈R12×6, and u∈R6×1.

3 Differential flatness properties of the dual-drive H-type gantry crane

The dynamic model of the dual-drive H-type is differentially flat, with flat outputs vector

Y = [x1, x2, x3, x8, x10, x12]
T⇒

Y = [X,Θ, Y, id1, , id2, id3]
T (49)

The state-space model of the dual-drive gantry-crane given in Eq. (47) comprises 12 state equations. From
the first three rows of the state-space model one has

ẋ1 = x4⇒x4 = h̃4(Y, Ẏ )

ẋ2 = x4⇒x5 = h̃5(Y, Ẏ )

ẋ3 = x4⇒x6 = h̃4(Y, Ẏ )

(50)
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which signifies that state variables x4, x5, x6 are differential functions of the flat outputs of the system.

Next, from the fourth, firth and sixth rows of the state-space model one has





ẋ4

ẋ5

ẋ6



 =





f4a
f5a
f6a



+





f4bw1 f4cw2 f4dw3

f5bw1 f5cw2 f5dw3

f6bw1 f6cw2 f6dw3









x7

x9

x11



 (51)

or equivalently





x7

x9

x11



 =





f4bw1 f4cw2 f4dw3

f5bw1 f5cw2 f5dw3

f6bw1 f6cw2 f6dw3





−1 







ẋ4

ẋ5

ẋ6



−





f4a
f5a
f6a







 (52)

where functions (f4a, f4b, f4c, f4d), (f5a, f5b, f5c, f5d), and (f6a, f6b, f6c, f6d) are functions of state variables
xi i = 1· · ·6 and thus they are also differential functions of the flat outputs of the system. Consequently,
one obtains about state variables x7, x9, x11

x7 = h̃7(Y, Ẏ )

x9 = h̃9(Y, Ẏ )

x11 = h̃11(Y, Ẏ )

(53)

which signifies that state variables x7, x9, x11 are differential functions of the flat outputs of the system.
Moreover, from rows 7 to 12 of the state-space model of Eq. (47) one solves for the control inputs u1 to
u6. This gives:

















u1

u2

u3

u4

u5

u6

















=

















g7,1 0 0 0 0 0
0 g8,2 0 0 0 0
0 0 g9,3 0 0 0
0 0 0 g10,4 0 0
0 0 0 0 g11,5 0
0 0 0 0 0 g12,6

















−1 































ẋ7

ẋ8

ẋ9

ẋ10

ẋ11

ẋ12

















−

















f7
f8
f9
f10
f11
f12

































(54)

where x8, x10, x12 are flat outputs of the system, while all other variables and functions which appear in
the fight part of Eq. (54) are differential functions of the flat outputs of the system. Therefore, the control
inputs ui i = 1· · ·6 are also differential functions of the flat outputs of the system, or

ui = h̃ui
(Y, Ẏ ) i = 1, 2, · · · , 6 (55)

Consequently, the dynamic model of the dual-drive gantry crane is differentially flat. The differential flat-
ness property is also an implicit proof of the system’s controllability. It also demonstrates that the system
is input-output linearizable through successive differentiations of its flat outputs. Finally, it allows for
solving the setpoints definition problem. First, one defines setpoints in an unconstrained manner for the
state variables which are also flat outputs of the system, that is for state variables x1, x2, x3, x8, x10 and
x12. For the rest of the state variables of the gantry crane x4, x5, x6, x7, x9, x11 setpoints are chosen using
the differential relations that connect these state variables to the system’s flat outputs.

4 Flatness-based control in successive loops for the dual-drive H-type gantry

crane

4.1 Proof of differential flatness properties for the chained subsystems

The state-space model of the dual-drive H-type gantry crane of Eq.(47 ) is decomposed into a series of
subsystems which are connected in chained form:
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The first subsystem comprises the rows 1 to 3 of the state-space model of Eq. (47), and the following
sub-vectors and sub-matrices are defined about it:

x1,3 =





x1

x2

x3



 f1,3 =





0
0
0



 g1,3 =





1 0 0
0 1 0
0 0 1



 v1 =





x4

x5

x6



 (56)

where x1,3 is the state vector of the subsystem and v1 is the virtual control inputs vector.

The second subsystem comprises rows 4 to 6 of the state-space model of Eq. (47), and the following
sub-vectors and sub-matrices are defined about it:

x4,6 =





x4

x5

x6



 f4,6 =





f4a
f4b
f4c



 g4,6 =





f4b f4c f4d
f5b f5c f5d
f6b f6c f6d



 v2 =





x7

x9

x11



 (57)

where x4,6 is the state vector of the subsystem and v2 is the virtual control inputs vector.

The third subsystem comprises the rows 7 to 12 of the state-space model of Eq. (47), and the following
sub-vectors and sub-matrices are defined about it:

x7,12 =

















x7

x8

x9

x10

x11

x12

















f7,12 =

















f7
f8
f9
f10
f11
f12

















g7,12 =

















g7,1 0 0 0 0 0
0 g8,2 0 0 0 0
0 0 g9,3 0 0 0
0 0 0 g10,4 0 0
0 0 0 0 g11,5 0
0 0 0 0 0 g12,6

















u =

















u1

u2

u3

u4

u5

u6

















(58)

where x7,12 is the state vector of the third subsystem and u is the virtual control inputs vector.

Consequently, the initial state-space model of Eq. (47) is decomposed into the chain of the following three
subsystems:

ẋ1,3 = f1,3(x1,2) + g1,3(x1,3)v1 (59)

ẋ4,6 = f4,6(x1,3, x4,6) + g4,6(x1,3, x4,6)v2 (60)

ẋ7,12 = f7,12(x1,3, x4,6, x7,12) + g7,12(x1,3, x4,6, x7,12)u (61)

It will be proven that each one of the subsystems of Eq. (59] to Eq. (61), if viewed independently, is
differentially flat.

For the subsystem of Eq. (59) the flat outputs vector is y1 = x1,3, the virtual control inputs vector is
v1 = x4,6 while f1,3(x1,3), g1,3(x1,3) are functions of y1 = x1,3. By solving Eq. (59) for v1 one obtains

v1 = g−1
1,3(x1,3)[ẋ1,3 − f1,3(x1,3)] (62)

It can be seen that v1 is also a differential function of the flat output y1, therefore the subsystem of Eq.
(59) is differentially flat.

For the subsystem of Eq. (60) the flat outputs vector is y2 = x4,6, the virtual control inputs vector
is v2 = [x7, x9, x11]

T , while x1,3 is considered to be a coefficients vector. Moreover f4,6(x1,3, x4,6) and
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g4,6(x1,3, x4,6) are functions of the flat outputs vector x4,6 and of the coefficients vector x1,3. By solving
Eq. (60) for v2 one obtains

v2 = g−1
4,6(x1,3, x4,6)[ẋ4,6 − f4,6(x1,3, x4,6)] (63)

It can be seen that v2 is also a differential function of the flat output y2, therefore the subsystem of Eq.
(60) is differentially flat.

For the subsystem of Eq. (61) the flat outputs vector is y3 = x7,12, the real control inputs vector
is u, while x1,3, x4,6 are considered to be a coefficients vectors. Moreover f7,12(x1,3, x4,6, x7,12) and
g7,12(x1,3, x4,6, x7,12) are functions of the flat outputs vector x7,12 and of the coefficients vector x1,3, x4,6.
By solving Eq. (61) for u one obtains

u = g−1
7,12(x1,3, x4,6, x7,12)[ẋ7,12 − f7,12(x1,3, x4,6, x7,12)] (64)

It can be seen that u is also a differential function of the flat output y3, therefore the subsystem of Eq.
(61) is differentially flat.

4.2 Design of a multi-loop flatness-based controller

By proving that each one of the subsystems of Eq. (59) to Eq. (61) is differentially flat, one can infer that
it can be brought into the input-output linearized form and that a stabilizing feedback controller can be
designed about it through the inversion of its dynamics. The implementation of flatness-based control in
successive loops is shown in Fig. 2

Figure 2: Implementation of flatness-based control in successive loops for the dual-drive H-type gantry
crane

For the subsystem of Eq. (59) the stabilizing feedback controller is defined to be
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v1 = g−1
1,3(x1,3)[ẋ

d
1,3 − f1,3(x1,3)−K1(x1,3 − xd

1,3)] (65)

where setpoint xd
1,3 is selected without constraints, while K1∈R

3×3 is a diagonal matrix with positive di-
agonal elements, that is K1 > 0 and K1,ii > 0 for i = 1, 2, 3. The virtual control input is v1 = x4,6 and
becomes setpoint to the subsystem of Eq. (60), that is v1 = xd

4,6.

For the subsystem of Eq. (60) the stabilizing feedback controller is defined to be

v2 = g−1
4,6(x1,3, x4,6)[ẋ

d
4,6 − f4,6(x1,3, x4,6)−K2(x4,6 − xd

4,6)] (66)

where setpoint xd
4,6 is selected without constraints, while K3∈R

3×3 is a diagonal matrix with positive diag-

onal elements, that is K2 > 0 and K2,ii > 0 for i = 1, 2, 3. The virtual control input is v2 = [x7, x9, x11]
T

and jointly with the reference values [x8, x10, x12]
T becomes setpoint to the subsystem of Eq. (61), that is

xd
7,12 = [xd

7 , x
d
8, x

d
9, x

d
10, x

d
11, x

d
12]

T .

For the subsystem of Eq. (61) the stabilizing feedback controller is defined to be

v3 = g−1
7,12(x1,3, x4,6, x7,12)[ẋ

d
7,12 − f7,12(x1,3, x4,6, x7,12)−K3(x7,12 − xd

7,12)] (67)

where setpoint xd
7,12 = [xd

7, x
d
8, x

d
9, x

d
10, x

d
11, x

d
12]

T has been defined above, while K3∈R
6×6 is a diagonal

matrix with positive diagonal elements, that is K3 > 0 and K3,ii > 0 for i = 1, · · · , 6. The real control
input is u and becomes setpoint to the subsystem of Eq. (60), that is v1 = xd

4,6.

By substituting the control input of Eq. (65) into the subsystem of Eq. (59) and by defining the tracking
error variable e1,3 = x1,3 − xd

1,3 one obtains

ẋ1,3 = f1,3 + g1,3·g
−1
1,3[ẋ

d
1,3 − f1,3 −K1(x1,3 − xd

1,3)]⇒

(ẋ1,3 − ẋd
1,3) +K1(x1,3 − xd

1,3) = 0⇒ė1,3 +K1e1,3 = 0⇒
limt→∞e1,3(t) = 0⇒limt→∞x1,3(t) = xd

1,3(t)
(68)

By substituting the control input of Eq. (66) into the subsystem of Eq. (60) and by defining the tracking
error variable e4,6 = x4,6 − xd

4,6 one obtains

ẋ4,6 = f4,6 + g4,6·g
−1
4,6[ẋ

d
4,6 − f4,6 −K2(x4,6 − xd

4,6)]⇒
(ẋ4,6 − ẋd

4,6) +K2(x4,6 − xd
4,6) = 0⇒ė4,6 +K2e4,6 = 0⇒

limt→∞e4,6(t) = 0⇒limt→∞x4,6(t) = xd
4,6(t)

(69)

By substituting the control input of Eq. (67) into the subsystem of Eq. (61) and by defining the tracking
error variable e7,12 = x7,12 − xd

7,12 one obtains

ẋ7,12 = f7,12 + g7,12·g
−1
7,12[ẋ

d
7,12 − f7,12 −K3(x7,12 − xd

7,12)]⇒

(ẋ7,12 − ẋd
7,12) +K3(x7,12 − xd

7,12) = 0⇒ė7,12 +K3e7,12 = 0⇒
limt→∞e7,12(t) = 0⇒limt→∞x7,12(t) = xd

7,12(t)
(70)

Consequently, all state variables of the dual-drive H-type gantry crane converge to the associated setpoints
and the crane’s control system is globally asymptotically stable.

Global asymptotic stability for the dual-drive H-type gantry crane can be also proven through Lyapunov
analysis. To this end, the following Lyapunov function is defined:

V = 1
2 [e

T
1,3e1,3 + eT4,6e4,6 + eT7,12e7,12] (71)

By differentiating in time one obtains

12



V̇ = 1
22[e

T
1,3ė1,3 + eT4,6ė4,6 + eT7,12ė7,12] (72)

Next, by substituting in Eq. (72) the relations about the tracking error dynamics of Eq. (68), Eq. (69)
and Eq. (70) one obtains

V̇ = 1
22[e

T
1,3(−K1e1,3) + eT4,6(−K2e4,6) + eT7,12(−K3e7,12)] (73)

or equivalently

V̇ = −[eT1,3K1e1,3 + eT4,6K2e4,6 + eT7,12K3e7,12] (74)

Thus, finally it is concluded that

V̇ < 0 ∀ e1,3 6=0, e4,6 6=0, e7,12 6=0 (75)

while V = 0 iff e1,3 = 0, e4,6 = 0 and e7,12 = 0. Consequently, the first derivative of the system’s Lya-
punov function is always negative and the Lyapunov function V is a diminishing function which converges
asymptotically to 0. Therefore limt→∞e1,3(t) = 0, limt→∞e4,6(t) = 0, limt→∞e7,12(t) = 0 and the system
is globally asymptotically stable.

5 Simulation tests

The performance of the flatness-based control method in successive loops for the dual-PMLSM-driven
gantry crane. The obtained results are depicted in Fig. 3 to Fig. 18. They come to confirm that despite
its simplicity the flatness-based control method in successive loops achieves fast and accurate tracking of
reference setpoints under moderate variations of the control inputs. The selection of stabilizing values for
the feedback gains of the controller is shown to be a straightforward and easy to follow procedure. Actu-
ally, to stabilize the gantry crane it suffices to select diagonal feedback gain matrices with positive diagonal
elements. Thus, for the first subsystem the feedback gain matrix is K1∈R

3×3 > 0 with diagonal elements
k1,ii > 0 for i = 1, · · · , 3. Equivalently, for the second subsystem the feedback gain matrix is K2∈R

3×3 > 0
with diagonal elements k2,ii > 0 for i = 1, · · · , 3. Finally, for the third subsystem the feedback gain matrix
is K3∈R

6×6 > 0 with diagonal elements k3,ii > 0 for i = 1, · · · , 3.

The flatness-based control method in successive loops provides also an automated procedure for selecting
setpoints for the dynamic model of the dual-PMLSM-driven gantry crane. For the first subsystem and state
variables [x1, x2, x3]

T , i = 1, 2, 3, setpoints are chosen in an unconstrained manner. Next, the virtual con-
trol inputs of the first subsystem, that is state variables v1 = [x4, x5, x6]

T , become setpoints for the second
subsystem. Additionally, the virtual control input for the second subsystem, that is v2 = [x7, x9, x11]

T ,
becomes part of the setpoints vector for the third subsystem. The rest of the setpoints vector for the
third subsystem is complemented by setpoint variables [x8, x10, x12] which are selected in an unconstrained
manner. Finally, it is noted that the transient performance of the control algorithm and the speed of
convergence of the individual state variables to the associated setpoints is determined by the values which
are assigned to the diagonal elements of the gain matrices Ki, i = 1, 2, 3.

6 Conclusions

In this article a novel nonlinear optimal control method has been developed for the dynamic model of a
dual PMLSM-driven gantry crane. Such a type of cranes consists of a pair of permanent magnet linear
synchronous motors arranged along the vertical axis and of a crossbeam along the horizontal axis which
connects rigidly the two motors of the vertical axes. On the crossbeam a third linear motor is mounted
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Figure 3: Tracking of setpoint 1 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 4: Tracking of setpoint 1 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 5: Tracking of setpoint 2 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.

0 10 20 30 40
−1

−0.5

0

0.5

1

time (sec)

x
9

0 10 20 30 40
−1

−0.5

0

0.5

1

time (sec)

x
1

0

0 10 20 30 40
−1

−0.5

0

0.5

1

time (sec)

x
1

1

0 10 20 30 40
−1

−0.5

0

0.5

1

time (sec)

x
1

2

0 10 20 30 40
−50

0

50

time (sec)

u
1

0 10 20 30 40
−50

0

50

time (sec)

u
2

0 10 20 30 40
−50

0

50

time (sec)

u
3

0 10 20 30 40
−50

0

50

time (sec)

u
4

0 10 20 30 40
−50

0

50

time (sec)

u
5

0 10 20 30 40
−50

0

50

time (sec)

u
6

(a) (b)

Figure 6: Tracking of setpoint 2 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 7: Tracking of setpoint 3 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 8: Tracking of setpoint 3 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 9: Tracking of setpoint 4 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 10: Tracking of setpoint 4 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 11: Tracking of setpoint 5 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 12: Tracking of setpoint 5 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 13: Tracking of setpoint 6 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 14: Tracking of setpoint 6 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 15: Tracking of setpoint 7 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 16: Tracking of setpoint 7 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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Figure 17: Tracking of setpoint 8 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x1 to x4 (blue
line) and estimates provided by the H-infinity Kalman Filter, (b) tracking of setpoints (red line) by the
state variables of the gantry crane x5 to x8 (blue line) and estimates provided by the H-infinity Kalman
Filter.
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Figure 18: Tracking of setpoint 8 by the dual-PMLSM-driven gantry crane with flatness-based control in
successive loops (a) tracking of setpoints (red line) by the state variables of the gantry crane x9 to x12

(blue line) and estimates provided by the H-infinity Kalman Filter, (b) variations of the control inputs of
the gantry crane u1 to u6 (blue line).
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which enables to move a load along the horizontal axis. For the reliable functioning of this crane complete
synchronization of its motors is needed and this results into a complicated nonlinear control problem for
the integrated dynamic model of the crane and the PMLSMs. It has been proven that the dynamic model
of the dual PMLSM-driven gantry crane is differentially flat. Next, to achieve control and stabilization of
the gantry crane’s dynamics flatness-based controller in successive loops was designed. To this end, the
dynamic model of the dual-PMLSM-driven gantry crane was decomposed into a series of subsystems which
were connected in chained form. It was proven that, each one of these subsystems, if viewed independently
is differentially flat. The state vector of the subsequent i+ 1-th subsystem was considered to be a virtual
control input for the preceding i-th subsystem. Equivalently, the virtual control inputs vector of the pre-
ceding i-th subsystem was considered to be the setpoints vector of the subsequent i+1-th subsystem. From
the last N -th subsystem the real control inputs of the gantry crane were computed by tracing backwards
all preceding subsystems N − 1, · · · , 1.

Compared to nonlinear optimal control for the dual PMLSM-driven gantry crane, the flatness-based con-
trol method in successive loops is suboptimal because it does not include explicitly among the controller’s
objectives the minimization of the variations of the control inputs. However, despite its simplicity, the
flatness-based control method in successive loops performs also remarkably well and achieves also fast and
accurate tracking of setpoints by the state variables of the gantry crane. Using the local differential flat-
ness properties of each one of the individual subsystems the design of a local stabilizing feedback controller
becomes an easy procedure. It suffices (i) to perform inversion of the dynamics of each subsystem, as it
is often done for input-output linearizable systems, (ii) the control input for each subsystem to comprise
a diagonal feedback gains matrix with positive diagonal elements. The elimination of the state vector’s
tracking error and the global stability properties of this control scheme have been also proven through
Lyapunov analysis. Finally, it is noteworthy that unlike global linearization-based control schemes the
flatness-based control method in successive loops avoids any changes of state variables and state-space
model transformations.
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