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Abstract: The control problem of the rotary double inverted pendulum (double Furuta pendulum) is
nontrivial because of underactuation and strong nonlinearities in the associated state-space model. The
system has three degrees of freedom (one actuated and two unactuated joints) while receiving only one
control input. In this article, a novel nonlinear optimal (H-infinity) control approach is developed for the
dynamic model of the rotary double inverted pendulum. First, the dynamic model of the double pendulum
Qundergoes approximate linearization with the use of first-order Taylor series expansion and through the
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computation of the associated Jacobian matrices. The linearization process takes place at each sampling
instance around a temporary operating point which is defined by the present value of the system’s state
vector and by the last sampled value of the control inputs vector. At a next stage a stabilizing H-infinity
feedback controller is designed. To compute the controller’s feedback gains an algebraic Riccati equation

c ) has to be solved at each time-step of the control algorithm. The global stability properties of the control
scheme are proven through Lyapunov analysis. To implement state estimation-based control without the
need to measure the entire state vector of the rotary double-pendulum the H-infinity Kalman Filter is used

O as a robust state observer. The nonlinear optimal control method achieves fast and accurate tracking of
setpoints by all state variables of the rotary double inverted pendulum under moderate variations of the
control input.

Keywords: rotary double inverted pendulum, underactuated systems, approximate linearization, Taylor

series expansion, Jacobian matrices, H-infinity control, Riccati equation, global stability, Lyapunov analy-
sis.

1 Introduction

Nonlinear control for underactuated robotic systems is an elaborated task which has become the subject
of much research work during the last years [1-4]. In this domain, the double rotary pendulum (double

*Corresponding author

'.) Check for updates

This article has been accepted for publication and undergone full peer review but has not been
through the copyediting, typesetting, pagination and proofreading process which may lead to
differences between this version and the Version of Record. Please cite this article as doi:
10.1002/adc2.140

This article is protected by copyright. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1002%2Fadc2.140&domain=pdf&date_stamp=2023-04-26

Furuta pendulum) is a benchmark nonlinear dynamical system and the solution of the associated nonlinear
optimal control problem is challenging [5-9]. Actually, stabilization of the dynamics of the double rotary
pendulum is a nontrivial task because of the strong nonlinearities of the associated state-space model and
because of the model’s underactuation [46-12]. Out of the three joints of the pendulum only one receives
mechanical actuation, and this makes significantly difficult the control of the pendulum and its stabilization
at the swing-up position [13-15]. So far, several control approaches have been proposed for the model of the
double rotary pendulum. These include control based on LQR concepts and approaches based on Linear
Parameter Varying formulations of the system’s dynamics, as well as on the solution of state-dependent
Riccati equations [16-20]. One also finds sliding-mode and backstepping control approaches. Additionally,
there are optimal control concepts which often take the form of Model Predictive Control schemes [21-25].
It is noted that the solution of the nonlinear control problem for the rotary double inverted pendulum pro-
vides also an insight for the successful implementation of stabilizing feedback in several highly nonlinear
and underactuated robotic systems [26- 28].

In this article, a novel nonlinear optimal (H-infinity) control method is proposed for the complex dynam-
ics of the rotary double inverted pendulum [40]. First, the dynamic model of the rotary double inverted
pendulum undergoes approximate linearization around a temporary operating point which is updated at
each sampling instance. This operating point is defined at each sampling period by the present value of
the pendulum’s state vector and by the last sampled value of the control inputs vector. The linearization
process is based on first-order Taylor series expansion and on the computation of the associated Jacobian
matrices [41-43]. The model imprecision which is due to the truncation of higher-order terms from the
Taylor series expansion is treated as a perturbation which is asymptotically compensated by the robustness
of the control algorithm. For the approximately linearized model of the rotary double inverted pendulum
a stabilizing H-infinity feedback controller is designed. This controller achieves the solution of the optimal
control problem for the nonlinear dynamics of the rotary double inverted pendulum under model uncer-
tainty and external disturbances [2-4].

Actually, the H-infinity controller represents a min-max differential game which takes place between: (i) the
system’s control inputs that try to minimize a cost function which contains a quadratic term of the state
vector’s tracking error, (ii) the system’s disturbances and model uncertainty terms which try to maximize
this cost function. To select the feedback gains of the H-infinity controller an algebraic Riccati equation has
to be repetitively solved at each time-step of the control algorithm [1-4]. The global stability properties of
the control scheme are proven through Lyapunov analysis. First, it is demonstrated that the control loop
of the rotary double inverted pendulum satisfies the H-infinity tracking performance criterion [1-4],[44].
This signifies elevated robustness against model uncertainty and exogenous perturbations. Moreover, un-
der moderate conditions global asymptotic stability properties are proven [1-4]. To implement also state
estimation-based control without the need to measure the entire state-vector of the rotary double inverted
pendulum, the H-infinity Kalman Filter is proposed as a robust state observer. The article’s nonlinear op-
timal (H-infinity) control scheme achieves fast and accurate tracking of reference setpoints under moderate
variations of the control inputs. The control problem of rotary single and double inverted pendulum can
be used as a benchmark for testing linear and nonlinear control algorithms, and the results of the present
article confirm that the proposed nonlinear optimal control method is a meaningful contribution to the
research area of nonlinear control [29- 34]. The use of the article’s nonlinear optimal control method can
be extended to more nonlinear underactuated dynamical systems which have been the subject of control
systems research during the last years [35-39].
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A comparison of the nonlinear optimal (H-infinity) control method against other linear and nonlinear con-
trol schemes for complex dynamical systems has shown the following: (1) unlike Lie algebra-based control,
the new nonlinear optimal control method does not rely on complicated transformations (diffeomorphisms)
of the system’s state variables. The control inputs that the nonlinear optimal control method computes
can be applied directly to the initial nonlinear dynamics of the system and are not used on its transformed
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equivalent description. The inverse transformations which are met in global linearization-based control are
avoided and consequently one does not come against singularity issues (2) unlike Model Predictive Control
and Nonlinear Model Predictive Control the nonlinear optimal control method is of proven global stability.
It is known that Model Predictive Control is a linear control method which if applied to systems with
complex nonlinear dynamics the stability of the control loop will be lost. Besides, in Nonlinear Model
Predictive Control the convergence of the iterative search for an optimum depends on initialization and
parameter values selection and consequently the global stability properties of the NMPC method cannot be
ensured either (2) unlike sliding-mode and backstepping control the nonlinear optimal control method does
not require the state-space description of the system to be found in a specific form. About sliding-mode
control it is known that when the controlled system is not found in the input-output linearized form, the
definition of the sliding surface can be an intuitive procedure. About backstepping control it is known that
it cannot be directly applied to a dynamical system if the related state-space model is not found in the
strict-feedback (backstepping integral) form (4) unlike PID control, the nonlinear optimal control method
is of proven global stability, the selection of the controller’s parameters does not rely on a heuristics-based
tuning procedure and the stability of the control loop is ensured in case of changes of operating points (5)
unlike multiple local models-based control, the nonlinear optimal control method uses only one lineariza-
tion point and needs the solution of only one Riccati equation so as to compute the stabilizing feedback
gains of the controller. Equivalently, the nonlinear optimal control method does not require the solution of
complicated Linear Matrix Inequalities. Consequently, in terms of computation load the nonlinear optimal
control method is much more efficient.

The structure of the article is as follows: in Section 2 the dynamic model of the rotary double inverted
pendulum is formulated and the associated state-space description is obtained. In Section 3 the dynamic
model of the rotary double inverted pendulum is subjected to approximate linearization through first-order
Taylor series expansion and through the computation of the associated Jacobian matrices. In Section 4
an H-infinity controller is designed to stabilize the dynamics of the rotary double inverted pendulum. In
Section 5 the global stability properties of the nonlinear optimal (h-infinity) control scheme are proven
through Lyapunov analysis. In Section 6 the use of the nonlinear optimal control method is also extended
to the dynamic model of the parallel double inverted pendulum. In Section 7 the performance of the con-
trol loop for the rotary double inverted pendulum is confirmed through simulation experiments. Besides
the fine performance of the nonlinear optimal control method is also confirmed in the case of the parallel
double inverted pendulum. Finally, in Section 8 concluding remarks are stated.

2 Dynamic model of the double rotary pendulum

The diagram of the rotary double inverted pendulum is shown in Fig. 1. The state vector of the
system consists of the turn angles of the rigid links and of the associated angular velocities, that is
x = [fo, 90, 01, 91, 0, éz]T. The rotary double inverted pendulum is underactuated since mechanical torque
is applied only to the first link. Thus the torques vector is 7 = [T%,0,0]7. Main parameters of the dy-
namic model of the rotary double inverted pendulum are: I;, i = 0,1,2 which are the lengths of the links,
ri, © = 0,1,2 which are the distances between the joint at the basis of the links and the center of gravity of
the links and m;, i = 0, 1,2 are the masses of the links. [5-9]. The dynamic model of the system is given
by
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M(0)6 + H(0,0)0 + G6) =T (1)

The inertia matrix of the rotary double inverted pendulum is symmetric and positive definite and is given
by [5]
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Figure 1: Diagram of the rotary double inverted pendulum

mi1 Miz2 Mi3
M(0) = | mo1 ma2 mas (2)
m31 MM32 MM33

where mi1 = Jo + (m1 + mz)l(% + (mlr% + mgl%)sinQ (01) + 2m2l1r23in(91)sin(91 + 92) + mgrgsinQ(Gl + 92),
mia = Mo = mllorlcos(ﬁl) + mglo’I"QCOS(ol + 92) + mglollcos(ﬁl), mi3 = Mmsa3 = m2l0r2003(91 + 02),
mos = J1+ Jo ~|—m1r% ~|—TTLQZ% ~|—m2r§ + 2777,2117"% + 2777,2117'2608(02), Moz = M3a = Jo +m2r§ ~|—TTL211’I"QCOS(02),
ms3 = Jo + mg’l“%.

The Coriolis forces vector of the system is given by C(6,8) = H (6, )8 where matrix H(6,8) is given by [5]
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) Hy Hip His
H(G.G) = | Hyy Hoyo H_bg (3)
Hsy Hz Oy

where the elements of matrix H (6, ) are [5]

Hi = mlr%élsin(%l) + 2mgl%91003(91)3in(91)+
+2m2r§91008(91 + 0)sin(01 + 02)+
+2m2r§90008(91 + 0)sin(01 + 02)+

+2m211r291003(91)3in(01 + 02)+
+2mali 901 cos(6y + 02)sin(6r)+
+2m211r292003(91 + 92)8’677,(91) + éo
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H12 = —mllorlélsin(ﬁl) — mglollélsin(ﬁl) - mglorgélsin(ﬁl + 92) (5)
Hi3 = —2m1210T2918i7’L(91 =+ 92) — mglorgégsin(ﬁl + 92) (6)

H21 = —%mlT%éosin(291> — 2m1T§€05in(2(91 + 92))—
—mglfﬁocos(ﬂl)sin(ﬁl) — mzll’l"QooSi’I’L(291 + 92)

Hay = —2myglirabasin(0y) + Cy ()

Haz = —malyrafysin(6s) (9)

Hj = —%mgrgéosin@(ﬂl + 02)) — malir200sin (0 )cos (01 + 62) (10)
Hsy = mgllrgélsin(eg) (11)

In particular, about the elements of the Coriolis forces vector it holds that

) Hyy Hip Hiz 9:1 ) H119:1 + H129:2 + H139:3
C(0,0) = | Han Hyy Hys | |02 ] =C(0,0) = | Ha101 + Haz0o + Has0s (12)
Hsy Hzp 03 Hs3101 + H3o0 + H3303

In the previous equations mg, mi, ms are the masses of the links, and Jy, Jy, Jo are moments of inertia.
Besides, lo, l1, Iz are the lengths of the links and ro, r1, 72 are the distance between the bases of the links
and their centers of gravity. Moreover, Cy, C1, C5 are constants. About the gravitational forces vector one
has [5]

GO)=(0 g:2(0) g5(6))" (13)

where the elements of the gravitational forces vector are go(0) = —g((m1r1 + maly)sin(01) + maresin(6, +
02)) and g3(f) = —magrasin(6; + 02). Consequently, the dynamic model of the rotary double inverted
pendulum is written as

M) + H(0,0)0 + G(0) = 7=
6 =—M"10)[C(0,0)+ GO)] + M1 (O)r

The inverse of the inertia matrix M (6) is denoted as

(14)

Mll _M21 M31
M(G)_l = m —M12 M22 —M32 (15)
Mz —Mas  Mss
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where the sub-determinants M;; i = 1,2,3 j = 1,2,3 are defined as: M1y = maamas — mzamaz, My =
Ma21M33 — M31Ma3, M1z = moimss — m3imaa, Ma1 = miamas — m3amas, Moo = mi1mas — m31mis,
Masz = mi1masa —mgimiz, Mag = mi1msa —maimie, M31 = miama3 —maami3z, M3z = mi1ma3 —ma1mas,
M33 = mi1maogz — ma1mie and detM = mi My — miaMis + mizMis.

Using Eq. (14) and Eq. (15) the dynamic model of the rotary double inverted pendulum becomes
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o My =My Ms C1(6,0) + G1(0) Myn =M My T
01 =—ote | M1z My —Msp C2(0,0) + G2(0) + g | =Mz My —Ms, 0
0 Mys  —Mas  Mss C5(0,0) + G5(0) Mys  —Mas  Mss 0
(16)
or equivalently
i, — M11 (C1(0,0)+G1(8))+ M1 (C2(0,0)+G2(6)) — Ms1 (Cs(0,0)+Gs (9)) M,
detM detM
i, | = M12(01(9,é)+01(@)—Mzz(czg)eﬁ\);%(9))+Maz(ca(9>é)+03(9)) + —d]\iﬂ Ty (17)
05 —M15(C1(0.0)+G1(8)) +Mas(C2(60.0)+G2(6)) ~ Ms5(C5(0,0)+Gs(9)) Mis
det M

Next, by denoting the state vector of the rotary double inverted pendulum as x = [11, 22, 23, T4, T5, 6]
that is = [0y, 0o, 61, 01, 02, 02]T and the control inputs vector as u = T one has the state-space description

1 T2 0

o fa(z) 92()

333 o Ty 0

i | @) | T o) | (18)
T5 Tg 0

Zg fo(z) g6(x)

which is a model in the nonlinear affine-in-the-input state-space form

i = f(x) + g(e)u (19)

with x€ RO, f(x)eRS*!, g(x)eR%*!, and ueR. About the elements of vectors f(z) and g(z) which
appear in this state-space model it holds that:

_ fi(z) = z2 _ g1(x) =0
f2(l’) _ —M11(C1(9,9)+G1(0))+M21(nggiﬁ]\;[)-l-Gg(@))—Mgl(03(9,9)+G3(0)) g2(l’) _ d]\e/[ﬁ

. f3(x) = 4 4 g3(z) =0 20)
f4(l’) _ M12(C1(9,9)4‘01(9))—M22(02519629]\);-672(9))+M32(Cg(9,9)+03(0)) g4(9c) _ _dj‘\j;]@

. f5(z) = z6. . gs(z) =0
f6(x> _ —M13(C1(9,9)+G1(9))+M23(Ci(eiﬁ]\}-l-Gg(9))—M33(Cg(9,9)+G3(0)) 96(1') _ d]\iﬁ

3 Approximate linearization of the rotary double inverted pendulum

3.1 Linearization process

The dynamic model of the rotary double inverted pendulum undergoes approximate linearization around
the temporary operating point (z*,u*) at each sampling instance [2-4]. This operating point is defined
by z* which is the value of the state vector at the present sampling instance and by «* which is the last
sampled value of the control inputs vector. The linearization process is based on first-order Taylor series
expansion and on the computation of the associated Jacobian matrices. It brings the system from the
initial nonlinear state-space form:

i = f(x) + g(x)u (21)

into the equivalent linearized state-space description
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i=Ar+Bu+d (22)

where d is the cumulative vector of disturbances which may incorporate (i) modelling errors due to the
truncation of higher-order terms from the Taylor series expansion, (ii) exogenous perturbations, (iii) sensor
measurement noise of any distribution. The disturbances’ effects will be compensated by the robustness
of the nonlinear optimal (H-infinity) control algorithm. The computation of the Jacobian matrices of the
system is as follows:

A=V.[f(x) +9(@)u] [@+ur) = A = Ve [f(@)] @ u) +Valg(@)]u |@u) (23)

B =Vu[f(x) + g(@)u] [(@+ ) =B = 9(2) |@*,u) (24)

This linearization approach which has been followed for implementing the nonlinear optimal control scheme
results into a quite accurate model of the system’s dynamics. Consider for instance the following affine-in-
the-input state-space model

&= f(x) + g(z)u=
&= [f(z") + Vo f (@) o (. —2)] + [9(z") + Vag(@) o (2 —2")u” +g(z")u" + g(z")(u —u”) + dr=
&= [Vaf (@) o +Vag(@) o vz + g(@)u — [Va f(2) [or +Veg(@) [o- wlz” + f(27) + (2" )u” + da
) (25)
where d; is the modelling error due to truncation of higher order terms in the Taylor series expansion of
f(x) and g(x). Next, by defining A = [V, f(x) [+ +V29() o+ u*], B = g(«*) one obtains

i = Az + Bu — Az* + f(2*) + g(z*)u* + d; (26)

Moreover by denoting d=—Az*+ fl@*)+ g(x*)u* + dy about the cumulative modelling error term in the
Taylor series expansion procedure one has

i=Ar+ Bu+d (27)

which is the approximately linearized model of the dynamics of the system of Eq. (22). The term
f(x*) + g(a*)u* is the derivative of the state vector at (z*,u*) which is almost annihilated by —Az*.

3.2 Computation of Jacobian matrices

Computation of the elements of the Jacobian matrix V[f(x)] |z« .+) is first carried out.

First row of the Jacobian matrix Vu[f(2)] |(z*,u*): aglm(lw) =0, 82196(:) =1, 82196(:) =0, 82196(41) =0, 8](;196(:)

3f1 Of1(z) —0.

I

and

Second row of the Jacobian matrix Vu[f(x)] |z« u+): It holds that fo(z) = % where fo pum(z) =

—M11(01(9, 9) +G1(9)) +M21(02)(9 9+G2(9)) M31(03(9 9)—|—G3(9)) and fg)den( ) = detM . Moreover,
one has that fori=1,2,---,6

9f2 num (¢) 6f2,den(z)

Ofa(z)  —w;—J2.den(T) = f2,num () —5r— (28)
O f2,den (2)?

Moreover, it holds that for ¢ =1,2,---,6
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6f2,num(ib) — BMu (01(9 9) _|_ Gl(o)) M11(601(9 9) _|_ 8G1(9))+

oz, oz
oMy (02(9 0) + Ga(8)) + My (22200 a‘g;;@ )— (29)
3M31 (Cs(6, 9) +Gs()) — M31(<903(9 0) + 8G3(0))
Pl = g (30)

Third row of the Jacobian matrix V.[f(2)] |(* u*): 0f@) _ o @) _ o 0h@ _ o 9@ _ q

Oxq Oz Ox3
6]53;6(:) =0 and 3f3(90) —0.

Fourth row of the Jacobian matrix V.[f(2)] |z« .+): It holds that fi(z) = % where fa num () =
Mi2(C1(6,0) + G1(0)) — M2a(C2)(0,0 + G2(0)) + Ms2(C5(6,0) + G3(0)) and fa,gen(x) = detM. Moreover,
one has that fori=1,2,---,6

9f4,den (@)

num (¢)
Afa(x) _ Lﬂ den (@)= fa,num (2) =57 — (31)

Oz; fa,den(x )2
Moreover, it holds that for ¢ =1,2,---,6

O fa,num () _ aé\/wftg (01(070> +G1(0)) +M (601(9 9) + 8G1(9)>_

o oz,
—2M22 (C(6,6) + G (6)) — Mo (220D 4 2G2(0) (32)
+0Ms2 (049, 0) + G3(6)) + Mz (w 1 961001
af4g;:1( ) a%ewtjw (33)

Fifth row of the Jacobian matrix V. [f(2)] | (g« u): 955(2) _ 8@596(:) =0, agi(:) =0, agsm(f) =0, 250 —

6:E1 8I5
and af5 ) =0.

Sixth row of the Jacobian matrix Vi [f(x)] |(z+4+): It holds that fs(z) = % where fo num(z) =

—M13(C1 (9, 9) + Gy (9)) + M23(Cg)(9, 9 + GQ(G)) — M33(C3(9, 9) + G3(9)) and f&den(x) = detM . Moreover,
one has that fori=1,2,---,6

Afs(z) _ %ﬁ; den ()= fo, num(@%j:ﬂ” o)

ox; fﬁ,den( )2
Moreover, it holds that for i =1,2,--- ,6

Hogun(®)  _ 0003 (C1(6,0) + G1(9)) — Mis( 2502 + 251004

P Oz,
00 (09, 6) + Ga(6)) + Mag(2500 1 2Ga(0))_ (35)
80 (4(0,6) 4 Gol6) — Myp(P500) 4 9610
Ofogen(z) _ Odett (36)

Computation of the elements of the Jacobian matrix V[g(z)] |+ .+ is also carried out.
First row of the Jacobian matrix V,[g(z)] |+ u+): agl(w) =0fori=1,2,---,6.

Second row of the Jacobian matrix V,[g(x)] |(z+ u+): It holds that for i =1,2,---,6

M
9921 __ dmtl detM—Miy d%emtiM (37)
ox; detM?2
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Third row of the Jacobian matrix Vo[g(2)] |- uy: 288 =0 for i =1,2,--- 6.

Fourth row of the Jacobian matrix V;[g(z)] |(z=,.+): It holds that for i = 1,2,---,6

dM12

dd M
dga1 detM~+Mqq Et (38)
oxr; detM?2

Fifth row of the Jacobian matrix Vu[g(x)] |(z+ u+): 8%3—36(;”) =0fori=1,2,---,6.

Sixth row of the Jacobian matrix Vu[g(x)] |(z= 4+): It holds that for i =1,2,---,6

M
dm? detM—Mlg% (39)
detM?2

9961
ox;

Besides, the partial derivatives of the sub-determinants of the inertial matrix M are computed as follows:
Fori=1,2,---,6

%inl = aén 2233 + Moo 63;3 - ag;ifz Ma3 — M3z ag;ﬁs (40)
% = 837221 mg33 + ma1 a@m : - 8521631 M2z — M31 8811;23 (41)
% = 8;5"21 m32 + M2y aa;’z - ag;fl Moz — M31 ag;;? (42)
% = 837212 m33 + miz a@m : - 887232 mi3 — Mm32 8811;13 (43)
%Lﬁ 85”“ mg33 +mi1 63;3 - ag;flmw — mgz1 ag;;? (44)
% = 837211 m32 +mi1 a@m 2 = 8521631 mi3 —ma1 8811;13 (45)
aalwi_’l = 8g112 Ma3 + M12 aawzs - ag;? mi3 — Mg ag;;f (46)
00l — Pt ymgq + myy 2 — S2iyn g — iy, Fs (47)
% = 852:.1 Moz + M1y agff - 85’;21 M2 — Moy ag;? (48)

About the partial derivative of the determinant of the inertia matrix M it holds that

odet M — Bmu ]\4’11 +my 8M11

“ox;
amlz M12 +mia=5-2 aMlz + (49)
+ azm Mz +mi3<; aMlB
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Moreover, about the partial derivatives m;;, ¢ = 1,2,3 and j = 1,2, 3 which appear in the inertia matrix
it holds that:

8m11 — 0 8m11
Oxq Oxo

x5)] + mari2sin(xs + :135)003(1:3 + z5), 857;11 =0, ‘98”;? = 2malirasin(xs)cos(xs + x5) + mars2sin(zs +

=0, am“ = (myri+mal3)2sin(z3)cos(z3)+2malira[cos(xs)sin(xs +x5) + sin(xs)cos(xs +

x5)cos(xs + x5), 65?611 =
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Omia _ =0, Omia _ =0, Omia Omia _ =0, Omia

= —mylorysin(zs) — malorasin(xs + x5) — malplysin(xs),

aml amz ams 8I4 8I5
—malorasin(zs + x5), 6522 =0.

Omy3 __ omisz _ omiz _ _ ; omi3 __ Omyz __ _ ; Omy3 __
Tt =0, a2 =0, Fe = mallpresin(zs + x5), s = 0, i = malorasin(zs + xs), et = 0.

6m21 O 6m21 O 6m21 877121 — O 6m21

= —mylorisin(zs) — malorasin(xs + x5) — malplysin(xs),

Oz Oxo Oxs Oxy Oz
—malorasin(zs + x5), ag;zl =0.

aa";'f =0, 851;22 =0, ag;f =0, aa”;ff =0, %sz = —malyrasin(xs), %sz =0.

Gras — (), Gas — (), G — (), Fmas — 0, G2 — —pylyrysin(as), B2 = 0.

3877;?1 = O, 552221 = O, 552221 = —mglloTQSin((Eg +!E5), 567221 = O, 3877;3;1 = —mgloT‘gSin(!E:; + {E5> 3877;21 =
Gz — ), Gz — 0, Gz — 0, s2 — 0, B2 — —mylyrysin(as), J2 = 0.

Omss __ Omss __ Omss __ Omss __ Omss __ Omss __
aml - O’ BZEQ 0 8:E3 - 0 8I4 0 8I5 O 816 O

Next, the partial derivatives of the elements of the Coriolis and centrifugal forces matrix 0(9,9) are
COHlpllﬁGd. It holds that 01(9,9) = Hy1x0 + Hioxy + Hizxg, 02(9,9) = Hojxo + Hogxy + Hozxg, and
Cg (9, 9) = H31£172 + H321E4 + H331E6. Thus:

0C: _ 6H11$2+8H12$4+6H135L' 9C; _ 3H11x2+H11 42 125[: +3H13$ 0C, __ 9Hyy JJ3—|—6H12{E4+ 135[;67
Ox2 Ox3

Oxq oxq oxq oxq 65 Ory Oxo 65 Oxs oxq Oxs

91 — Sy + [Gh2z, + Hio) + anxﬁ, gg; = Ohigy + Gheg, 4 Ghagg, §00 = Slug, + aHm:z: +
[SEsa6 + Hig).

92 = aefi?w + Gt s, 502 = [ wat Hol+ G2 o +%wa 6 ot = Grtwat G w4+%’12; T,
4 = e, + (B, o Moo + e, 398 = Yltver + Yo Y, 95— Yo+ Ylia
[a;ii?’ xe + Has.

0C3 __ OHs;

OHjzs Hss 0Cs _ [OH31 3H32 H3s 0C3 __ OHz 3H32 3H33
7 = Pt Tat Gt z44+2 DT, e = [t vatHai]+ %52 xy +2 Tl T6, Gar = Fer T3t G2 Tat+ 5,2 T,

8m4_8m4x+[ x4+H32]+8:n4x’8m5_8m5x+8m5$+815x78m6_8m6x+8m6$+
OH.
[Ftwe + Has).

o1

About the partial derivatives of the terms H;;, ¢ = 1,2,3 and j = 1,2, 3 one has that %Lzlll =0, 885121 =0

OH11 __
oxs

= myrix32cos(2x3) + 2malixzy[cos® (x3) — sin®(x3)]+
+2morixyfcos® (w3 + x5) — sin?(x3 + x5)]+
+2mariwgcos(xs + x5)sin(rs + x5)+ (50)
+2moliroxsfcos(xs)cos(xs + x5) — sin(xsz)sin(xs + x5)|+
+2molirozalcos(zs)cos(xs + x5) — sin(xs)sin(xs + x5)]+
+2maliraxelcos(zs + x5)cos(xg) — sin(xs + xs5)sin(zs3)]
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88};“ = myri2w4sin(2x3) + 2malicos(x3)sin(ws)+
+2maricos(zz + x5)sin(rs + x5)+ (51)
+2malirocos(xs)sin(xs + x5)+

+2maliracos(zs + x5)sin(xs)
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%Lzl; = 2marizy[cos®(z3 + x5) — sin®(z3 + z5)]+

+2marixglcos? (w3 + x5) — sin?(xs + x5)]+
+2malyraz4cos(z3)cos(zs + x5)+ (52)
—2malyroxysin(xs + xs5)sin(xs)+
—2malirexgsin(xs + x5)sin(xs)

%Lwlﬁl = 2mar3cos(zs + x5)sin(zs + z5)+

53
+2molirexesin(zs + xs)sin(xs) (53)
@ In an equivalent manner one finds % =0, % =0,
1 T2
~ %Lwl; = —mylorizacos(xs) — malolizacos(xs) — malorexgcos(xs + x5) (54)
. - | %Lmlf = —mqlorisin(zs) — malplyisin(as) — malgrasin(zs + +a5) (55)
‘ %Lw? = —mpalorowyscos(zs + x5) (56)
= ‘ and also 212 — (. In a similar manner one obtains 2018 — (, 213 — () and also
aibe 6:61 amz
< %Lzl; = —2mylorazscos(xs + x5) — malororscos(rs + s) (57)
%wa = —2mylorosin(xs + x5) (58)
3 85153— = —2m1l07‘2$4008($3 —+ 1'5) — m2loT‘2!EGCOS(!E3 + $5) (59)
| ) %L;;’ = —mplorasin(rs + os5) (60)
QAdditionally, one computes ‘95211 =0 and also
6811221 = —smyrisin(2ws) — smarisin(2(zs + x + 5))— (61)
® —mal2cos(x3)sin(xz) — maliresin(2w3 + 5)
881121 = —2imirizs2cos(2x3) — mardwe2cos(2(zs + x5))— (62)
—mal2x2[cos®(x3) — sin®(x3)] — malirew3cos®(2x3 + x5)
O %L;; = —%m2T3$%COS(2(CE3 + x5)) — malirozacos(2x3 + 5) (63)
while it also holds 222t = 0 and 222t = 0. Additionally, one finds 522 = 0, 922 — 0, 2H22 — ( 92 _
T4 Te 1 T2 T3 T4
while it also holds that
%L;f = —2malyraxgeos(s) (64)
%L;; = —2molyraxgsin(ws) (65)
In a similar manner one obtains ‘95{23 =0, 65{23 =0, aast =0, 65{23 =0, and also
x1 T2 T3 T4
%L;;’ = —mglirexscos(xs) (66)
%L;;’ = —maljeasin(xs) (67)
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Additionally, one finds %Lm?’ll =0 and also

a{g? = —%mgrgsin(Q(zg + x5)) — malirasin(xs)cos(xs + x5) (68)
_6521 = —%m2T§$22008(2({E3 +x5))— (69)

—moliroxa[cos(xs)cos(xs + x5) — sin(xz)sin(zs + 5)]
aag? = —imaordzy — 2cos(2(zs + x5))+ (70)

+malirexa2sin(xzs)sin(xs + x5)

while it also holds that % =0 and % = 0. Equivalently, one obtains % =0, % =0, % =0,
3H3 T4 e T T2 xr3

L =0 and also

615
%Lmif = maliresin(xy) (71)
%Lmif = malirexycos(zs) (72)

Finally it holds that %L;: =0fori=1,2,---,6.

Next, the partial derivatives of the elements of the gravitational forces vector are computed. About the
first element of the gravitational forces vector it holds that g-—;ﬁ =0fori=1,2,---,6.
992

ot _ 092 __ 092 __ 992 __
Flor the second element of the gravitational forces vector one has 7 =0, 552 =0, 522 =0, T = 0, and
also

g'_Zi = —g(mir1 + malicos(xz) + maracos(xs + x5)) 7
For the third element of the gravitational forces vector one has g% =0, gﬁ =0, gﬁ =0, gﬁ =0, and
1 2 T4 o
also
g._zz = —gmaracos(zs + T5) ()
g._zzg = —gmaracos(zs + T5) (%)

4 Design of an H-infinity nonlinear feedback controller

4.1 Equivalent linearized dynamics of the rotary double inverted pendulum

After linearization around its current operating point, the dynamic model for the rotary double inverted
pendulum is written as [2-4]
i?:AZZ?‘{‘BU-Fdl (76)

Parameter d; stands for the linearization error in the rotary double inverted pendulum’s model that was
given previously in Eq. (22). The reference setpoints for the state vector of the aforementioned dynamic
model are denoted by xq = [z¢, - - - ,xg]. Tracking of this trajectory is achieved after applying the control
input u*. At every time instant the control input u* is assumed to differ from the control input u appearing
in Eq. (76) by an amount equal to Au, that is u* = u + Au

Tq = Axg + Bu* + ds (77)

The dynamics of the controlled system described in Eq. (76) can be also written as
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& = Az + Bu+ Bu* — Bu* + d; (78)
and by denoting d3 = —Bu* + d; as an aggregate disturbance term one obtains
&= Az + Bu+ Bu* +d3 (79)

By subtracting Eq. (77) from Eq. (79) one has

$—$d=A(x—$d)+Bu+d3—d2 (80)

By denoting the tracking error as e = x — x4 and the aggregate disturbance term as d = ds — do, the
tracking error dynamics becomes

é=Ae+Bu+d (81)

The above linearized form of the rotary double inverted pendulum can be efficiently controlled after ap-
plying an H-infinity feedback control scheme.

4.2 The nonlinear H-infinity control

The initial nonlinear model of the rotary double inverted pendulum is in the form

&= f(z,u) z€R", ueR™ (82)

Linearization of the model of the rotary double inverted pendulum is performed at each iteration of the
control algorithm round its present operating point (x*,u*) = (2(t), u(t — Ts)). The linearized equivalent
of the system is described by

i = Az + Bu+ Ld zeR™, ueR™, deR" (83)

where matrices A and B are obtained from the computation of the previously defined Jacobians and vector
d denotes disturbance terms due to linearization errors. The problem of disturbance rejection for the
linearized model that is described by

&= Az + Bu+ Ld

y=Cx (84)

where z€R™, ucR™, de R? and yE€RP, cannot be handled efficiently if the classical LQR control scheme is
applied. This is because of the existence of the perturbation term d. The disturbance term d apart from
modeling (parametric) uncertainty and external perturbation terms can also represent noise terms of any
distribution.

In the H, control approach, a feedback control scheme is designed for trajectory tracking by the system’s
state vector and simultaneous disturbance rejection, considering that the disturbance affects the system
in the worst possible manner. The disturbances’ effects are incorporated in the following quadratic cost
function [2-4]:

= 2f0 )+ ruT (H)u(t) — p2dT(t)d(t)]dt, r,p>0 (85)

The significance of the negative sign in the cost function’s term that is associated with the perturbation
variable d(t) is that the disturbance tries to maximize the cost function J(¢) while the control signal ()
tries to minimize it. The physical meaning of the relation given above is that the control signal and the
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disturbances compete to each other within a min-max differential game. This problem of min-max opti-

mization can be written as min,maz ;J(u,d).

The objective of the optimization procedure is to compute a control signal «(¢) which can compensate for
the worst possible disturbance, that is externally imposed to the rotary double inverted pendulum. How-
ever, the solution to the min-max optimization problem is directly related to the value of the parameter
p. This means that there is an upper bound in the disturbances magnitude that can be annihilated by the
control signal.

4.3 Computation of the feedback control gains

For the linearized system given by Eq. (84) the cost function of Eq. (85) is defined, where the coefficient
r determines the penalization of the control input and the weight coefficient p determines the reward of
the disturbances’ effects. It is assumed that (i) The energy that is transferred from the disturbances signal
d(t) is bounded, that is fOOOdT(t)d(t)dt < o0, (ii) matrices [A, B] and [A, L] are stabilizable, (iii) matrix
[A4, C] is detectable. In the case of a tracking problem the optimal feedback control law is given by [2-4]

u(t) = —Ke(t) (86)

with e = x — x4 to be the tracking error, and K = %BTP where P is a positive definite symmetric matrix.
As it will be proven in Section 5, matrix P is obtained from the solution of the Riccati equation [2-4]

ATP+PA+Q—P(2BB" — L,LLT)P =0 (87)

where () is a positive semi-definite symmetric matrix. The worst case disturbance is given by

d(t) = HL" Pe(t) (88)

The solution of the H-infinity feedback control problem for the rotary double inverted pendulum and the
computation of the worst case disturbance that the related controller can sustain, comes from superposition
of Bellman’s optimality principle when considering that the rotary double inverted pendulum is affected
by two separate inputs (i) the control input w (ii) the cumulative disturbance input d(¢). Solving the
optimal control problem for u, that is for the minimum variation (optimal) control input that achieves
elimination of the state vector’s tracking error, gives u = —%BTPe. Equivalently, solving the optimal con-

trol problem for J, that is for the worst case disturbance that the control loop can sustain gives d= p%LTPe.

The diagram of the considered control loop for the rotary double inverted pendulum is depicted in Fig. 2.

5 Lyapunov stability analysis

5.1 Stability proof

Accepted Article

Through Lyapunov stability analysis it will be shown that the proposed nonlinear control scheme assures
H, tracking performance for the rotary double inverted pendulum, and that in case of bounded disturbance
terms asymptotic convergence to the reference setpoints is achieved. The tracking error dynamics for the
rotary double inverted pendulum is written in the form

¢ = Ae+ Bu+ Ld (89)

where in the rotary double inverted pendulum’s case L = €R5*6 to be the disturbance inputs gain matrix.
Variable d denotes model uncertainties and external disturbances of the rotary double inverted pendulum’s
model. The following Lyapunov equation is considered [2-4]
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Linearization of the rotary doubleinverted
pendulum’s dynamicmodel

x=Ax+Bu+Ld

A= fo'(x*,u')rB = Vful(x",u')

AB,L

L 2

Solution of the algebraic
Riccati equation

ATP+PA+Q —P(EBBT ) LLMP =0
T 2p?

| p

+ e H-infini _ Nonlinear dynamics
- control :]yain LKE’ of the rotary double

1 Inverted pendulum
———pT -
L x=flxw

Figure 2: Diagram of the control scheme for the rotary double inverted pendulum

V= %eTPe

where e = x — x4 is the tracking error. By differentiating with respect to time one obtains

V =1e"Pe+ LeTPé=V = L{Ae + Bu+ Ld]" Pe + e P[Ae + Bu + Ld|=

V = 1[eTAT +uTBT + dT LT]Pe + LeT P[Ae + Bu + Ld|=

V = 1eTATPe + LuTBT Pe + 1d" LT Pe + LeTPAe + " PBu + LT PLd

The previous equation is rewritten as
V = 1eT(ATP + PA)e + (3uT BT Pe + 1e" PBu) + (3d" LT Pe + 4T PLd)

matrix P, which is the solution of the following matrix equation

ATP+PA=-Q+P(2BB" — LLL")P
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Moreover, the following feedback control law is applied to the system

u = —%BTPe

By substituting Eq. (95) and Eq. (96) one obtains
V =3e"[-Q+ P(2BB" — L LLT)Ple + " PB(~1B" Pe) + " PLd=

V =—3¢"Qe + " PBBT Pe — 55" PLLT Pe

~1eTPBBT Pe + T PLd
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Assumption: For given positive definite matrix @ and coefficients r and p there exists a positive definite
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which after intermediate operations gives

V =—1e"Qe — 5" PLL" Pe + ¢" PLd (99)
or, equivalently
V =—1e"Qe — 32eT PLLT Pe+ Le" PLd + 1d" L Pe (100)

Lemma: The following inequality holds

3’ Ld+ 3dLT Pe — 5e” PLLT Pe<§p*d"d (101)
Proof: The binomial (pa — %b)2 is considered. Expanding the left part of the above inequality one gets
p2a2+%b2—2ab20:> %p2a2+2%b2—ab20:>
_ 13212092 1 1,712 1 22 (102)
ab 2p2b < gp*a® = zab+ zab 2p2b < 3pa
The following substitutions are carried out: a = d and b = €T PL and the previous relation becomes
3d"L"Pe + $e"PLd — 5 e" PLL" Pe<}p*d"d (103)
Eq. (103) is substituted in Eq. (100) and the inequality is enforced, thus giving
V< —1eTQe+ 1p2dTd (104)

Eq. (104) shows that the Hy, tracking performance criterion is satisfied. The integration of V from 0 to
T gives

Ty T T, 5
Jo Vtydt< — 5 [y llellgdt + 50° [ ||dl[*dt=

T T 5 (105)
2V(T) + [y llellgdt<2V (0) + p* [ ldl[*dt
Moreover, if there exists a positive constant My > 0 such that
Jo7 Mldl[2dt < My (106)
then one gets
Jo - llellBdt < 2V(0) + p*> My (107)

Thus, the integral fooo||e||2th is bounded. Moreover, V(T') is bounded and from the definition of the
Lyapunov function V' in Eq. (90) it becomes clear that e(t) will be also bounded since e(t) € Q. =
{eleTPe<2V(0) + p®?My}. According to the above and with the use of Barbalat’s Lemma one obtains
lim; o e(t) = 0.

After following the stages of the stability proof one arrives at Eq. (104) which shows that the H-infinity
tracking performance criterion holds. By selecting the attenuation coefficient p to be sufficiently small and
in particular to satisfy p* < [le]|,/||d||* one has that the first derivative of the Lyapunov function is upper
bounded by 0. This condition holds at each sampling instance and consequently global stability for the
control loop can be concluded.
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5.2 Robust state estimation with the use of the H,, Kalman Filter

The control loop has to be implemented with the use of information provided by a small number of sensors
and by processing only a small number of state variables. To reconstruct the missing information about the
state vector of the rotary double inverted pendulum it is proposed to use a filtering scheme and based on
it to apply state estimation-based control [2-4]. By denoting as A(k), B(k), C(k) the discrete-time equiv-
alents of matrices A, B, C' which constitute the linearized state-space model of Eq. (22), the recursion of
the H,, Kalman Filter, for the model of the rotary double inverted pendulum, can be formulated in terms
of a measurement update and a time update part

Measurement update:

) =P~ (k)D(k)CT (k) R(k)~* (108)

Time update:

7 (k+1) = Ak)z(k) + B(k)u(k) (109)
P~ (k+1) = A(k)P~(k)D(k)AT (k) + Q(k)

where it is assumed that parameter 6 is sufficiently small to assure that the covariance matrix P~ (k)71 -
OW (k) + CT (k)R(k)~*C(k) will be positive definite. When 6 = 0 the H,, Kalman Filter becomes equiva-
lent to the standard Kalman Filter. One can measure only a part of the state vector of the rotary double
inverted pendulum, for instance state variables 1, x3 and x5 (turn angles of the joints) and can estimate
through filtering the rest of the state vector elements (2, x4, and xg (angular velocities. Moreover, the

proposed Kalman filtering method can be used for sensor fusion purposes.

6 Generalization of results for the parallel double inverted pendulum

6.1 Dynamic model of the double parallel pendulum

It will be shown that the proposed nonlinear optimal control method is not only suitable for the stabilization
of the rotary double inverted pendulum but can be also used in more underactuated nonlinear dynamical
systems. To this end, the parallel double inverted pendulum is used as a case study[45- 47]. The diagram
of the parallel double inverted pendulum is given in Fig. 3

The parameters of the dynamic model of the parallel double inverted pendulum are: (i) 6,, is the turn
angle of the first pendulum, [, is the length of the first pendulum, m,, and I, are the mass and the
moment of inertia of the first pendulum respectively, ¢; is the first pendulum’s friction coefficient, (ii) 6,
is the turn angle of the second pendulum, [,, is the length of the second pendulum, m,, and I, are the
mass and the moment of inertia of the second pendulum respectively, co is the second pendulum’s friction
coefficient. Finally, g is the acceleration of gravity. The dynamic model of the parallel double inverted
pendulum is given by

Ipl ém + mpl lpl ‘%008(9171) - mpl glpl Sin(epl) + 019:171 =0

.. . 110
IPZ 9172 + mpz lpz {,CCOS(sz) - mnglpz Sln(epz) + 029172 =0 ( )

The control input of this dynamical system is taken to be the cart’s acceleration & = wu, thus one has

Ipl épl + mpl lp1U'COS(9p1) - mpl glpl Sin(em) + cle:pl =0

. 111
IPZ 9172 + mpz lpzu'cos(epz) - mnglpz SZTL(OPZ) + 029172 =0 ( )

or equivalently
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Figure 3: Diagram of the parallel double inverted pendulum - System 1

g _ Mpy : c1 g Mpy
9171 1, glplsln(epl) - mepl - Ip, lp1"cos(ep1)u

__ Mpy - [ Mpy
Op, = Tpo glp,sin(0p,) — Eepz T, Lp,-cos(Op, )u

(112)

The following state vector is defined & = [x1, T2, 23, T4]" = [p,, Oy, Oy Op,]”. Thus, the dynamic model
of the parallel double inverted pendulum becomes:

Accepted Article

1','1 = T2
. mpy . _ca My .
dy = T glp, sin(x1) ypc Rl v lp,-cos(z1)u (113)
1','3 = X4
. m . m
Ty = —I:; glp,sin(xs) — ICTZ:M — —1:22 lp,-cos(x3)u
In matrix form, the state-space model of the parallel double inverted pendulum becomes
1’;1 i) 0
. Mpy l ; c1 Mpy
sin(xy) — +x — ly, -cos(x
o _ I, 9lpy ( 1) Ip, 2 i I, 'P1 ( 1) u (114)
I3 T4 0
. mp . c mp
Ty I,,; glp,sin(xs) — i:&; - I,,; lp,-cos(x3)

and finally, the dynamic model of the parallel double inverted pendulum can be written in the nonlinear
affine-in-the-input state-space form

&= f(z) +g(z)u (115)

where ze RV, f(z)eRY1, g(z)eR**! and u€R, The system is underactuated, and is differentially flat
for small turn angles of the poles, having the flat output y = z; — x3.
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6.2 Approximate linearization of the parallel double inverted pendulum

The state-space model of the parallel double inverted pendulum undergoes approximate linearization
around the temporary operating point (z*,u*), where x* is the present value of the system’s state vector
and u* is the last sampled value of the control inputs vector. The linearization takes place at each sampling
instance through the computation of the system’s Jacobian matrices. The modelling error which is due
to the truncation of higher-order terms in the Taylor series, is considered to be a perturbation which is
asymptotically compensated by the robustness of the control algorithm. The linearization process allows
for substituting the initial nonlinear state-space model

&= f(x) +g(z)u (116)
with the approximately linearized model

i=Ar+ Bu+d (117)

where A, B are the Jacobian matrices of the system which are given by

A= Vm[f(l') + g(x)u] |(z*7u*) =
A=V, [f(x)] |(m*,U*) +[ng($)]u |(z*,u*)

B =V, [f(x) + g(x)u] |z u) =
B = g(x) |(r*,U*)

(118)

(119)

while d is the cumulative disturbance vector that may comprise (i) exogenous perturbations, (ii) modelling
errors due to higher-order terms in the Taylor series, (iii) sensor measurement noise of any distribution.

In this linearization process matrix A = V,[f(x) + g(x)u] |(3+ u+) is computed as follows:
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0 1 0 0
A= ?pllglplcoS(xl) + Tplllpl sin(z1)u _10711 0 0 -

0 0 ";pp; glp,cos(x3) + W;T’;Blpg sin(zs)u _16722

(120)
while matrix B = V,[f(x) + g(x)u] |(z+u+) is given by:
0
_mpll 'COS(J]l)
T, 'P

B= o - (121)

—7};"22 lp,-cos(x3)

7 Simulation tests

7.1 Control of the rotary double inverted pendulum

The global stability properties of the control method and the elimination of the state vector’s tracking
error which were previously proven through Lyapunov analysis are further confirmed through simulation
experiments. To implement the nonlinear optimal control scheme the algebraic Riccati equation of Eq.
(95) had to be solved at each time-step of the control method. The solution of the Riccati equation was
obtained with the use of Matlab’s aresolv() function. Indicative values for the parameters of the model
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of the rotary double inverted pendulum have been given in [5]. In the presented simulation tests the pa-
rameters of the rotary double inverted pendulum have been: (i) lengths of links iy = 1.5m, [ = 0.60m,
Iz = 0.65m, (ii) moments of inertia of the links Jy = 1.230kg-m?, J; = 0.720kg-m?, Jo = 0.590kg-m?, (iii)
distances from the joint to the center of gravity of the links r1 = 0.065m, ro = 0.040m, (iv) masses of the
links m; = 1.60kg, mo = 1.50kg, (v) viscous friction coefficients Cyp = 6.000, C; = 0.0058, Cy = 0.060.
The acceleration of gravity was g = 9.8m/sec?. The obtained results are depicted in Fig. 4 to Fig. 11. In
these diagrams the real values of the state variables of the rotary double inverted pendulum are shown in
blue colour, the estimated values which have been obtained with the use of the H-infinity Kalman Filter
are depicted in green while the associated setpoints are plotted in red.

The simulation experiments have confirmed that the proposed nonlinear optimal control method for the
rotary double inverted pendulum achieves fast and accurate tracking of reference setpoints under moderate
variations of the control inputs. The transient performance of the control method depends on the selection
of the parameters of the above-noted Riccati equation 7, p and ). For relatively small values of r the state
vectors’ tracking error is eliminated. For relatively large values of the diagonal elements of gain matrix
the speed of convergence of the state variables to the associated setpoints is raised. Moreover, the smallest
value of the attenuation coefficient p for which a valid solution is obtained from the Riccati equation in
the form of a positive definite and symmetric matrix P is the one that achieves maximum robustness for
the control loop.

To elaborate on the tracking performance and on the robustness of the proposed nonlinear optimal con-
trol method for the rotary double inverted pendulum the following Tables are given: (i) Table Ia which
provides information about the accuracy of tracking of the reference setpoints by the state variables of the
rotary double inverted pendulum’s state-space model, (iia) Table IIa which provides information about
the robustness of the control method to parametric changes in the model of the rotary double inverted
pendulum’s dynamics (change Aa% in the moment of inertia Jy of the first link), (iii) Table IIIa which
provides information about the precision in state variables’ estimation that is achieved by the H-infinity
Kalman Filter, (iv) Table IVa which provides the approximate convergence times of the rotary double
inverted pendulum’s state variables to the associated setpoints.

Table Ia: rotary double inverted pendulum

Tracking RMSE for the rotary pendulum in the disturbance-free casex10~3
RMSE,, | RMSE,, | RMSE,, | RMSE,, | RMSE,, | RMSE,,
testy 0.0233 0.0185 0.0001 0.0009 0.0012 0.0007
testo 0.0592 0.0241 0.0008 0.0014 0.0658 0.0223
tests 0.1010 0.0422 0.0014 0.0013 0.1145 0.0402
testy 0.0986 0.0424 0.0014 0.0014 0.1144 0.0400
tests 0.1009 0.0423 0.0014 0.0014 0.1143 0.0400
testg 0.0759 0.0517 0.0011 0.0013 0.0982 0.0320
testy 0.0410 0.0336 0.0006 0.0011 0.0470 0.0161
tests 0.0925 0.0377 0.0012 0.0013 0.1028 0.0359
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Figure 4: Tracking of setpoint 1 for the rotary double inverted pendulum (double Furuta pendulum): (a)
convergence of state variable 1 = 0y, o2 = 0y, x5 = 01, x4 = 01 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable 25 = s, 26 = o to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e (red), ez (green),
es (blue) and variations of the control u (torque 7) at the first joint)
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Figure 5: Tracking of setpoint 2 for the rotary double inverted pendulum (double Furuta pendulum): (a)
convergence of state variable x7 = 6y, x2 = 90, r3 = 01, T4 = 6, to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable x5 = 02, xg = 02 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e; (red), es (green),
es (blue) and variations of the control v (torque 7) at the first joint)
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Figure 6: Tracking of setpoint 3 for the rotary double inverted pendulum (double Furuta pendulum): (a)
convergence of state variable 1 = 0y, o2 = 0y, x5 = 01, x4 = 01 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable 25 = s, 26 = o to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e (red), ez (green),
es (blue) and variations of the control u (torque 7) at the first joint)
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Figure 7: Tracking of setpoint 4 for the rotary double inverted pendulum (double Furuta pendulum): (a)
convergence of state variable x7 = 6y, x2 = 90, r3 = 01, T4 = 6, to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable x5 = 02, xg = 02 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e; (red), es (green),
es (blue) and variations of the control v (torque 7) at the first joint)
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Figure 8: Tracking of setpoint 5 for the rotary double inverted pendulum (double Furuta pendulum): (a)
convergence of state variable 1 = 0y, o2 = 0y, x5 = 01, x4 = 01 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable 25 = s, 26 = o to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e (red), ez (green),
es (blue) and variations of the control u (torque 7) at the first joint)
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Figure 9: Tracking of setpoint 6 for the rotary double inverted pendulum (double Furuta pendulum): (a)
convergence of state variable x7 = 6y, x2 = 90, r3 = 01, T4 = 6, to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable x5 = 02, xg = 02 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e; (red), es (green),
es (blue) and variations of the control v (torque 7) at the first joint)
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Figure 10:
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Tracking of setpoint 7 for the rotary double inverted pendulum (double Furuta pendulum): (a)

convergence of state variable 1 = 6y, x2 = 90, r3 = 01, T4 = 91 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable 25 = s, 26 = o to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e (red), ez (green),
es (blue) and variations of the control u (torque 7) at the first joint)

Figure 11:
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Tracking of setpoint 8 for the rotary double inverted pendulum (double Furuta pendulum): (a)

convergence of state variable x7 = 6y, x2 = 90, r3 = 01, T4 = 6, to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), and variations of the control u (torque 7) at
the first joint) (b) convergence of state variable x5 = 02, xg = 02 to their reference setpoints (red line:
setpoint, blue line: real value, green line: estimated value), variation of tracking errors e; (red), es (green),
es (blue) and variations of the control v (torque 7) at the first joint)
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Table Ila: rotary double inverted pendulum

Tracking RMSE for the rotary pendulum in the case of disturbancesx10—3

Aa% | RMSE,, | RMSE,, | RMSE,, | RMSE,, | RMSE,, | RMSE,,
0% 0.0592 0.0241 0.0008 0.0014 0.0658 0.0223
10% 0.0525 0.0249 0.0008 0.0013 0.0674 0.0239
20% 0.0459 0.0256 0.0009 0.0013 0.0691 0.0258
30% 0.0400 0.0265 0.0009 0.0012 0.0741 0.0277
40% 0.0353 0.0276 0.0009 0.0013 0.0722 0.0296
50% 0.0313 0.0287 0.0008 0.0014 0.0735 0.0352
60% 0.0287 0.0301 0.0009 0.0012 0.0747 0.0337

Table ITIa: rotary double inverted pendulum
RMSE for the estimation performed by the H-infinity KFx10~3
RMSE,, | RMSE,, | RMSE,, | RMSE,, | RMSE,, | RMSE,,
testy 0.0200 0.0004 0.0208 0.2192 0.0438 0.9570
testo 0.0189 0.0004 0.0201 0.2194 0.0412 0.9562
tests 0.0191 0.0004 0.0172 0.2193 0.0389 0.9561
testy 0.0203 0.0004 0.0231 0.2190 0.0443 0.9576
tests 0.0214 0.0005 0.0206 0.2193 0.0389 0.9564
testg 0.0189 0.0004 0.0215 0.2193 0.0389 0.9564
testy 0.0189 0.0004 0.0234 0.2195 0.0409 0.9557
tests 0.0189 0.0004 0.0229 0.2195 0.0394 0.9557

Table IVa: rotary double inverted pendulum
Convergence time (sec) for state variables 1 to zg
Tsx1 | Tsao | Tsxg | Tsxa | Ts x5 | T 6
test; | 18.0 | 20.0 8.0 4.0 23.0 19.0
teste | 15.0 13.0 8.0 3.0 21.0 18.0
tests | 12.0 15.0 7.0 4.0 21.0 18.0
testy | 16.0 15.0 9.0 4.0 21.0 19.0
tests | 18.0 13.0 4.0 4.0 20.0 18.0
testg | 12.0 15.0 6.0 4.0 21.0 18.0
testy | 10.0 14.0 8.0 4.0 21.0 18.0
testg | 16.0 13.0 4.0 4.0 20.0 11.0

7.2 Control of the parallel double inverted pendulum

Simulation experiments about the performance of the nonlinear optimal control method in the case of the
parallel double inverted pendulum are given in Fig. 12 to Fig. 19. The parameters of the dynamic model
of the parallel double inverted pendulum were: m,, = 0.80kg, l,, = 0.70m, I,, = 0.40kgm?, ¢; = 0.12,
my, = 0.85kg, l,, = 0.85m, , I,,, = 0.54kgm?, co = 0.15 and g = 10m/sec?. Through the obtained results
it can be confirmed that the nonlinear optimal control method achieves fast stabilization of the parallel
double inverted pendulum under moderate variations of the control inputs.

To elaborate on the tracking performance and on the robustness of the proposed nonlinear optimal con-
trol method for the parallel double inverted pendulum the following Tables are given: (i) Table Ib which
provides information about the accuracy of tracking of the reference setpoints by the state variables of the
parallel double inverted pendulum’s state-space model, (ii) Table IIb which provides information about
the robustness of the control method to parametric changes in the model of the parallel double inverted
pendulum’s dynamics (change Aa% in the friction coefficients ¢1, ¢o of the parallel double inverted pen-
dulum), (iii) Table IIIb which provides information about the precision in state variables’ estimation that
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Figure 12: Tracking of setpoint 1 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6,, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e, e, and variations of the control input u (acceleration of the cart)
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Figure 13: Tracking of setpoint 2 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e1, e, and variations of the control input u (acceleration of the cart)

This article is protecte@gpy copyright. All rights reserved.

85U8017 SUOWIWIOD BAIER.D 3(eot[dde auy Aq peusenob ae sajole YO ‘8sN JO SanJ Joj ARIq1TaUIIUO AB]IM LD (SUONIPUCO-PUR-SWLBIALID™AS 1M AR 1[Bu [UO//StnY) SUORIPUOD pUe SWB L 8U) 89S *[£202/50/.0] UO AfiqIT8UIUO AB]IM '8 UQNSID A SBUOSINDPY 81Ued1|Y 2 PepsiRAIuN AQ YT ZOPe/200T OT/I0p/LI0Y A8 M Al 1jpuluoy/sdny woj pepeojumoq ‘el ‘2z.08.52



Accepted Article

0.6 1 05
0.4 r
05 ©
02 < 0 i i i i i
0 0 5 10 15 20 25 30 35 40
0 / time (sec)
05 T
-02 -05
0 10 20 30 40 0 10 20 30 40 o
time (sec) time (sec) o
06 1 0 ; i i i i i
0 5 10 15 20 25 30 35 40
04 time (sec)
05 20 ; ; ; ‘ ; ; ;
x> 02 <
. N
0 l
20 i i i i i i i
-0.2 -05 0 5 10 15 20 25 30 35 40
0 10 2 30 4 0 10 20 30 4 fime (sec)
time (sec) time (sec)

(a) (b)

Figure 14: Tracking of setpoint 3 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6,, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e, e, and variations of the control input u (acceleration of the cart)
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Figure 15: Tracking of setpoint 4 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e1, e, and variations of the control input u (acceleration of the cart)

This article is protecté@lby copyright. All rights reserved.

85U8017 SUOWIWIOD BAIER.D 3(eot[dde auy Aq peusenob ae sajole YO ‘8sN JO SanJ Joj ARIq1TaUIIUO AB]IM LD (SUONIPUCO-PUR-SWLBIALID™AS 1M AR 1[Bu [UO//StnY) SUORIPUOD pUe SWB L 8U) 89S *[£202/50/.0] UO AfiqIT8UIUO AB]IM '8 UQNSID A SBUOSINDPY 81Ued1|Y 2 PepsiRAIuN AQ YT ZOPe/200T OT/I0p/LI0Y A8 M Al 1jpuluoy/sdny woj pepeojumoq ‘el ‘2z.08.52



Accepted Article

0.6 15
04 1
< 02 05
0 0
-02 -05
0 10 20 30 40 10 20 30 40
time (sec) time (sec)
0.6 15
0.4 1
X 02 05
0 0
-0.2 -05
10 20 30 40 0 10 20 30 40
time (sec) time (sec)

(a)

20

25

30

35

(b)

time (sec)
0 5 10 15 20 25 30 35
time (sec)
20 T T T T T T T
20 i i i i i i i
0 5 10 15 20 25 30 35
time (sec)

40

Figure 16: Tracking of setpoint 5 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6,, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e, e, and variations of the control input u (acceleration of the cart)
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Figure 17: Tracking of setpoint 6 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e1, e, and variations of the control input u (acceleration of the cart)
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Figure 18: Tracking of setpoint 7 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6,, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e, e, and variations of the control input u (acceleration of the cart)
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Figure 19: Tracking of setpoint 8 for the parallel double inverted pendulum (cart with double inverted
pendulum): (a) convergence of state variable z; = 6,,, xo = 6,,, 3 = 0, x4 = 6, to their reference
setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) variation of tracking
errors e1, e, and variations of the control input u (acceleration of the cart)
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is achieved by the H-infinity Kalman Filter, (iv) Table IVb which provides the approximate convergence
times of the parallel double inverted pendulum’s state variables to the associated setpoints.

Table Ib: parallel double inverted pendulum
Tracking RMSE for the parallel pendulum in the disturbance-free casex10~°
RMSE,, | RMSE,, | RMSE,, | RMSE,,
testy 0.4317 0.1166 0.4318 0.1166
testo 0.4220 0.1162 0.4321 0.1162
tests 0.4314 0.1163 0.4315 0.1165
testy 0.4325 0.1163 0.4326 0.1163
tests 0.4315 0.1169 0.4316 0.1169
testg 0.4325 0.1167 0.4326 0.1167
testy 0.3985 0.1069 0.3985 0.1070
tests 0.2981 0.0777 0.2882 0.0777

Table ITb: parallel double inverted pendulum
Tracking RMSE for the parallel pendulum in the case of disturbancesx10~>
Aa% | RMSE,, | RMSE,, | RMSE,, | RMSE,,
0% 0.0431 0.0116 0.0431 0.0116
10% 0.0840 0.0208 0.0840 0.0208
20% 0.1403 0.0326 0.1403 0.0326
30% 0.2138 0.0472 0.2138 0.0472
40% 0.3064 0.0647 0.3063 0.0647
50% 0.4197 0.0352 0.4169 0.0852
60% 0.5564 0.1098 0.5583 0.1088

Table ITIb: parallel double inverted pendulum
RMSE for the estimation performed by the H-infinity KFx10~°
RMSE,, | RMSE,, | RMSE,, | RMSE,,
testy 0.6731 0.0340 0.7262 0.0519
testo 0.5715 0.0340 0.7832 0.0519
tests 0.7891 0.0341 0.8096 0.0519
testy 0.7732 0.0340 0.4383 0.0519
tests 0.6005 0.0341 0.7095 0.0519
testg 0.7819 0.0340 0.7099 0.0519
testy 0.9036 0.0340 0.5537 0.0519
tests 0.9088 0.0341 0.7757 0.0519

Table I'Vb: parallel double inverted pendulum
Convergence time (sec) for state variables z1 to x4
TS I TS To TS I3 TS T4
test; | 10.0 4.0 10.0 4.0
teste | 9.0 3.5 9.0 3.5
tests | 12.0 4.0 12.0 4.0
testy | 10.0 3.5 10.0 3.5
tests | 12.0 3.5 12.0 3.5
testg | 11.0 3.5 11.0 3.5
testy | 10.0 3.5 10.0 3.5
testg 7.5 4.0 7.5 4.0
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Comparing to past approaches for treating the nonlinear optimal (H-infinity) control problem, the article’s
approach is applicable also to dynamical systems which have a non-constant control inputs gain matrix.
Furthermore, it uses a new Riccati equation to compute the controller’s gains and follows a novel Lyapunov
analysis to prove global stability for the control loop. It is also noteworthy that the nonlinear optimal con-
trol method is applicable to a wider class of dynamical systems than approaches based on the solution
of State Dependent Riccati Equations (SDRE). The SDRE approaches can be applied only to dynamical
systems which can be transformed to the Linear Parameter Varying (LPV) form. Besides, the nonlinear
optimal control method performs better than nonlinear optimal control schemes which use approximation
of the solution of the Hamilton-Jacobi-Bellman equation by Galerkin series expansions. The stability prop-
erties of the Galerkin series expansion -based optimal control approaches are still unproven.

Moreover, to provide a comparison between the article’s nonlinear optimal control method and NMPC it
can be noted that the computational burden of NMPC comes from a sequential optimization procedure
which mostly relies on gradient-based algorithms. Therefore, the complexity for computing the control
inputs at each sampling instance may come from calculating the elements of Jacobian matrices and the as-
sociated gradient functions. However, the main flaw of NMPC is the lack of global stability proof. It is not
always ensured that NMPC'’s iterative search for the optimum will be convergent. Often the performance
of this optimization procedure is based on initial conditions (multiple shooting methods) and on empirical
selection of coefficients for the cost function and the control inputs.

The article’s nonlinear optimal (H-infinity) control method is of proven global stability and its conver-
gence to the optimum is little dependent on parameter values selection. There are three parameters in
the method’s algebraic Riccati equation, namely gains r, p and @ which affect the accuracy of setpoints
tracking and transient performance, with variation ranges that can be selected on the basis of offline sim-
ulation experiments. The proposed nonlinear optimal control method is of global (and not local) stability
properties. This is explicitly proven through Lyapunov stability analysis. The article’s Lyapunov stability
proof makes use of the tracking error dynamics of the initial nonlinear system. The computed control
inputs are applied to the initial nonlinear model of the rotary double inverted pendulum and not to its
linear approximation. It is ensured that the linearization error due to truncation of higher-order terms in
the Taylor-series expansion remains small because the linearization process is performed at each sampling
period around the present value of the rotary double inverted pendulum’s state vector and not at a point
on the desirable trajectory. By taking the span between the linearization point and the system’s state
vector at each sampling period to be small one concludes that the model which is obtained from lineariza-
tion describes with precision the initial nonlinear dynamics of the pendulum. This is also proven in detail
through Eq. (25) to Eq. (27) which appear in subsection 3.1 of the article.

Finally, about the real-time implementation of the nonlinear optimal (H-infinity) control scheme this is
absolutely feasible because the solution of the method’s algebraic Riccati equation and the associated com-
putation of the optimal control inputs (with Matlab’s aresolv() function or with equivalent Riccati equation
solvers) is performed in a very small time-interval which is significantly smaller than the sampling period.
Shortening further the computation time of the nonlinear optimal control method during each time-step
of the control algorithm is dependent on more efficient Riccati equations solvers and this is even nowadays
an open research topic. Finally, about the performance of the H-infinity Kalman it can be noted that this
estimator performs better than the Extended Kalman Filter in terms of robustness and accuracy of the
provided state estimates under raised levels of measurement noise.

8 Conclusions

The rotary double inverted pendulum (double Furuta’s pendulum) is a benchmark nonlinear dynamical
system and the solution of the associated control problem provides significant insight towards treating also
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the nonlinear control problem in several underactuated robotic systems. The article has proposed a new
nonlinear optimal control method for the dynamic model of the double rotary pendulum. This control
problem exhibits high difficulty because of its highly nonlinear dynamic model, as well as because of under-
actuation. First, the dynamic model of the rotary double inverted pendulum has undergone linearization
with the use of first-order Taylor series expansion and through the computation of the associated Jacobian
matrices. The linearization process was taking place at each sampling instance, around a temporary oper-
ating point which was defined by the present value of the pendulum’s state vector and by the last sample
value of the control inputs vector. For the approximately linearized model of the system an H-infinity
feedback controller was designed.

This H-infinity controller offers a solution of the optimal control problem for the dynamic model of the
rotary double inverted pendulum under model uncertainty and external perturbations. Actually, it rep-
resents a min-max differential game taking place between the (i) the controller which tries to minimize a
cost function that contains a quadratic term of the state vector’s tracking error (ii) the model uncertainty
and exogenous perturbation terms which try to maximize this cost function. To select the feedback gains
of the H-infinity controller an algebraic Riccati equation had to be solved repetitively at each time-step of
the control algorithm. The global stability properties of the control scheme have been proven through Lya-
punov analysis. First, the H-infinity properties of the control have been proven which have demonstrated
the method’s robustness against model imprecision and disturbances. At a second stage global asymptotic
conditions for the control loop have been reached. To implement state estimation-based control without
the need to measure the entire state vector of the rotary double inverted pendulum, the H-infinity Kalman
Filter has been used as a robust state estimator. The nonlinear optimal control method retains the ad-
vantages of linear optimal control, that is fast and accurate tracking of reference setpoints under moderate
variations of the control inputs. The efficiency of the nonlinear optimal control method for a wide class of
underactuated nonlinear optimal control method has been also confirmed, with the parallel double inverted
pendulum to be another case study.
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