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Abstract: SCARA robotic manipulators (Selective Compliance Articulated Robot Arms) find wide use in
industry. A nonlinear optimal control approach is proposed for the dynamic model of the 4-DOF SCARA
robotic manipulator. The dynamic model of the SCARA robot undergoes approximate linearization around
a temporary operating point that is recomputed at each time-step of the control method. The linearization
relies on Taylor series expansion and on the associated Jacobian matrices. For the linearized state-space
model of the system a stabilizing optimal (H-infinity) feedback controller is designed. To compute the con-
troller’s feedback gains an algebraic Riccati equation is repetitively solved at each iteration of the control
algorithm. The stability properties of the control method are proven through Lyapunov analysis. The
proposed control method is advantageous because: (i) unlike the popular computed torque method for
robotic manipulators, the new control approach is characterized by optimality and is also applicable when
the number of control inputs is not equal to the robot’s number of DOFs, (ii) it achieves fast and accurate
tracking of reference setpoints under minimal energy consumption by the robot’s actuators, (iii) unlike the
popular Nonlinear Model Predictive Control method, the article’s nonlinear optimal control scheme is of
proven global stability and of ensured convergence to the optimum.

Keywords: 4-DOF SCARA robotic manipulator, industrial robots, nonlinear H-infinity control, Taylor
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1 Introduction

SCARA robots (Selective Compliance Articulated Robot Arms) are widely used in industrial tasks as well
as in the teaching of robotics and in the related testing of new robot control algorithms [1-5]. The rapid
development of the Computer, Communication and Consumer Electronics Industry (3C industry) has led
also to the spread of the use of SCARA robots [6-10]. SCARA robots exhibit agility in assembly tasks for
the 3C industry and particularly in the fabrication of electronic devices, as well as in welding, handling of
objects and pick and place tasks with high speed, short time-cycle, accurate path following and in general
much flexible operation [11-15]. Of course, to achieve the precise execution of such tasks SCARA robots
have to be equipped with computationally powerful microprocessors and have to be also supplied with
elaborated nonlinear control algorithms [16-20].

SCARA robots are high performance robotic manipulators with relatively simple structure. With three
revolute joints (named as shoulder, elbow and wrist, respectively) a SCARA robot can move its end-effector
horizontally, while with a prismatic joint it can move the end-effector vertically [21-26]. The configuration
of the SCARA robot (Fig. 1) is outlined as follows: First it comprises a revolute joint about the vertical
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axis. This joint swings a rigid arm and at the end of this arm there is a second revolute joint which swings
the second arm again about the vertical axis. The first two revolute joints enable to move horizontally a
load picked by the robot’s end-effector. A prismatic joint (tool) is mounted at the end of the second arm.
This can move straight up and down. Finally, at the end of the tool there is a third revolute joint which
allows for the precise positioning and orientation of the load.

In the present article, a nonlinear optimal control method is proposed for the nonlinear model of a 4-DOF
SCARA robot [27-28]. The dynamic model of the 4-DOF SCARA robot undergoes first approximate lin-
earization around a temporary operating point which is updated at each sampling instance. This operating
point is defined by the present value of the robot’s state vector and by the last sampled value of the control
inputs vector. The linearization process relies on first-order Taylor series expansion and on the computa-
tion of the associated Jacobian matrices [29-31]. The modelling error which is due to the truncation of
higher-order terms in the Taylor series expansion, is proven to be small and is asymptotically compensated
by the robustness of the control algorithm. For the approximately linearized state-space description of the
system a stabilizing H-infinity feedback controller is defined.

The proposed H-infinity controller achieves the solution of the optimal control problem for the SCARA
robot under model uncertainty and external perturbations. Actually, it represents a min-max differential
game which takes place between (i) the control inputs of the system that try to minimize a cost function
comprising a quadratic term of the state vector’s tracking error (ii) the model uncertainty and exogenous
perturbation terms which try to maximize this cost function. To compute the staabilizing feedback gains of
this controller an algebraic Riccati equation has to be also solved at each time-step of the control method
[1], [32]. The global stability properties of the control scheme are proven through Lyapunov analysis. First,
it is proven that the control loop satisfies the H-infinity tracking performance criterion [1], [33]. Next, it
is proven that under moderate conditions, global asymptotic stability of the control loop is ensured. To
implement state estimation-based control without need to measure the entire state vector of the system
the H-infinity Kalman Filter is used as a robust state estimator [1]. The nonlinear optimal control method
retains the advantages of linear optimal control, that is fast and accurate tracking of reference setpoints
under moderate variations of the control inputs.

The article has a meaningful contribution to the area of nonlinear control. One can point out the ad-
vantages of the nonlinear optimal control method against Nonlinear Model Predictive Control (NMPC)
[28]. In NMPC the stability properties of the control scheme remain unproven and the convergence of
the iterative search for an optimum often depends on initialization and parameter values’ selection. It
is also noteworthy that the nonlinear optimal control method is applicable to a wider class of dynamical
systems than approaches based on the solution of State Dependent Riccati Equations (SDRE). The SDRE
approaches can be applied only to dynamical systems which can be transformed to the Linear Parameter
Varying (LPV) form. Besides, the nonlinear optimal control method performs better than nonlinear opti-
mal control schemes which use approximation of the solution of the Hamilton-Jacobi-Bellman equation by
Galerkin series expansions. The stability properties of the Galerkin series expansion -based optimal control
approaches are still unproven.

The structure of the paper is as follows: In Section 2 the dynamic model of the 4-DOF SCARA robot is
given and the associated state-space model in the affine-in-the-input nonlinear state-space form is formu-
lated. In Section 3 the dynamic model of the SCARA robot undergoes approximate linearization through
Taylor series expansion and with the computation of the associated Jacobian matrices. In Section 4 the
H-infinity optimal control problem is formulated for the dynamic model of the SCARA robot. In Section
5 the global stability properties of the H-infinity control scheme are proven through Lyapunov analysis.
Besides, the H-infinity Kalman Filter is introduced as a robust state estimator. In Section 6 the accuracy of
setpoints tracking by the state variables of the SCARA robot, under the nonlinear optimal control method,
is further confirmed through simulation experiments. Finally, in Section 7 concluding remarks are stated.
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Figure 1: The 4-DOF SCARA robotic manipulator and the reference frames (coordinate systems) associated
with the robot’s links and joints

2 Dynamic model of the 4-DOF SCARA robotic manipulator

2.1 State-space model of the SCARA robot

The diagram of the 4-DOF SCARA robot is shown in Fig. 1. The associated state-space model of the
robot’s dynamics takes the form [1], [2]

M(6)8 + C(6,0)0 + G(6) +d = 7(t) (1)

where 6;, i = 1,2,4 is the joints’ turn angle, éi, 1 =1,2,4 is the joints’ angular speed, 03 is the position of
the prismatic joint, 03 is the velocity of the prismatic joint, d is the disturbances vector, M (0) is the inertia
matrix, C(6,0) is the Coriolis and centrifugal forces matrix, and G(6) is the gravitational forces vector/
These parameters of the robotic model are defined as follows [2]:

p1 + pacos(f2)  ps 4+ 0.5pacos(B2) 0 —ps

| p2 + 0.5pz cos(6z) D2 0 —ps
—Ps —ps0 D5
—pgcos(Hl)ég —0.5pgsin(fz)f; 0 0 0 b19:1
5\ | 0.5pasin(62)0; 0 00 _| 0 7| babh
0,0) = 0 0 o of €O= Pag = b33 )
0 0 0 0 0 babs



In the previous model 7; are the control inputs, I; are the moments of inertia around the centroid (the
center of rotation of each link is at distance x from the end of the link), m; is the mass of the i-th link, d; is
the center of mass of the i-th link, I; is the length of the i-th link, ; is the angle (position) i-th joint, while g
is the acceleration of gravity. It holds that I; = m;k2, p; = E?lei—l—mld%—i—mg(d%—i—lf)—i— (m3+ma)(13+13),
P2 = 2[lld2m2 —|— lllg(mg —|— m4)], pP3 =ms3 —|— my, Pga = M3 —|— may and Ps = 14.

About the elements of the inertia matrix one has: my1 = p1 + pacos(z2), miz2 = ps+0.5pacos(6z), miz = 0,

mis = —ps, Mma1 = p2 + 0.5pacos(fz), maz = pa, maz = 0, mag = —ps, m3z1 = 0, maz = 0, m33 = pa,
m3q = 0, mq1 = —ps, My2 = —ps, My3 = 0, Myg = Ps.
About the elements of the Coriolis matrix one has: c¢;1 = —pgcos(Hl)ég, Clo = —O.5p25in(92)92, ci3 =0

cig =0, co1 = 0-5]9281'”(92)(9)17 c22 =0, c3 =0,c24 =0, 31 =0,¢32=0, ¢33 =0, ¢34 =0, cg1 =0,
cq2 =0, cy3 =0, caq = 0.

About the elements of the Gravitational forces vector one has: g1 =0, g2 = 0, g3 = p4g and g4 = 0.

About the elements of the disturbances (friction) vector one has: d; = blél, do = b29'2, ds = b393, and
dy = b46‘4.

Next, the inverse of the inertia matrix M is defined as

My =My Mz —May
N-1l— _1 —Mys Mz —Mss My (@)
detM | Myg  —Mag  Msz  —DMys

—M14 M24 _M34 M44

where the above noted subdeterminants M;; i =1,--- ,4 and j =1,--- ,4 are defined as
My = m22(m33m44 - m43m34) - mgg(m32m44 — My3M3g + m24)(m32m43 - m42m33)
Mz = ma1(ma3mas — mazmas) — Maz(M31Mag — Ma1Mas + Mag)(M31M43 — Ma1m33)
M3 = ma1(m32mas — Maamas) — Moz (M31Mag — Ma1M3s + Mag)(M31M43 — Ma1m33)
M1y = ma1(maamas — maamas) — Moz (M31Maz — Ma1 M3z + Ma3)(M31Ma2 — Ma1ms3)
My1 = mia(ma3mas — mazmas) — miz(Maamas — MagMag + mig)(M3zmas — Mazms3)
Moo = m11(m23m24 - m43m44) - m13(m31m44 — Mg1Mig + m14)(m31m43 - m41m23)
M3 = m11(m32m44 - m42m44) - m12(m31m44 — My1M34 + m14)(m31m42 - m41m32)
Moy = m11(m32m43 - m42m33) - m12(m31m43 — Mmyg1ms33 + mlg)(m31m42 - m41m32)
M3y = m12(m23m44 - m43m24) - m13(m22m44 — My2May + m14)(m22m43 - m42m23)
M3y = my1(mazmag — maamas) — miz(mizmas — marmayg + mig)(Mi2mas — ma1me3)
M3z = my1(moamas — MaaMas) — miz(Ma1mas — Marmaog + mig)(Ma1moz — Ma1mys)
M3y = my1(moamag — Maamas) — miz(Ma1maz — ma1maz + mi3)(Ma1maz — Ma1mag)
Mgy = mia(mazmas — m3zmay) — miz(Maamsas — Magmasz + mig)(Mazmss — mazma3)
Myo = m11(m22m43 - m33m42) - m31(m12m43 — M13Myq + m41)(m12m33 - m31m32)
Mys = mll(m22m34 - m32m24) - m12(m21m34 — m31Meayg + m14)(m21m32 - m31m22)
Mgy = mi1(moamas — m3amas) — miz(ma1msas — mai1mes + miz)(Mmaimsa — maimag)

The determinant of matrix M is

detM = ma1 Min — magMiz + migMiz — miaMig
For the dynamic model of the SCARA robot that was initially written in the form



M(0)0+ C(0,0)0 + G(O) +d =T

it holds that

€11 C12 €13 Ci4 Ql
S N €21 C22 Ca3 Co4 02
6(0,6)6 = . 6)
€31 €32 C33 C34 03
C41 C42 C43 C44 04
or equivalently
Cc1 6119} C129.2 0131?3 0141?4
C0,0) = co | | c2102 ca2ba co303 co4bs (1)
0) = - 4 4 4 4
Cs ca1bls  c3202  ca3bls 3404
€4 ca1bs  canly  cazls  caaby

Consequently, the dynamic model of the robot can be written as

M(0)0+ C(0,0) + G(0 ) (9) -
6+ M- L)oo, 9) + M LO)G(0) + (9))d( ) =M1O)r= (8)
6=—M" 1(9)0(9 9) 1(9)G( ) — M~1(9)) (9 M~Y0)r=
6 =—M=1(0)[C(0,0) + G(0) +d(0)] + M~ (0)r
Consequently, the dynamic model of the SCARA robot is written as
01 My —May M —Ma\ [fat+g+d
O _ 1 | —Mix My —Mszp My c2 + g2 +do "
63 detM | Myz  —Masz  Mzz —Maz | | c3+g3+ds
04 —Myy Moy —Mzy My cy+gs+dy
(9)
My —Ma Ms —Ma T1
L1 =Mz My —Msy My T2
detM | Myz  —Maz  Mzz —Mag | | 73
—Myy Moy —Mzqg My T4

Equivalently, using that the torques vector 7 = [11, taus, 73, 74] is the control inputs vector u = [u1, uz, us, us]?,
the dynamic model of the SCARA robot is written as

9‘ — M1 (c1+g1+d1)+Mai(ca+ga+da)—Mzi (c3+gs+ds)+Mai (catgatda)
1 det M
é M (c1+g1+di1)—Maa(catga+da)+Msza(c3+gs+ds)—Maa(catgatda)
2 detM
= +
é —Mi3(c1+g1+di1)+Mas(ca+ga+da)—Msz(cs+gs+ds)+Masz(catgatda)
3 detM
é4 Mia(c1+g1+d1)—Mayg(catga+da)+Mza(cz+gs+ds)—Maa(catgatda)
det M
(10)
My _ Moy M3 _ My
detM detM detM det M
_ Mo Mso _ _Mso Mao U1
detM detM detM detM u
" 2
M3 _ Mo>s M3s _ M3y us
det M det M det M det M Uy
_ Mg Moy _ Mss May
detM detM detM detM



The state vector of the SCARA robotis

Tr = [Zﬂla$2,$37$4,$57$6,$7,$8]T$
) . ¢ S (11)
T = [91791;02792;03593704;94]

Moreover, the following functions are defined

fl (x) = 19 fg(l’) _ —Mii(citg1+di)+Mai (ca+g2+d2)—Msi(cs+gs+ds)+Maa (catgatda)
f (x) =14 f4($) — M12(01+.(11+d1)—M22(02+92+d2d)e-€-1\1\/[432(03+93+d3)—M42(C4+g4+d4)
f (x) = x5 fG(x) — —]\413(01+91+d1)+1\423(02+92+t§l26)t%433(03+93+d3)+1\443(C4+g4+d4)
f7($) = 13 f8($) _ M14(61+91+d1)*M24(Cz+g2+d§):4zrjllﬂ;[434(ca+g3+d3)fM44(C4+g4+d4)
911(£C)M g12(z) = ](\)4 913 = 0 g14 = OM
gn(2) = 3y 9n(@) = —g#r  9u@) = 3 9n(@) = — 5
g31(z :](\)4 g32(2) = g33(z) = 1(\)4 g3a(z) =
ga1 (I) = _det11\2/[ 942(17) = det2]\24 g43($) = _dettg]\24 944(17) = det41\2/[
gs1(z) =0 gs2(x) =0 gs3(x) = gsa(z) =0
M M. ]W M.
ge1(x) = 57 ge2(w) = —5%  ges(x) = det31\34 goa () = — 4%
gn(x 2194 gra(x) :1\? gr3(x) = M gra(x) :1\/?
981(17) = _detllé\lf 982( ) detM 983($) = detg]iz 984( ) det4]€4

Thus, the state-space model of the 4-DOF SCARA robot is written as

oy fi(x) g1(z)  gi2(z) qis(x) gua()

To fa(x) go1(x)  goa(x) goz(z) goa(x)

9:C3 ;3520; 931520% 932 ECC; 933520% 934E$C§

T4 | _ 4\T g (T g42(T) g43\T g44(\T T1

a5 || fs(=) * g51(z)  gs2(w)  gs3(x)  gsa(w) (7'2) (12)
g fo(x) ge1(z) ge2(r) ge3(w) gea()

7 fr(x) gr(x) gr(z) gm(z) gu(x)

g fs(x) gs1(x)  gsa(x) gs3(z) gsa(x)

or in concise form one has the affine-in-the-input nonlinear state-space model

b= f(@) + g2 (13)
where ze R®*1 f(z)eR®*1, g(x)e R®** and ue R**!.

2.2 Differential flatness properties of the 4-DOF SCARA robot

The dynamic model of the 4-DOF SCARA robot is differentially flat. The flat outputs vector of the sys-
tem is Y = [y1,v2,v3,v4]T = [x1, 23,25, 77]7. Differential flatness is associated with the following two
conditions: (i) all state variables of the system can be expressed as differential functions of its flat outputs,
(ii) the flat outputs and their derivatives are differentially independent which signifies that they are not
connected through a relation in the form of linear homogeneous differential equation [1],[32].

Obviously, it holds that xo = &1, x4 = &3, T¢ = &5, and g = &7. This signifies that state variables x2, x4,
x¢ and xg are differential functions of the system’s flat outputs. Besides, using that

& fa(x) gu(x) gai(z) gsi(x) ga(z)\ (7
By | _ | fal2) | [ 912(2) g22(2) gs2(2) ga2(2) | |7 (14)
i fo(x) 13(x) gas3(z) gs3(x) gas(@) | | 73
7 fs(x) g14(x)  gaa(z) g34(x) gaa(x)) \7a



and by solving with respect to the control inputs one obtains

—1

T g11(x) ga(z) gs1(x) gu(x) i fa(2)
T2 | _ | 912(2) g22(z) g32(2) ga2() iz | | fa(®) (15)
T3 g13(%)  ga3(z) ga3(x) gas(w) 5 fe(x)
T4 g14(x)  gaa(z) g3a(x) gaa(®) Z7 fs(x)

The above relation signifies that the control inputs 7, 7o, 73 and 74 are also differential functions of the
flat outputs of the system. Consequently, the 4-DOF SCARA robot is differentially flat. The differential
flatness property means also [1], [32] that (i) the robotic model is input-output linearizable, (ii) setpoints
for all state variables of the robot can be defined. Actually one selects first setpoints for the state variables
which coincide with the flat outputs z¢, x4, x¢ and z¢, and next defines setpoints for the rest of the state
variables zg, z¢, z¢ and x¢ which are asscoiated with the flat outputs through the previously explained
differential relations. The differential flatness property is also an implicit proof of the system’s controlla-

bility.
3 Approximate linearization of the dynamic model of the SCARA robot

The dynamic model of the 4-DOF SCARA robot being initially expressed in the state-space form

i = f(x) + g(x)u (16)
undergoes approximate linearization at each sampling instance around the temporary operating point

(z*,u*), where z* is the present value of the system’s state vector and u* is the last sampled value of the
control inputs vector. The linearization process is based on Taylor series expansion and gives

i=Ax+Bu+d (17)

where d is the cumulative disturbances vector which may ne due to truncation of higher-order terms from
the Taylor series expansion (b) exogenous perturbations (c) sensor measurements noise of any distribution.
Matrices A and B are Jacobian matrices of the Taylor series expansion which are defined as:

A=V, [f(@) + g(@)u] (2= ur) =
A=V f(®) |2+ ur) +Veg1(2)u |(I*7u1‘) +Vag2(2)uz |2+ ur) (18)
+V293(2)u3 |(z+,ur) +Vega(T)us |(ox u)

B= Vu[f(I) + g(a:)u] |(m*,u*) =B = g(I) |(m*,u*) (19)

where g;(z), ¢ =1,--- ,4 are the columns of the control inputs gain matrix g(x).

This linearization approach which has been followed for implementing the nonlinear optimal control scheme
results into a quite accurate model of the system’s dynamics. Consider again the affine-in-the-input state-
space model

&= f(z) +g(r)u=
&= [f(2%) + Vo f(2) o+ (& = 2)] + [9(2") + Vag(2) |0 (x — 2")]u” + g(a*)u* + g(2*)(u —u*) + d1=
&= [Vaf (@) lor +V2g() |or wle + g(a*)u = [Vof (@) or +Vag() |o- u'la” + f(@*) + g(a*)u + d
) (20)
where d; is the modelling error due to truncation of higher order terms in the Taylor series expansion of
f(x) and g(x). Next, by defining A = [V, f() [+ +V29() |2+ u*], B = g(z*) one obtains

i = Az + Bu — Az* + f(2*) + g(z*)u* + d; (21)



Moreover by denoting d = —Az* + f (z*) + g(z*)u* + dy about the cumulative modelling error term in the
Taylor series expansion procedure one has

i=Ar+ Bu+d (22)
which is the approximately linearized model of the dynamics of the system of Eq. (17). The term
f(x*) + g(a*)u* is the derivative of the state vector at (z*,u*) which is almost annihilated by —Az*.

3.1 Computation of the Jacobian matrices
The computation of the Jacobian matrices A and B proceeds as follows:

Computation of the Jacobian matrix Vi f(2) | (2= u*):

First row of the Jacobian matrix V. f(2) |« 2 =0, 98 =1, $L =0, S0 =0, 50 =0, 5L =,
9h — (0 and ajl =0.

ox7

Second row of the Jacobian matrix V. f(x) [(z+,4=): It holds that fa(z) = ff“;‘”” with fanum = —Mi1(c1 +

g1 +d+ 1)+ Mai(c2 + g2 + da) — M3zi(c3 + g3 + d3) + Mar(ca + g4 + da) and f2 gen = detM. Thus, for
i=1,2,---,8 one has

9f2,num
Boun — 0 (cy 4 gy +d) — Mia(§2 + 32+ §0)+
(0, g )+ M (22 4 gif + 5t)= (23)
aé‘i?’l (c3+g3+d3) — 1\431(603 + £ a s 4 g’ii)—i-
+ a1 (¢4 + g4 + da) + M41(6C4 T T 1)
and also
Of2,den _ OddetM
et = om (24)
and finally
Ofs Bf%::m f2,den—f2,num afﬁ’;f" (25)
ox; det M?2
Third row of the Jacobian matrix V, f(z) [0y 52 =0, §82 =0, §& =0, 58 =1, §l =0, 52 =,

gf =0 and aj'* =0.

Fourth row of the Jacobian matrix Vi f(z) |z« =) It holds that fi(z) = );‘"% with fanum = Mi2(c1 +

g1 + d + 1) — MQQ(CQ + g + dg) + M32(03 + gs + dg) M42(C4 + g4 + d4) and f4,den = detM. Thus for
i=1,2,---,8 one has

a%’% - aé\gm (Cl +gl + dl) —+ MIQ(QC; + 8‘]1 + git)—F
=g (e2 g2+ da) = Mon(52 + o3t + 2a)— (26)
B35 (¢, 4 gy + dy) + M (922 + 25 + 902

6613\/1142 (04 + 94+ d4) M42( 6‘34 + 294 + 8d4)

and also

Ofa,den _ OdetM
el (27)

and finally



f4 num , af on
Ofs _ %zi fa,den—Fa,num gfi (28)
E detM?2
Fifth row of the Jacobian matrix V., f(x) |(z*1u*): g—ﬁ =0, % =0, gi‘z =0, gi‘a 0, gi‘; _0. gi; _

9 =0 and 2= = 0.

Sixth row of the Jacobian matrix V. f(x) |(g+ 4+ It holds that fs(z) = @ With fomum = —Mas(cr +

6,den
g1 +d+ 1)+ Mas(ca + g2 + da) — M3zz(c3 + g3 + d3) + Masz(ca + g4 + da) and fe den = detM. Thus, for
1=1,2,---,8 one has

8fgmnlum — 6%13 (Cl —+ g1 + dl) M13(6c1 + ggt + gii).’-
+55e (e + g2+ do) + Mo (522 + aiz +52)- (29)
8(;\;[% (03 + 93 + dg) M33(BC3 + 8‘73 + 8d’g)+
+81‘;%e (ca+ga+dy)+ M43(g;4 + 8q4 + gif)
and also
af, en __ OdetM
5—;1- = 86—;E¢ (30)
and finally
% _ af%:ium fS,den*fﬁ,numafg’iId;" (31)
dx; det M?2
Soventh ros of the Jacobian matrix V. (2) [o-ary 35 =0, 55 =0, 85 =0, 48 =0, 3 =0, 4 =0,

O =0 and Y =1.

Eighth row of the Jacobian matrix V, f(z) |(m*1u*)2 It holds that f4(z) = ijﬂ with fsnum = Mya(cr +

den
g1 +d+1) — May(ca + g2 + da) + Msza(cs + g3 + d3) — Maa(ca + g4 + da) and fg gen = detM. Thus, for
1=1,2,---,8 one has

e = Bi(ect o+ d) + Ma(G 5+ G+
— 84 (cy + go + do) — M2y (52 + 292 T oy

s 32
8{%34 (cs+gs+ds)+ M34(8ce + 8(]3 + gij) (32)
_Bg/l44(64+g4+d4) M44(g;i +8mi +?)_if)
and also
af, en __ OdetM
g—lﬂdi - 86;% (33)
and finally
% _ afga,:;m fS,den*fS,num 5fg,;tien (34)
E detM?2

Computation of the Jacobian matrix V,g1(z) |z u+)-

First row of the Jacobian matrix V,g1(z) |(z+ u*): 6981;51) =0fori=1,2,---,8.
dg21(x) _ agilil detM — My 24tM

o fori=1,2,---,8

Second row of the Jacobian matrix Vg1 (z) |(m*7u*): M ,

oz

Third row of the Jacobian matrix Vg1 () |(g+ u*): 8‘75;(:”) =0,fori=1,2,---,8.



5M12 det M+ Mo 2detM

Fourth row of the Jacobian matrix Vg1 (z) | (2= u+): aqé‘;(w)

det M2 ’

Fifth row of the Jacobian matrix V;g1(z) | (2= u=): 895;(1) =0,fori=1,2,---,8.

k3

Sixth row of the Jacobian matrix V,g1(x) |(g+,u+): 895;51) = o deté\thA;[“ .  fori=1,2,--
Seventh row of the Jacobian matrix V;g1(2) | (2= u+): 895;51) =0, fori=1,2---,8.

Eighth row of the Jacobian matrix V;g1() |(z+,u+): agg;iz) = _%dii\f]\;]ym o , fori=1,2,---
Computation of the Jacobian matrix V,ga(z) |(z+ u+)-

First row of the Jacobian matrix V,g2(z) |(z+ u*): 89%53”) =0fori=1,2,---,8.

Second row of the Jacobian matrix V,ga(x) |(g+ ue): 895;51) = o de;i‘f&ﬁbl . , fori=1,2,---

Third row of the Jacobian matrix V,ga() |+ u+): agg;wim) =0, fori=1,2,---,8.

OM22 det M — My, 24t
Fourth row of the Jacobian matrix V,g2(z) | (2= u+): aqé‘;(w) 7y

det M2 ’

Fifth row of the Jacobian matrix V;g2(2) | (2= u*): 8985;;1) =0,fori=1,2,---,8.
_ Bsza det M+ M. 6detM
Sixth row of the Jacobian matrix V;g2() |(z= u+): 8g§;(z) =% edetM2 2 9% fori=1,2,---

Seventh row of the Jacobian matrix V;g2(2) | (2= u+): 8987;96@ =0,fort=1,2,---,8.

M24 det M — Moy 2detM

9gs2(z) _

Eighth row of the Jacobian matrix Vi, g2(2) [(z+,u*): 5 = T ,

Computation of the Jacobian matrix V,g3(z) |z u+)-

First row of the Jacobian matrix V,g3(z) |(z+ u*): 6981;51) =0fori=1,2,---,8.
OM31 ot M — Mg, 2detM
Second row of the Jacobian matrix V;g3(x) |z u+): 895;(_1) = = & detM231 %2 fori=1,2,---

Third row of the Jacobian matrix V,g3(z) |z« u+: 8‘752@) =0,fori=1,2,--- 8.

M32d £ M4 Mz 2detM
Fourth row of the Jacobian matrix V,g3(z) | (2= u+): O9as(x) _ ‘ i

Ox; det M? ’

Fifth row of the Jacobian matrix V,gs(x) |(m*)u*): 9g53(w) _ 0,fori=1,2,---,8.

ox;
Sixth row of the Jacobian matrix V,g3(x) |(g+,u+): aggigz) = o det;\ZtMA;[% i , fori=1,2,---
Seventh row of the Jacobian matrix V;g3(x) |(z=,u+): agg;gz) =0,fori=1,2,---,8.
Eighth row of the Jacobian matrix V,g3(x) |(g+,u+): 89;151) = ot de:li\f]\;iwm R , fori=1,2,---

Computation of the Jacobian matrix V,g4(z) |z« u+)-

10

9= fori=1,2,--

i fori=1,2,---

9t fori=1,2,-

0t fori=1,2,-
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First row of the Jacobian matrix V,g4(z) |(z+ u*): 9914(®) _ () for j = 1,2,---.8.

aml
6M41 det M+ M, 2detM
Second row of the Jacobian matrix V;g4() |z u=): 895‘;(_1) = o, fori=1,2,---,8

Third row of the Jacobian matrix Vg4 () |(g+ u=): 9924(2) — 0 for j =1,2,--- ,8.

T ox;
: : M43 et M — My, 24eth ,
Fourth row of the Jacobian matrix V,g4(z) |(gz« ) aqgi(w) o, fori=1,2,---,8

Fifth row of the Jacobian matrix V;g4(2) | (2= u=): 9954(2) — 0 for j=1,2,--- 8.

T om;
Sixth row of the Jacobian matrix Vg4 () |(z+,u+): 895151) _ 61»133 de:li\f;;iw% ogetn itk
Seventh row of the Jacobian matrix V;g4(z) | (2= u+): (99%551) — 0. fori=12- .8

Ogsa(z) o detM—Myy 29t

O fori=1,2,---,8

Eighth row of the Jacobian matrix V;g4() |(z+,u+):

Ox; det M?

Next, one computes the partial derivatives of the sub-determinants M;; and of the determinant detM:

oM 8
Gt = G2 (mazmas — mazmaa)+
om Omas _ D d
g (G m4§ + Mgz Gt — Gimay — maz ) —
72 (M3amas — Mazmas—) (35)
8 om 8 d
—ma3 (52 m4§ + mga G — G Mgy — mag 524 )+
+5.22 (m3amaz — maama3)+
om d d d
+mas (522 mas + M32 F22 — Fr2maz — map 752)
Equivalently, one has
oM 8
3112 = F2t (magmas — magmaa)+
om Omaa 8m4'g am34
+ma1 ( Do, ad + M3 50t — FU8mgy — Mg 52 )—
- aam (ma31mag — m41m34 ) (36)
om 8 8 d
—ma3( ,9131m4§ + Mg Gt — G may — man 524 )+
+ %2t (m31mag — ma1mas)+
Oms om om
s (G ks — SGmay — ma1 g )
Moreover, it holds that
oM 8
6113 = G2t (maamas — masmaa)+
om om P d
—|—m21( BrS m4§ + ms3o 6;4 _ 5”4% Msq — Mas 8“;314)
B (M31mag — Ma1mza—) (37)
om Omaq Omy om
—mMaz (Gt mas + ma1 Gt — G mas — ma Gt )+
+ 8m24 (m31maz — ma1msa)+
8 d d d
+mas (F2 m42 + ma1 Gt — SGlmagy — myy 52 )

Additionally, it holds that

11



OMig 8m21
Ox;

e (Mma3amaz — mazmaz )+
g (%2 myy + migg Qs — SR — iy O —
85;22 (m31m43 — marmaz—)
—mzz(agﬁl s OMas g — gy S0
+ 677123

ox; )+

(ma1mas — m41m32)+
om Omas __ 3m41 _ Omso
+mas( Do m42 —|—m31 D m3z2 — M4 )
In a similar manner one obtains

7/
OM: d
et = g;m (ms3mas — mazmasy)+
0 om o
+maa (G2 mas + mag TGt — G

677113
ox

235 — g L) —
(m3amay — m4zm34 )
—mi3 ( 86

344

_ 8m42

9
m3s — M2 524 )+
677114
+ (m32m43 — m42m33)+
o o] o] o]
+mag (G2 m43 + Mg2 Gt — GG Mg — myp G2 )
Equivalently one has

oM. 0

6132 = 5731011 (magmag — m43m44)—|—
om om o)

+man (22 mog + mas G2t — G2

L 1mag — Mas 85;‘14)
— 2 (mgymayy — m41m24 )
—m13(66 Mg + Mgy Bgﬁ“ - 6";? Moy — M1 8(9";34 )+
+ 8m14 (m31maz — marmag)+

+m14(6£fl m43 + m31 85;? - 8";? Mag — M4l 8523)
Following this procedure one gets

OM. 0

8133 = 57;11 (m32m44 — m42m34)—|—
om om el

+man (g2 mag + mgp G — G2

L 34 — My2 85;314 )—
‘5’5’};2 (m31mas — m41m33 )
—mao(BEhmys + mg) G — Flngy — my, Zas) 4
+ 8m14 (Mm31mag — maimaz)+

+maa( 8,3

3m43

Additionally, it holds that

o o
— m41 m32 — May g1312)

OM. 0
8134 = 57;11 (m32m43 — m42m33)—|—
om, 0 0
+ma1 (G2 mas + map G — G

2 33 — mgp 988 ) —
85;12 (m31m43 — marmaz—)
—mao(BEhmys + mg) G — Flmgy — g, Zaa) 4

+% 6m13 (Mm31maz — marmaz)+
+m13(831 M4 + 7713185;42 - 85”41

In this context one obtains

om
Maog — M4 212)

OMs,

om
gt = g2 (magmas — magmas)+
om om om om
+mao (G2 mag + Moz G — G moy — muz 52 ) —
(Mmaomay — mazmas—)
8m44

_ 6777,13

ox

_m13(86

_ 8m42

+ 6777,14

)+

om
Mg — Maz 2%
(m22m43 - m42m23)+
om om om om
+mag (G2 m43 + Moo s — G52 Mg — mys 522 )

12

(38)

(43)



Additionally, one has

oM )

9o = Gt (magmas — masmas)+

om ) ) 0
+man (G2 mag + Mo G — FG2moy — mag 524 ) —

aam (Mm12mag — marmag—)

om P p) P
—maz (G2 mas + mig g — TGt mag — may TG )+
p)
+ Gt (miamas — maimos)+
om P P P
+maia (G2 mas + mi2 G — Frtmag — may 522)

Furthermore, one has

O0as — B (mgymay — magmios)+

le
+m11(88 Maq + Ma22 aamf - 85”42 Maog — Ma2 85;214)
85;12 (Mm21mag — marmas—)
—m12(63 2mag + Mol 8,9";‘? - 8,9";? Mag — M4l 8536214 )+
+ 8m14 (ma1maz — maimuz)+
+m14(88";1 Omas _ 8m21m42 — ma a{;n?)

Continuing in this manner one gets

M. B
Wif = Tt (maamas — masmas)+
am 9 3 a
+ma1( D43 + M2 g;“ — g;“ Ma3 — My2 5;23)
— &2 (myymg — maymag—)
am am. B B
—ma2 (G2 mag + mo1 G2 — TGt maz — ma G2 )+
a
+ G (Ma1maz — ma1mes)+
B B d B
+mas (G2 mas + mas G2 — Ftlmay — may F22)
Besides, one has
8M41 _ 8m12 —
o 0% I (;712277134a M33M24)+ )
m m m m
Fmao (G2 maa + Mmoo 52t — G2 moy — mas 52 ) —
- 857”3 (mazmas — m3amaz—)
am d d d
—my3( g2 Tt — Fa2mas — M3 Gt )+
+ (%14 (m22m33 — M3amaz )+
am B d
+mis (G2 mss + mos F2 — G2 mas — mao 5;23)
Equivalently, one obtains
OMys a’mll —
) Pr; = Ozs (6m32m436 m33maz)+ )
m. m. m
+man (G2 maz + ma2 G2 — G mas — maz A2 ) —
85”31 (mi2maz — mizmaz—)
om Omas amle Omas
—mai( oy — Tz, M42 — M35 )+
—I—am‘“ (m12m33 - m13m32)+
Omio 9mas 9Omis 9mao
+maq ( 9z, 17133 +m12 ox, oz, 32 — M13 5, )

In a similar manner one gets
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OMasz — m(7712277134 — M3aMaa)+

8:61’ - 8:67;

0 0 0 0
+ma (F2 mad + Mo G — 2oy — Mgy 24 ) —
— G2 (m21mas — m31mas—)

O om: om: 12}
—maa(Fp2mas + Mo T2t — Gt maog — ma1 524 )+

2
+ St (ma1mas — maimaz)+

om om om om
+maa (G2t mse + mo1 22 — Fmay — ma1 522)
Finally, one has that
oM, 0
Dot = 522 (maamas — maamas)+

B d B B
+ma1 (G2 mas + mop G2 — F2moz — mgs FA )—

P

o2 (maamss — ma1mas—)

P P P P

Gt + 5 — B — s )
+7523 (marmaa — mai1maz )+

T
om om om om
+mas( G2t msz + ma1 22 — Fttmay — ma1 5.22)

About the partial derivatives of the determinant detM one has for i =1,2,---,8

AddetM __ Omiq OMi1 _ Omio _ OMio
ami - ami Mll +m11 ami ami M12 m12 8:67; +

Omis OMi3 _ Omig _ OMi4
+ ox; M13 +mag oz, oz, M14 miq oz,

Next, the derivatives of the elements of the inertia matrix M are computed.

It holds that m11 = p1 + pacos(x3). Thus one has: %inl =0, 86“;1 =0, %Lmlsl = —pasin(xs), %Lmil =
omiy _ omii _ omii _ omiy _
8LE5 - 07 616 - 07 617 - O’ 8LE8 - 0
Besides, it holds that mis = mo1 = p3 + 0.5pasin(x3)zs, thus ‘95;112 = %Lzzll =0, ‘95;;2 = ‘95;21
Omiz _ Omo1 __ Omiz _ Omo1 __ ; Omis _ Omo1 __ Omis _ Omo1 __
88:53 _a(%s = Oé5pgcos(8x3):v4, Vs = Oxs — 0.5pasin(zs), dos. = oo = 0 Boe = Dae
miz _ Oma1 _ mis _ Oma1 _
8LE7 - 617 - ’ 8LE8 - 8LE8 _O
Moreover, it holds that mi3 = ms3; = 0, thus ‘98";6113 = 88“21 =0, 88“923 = 35’;21 =0, 88723 = —ag;il =
6777,13 — 877’7,31 — 0 877’7,13 — 6777,31 — O 877’7,13 — 877’7,31 — 6777,13 — 877’7,31 — 877’7,13 — 6777,31 :O
Oxy Oy ' Ozs Oxs ' Oxe Oxe ' Ozr oz ' Ozg Oxsg :
Additi Ilv. it holds th _ _ h Omis _ Oma1 _ 0 Omis _ Omar __ 0 Omis _ Omar __

1tionally, 1t holds that mi4 = my4; = —ps, thus 9y = ow; = 9rs = 015 — O 9zs = Ows
8m14 — (97TI41 — 8m14 — 8m41 — 8m14 — 8m41 — 8m14 — 8m41 — 0
8LE5 615 ’ 8LE5 8LE5 ? 617 8LE7 ’ 8LE8 618

: _ Omao __ Omao __ Omos __ Omaos __ Omaos __ Omaos __

1;/[0reover, (19t holds that mes = po, thus . =0, Fp22 =0, Do = 0, To22 =0, 522 =0, D
ogma2 _ Omaz __
Ox7r O’ Oxrg 0
Furth it holds th _ = 0. th Omas __ Omgs _ Omg3z __ Omazz __ 0 Omaz __ Omgs __
urthermore, it holds that mgs = mse = 0, thus T T o T 0ne = 0re = 0 e T oy
Omaz _ Omaas __ Omas __ Omazz __ Omas __ Omazz __ Omaz __ Omgaaz __ Omas __ Omaz __
Oxry ~  Oxy ~ 7 Oxs =~ Oxs = O Ox¢  Ox¢ ) Oxy ~  Oxy ~ 7 Oxg  Oxsg
Besides, it holds that mos = mys = —ps, thus aa";ci“ = ‘9(;;?2 = aa"z“ = ‘98";‘;2 =0, 6{;’;? = %L;f =
6777,24 — 8m42 — 0 8m24 — 6777,42 — O 8m24 — 8m42 — 6777,24 — 8m42 — 8m24 — 6777,42 — ’
Oxy Oy ' Ozs Oxs ' Oz Oxg ' Ozy oz ' Ozg Oxsg

Moreover, it holds that mg3 = p4, thus 28 — (, 9mas — (g Omas _ () Omaz _ () Imaz _ () Omas _

611 612 613 614 615 616

Omss __ Omss _
Ox7 _07 Oy _O

14



hs ; _ _ 9mzs _ Omuas Omsq Omas Omsq Omas _
Additionally, it holds that ms34 = my43 =, thus e = Ol T e T Baa T oa P =
Omsza _ Omasz _ Omasa _ Omuz _ Omasa __ 87”43 _ 677134 __ Omys _  Omss _ Omas __
Oxry ~ Oxy ~ 0 Ox5 = O5 ° O6  O6 ' Ox7 ~  O7 ~  Ox8 O

Finally, it holds that myss = ps, thus 2241 =, 9mas — g Omas — (g Omas _ () Omas _ () Omag

Ox1 Oxo Oxs Oxy Oxs

Omas __
e =0.

' Oxg

Finally, about the computation of the partial derivatives of the Coriolis forces vector one has

C11%2 + C12%4 + C13T6 + C1478
C21T2 + C22%4 + C23T6 + C2478
C31T2 + C22T4 + C23T6 + C24T8
€41%2 + €42%4 + C43%6 + C44T3

C(z, &)t =

It holds that for ¢ = 1.3,5,7

dc1 8611 8612 8C1'§ 8614
o9z, — oz, T2 + T4 + T +

and also

ocy __ 6011 8012 6013 6014
8:62 - 8:62 :E2 + Cll + amg ./L' + amg fL'G + 8:62 :ES

dc1 __ Ocin Odci2 Ocis Oci4
Oxy ~  Ox:4 T2 + Ox4 T4+ C12 + Ox4 Te + Oz 8
9c1 _ Ocin Odciz Oci3 dcia
8:66 - 8:66 :E2 + ams :E4 + amg fL'G + Cl3 + 8:66 :ES
dcy

_ Ocnn dcia 361% 8014
rs = 90 L2 + e T4 + T + S8 + c14

Equivalently it holds that for ¢ =1.3,5,7

Oca __ Ocar 6022 8023 8024
9z, = om; T2 + T Ta + 326 + 528

and also

602 6021 8022 6023 6024
Brs — Owp T2 T 021t B Tat 5, 6 + 5y, T8

602 — 6021 $2 + 8022 $4 + 022 + 6023:1; + 6024 :ES

Oy Oy REN 0x4
ez _ O, 3622 3622 9c24 4.
ze — Owel2 T 4+ zg L6 T C23 + Fp 0

Ocy __ Odcay Ocaz Ocaz 8024
Org ~  Oxs T2 + Oxs T4+ dxs Te + :ES + Coa

Similarly, it holds that for ¢ = 1.3,5,7

ggccs 80311‘ + 8032$ + 8033x + 8034

and also

Oc3 __ Ocai 8 c32 Ocas dcaq
Dzs — Ozp L2 T C31+ Fo7Ta+ 50 %6 + 5,0 Ts

603 _ 6031 8032 6033 6034
8:64 - 8:64 ,’E + :E4 + 032 + 8I4 fL'G + 8:64 :ES
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603 603

Bok = ftda + GEwa + Gae + cgs + Fas (66)
3—3‘2 = %C3lzz; + ac'*2:1: + ac’” 6+ %‘234 T8 + 34 (67)
Finally, it holds that for i = 1.3,5,7
g;f = %C“g: + 86421: + ac“x + 8C44 T (68)
and also
5o = Garoe ¥ en ¥ GRTa+ G+ Ges (©9)
fou — Getigy + S gy + gy + Gae + Siag (70)
Bt = Bovaa+ Faa+ G+ cun+ Pty i
g—;z = %‘3;1;:1: + aC“:z: + ac“x + & Doa @8 + Ca4 (72)

Next, the following partial derivatives of the elements ¢;; ¢ = 1,2,3,4 and j = 1,2, 3,4 of the Coriolis
matrix are computed.

It holds ¢11 = —pesin(x;)xy, thus one has that: %c—;ll = —pacos(x1)ry, %‘;121 0, %‘;131 0, %‘;li =
—ogsin(zy), AL =0, G2 =0, G =0, G = 0.

Additionally, it holds that ¢12 = —0.5pesin(zs)zy, thus % 0, %‘;121 0, %‘;{f = —0.5pacos(x3)xy,
) . 2 2 2 )

—8‘;142 = —0.5pasin(zs), a‘;lf 0, a‘;l; 0, 8(;172 0, 8‘;181 =0.

Moreover, it holds that c;3 = 0, thus one obtains: %le? =0,fort=1,2,---,8

Additionally, it holds that ¢4 = 0, thus one obtains: % =, fori=1,---,8

Additionally, it holds that co; = 0.5pesin(x3)x2, thus, one obtains: dea — (), den — 0.5pasin(zs),

P P P P 0 o0 orz
= 0.5pacos(z3) w2, G2k =0, 522 =0, 32 =0, 52 =0, 32 =0.

Oca1 _
613

Additionally, it holds that ces = 0 thus one obtains: 9caz — =, fori=1,2,---,8

Ox;
Moreover, it holds that cp3 = 0, thus, one obtains: %‘;25‘ =0fori=1,2,---,8.
Furthermore, it holds that ¢4 = 0 thus, one obtains %C—;;‘ =0fori=1,2,---,8
Additionally, one has that cs; = 0 thus, one obtains: %c—;: = fori=1,2,---,8
Furthermore, it holds ¢33 = 0, thus, one obtains: %C;f =, fori=1,2,---,8.
Moreover, it holds that ¢33 = 0 thus, one obtains: %C—;f =0,fort=1,2,---,8

Additionally, it holds that ¢34 = 0, thus, one obtains: %C—;f =0,fori=1,2,---,8
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Furthermore, one has that ¢4; = 0 thus, one obtains: % =, fori=1,2,---,8

Moreover, it holds that c4o = 0 thus, one obtains: % =, fori=1,2,---,8
Furthermore, it holds that c43 = 0 thus, one obtains: %c;?‘ =, fori=1,2,---,8.
Finally, it holds that ¢44 = 0. Thus, one obtains %C—;;‘ =0,fori=1,---,8.

In a similar manner one computes the partial derivatives of the elements of the gravitational forces matrix.

It holds that g; = 0 that one obtains % =0,fore=1,---,8.

Additionally, it holds that go = 0 that one obtains % =0,fori=1,---,8.

Moreover it holds that gs = psg, thus, one obtains g% =0,fori=1,2,---,8.
Finally it holds that g4 = 0 thus, one obtains % =0,fori=1,2,---,8

In a similar manner one computes the partial derivatives of the elements of the disturbances vector d. It

holds that d; = b;zs that one obtains % =0, fori=1,---,8 and i#2, while g—g; =

Additionally, it holds that d = byz4 that one obtains 922 =0, for i = 1,--- ,8 and i#4, while §% = b,
Moreover it holds that d3 = b3xg that one obtains g%j =0, fori=1,---,8 and i#6, while g—iz = bs.
Finally it holds that dy = byws that one obtains $% =0, for i = 1,--- ,8 and i#8, while §4 = b,

4 Design of an H-infinity nonlinear feedback controller

4.1 Equivalent linearized dynamics of the 4-DOF SCARA robot

After linearization around its current operating point, the dynamic model for the 4-DOF SCARA robot is
written as

& = Az + Bu+d (73)

Parameter d; stands for the linearization error in the 4-DOF SCARA robot’s model that was given previ-
ously in Eq. (17). The reference setpoints for the state vector of the aforementioned dynamic model are
denoted by xq = [2¢,--- ,2d]. Tracking of this trajectory is achieved after applying the control input u*.
At every time instant the control input u* is assumed to differ from the control input u appearing in Eq.
(73) by an amount equal to Aw, that is u* = u 4+ Au

Tq = Axgq + Bu* + do (74)

The dynamics of the controlled system described in Eq. (73) can be also written as

&= Ax + Bu+ Bu* — Bu* + d (75)
and by denoting d3 = —Bu* + d; as an aggregate disturbance term one obtains
& = Ax + Bu + Bu* + d3 (76)

By subtracting Eq. (74) from Eq. (76) one has
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x'—i:d:A(x—xd)—i-Bu—i-dg—dz (77)

By denoting the tracking error as e = x — x4 and the aggregate disturbance term as d = ds — do, the
tracking error dynamics becomes

¢=Ae+Bu+d (78)

The above linearized form of the 4-DOF SCARA robot’s model can be efficiently controlled after applying
an H-infinity feedback control scheme.

4.2 The nonlinear H-infinity control
The initial nonlinear model of the 4-DOF SCARA robot is in the form

&= f(z,u) x€R™, ucR™ (79)

Linearization of the model of the 4-DOF SCARA robot is performed at each iteration of the control
algorithm round its present operating point (z*,u*) = (z(t),u(t — Ts)). The linearized equivalent of the
system is described by

i = Az + Bu+ Ld z€R", u€R™, deRY (80)

where matrices A and B are obtained from the computation of the previously defined Jacobians and vector
d denotes disturbance terms due to linearization errors. The problem of disturbance rejection for the
linearized model that is described by

i = Ar+ Bu+ Ld

e (81)

where z€R"™, ue R™, deR? and y€RP, cannot be handled efficiently if the classical LQR control scheme is
applied. This is because of the existence of the perturbation term d. The disturbance term d apart from
modeling (parametric) uncertainty and external perturbation terms can also represent noise terms of any
distribution.

In the H, control approach, a feedback control scheme is designed for trajectory tracking by the system’s
state vector and simultaneous disturbance rejection, considering that the disturbance affects the system
in the worst possible manner. The disturbances’ effects are incorporated in the following quadratic cost
function:

J(t) = 3 J) T (y(t) + ruT (tu(t) = pd" (d(B)]dt, 7,p >0 (82)

The significance of the negative sign in the cost function’s term that is associated with the perturbation
variable d(t) is that the disturbance tries to maximize the cost function .J(¢) while the control signal u(t)
tries to minimize it. The physical meaning of the relation given above is that the control signal and the
disturbances compete to each other within a min-max differential game. This problem of min-max opti-

mization can be written as min,max ;J(u,d).

The objective of the optimization procedure is to compute a control signal u(t) which can compensate
for the worst possible disturbance, that is externally imposed to the 4-DOF SCARA robot. However, the
solution to the min-max optimization problem is directly related to the value of the parameter p. This
means that there is an upper bound in the disturbances magnitude that can be annihilated by the control
signal.
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Figure 2: Diagram of the control scheme for the 4-DOF SCARA robotic manipulator

4.3 Computation of the feedback control gains

For the linearized system given by Eq. (81) the cost function of Eq. (82) is defined, where the coefficient
r determines the penalization of the control input and the weight coefficient p determines the reward of
the disturbances’ effects. It is assumed that (i) The energy that is transferred from the disturbances signal

d(t) is bounded, that is fOOOcZT(t)cZ(t)dt < o0, (ii) matrices [A, B] and [A, L] are stabilizable, (iii) matrix
[A, C] is detectable. In the case of a tracking problem the optimal feedback control law is given by

u(t) = —Ke(t) (83)

with e = x — x4 to be the tracking error, and K = %BTP where P is a positive definite symmetric matrix.
As it will be proven in Section 5, matrix P is obtained from the solution of the Riccati equation

ATP+PA+Q—P(2BB" — L,LLT)P =0 (84)

where () is a positive semi-definite symmetric matrix. The worst case disturbance is given by

d(t) = & LT Pe(t) (85)

The solution of the H-infinity feedback control problem for the 4-DOF SCARA robot and the computation
of the worst case disturbance that the related controller can sustain, comes from superposition of Bellman’s
optimality principle when considering that the robot is affected by two separate inputs (i) the control input
u (ii) the cumulative disturbance input d(t). Solving the optimal control problem for u, that is for the
minimum variation (optimal) control input that achieves elimination of the state vector’s tracking error,
gives u = —%BTPe. Equivalently, solving the optimal control problem for cZ, that is for the worst case

disturbance that the control loop can sustain gives d= p%LTPe.

The diagram of the considered control loop for the 4-DOF SCARA robot is depicted in Fig. 2.

19



5 Lyapunov stability analysis

5.1 Stability proof

Through Lyapunov stability analysis it will be shown that the proposed nonlinear control scheme assures
H, tracking performance for the 4-DOF SCARA robot, and that in case of bounded disturbance terms
asymptotic convergence to the reference setpoints is achieved. The tracking error dynamics for the 4-DOF
SCARA robot is written in the form

¢ =Ae+ Bu+ Ld (86)

where in the 4-DOF SCARA robot’s case L = € R®*® to be the disturbance inputs gain matrix. Variable d
denotes model uncertainties and external disturbances of the 4-DOF SCARA robot’s model. The following
Lyapunov equation is considered

V =1eTPe (87)

where e = x — x4 is the tracking error. By differentiating with respect to time one obtains

V = 1¢TPe+ LePé=V = L[Ae + Bu+ Ld|" Pe + $e” P[Ae + Bu + Ld]= (88)
V = 1[eTAT + uTBT + dT LT]Pe + 1eT P[Ae + Bu + Ld|= (89)
V = 1eTATPe + LuTBT Pe + 1d" LT Pe + LeTPAe + " PBu + LT PLd (90)

The previous equation is rewritten as

V = 1eT(ATP + PA)e + (3uT BT Pe + 1e" PBu) + (3d" LY Pe + 1T PLd) (91)

Assumption: For given positive definite matrix @ and coefficients r and p there exists a positive definite
matrix P, which is the solution of the following matrix equation

ATP+PA=-Q+P(2BB" — LLL")P (92)
Moreover, the following feedback control law is applied to the system
u=—1BTPe (93)
By substituting Eq. (92) and Eq. (93) one obtains

V= 3T-Q+ P(2BBT - LLLT)Ple+ T PB(-LBTPe) + ¢ PLIS (o)
V= —%eTQe + LeTPBBT Pe — 2LzeTPLLTPe
e T TPl (95)
—2e" PBB” Pe+e' PLd

which after intermediate operations gives

V =-1e"Qe — e PLL Pe + ¢ PLd (96)
or, equivalently

V =—1eTQe — sLe"PLLT Pe + 3" PLd + 4d" LT Pe (97)

Lemma: The following inequality holds
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3¢’ Ld+ 3dL" Pe — 5e" PLLT Pe<§p*d"d (98)

Proof: The binomial (pa — %b)2 is considered. Expanding the left part of the above inequality one gets

p2a2+%b2—2ab20:>%p2a2+ib2—ab20:>

20 99
ab — me < %p2a2 = %ab—i— %ab — #Iﬁ < %p2a2 (99)
The following substitutions are carried out: a = d and b = eT PL and the previous relation becomes
3d" LT Pe + $e"PLd — 5" PLLT Pe<}p*d"d (100)
Eq. (100) is substituted in Eq. (97) and the inequality is enforced, thus giving
V< — 2eTQe + %pQJTcZ (101)

Eq. (101) shows that the Ho, tracking performance criterion is satisfied. The integration of V from 0 to
T gives

T T T 5
Jo V©ydt< — 3 [y llellgdt + 507 [y 1|d]Pdt=

0 - (102)
T T
2V(T) + [, llel|gdt<2V(0) + p? [y [|d]|*dt
Moreover, if there exists a positive constant My > 0 such that
S~ Mldl[2dt < My (103)
then one gets
T lellBdt < 2V(0) + p* My (104)

Thus, the integral [ |le[|3dt is bounded. Moreover, V(T) is bounded and from the definition of the
Lyapunov function V in Eq. (87) it becomes clear that e(t) will be also bounded since e(t) € . =
{eleT Pe<2V(0) + p*My}. According to the above and with the use of Barbalat’s Lemma one obtains
lim; o e(t) = 0.

After following the stages of the stability proof one arrives at Eq. (101) which shows that the H-infinity
tracking performance criterion holds. By selecting the attenuation coefficient p to be sufficiently small and
in particular to satisfy p* < |le[|3,/ ||d||? one has that the first derivative of the Lyapunov function is upper
bounded by 0. This condition holds at each sampling instance and consequently global stability for the
control loop can be concluded.

5.2 Robust state estimation with the use of the H,, Kalman Filter

The control loop has to be implemented with the use of information provided by a small number of sensors
and by processing only a small number of state variables. To reconstruct the missing information about the
state vector of the 4-DOF SCARA robot it is proposed to use a filtering scheme and based on it to apply
state estimation-based control [1], [32]. By denoting as A(k), B(k), C(k) the discrete-time equivalents of
matrices A, B, C which constitute the linearized state-space model of Eq. (17), the recursion of the Ho,
Kalman Filter, for the model of the boom SCARA robot, can be formulated in terms of a measurement
update and a time update part

Measurement update:
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) =P~ (k)D(k)CT (k) R(k) ™! (105)

Time update:

27 (k+1) = A(k)z(k) + B(k)u(k) (106)
P~ (k+1) = A(k)P~(k)D(k)AT (k) + Q(k)

where it is assumed that parameter 6 is sufficiently small to assure that the covariance matrix P~ (k)71 -
OW (k) + CT (k)R(k)~*C(k) will be positive definite. When 6 = 0 the H,, Kalman Filter becomes equiva-
lent to the standard Kalman Filter. One can measure only a part of the state vector of the SCARA robot,
for instance state variables z1, x3, x5, and x7 and can estimate through filtering the rest of the state vector
elements (z2, x4, x¢ and xg). Moreover, the proposed Kalman filtering method can be used for sensor

fusion purposes.

6 Simulation tests

The global stability properties of the control method and the elimination of the state vector’s tracking error
which were previously proven through Lyapunov analysis are further confirmed through simulation exper-
iments. The parameters of the model of the 4-DOF SCARA robot which have been used in the simulation
tests have been according to [2]. To compute the stabilizing feedback gains of the controller, the algebraic
Riccati equation of Eq. (92) had to be repetitively solved at each iteration of the control algorithm. The
obtained results are depicted in Fig. 3 to Fig. 18. The real values of the state variables of the 4-DOF
SCARA robot are printed in blue, their estimates which are provided by the H-infinity Kalman Filter are
printed in green colour while the associated setpoints are printed in red. The performance of the nonlinear
optimal control method was very satisfactory Actually, through all test cases it has been confirmed that the
control method can achieve fast and accurate tracking of reference trajectories (setpoints) under moderate
variations of the control inputs. The simulation tests come to confirm that the control method has global
(and not local) stability properties. Under the nonlinear optimal control method the state variables of the
SCARA robot can track precisely setpoints with fast and abrupt changes. Moreover, the convergence to
these setpoints is independent from initial conditions.

Regarding the selection of values for the controller gains it can be noted that parameters r, p and ) which
appear in the method’s algebraic Riccati equations are assigned offline constant values, where the gains
vector K is updated at each sampling instance, based on the positive definite and symmetric matrix P
which is the solution of the method’s algebraic Riccati equation. The tracking accuracy and the transient
performance of the control scheme depends on the values of coefficients r, p and on the values of the
elements of the diagonal matrix Q). Actually, for relatively small values of r one achieves elimination of the
state vectors’ tracking error one. Moreover, for relatively high values of the diagonal elements of matrix
@ one achieves fast convergence the state variables’ reference trajectories, Finally, the smallest value of
the attenuation coefficient p that results into a valid solution of the method’s Riccati equation in the form
of the positive definite and symmetric matrix P, it the one that provides the control loop with maximum
robustness.

Comparing to past attempts for solving the H-infinity control problem for nonlinear dynamical systems,
the article’s control approach is substantially different [28]. Preceding results on the use of H-infinity con-
trol to nonlinear dynamical systems were limited to the case of affine-in-the-input systems with drift-only
dynamics and considered that the control inputs gain matrix is not dependent on the values of the system’s
state vector. Moreover, in these approaches the linearization was performed around points of the desirable
trajectory whereas in the present article’s control method the linearization points are related with the value
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of the state vector at each sampling instant as well as with the last sampled value of the control inputs
vector. The Riccati equation which has been proposed for computing the feedback gains of the controller
is novel, so is the presented global stability proof through Lyapunov analysis.

The proposed H-infinity (optimal) control method for the 4-DOF SCARA robot exhibits several advantages
when compared against other linear or nonlinear control schemes [28]. For instance: (i) In contrast to global
linearization-based control schemes (Lie algebra-based control and differential flatness theory-based con-
trol) it does not need complicated changes of state-variables (diffeomorphisms) and does not come against
singularity problems in the computation of the control inputs, (ii) In contrast to sliding-mode control or
to back-stepping control the proposed nonlinear optimal control scheme does not require the state-space
model of the system to be in a specific form (e.g. triangular, canonical, etc.) (iii) In contrast to PID control
the proposed nonlinear optimal control method is globally stable and functions well at changes of operating
points, (iv) In contrast to multi-models based control and linearization around multiple operating points,
the nonlinear optimal control scheme requires linearization around one single operating point and thus it
avoids the computational burden for solving multiple Riccati equations or LMIs, (v) Moreover, unlike the
popular computed torque method for robotic manipulators, the new control approach is characterized by
optimality and is also applicable when the number of control inputs is not equal to the robot’s number of
DOFs.

7 Conclusions

SCARA-type robots (Selective Compliance Articulated Robot Arms) are widely used in several industrial
tasks. To improve their accuracy, and speed in tasks’ execution as well as to reduce the cost of their func-
tioning, elaborated control algorithms have to be used about them. In the present article a novel nonlinear
optimal control approach has been used for the dynamic model of the 4-DOF SCARA robot with three
revolute joints and one prismatic joint. At a first-stage the dynamic model of the SCARA robot undergoes
approximate linearization with the use of first-order Taylor series expansion and through the computation
of the associated Jacobian matrices. The linearization point is updated at each sampling instance and is
defined by the present value of the system’s state vector and by the last sampled value of the control inputs
vector.

At a second stage a stabilizing H-infinity feedback controller is designed. The H-infinity controller achieves
solution of the optimal control problem for the model of the SCARA robot under model uncertainty and
external perturbations. The H-infinity controller represents a min-max differential game which takes place
between (i) the control inputs which try to minimize a quadratic cost function of the state vector’s tracking
error, ii) the model imprecision and the external perturbation terms which try oo maximize this cost func-
tion. To compute the stabilizing feedback gains of the H-infinity controller an algebraic Riccati equation
had to be repetitively solved at each time-step of the control algorithm. The global stability properties
of the control scheme have been proven through Lyapunov analysis. First, it has been demonstrated that
the control method satisfies the H-infinity tracking performance criterion, while under moderate conditions
it has been proven that the control loop is globally asymptotically stable. Finally, to implement state
est9mation-based control, the H-infinity Kalman Filter has been used as a robust state estimator. The
nonlinear optimal control approach retains the advantages of the standard linear optimal control, that is
fast and accurate tracking of reference setpoints under moderate variations of the control inputs.
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reference setpoints (red line: setpoint, blue line: real value, green line: estimated value), (b) convergence

of state variables x5 to xg to their reference setpoints
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tracking error variables e1, es, e5 and e7 of the SCARA robot
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