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Abstract
We show how diseases can affect economic growth in
a Solow growth model, with population growth and
no technical progress, but modified to include a saving
rate that depends on the individual health status. We
successively insert this model into the SIS (susceptible–
infected–susceptible) and SIR (susceptible–infected–
recovered) models of disease spreading. In these two
models, the spread of the infection proceeds according
to the so-called basic reproductive number. This number
determines in which of the two possible equilibria, the
disease-free or the pandemic equilibrium, the economy
ends. We show that output per capita is always lower in
the pandemic steady state, which implies a contraction
in the economy’s production possibilities frontier.
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1 INTRODUCTION

There is no doubt that the outbreak and the subsequent expansion of the COVID-19 pandemic
has caused a surge in the interest on its economic consequences. The paper of Avery et al. (2020)
provides a relevant example with a summary of the epidemiological literature and suggestions
for policy contributions from Economics. Hethcote (2008) provides an excellent summary to the
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672 CARMONA and LEÓN

basic epidemiological models used in the literature. The standard approach is to separate pop-
ulation into several nonoverlapping compartments. So, the total population is typically divided
into susceptible of infection individuals, infected individuals, and recovered (or dead) individuals.
Given those groups, two basicmodels have beenwidely used in the literature: the SIS (susceptible–
infected–susceptible) and the SIR (susceptible–infected–recovered) models. In the SIS model, the
subgroup of susceptible individuals can become infected after contact with an infected individ-
ual. Once they are recovered, they become susceptible again because, due perhaps to mutations
in the virus, they do not develop immunity. This is typical of diseases such as influenza, malaria,
or measles. However, in the SIR model, the subgroup of recovered individuals is added to include
those individuals that develop permanent immunity after recovery from the disease. Thus, they
do not return to the category of susceptibles after passing the disease as in the SIS model. This is
the standard approach followed to analyze the COVID-19 disease caused by the SARS-Cov 2 virus.
Both models provide basic insights within a tractable framework which is amenable to many

straightforward extensions. This is because, despite their simplicity, there are lessons that can
be learned from them and some intuitions can be developed about the evolution of pandemics.
For instance, dos Santos et al. (2021) use the canonical SIR model with time-varying parame-
ters to account for the evolution of the disease in Brazil and other countries. Roda et al. (2020)
show that an SIRmodel performs better than amore general SEIR (susceptible–exposed–infected–
recovered)model1 to explain theCOVID-19 data inWuhan and other regions of China. Ahmetolan
et al. (2020) use this model to estimate robustly the timings of the maximum and the timings of
the inflection points of the proportion of infected individuals.2
In the conventional approach, both SIS and SIRmodels assume that total population is constant

and fixed. This setup has been considered by some authors to examine the impact of optimal
decisions about social distancing and their effect on the spread of the disease. For instance,
Fernandez-Villaverde and Jones (2020) estimate an SIR model that includes a fatality rate, that
represents an excess ofmortality above that level that would be observedwithout the disease, with
time-varying parameters as a result of not modeling agents’ endogenous decisions. Eichenbaum
et al. (2020) model the interactions between economic decisions and epidemic in an otherwise
standard New-Keynesian model. They show that these decisions exacerbate the recession caused
by the epidemic. Finally, Acemoglu et al. (2020) develop a multirisk SIR model where infection,
hospitalization, and fatality rates vary depending on group age. They show that targeting by age
lockdowns outperforms those that cover all the population uniformly and that the use ofmeasures
of testing, tracing, and isolation of the infected can minimize economic losses and death costs.
All previous studies focus on the short run with a constant population. However, as Hethcote

(2008) points out, a constant population is only a sensible assumption when the disease spreads
quickly in the population and dies out within a short period of time. Furthermore, the fixed pop-
ulation assumption can also be reasonable in a medium- to long-term horizon if the birth and the
death rates are not too different and the population size is constant or nearly constant.
As the current situation of the disease suggests, it is not at all clear that the COVID-19 is a

transient situation that will disappear with vaccination. The lack of cover for poorer countries
has caused the appearance of new variants which are even more contagious and lethal. This
suggests that the disease may not be a short-run phenomenon and it can be of interest to exam-
ine its medium to long-run consequences. For instance, the International Monetary Fund’s 2021
April issue of theWorld Economic Outlook includes forecasts of the potential GDP paths for most

1 The exposed group consists of those individuals who are in a latent period of the infection before being infected.
2 See Moein et al. (2021) for evidence against the ability of the SIR model to forecast COVID-19 epidemic.
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CARMONA and LEÓN 673

developed countries, which do not show any seeming consequences of the disease. However, its
persistence might cause that those predictions turned out to be very misleading.
The problem of the long-run economic impact of diseases has been considered in the eco-

nomic development literature by putting emphasis on the optimal level of health expenditure.
For instance, Goenka et al. (2014) introduces a model that joins the standard SIS model with a
neoclassical growth model which includes a health production sector. In this setup, they find the
optimal health expenditure by a benevolent social planner. Goenka and Liu (2020), based on Ger-
sowitz and Hammer (2004), expand their former model to analyze the decentralized solution to
health expenditure, in which households ignore the externality imposed by disease transmission.
Recently, Goenka et al. (2021) has developed a model joining the SIR model with the standard
one-sector neoclassical growthmodel. In this case, the disease causes an increase in the mortality
rate so that the death rate is higher than otherwise.
Our paper is a simple approximation to the consequences of diseases on the level of per capita

output. As Goenka and Liu (2012) point out, there are three channels throughwhich diseasesmay
affect that variable: changes in labor productivity, changes in human capital accumulation, and
changes in the growth path of total population. In their paper, only the first channel is explored
within a discrete-time setup. This allows them to show a rich set of dynamic paths that depend
only upon the parameters governing the disease dynamics. However, our paper explores a sim-
ple extension that also affects per capita output. This is related to the fact that the saving rate of
healthy and sick individuals need not be the same if there are limitations to complete insurance
against the disease. We shall explore the consequences for the steady-state values of the relevant
economic variables, namely, the capital stock per nonsick individual and the levels of output and
consumption per capita, of an aggregate saving rate that depends upon the proportion of sick
individuals in the population.
To have a reference of the main results in the disease literature, we first review the basic SIS

and SIR models when there is positive exponential growth. Considering, the fraction of infected
and healthy individuals, we can find two possible steady states: the disease-free solution, in which
the society arrives to a situation in which nobody is sick and the endemic solution, in which the
proportion of infected individuals is nonzero. The economy will arrive to one or another equilib-
rium depending upon the so-called basic reproductive number, henceforth 0. For a stationary
population, this is defined as the ratio between the rate of infection and the rate of recovery.When
the rate of population growth is positive, the denominator of the basic reproductive number must
include the population birth rate.3 In general, the proportion of infected individuals in the SIR
model is typically lower than in the SISmodel. Furthermore, convergence to the pandemic steady
state in the case of the SIR model may be cyclical.
We aim to couple each model of disease with a simple one-sector growth model in which the

aggregate saving rate depends upon the fraction of infected individuals. Except for that feature,
our representation of the economy agrees with the one-sector growthmodel with a Cobb–Douglas
production function and the stock accumulation equation that can be found in Jones and Vollrath
(2013). For each model of disease, we discuss its implications for the steady-state value of the
capital stock per worker and hence, for the level of output per capita. Observe that, provided
that only healthy people can work, instead of the conventional capital labor ratio we use the ratio
between the economy’s capital stock and the number of noninfected individuals in the population.

3 This is a standard result in the epidemiological literature. See Hethcote (2008) for an excellent summary. In the context
of growth models, Goenka and Liu (2012), Goenka et al. (2014), and Goenka and Liu (2020) also find a disease-free and an
endemic steady state depending on0.
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674 CARMONA and LEÓN

This implies that the relevant growth rate for the labor force changes during the transition period,
from one steady state to another. But once the economy achieves the new steady state with a
given long-run proportion of SIR individuals, the rate of change of the labor force equals the rate
of growth of the population.
The main result of the paper is that output per capita is always lower in the pandemic steady

state. This is true even in the case that a higher propensity to save by nonhealthy individuals
makes both, the aggregate saving rate and the capital stock per noninfected individual greater
than in the disease-free steady state. In this case, the steady-state value of consumption per capita
is also lower but it could be higher when the saving rate of healthy individuals is greater than the
corresponding one for sick individuals.
Our paper is organized as follows. In Sections 2 and 3, we summarize the consequences of a

positive population growth rate upon the SIS and SIR models, respectively. Then, each model
is inserted into a Solow growth model, with a saving rate that changes with the number of
infected people, in Sections 4 and 5. The paper concludes with a summary of the results and some
suggestions for future extensions in Section 6. The proofs of the main results can be found in
the Appendix.

2 THE SIS MODELWITH POSITIVE POPULATION GROWTH

In the canonical SISmodel, total population,𝑁(𝑡), is divided into two classes, susceptible of infec-
tion individuals,𝑋(𝑡), or susceptibles for short, and infected individuals,𝑍(𝑡), who once recovered
they become susceptible again. In this model, individuals are randomly matched according to
some probability. Specifically, the flows out of the class of susceptibles and into the class of
infectious are given by the so-called standard incidence, see Martcheva (2015), defined as:

𝑏𝑋(𝑡)𝑍(𝑡)
𝑁(𝑡)
, (1)

where 𝑏 is the rate of infection per unit time. It measures the average number of contacts made by
a susceptible individual that ends in contagion. Similarly, the flows out of the class of infectious
and into the class of susceptible are given by the rate of recovery from infection per unit time, 𝑎.
Next, population growth is assumed to be exponential as in the Solow growth model. Let us

denote the population vegetative growth rate as 𝑔 = 𝑛 − 𝜇, where 𝑛 and 𝜇 are, respectively, the
birth and death rates. By assuming that all newly born are initially part of the population of suscep-
tible individuals, the dynamics of the two classes in the SIS model are described by the following
system of differential equations:

�̇�(𝑡) = −𝑏 𝑋(𝑡)𝑍(𝑡)
𝑁(𝑡)
+ 𝑎𝑍(𝑡) + 𝑛𝑁(𝑡) − 𝜇𝑋(𝑡), (2)

�̇�(𝑡) = 𝑏 𝑋(𝑡)𝑍(𝑡)
𝑁(𝑡)
− 𝑎𝑍(𝑡) − 𝜇𝑍(𝑡). (3)

For simplicity, the death rate is assumed to be the same for susceptible and infected individuals.
Notice that �̇�(𝑡) + �̇�(𝑡) = (𝑛 − 𝜇)𝑁(𝑡) = 𝑔𝑁(𝑡).

 14678586, 2023, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/boer.12376 by U

niversidad D
e A

licante A
dquisiciones Y

 G
estión D

e, W
iley O

nline L
ibrary on [14/07/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



CARMONA and LEÓN 675

Considering the per capita variables 𝑥(𝑡) = 𝑋(𝑡)∕𝑁(𝑡) and 𝑧(𝑡) = 𝑍(𝑡)∕𝑁(𝑡), the systems (2)
and (3) can be rewritten in per capita terms as

�̇�(𝑡) = −𝑏𝑥(𝑡)𝑧(𝑡) + 𝑎𝑧(𝑡) + 𝑛(1 − 𝑥(𝑡)), (4)

�̇�(𝑡) = (𝑏𝑥(𝑡) − (𝑎 + 𝑛))𝑧(𝑡). (5)

Since 𝑥(𝑡) + 𝑧(𝑡) = 1, it is straightforward to rewrite Equation (5) as a Bernoulli equation and then,
find an explicit solution. Specifically, by defining0 =

𝑏
𝑎 + 𝑛 , we get thewell-known result that if

0 > 1 then 𝑧(𝑡) → 𝑧∗ = 1 −
1
0

and 𝑥(𝑡) → 𝑥∗ = 1
0

as 𝑡 → ∞. This defines the endemic steady
state. When 0 ≦ 1, 𝑧(𝑡) approaches 0 and hence 𝑥(𝑡) approaches 1 as 𝑡 → ∞. This defines the
disease-free steady state which we will denote as 𝑥∗∗ = 1 and 𝑧∗∗ = 0.
Note that0 is the so-called basic reproductive number. When there is population growth, its

interpretation is as follows.4 The time that the proportion of infected individual remains in the
infected state follows an exponential distribution with parameter 𝑎 + 𝑛. Then, the expected time
in the infected state is 1∕(𝑎 + 𝑛). With 𝑏 as the infection fraction per unit time of susceptible indi-
viduals, each infected personhas an expectednumber of0 contactswhile infected. Therefore,0
can be interpreted as the expected number of transmissions that a newly infected individual can
make if everybody else is susceptible. Moreover, its inverse defines the herd immunity threshold,
precisely the steady-state proportion of susceptible individuals. This is so because, once achieved,
any outburst of the disease dies out quickly.

3 THE SIRMODELWITH POSITIVE POPULATION GROWTH

Now, we turn to discuss the SIR model, in which the COVID-19 disease is typically analyzed. In
this case, total population,𝑁(𝑡), is divided into three classes: susceptible of infection individuals,
𝑋(𝑡), infected individuals, 𝑍(𝑡), and recovered individuals, 𝑉(𝑡). As in the description of the SIS
model, we choose the standard incidence version given in Equation (1).
By assuming that all newly born are initially part of the population of susceptible individu-

als and that the rate of death is the same for every individual, independently of the class, we
have the following system of equations that describe the evolution of the fraction of susceptibles,
𝑥(𝑡) = 𝑋(𝑡)∕𝑁(𝑡), infected, 𝑧(𝑡) = 𝑍(𝑡)∕𝑁(𝑡), and recovered individuals, 𝑣(𝑡) = 𝑉(𝑡)∕𝑁(𝑡) in the
population:5

�̇�(𝑡) = −𝑏𝑥(𝑡)𝑧(𝑡) + 𝑛(1 − 𝑥(𝑡)), (6)

�̇�(𝑡) = (𝑏𝑥(𝑡) − (𝑎 + 𝑛))𝑧(𝑡), (7)

4 Avery et al. (2020) provide a similar explanation for the case of a constant population, which is analogous to the
explanation in Hethcote (2008) for the case 𝑔 = 0.
5 See Martcheva (2015) for the solution of an SIR model in which population growths according to the logistic model.

 14678586, 2023, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/boer.12376 by U

niversidad D
e A

licante A
dquisiciones Y

 G
estión D

e, W
iley O

nline L
ibrary on [14/07/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



676 CARMONA and LEÓN

�̇�(𝑡) = 𝑎𝑧(𝑡) − 𝑛𝑣(𝑡). (8)

Proposition 1. Let0 be as defined in the previous section. Then, for0 ≦ 1, the disease-free steady
state for the systems (6), (7) and (8) is given by:

𝑥∗∗ = 1 , 𝑧∗∗ = 0, and 𝑣∗∗ = 0. (9)

Whereas, for0 > 1, the pandemic solution is given by:

𝑥∗ = 1
0

, 𝑧∗ =
( 𝑛
𝑎 + 𝑛

)(
1 − 1

0

)
, and 𝑣∗ =

( 𝑎
𝑎 + 𝑛

)(
1 − 1

0

)
. (10)

Proof. It follows trivially from setting �̇�(𝑡), �̇�(𝑡), and �̇�(𝑡) to zero. □

The former system has no closed-form solution and its stability can only be ascertained by
linearizing it around the steady-state solution. Since one of the equations is redundant, given
that �̇�(𝑡) + �̇�(𝑡) + �̇�(𝑡) = 0, we shall focus on the equations for the dynamics of the population of
susceptible and infected individuals.

Proposition 2. The linearized system to (6) and (7) is given by the matrix equation:

[
�̇�
�̇�

]
=
[
−𝑛0 −(𝑎 + 𝑛)
𝑛(0 − 1) 0

][
𝑥
𝑧

]
. (11)

Assume that 0 > 1, the eigenvalues of system (11) are two imaginary roots with negative real part

whenever 𝑛𝜃1 < 𝑏 < 𝑛𝜃2, where 𝜃𝑖 = 2(
𝑎 + 𝑛
𝑛 )
2(1 ±

√
𝑎
1 + 𝑎 ). In any other case, the two roots are

real and negative. Therefore, the pandemic steady state is always locally stable but its convergence
may be cyclical.

Proof. See the Appendix for the proof. □

The cyclical convergence to the pandemic solution is illustrated in Figure 1 for parameter values
𝑎 = 0.15, 𝑏 = 0.6, and 𝑛 = 0.03. The green arrows show the motion of the variables. They set a
circle around the steady state (𝑥∗, 𝑧∗). Given some initial small bursting of the infection, 𝑧0 = 0.01,
the true path followed by the proportion of susceptible and infected individuals is also shown by
the red curve.6
As in Section 2 where we discussed the SIS model, the proportion of infected individuals grows

until the population achieves herd immunity as given by the inverse of the basic reproductive num-
ber0. Notice that, in the absence of an explicit solution to the system of differential equations,
we cannot know the maximum proportion of infected individuals, as in Section 2, because the
population develops immunity after recovering from the disease so that we only know that, once
population has achieved the herd immunity threshold, the value of the infected plus the recovered
population is 𝑧 + 𝑣 = 1 − 1∕0.

6 This path has been obtained by simulating the differential equations (6) and (7).
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CARMONA and LEÓN 677

F IGURE 1 Linearized SIR model with population growth. The adjustment path (in red) has been obtained
using the following set of parameters: 𝑧0 = 0.01, 𝑎 = 0.15, 𝑏 = 0.6, and 𝑛 = 0.03. Hence, 𝑥∗ = 0.30 and
𝑧∗ = 0.1167. [Colour figure can be viewed at wileyonlinelibrary.com]

Finally, there is an interesting feature in this version of the SIR model with population growth
which isworth tomention.When the population is fixed,𝑛 = 0, the proportion of infected individ-
uals falls to zero after herd immunity is achieved. This is not the case here because the population
is growing and there will always be a positive proportion of infected individuals in the long run.
Even with a constant population but a positive birth rate (and hence, equal to the death rate) the
behavior of 𝑥(𝑡) and 𝑧(𝑡)might be cyclical until the steady state were eventually reached.

4 THE SIS PANDEMIC SOLOWMODEL

We now discuss the impact of coupling the SIS model together with the Solowmodel, henceforth
the SIS pandemic Solowmodel. Let total output be defined by a constant-returns-to-scale produc-
tion function, 𝑌(𝑡) = 𝐴𝐾(𝑡)𝛼𝑋(𝑡)1−𝛼, with parameters 𝐴, the total factor productivity index, and
𝛼 the share of profits in aggregate income. Observe that the only difference with the conventional
formulation is that we have substituted the number of susceptible individuals, 𝑋(𝑡), for the total
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678 CARMONA and LEÓN

population, 𝑁(𝑡). Then, the capital stock accumulation equation is given by

�̇�(𝑡) = 𝑠(𝑧(𝑡))𝑌(𝑡) − 𝛿𝐾(𝑡), (12)

where 𝛿 the capital stock depreciation rate. The term 𝑠(𝑧(𝑡)) reflects the fact that the aggregate
saving rate may depend upon the fraction of infected individuals in the population. Specifically,
we assume that the aggregate saving rate is given by

𝑠 = 𝑠𝑥𝑥(𝑡) + 𝑠𝑧𝑧(𝑡) = 𝑠𝑥 − (𝑠𝑥 − 𝑠𝑧)𝑧(𝑡), (13)

where 𝑠𝑥 is the propensity to save if the individual is susceptible and 𝑠𝑧 if the individual is infected.
Since infected individuals cannot work, to obtain the capital stock accumulation equation per

effective worker, we must divide both sides by 𝑋(𝑡), and not by 𝑁(𝑡), then

�̇�(𝑡) = �̇�(𝑡)
𝑋(𝑡)
− �̇�(𝑡)
𝑋(𝑡)
𝑘(𝑡) = [𝑠𝑥 − (𝑠𝑥 − 𝑠𝑧)𝑧(𝑡)]𝐴𝑘(𝑡)𝛼 −

(
𝛿 + �̇�(𝑡)
𝑋(𝑡)

)
𝑘(𝑡). (14)

Since �̇�(𝑡) = �̇�(𝑡)
𝑁(𝑡)
− 𝑔𝑥(𝑡), we can write Equation (14) as

�̇�(𝑡) = [𝑠𝑥 − (𝑠𝑥 − 𝑠𝑧)𝑧(𝑡)]𝐴𝑘(𝑡)𝛼 −
(
𝛿 + 𝑔 + �̇�(𝑡)

𝑥(𝑡)

)
𝑘(𝑡), (15)

where �̇�(𝑡) is given in Equation (4). Summing up, the system of differential equations for the SIS
pandemic Solow model that shows the joint dynamics of 𝑥(𝑡) and 𝑘(𝑡) is driven, respectively, by
Equations (4) and (15).

Proposition 3. If0 ≦ 1, the disease-free steady state for the SIS pandemic Solow model is

𝑥∗∗ = 1 , 𝑘∗∗ =
(
𝑠𝑥𝐴
𝛿 + 𝑔

) 1
(1−𝛼)
. (16)

Alternatively, if0 > 1, the pandemic steady state is defined by:

𝑥∗ = 1
0

, 𝑘∗ =
(
𝑠𝑥𝑥∗ + 𝑠𝑧𝑧∗
𝑠𝑥

) 1
(1−𝛼)
𝑘∗∗ ; (17)

so that

𝑘∗ ⪌ 𝑘∗∗ ⟺ 𝑠𝑧 ⪌ 𝑠𝑥 . (18)

Proof. The two equilibria follow from setting �̇�(𝑡) = 0 in Equation (4) and �̇�(𝑡) = 0 in Equa-
tion (15). In the case of the pandemic steady state, the value of the capital stock per noninfected

individual is given by 𝑘∗∗ = (
[𝑠𝑥𝑥∗ + 𝑠𝑧𝑧∗]𝐴
𝛿 + 𝑔 )

1
(1−𝛼) , which can be rewritten as in (17) simply by

multiplying and dividing by 𝑠𝑥. □
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CARMONA and LEÓN 679

Observe that the steady-state value of the capital stock per noninfected individual does depend
upon the relative size of 𝑠𝑥 and 𝑠𝑧. The reason is straightforward. Since, 𝑧∗ is always positive in the
pandemic steady state, when 𝑠𝑥 > 𝑠𝑧, the aggregate saving rate is lower than in the disease-free
steady state, so that 𝑘∗ < 𝑘∗∗. However, when 𝑠𝑥 < 𝑠𝑧, the aggregate saving rate is greater than in
the disease-free steady state and 𝑘∗ > 𝑘∗∗. If full insurance were feasible, both saving rates would
be equal and hence, there would be no effect upon the steady-state value of 𝑘. Also, the steady-
state values of per capita income and per capita consumption, which are obtained by normalizing
with the population size, do also depend on both, the relative size of 𝑠𝑥 and 𝑠𝑧 and the fraction of
infected individuals. Specifically, we have the following:

Corollary 1. The steady-state values for per capita income and per capita consumption are given by

𝑦∗∗ = 𝐴(𝑘∗∗)𝛼 ; 𝑐∗∗ = (1 − 𝑠𝑥)𝑦∗∗ . (19)

in the disease-free steady state, and

𝑦∗ = 𝜂𝑦∗∗ ; 𝑐∗ =
(
1 − (𝑠𝑥𝑥∗ + 𝑠𝑧𝑧∗)
1 − 𝑠𝑥

)
𝜂𝑐∗∗ . (20)

in the pandemic steady state, where:

𝜂 =
(
𝑠𝑥𝑥∗ + 𝑠𝑧𝑧∗
𝑠𝑥

)𝛼∕(1−𝛼)
𝑥∗ . (21)

Proof. Since 𝑦(𝑡) = 𝑌(𝑡)
𝑁(𝑡)
= (𝐴𝐾(𝑡)

𝛼

𝑋(𝑡)𝛼
)(𝑋(𝑡)
𝑁(𝑡)
) and 𝑐(𝑡) = [1 − (𝑠𝑥𝑥(𝑡) + 𝑠𝑧𝑧(𝑡))]𝑦(𝑡), by substituting

for each steady-state value of 𝑥(𝑡) and 𝑧(𝑡)we get the corresponding steady-state values of 𝑦(𝑡) and
𝑐(𝑡) in each equilibrium. Next, the parameter 𝜂 is obtained by computing:

𝜂 =
𝑦∗
𝑦∗∗ =

(
𝑘∗
𝑘∗∗

)𝛼
𝑥∗ =

(
𝑠𝑥𝑥∗ + 𝑠𝑧𝑧∗
𝑠𝑥

) 𝛼
(1−𝛼)
𝑥∗ (22)

It turns out that 𝜂 < 1 in the pandemic steady state. This can be easily shown by, starting from its
value at the disease-free steady state, checking that 𝜕𝜂∕𝜕𝑧∗ < 0. By being a continuous function,
the result follows. □

Since 𝜂 < 1, the pandemic equilibrium leads to a lower steady-state value for per capita income
independently of the relative sizes of 𝑠𝑥 and 𝑠𝑧. This is also true for the particular case in which
𝑠𝑥 = 𝑠𝑧 since, in this case, 𝜂 = 𝑥∗. However, per capita consumption could be greater in the
pandemic steady state if 𝑠𝑥 > 𝑠𝑧. This is so because, although 𝑦∗ < 𝑦∗∗ always, the aggregate
saving rate is lower in the pandemic steady state and this positive effect on per capita consump-
tion could compensate the negative effect on per capita income. Of course, if 𝑠𝑥 ≦ 𝑠𝑧, then 𝑐∗ is
unambiguously lower than 𝑐∗∗.
We next check the convergence to the pandemic steady state. The main result is summarized

in the following proposition.
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680 CARMONA and LEÓN

F IGURE 2 Linearized system of the SIS–Solow model [Colour figure can be viewed at
wileyonlinelibrary.com]

Proposition 4. Consider 0 > 1, then the linearized version of the two differential equations (4)
and (15) around the pandemic steady-state solution (17) are given by the matrix system:

[
�̇�
�̇�

]
=
⎡⎢⎢⎣

−𝑏(1 − 1∕0) 0(
(𝑠𝑥 − 𝑠𝑧)(𝛿 + 𝑔)
𝑠𝑥 − (𝑠𝑥 − 𝑠𝑧)𝑧∗

+ 𝑏(0 − 1)
)
𝑘∗ −(1 − 𝛼)(𝛿 + 𝑔)

⎤⎥⎥⎦
[
𝑥 − 𝑥∗
𝑘 − 𝑘∗

]
. (23)

Hence, the resulting eigenvalues are two negative real roots so that the system is locally stable.

Proof. See the Appendix for the proof. □

Figure 2 illustrates the nature of the local stability of the pandemic steady state. The arrows in
green show the motion of the variables. They point toward the locally stable steady state (𝑘∗, 𝑥∗).
To illustrate this approach,we can see the consequences of a change in the value of0. In Figure 3,
suppose that the economy begins at point E with ′0 = 1.50 and then, there is a decrease in the
recovery rate, 𝑎, that increases the basic reproductive number to′′0 = 2.00. The new steady-state
equilibrium corresponds to the new pandemic solution with 1∕′′0 and a lower capital labor ratio
𝑘∗𝐹 . As the figure shows, the increase in 0 causes a downward shift in both locus, �̇� = 0 and
�̇� = 0.
The fall in 𝑎 also causes a fall in the slope of the �̇� = 0 locus. In the path of convergence to the

new steady state, the increase in0 causes a fall in both,𝑥(𝑡) and the growth rate in the population
of susceptible individuals. As a result, 𝑘(𝑡) increases and the economymoves away from the initial
equilibrium point, 𝐸. Once the steady-state value for the proportion of susceptible individuals is
reached at point 𝐸′, and �̇� = 0, the capital stock per noninfected individual begins to fall steadily
until 𝑘∗𝐹 is eventually reached at point 𝐹.
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CARMONA and LEÓN 681

F IGURE 3 An increase of the basic reproductive number in the SIS–Solow model. In the initial equilibrium,
′0 = 1.50, so that 𝑥

∗
𝐸 ≈ 0.66. In the final equilibrium,

′′
0 = 2.00, so that 𝑥

∗
𝐹 = 0.50. The steady-state value of the

capital stock per noninfected individual is lower in the final equilibrium 𝑘∗𝐹 < 𝑘
∗
𝐸 . [Colour figure can be viewed at

wileyonlinelibrary.com]

To illustrate the time path followed by the fraction of infected individuals, 𝑧, and the other
relevant economic variables 𝑘, 𝑦, and 𝑐 along the adjustment path, we have obtained the exhibits
in the left column of Figure 5. Observe that the path for 𝑘 is hump-shaped because of the lag in
𝑘 to adjust to the steady fall in the proportion of healthy individuals as the economy converges to
the new pandemic steady state. For this simulation, the basic reproductive number in the initial
steady state is′0 ≈ 1.50, which corresponds to 𝑏 = 0.5, 𝑛 = 0.03, and 𝑎 = 0.3. There is a decrease
in the value of the rate of recovery from infection, 𝑎 = 0.22, that leads to a basic reproductive
number of′′0 = 2.00 in the final equilibrium. The values of the economic parameter used in the
simulation are 𝑠𝑥 = 0.1, 𝑠𝑧 = 0.08, 𝛼 = 1∕3, 𝛿 = 0.10, 𝑔 = 0.01, and 𝐴 = 10.

5 THE SIR PANDEMIC SOLOWMODEL

Next, we impose the SIR model into the Solow growth model, which we will refer to as the SIR
pandemic Solow model. The differential equation describing capital stock accumulation is

�̇�(𝑡) = [𝑠𝑥 − (𝑠𝑥 − 𝑠𝑧)𝑧(𝑡)]𝐴𝐾(𝑡)𝛼(𝑋(𝑡) + 𝑉(𝑡))
1−𝛼 − 𝛿𝐾(𝑡), (24)

where now the number of noninfected people includes the population of recovered individuals,
𝑋(𝑡) + 𝑉(𝑡) and the aggregate saving rate is still given by Equation (13). This is so because, for
simplicity, both susceptible and recovered individuals in the population have been assumed to
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682 CARMONA and LEÓN

exhibit the same propensity to save, 𝑠𝑥. Therefore, to express Equation (24) per effective worker,
we must divide both sides by 𝑋(𝑡) + 𝑉(𝑡) and not by 𝑁(𝑡). Then, we have:

�̇�(𝑡) = �̇�(𝑡)
𝑋(𝑡) + 𝑉(𝑡)

− �̇�(𝑡) + �̇�(𝑡)
𝑋(𝑡) + 𝑉(𝑡)

𝑘(𝑡). (25)

Notice that the term affecting 𝑘(𝑡) in the previous Equation (25) can be rewritten as:

�̇�(𝑡) + �̇�(𝑡)
𝑁(𝑡)
𝑋(𝑡) + 𝑉(𝑡)
𝑁(𝑡)

=
�̇�(𝑡) + �̇�(𝑡) + 𝑔(𝑥(𝑡) + 𝑣(𝑡))

𝑥(𝑡) + 𝑣(𝑡)
= −�̇�(𝑡)
1 − 𝑧(𝑡)

+ 𝑔. (26)

Therefore, the growth rate of the capital stock per noninfected worker, 𝑘(𝑡), is driven by

�̇�(𝑡) = [𝑠𝑥 − (𝑠𝑥 − 𝑠𝑧)𝑧(𝑡)]𝐴𝑘(𝑡)𝛼 −
(
𝛿 + 𝑔 − �̇�(𝑡)

1 − 𝑧(𝑡)

)
𝑘(𝑡). (27)

Using this equation, we obtain the following results.

Proposition 5. If0 ≦ 1, the disease-free steady state for the SIR pandemic Solow model is

𝑥∗∗ = 1, 𝑧∗∗ = 0 and 𝑘∗∗ =
(
𝑠𝑥𝐴
𝛿 + 𝑔

) 1
(1−𝛼)
. (28)

Alternatively, if0 > 1, the pandemic steady state is

𝑥∗ = 1
0

, 𝑧∗ =
( 𝑛
𝑎 + 𝑛

)(
1 − 1

0

)
and 𝑘∗ =

(
𝑠𝑥𝑥∗ + 𝑠𝑧𝑧∗
𝑠𝑥

) 1
1−𝛼
𝑘∗∗. (29)

Proof. The two equilibria follow from setting �̇�(𝑡) = 0, �̇�(𝑡) = 0, and �̇�(𝑡) = 0 in Equations (6), (7),
and (27), respectively. The value for 𝑘∗∗ is then obtained by taking into account the same remark
made in Proposition 3. □

The capital stock per noninfected worker ratio in each equilibrium is equal to those obtained
in the previous section for the SIS pandemic Solow growth model. Thus, per capita output will
be lower in the pandemic steady state for every possible value of 𝑠𝑥 and 𝑠𝑧 but the corresponding
level of per capita consumption could be higher if 𝑠𝑥 > 𝑠𝑧.
We turn next to examine the local stability of the SIR pandemic Solow model.

Proposition 6. Consider0 > 1, then the linearized versions of the three differential equations (6),
(7), and (27) around the pandemic steady-state solution (29) are given by the matrix system

⎡⎢⎢⎣
�̇�
�̇�
�̇�

⎤⎥⎥⎦ =
⎡⎢⎢⎢⎣
−𝑛0 −(𝑎 + 𝑛) 0
𝑛(0 − 1) 0 0

𝑏
(
𝑧∗
1 − 𝑧∗

)
𝑘∗ −(𝑠𝑥 − 𝑠𝑧)𝐴(𝑘∗)

𝛼 −(1 − 𝛼)(𝛿 + 𝑔∗)

⎤⎥⎥⎥⎦
⎡⎢⎢⎣
𝑥 − 𝑥∗
𝑧 − 𝑧∗
𝑘 − 𝑘∗

⎤⎥⎥⎦. (30)
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CARMONA and LEÓN 683

If 𝑛𝜃1 < 𝑏 < 𝑛𝜃2, with 𝜃1 and 𝜃2 as given in Proposition 2, the system has two imaginary roots with
negative real part plus a third negative real root. In all other cases, the eigenvalues are three nega-
tive real roots. Hence, the system is locally stable and the convergence toward the steady state may
be cyclical.

Proof. See the Appendix for the proof. □

As in the previous section, we carry out the same exercise of an increase in 0 as a result of
a fall in the recovery rate, 𝑎. In this case, to depict graphically the convergence to the pandemic
equilibrium we resort to a simulation that shows the cyclical path followed by the variables of
interest. In the upper panel of Figure 4, we show the path followed by the proportion of susceptible
individuals, 𝑥(𝑡), and the capital stock per non-infected worker, 𝑘(𝑡), until the new steady state is
eventually reached. Similarly, in the lower panel of Figure 4, we show the path followed by the
proportion of infected individuals, 𝑥(𝑡), and the capital stock per non-infected worker, 𝑘(𝑡), until
the new steady state is eventually reached.
The initial equilibrium is given by ′0 ≈ 1.50 (corresponding to 𝑎 = 0.30, 𝑏 = 0.50, and 𝑛 =
0.03) , 𝑥∗𝐸 ≈ 0.67, 𝑧

∗
𝐸 ≈ 0.030, and 𝑘

∗
𝐸 ≈ 27.16. The final equilibrium is given by ′′0 = 2.00

(corresponding to 𝑎 = 0.22, 𝑏 = 0.50, and 𝑛 = 0.03), 𝑥∗𝐹 = 0.50, 𝑧
∗
𝐹 = 0.06, and 𝑘

∗
𝐹 ≈ 26.92. The

remaining parameters used in the simulation has been 𝑠𝑥 = 0.1, 𝑠𝑧 = 0.03, 𝛼 = 1∕3, 𝛿 = 0.10,
𝑔 = 0.01, and 𝐴 = 10. As shown, convergence takes place cyclically.
As in the case of the pandemic SIS–Solow model, we compute the time path followed by 𝑧 and

the economic relevant variables 𝑘, 𝑦, and 𝑐, to illustrate their dynamics. They are depicted in the
right column of Figure 5. Given the previous values for the parameters describing how the disease
spreads, the convergence to the new pandemic steady state is cyclical.

6 CONCLUSIONS

In our review of the standard models of disease, we have shown that when population grows at
some positive rate, and by using the standard incidence definition, the solutions to the long-run
proportion of susceptible individuals are given by the inverse of the basic reproductive number,
0, in the pandemic equilibrium, and by one in the disease-free alternative. This is analogous to
the constant population case with the only change of its specific definition, namely, as whether
or not the birth rate is added to the recovering rate in the denominator. The convergence to the
long-run values of the proportions of individuals is uniform for the SIS case and may be cyclical
for the SIR case. But in both cases, once the population of susceptible individuals achieve the herd
immunity thresholds, the disease dies out with the proportion of infected individuals not growing
again above the maximum value achieved previously.
When including either of the previous diseasemodels into a Solow growthmodelwith an aggre-

gate saving rate that depends upon the fraction of infected individuals, we find that the capital
stock per noninfected individual in the pandemic steady state could be greater than the corre-
sponding one for the disease-free equilibrium if 𝑠𝑧 is higher than 𝑠𝑥. However, per capita income is
always lower in the pandemic equilibrium independently of the relative sizes of 𝑠𝑥 and 𝑠𝑧. Finally,
per capita consumption could be higher in the pandemic equilibrium if 𝑠𝑥 > 𝑠𝑧.
Following Goenka and Liu (2012), there are several extensions regarding to this approach about

the impact of diseases in economic growth.One of them is to introduce a fatality rate that increases
the death rate as a result of the disease. Intuitively, by reducing the value of the vegetative growth,
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684 CARMONA and LEÓN

F IGURE 4 An increase of the basic reproductive number in the Pandemic SIR–Solow model. Initial
equilibrium,′0 = 1.50, with 𝑥

∗
𝐸 ≈ 0.66 and 𝑘

∗
𝐸 = 27.16. Final equilibrium,

′′
0 = 2.00, with 𝑥

∗
𝐹 = 0.50 and

𝑘∗𝐹 = 26.92. The values of the economic parameters used in the simulation are 𝑠𝑥 = 0.1, 𝑠𝑧 = 0.08, 𝛼 = 1∕3,
𝛿 = 0.10, 𝑔 = 0.01, and 𝐴 = 10. [Colour figure can be viewed at wileyonlinelibrary.com]
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CARMONA and LEÓN 685

F IGURE 5 This panel depicts the adjustment path followed for the relevant variables after a decrease of
parameter 𝑎 in the pandemic SIS–Solow model (left column) and in the pandemic SIR–Solow model (right
column). The parameters used in the simulations are those used for Figure 4. [Colour figure can be viewed at
wileyonlinelibrary.com]
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686 CARMONA and LEÓN

the fraction of infected individuals in the pandemic steady statewill affect not only the level of out-
put per capita but also its rate of growth. The recent paper of Goenka et al. (2021) is an outstanding
example of the issues involved.
Another channel through which the epidemic has an influence in the long-run level of output

per capita is through the total factor productivity term, 𝐴. A simple approach, along the lines of
the present analysis, is to assume that the rate of growth of𝐴 depends on the fraction of population
involved in research, following the seminal work of Uzawa (1965) and Lucas (1988). Again, only
healthy individuals could work on the sector.7 Our preliminary results show that, in the absence
of any effect on the aggregate saving rate of the fraction of ill individuals in the final steady state,
the capital stock per efficiency unit of healthy worker is the same regardless of the steady state.
Of course, output per capita and consumption per capita are both lower in the pandemic steady
state as a result of the higher fraction of ill individuals in that state. The results are available from
the authors upon request.
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