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Abstract: This paper presents a study on the optimization problem of a consumer’s choice constrained
to a single time interval. In this problem, the choice is made over a set of perishable goods such that
they do not retain value at the end of the period. Money has been introduced as the only means
available to store that value for the future. Thus, consumer utility is measured on the possible
combinations of goods consumed during the period and money held at the end of the period.
Additionally, a set of simple conditions are assumed to the utility functions for goods and money
given by: (1) Existence of a total utility that is additively separable with respect to the components of
goods and money; (2) continuity of the derivatives of the utility functions of money and goods up
to the second degree; and (3) non-uniqueness of the matrix obtained by differentiating the system
of equations obtained by the condition of optimum. The article shows how the requirement of
homogeneity conditions limits the possible expressions for the utility function of money. One of them
is the frequently used logarithmic function.
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1. Introduction

The nature of money in economic analysis has been subjected to wide discussions, as
it is developed in [1,2]. Following the considerations of Hicks [3], the concept of money
must be defined through its functions that are generally resumed in the following three
points: mean of payment, measure of value, and a mean of store value. This definition
contains a point of incompleteness that has been the origin of some controversies.

Its inclusion in optimization models has been studied in a large number of research
papers. The different approaches have been the subject of debate and controversy (see
for example [4]). Another interesting summary of the topic, with an explanation of the
problem of the exogenous character of money in Walrasian models is [5].

From the point of view of the justification of money in the economy, it is generally
considered to be a means of transferring resources between different time intervals. De-
velopment of these kind of models, called Money in Utility (MIU), has been extensive,
considering different types according to the assumptions on which they are based (see
again [5] for a summary). As a short list, we could introduce the model of overlapping
generations (Samuelson [6]), the works of Clower [7]; Lucas [8–10]; Lucas and others [11];
and also the models of Patinkin [12], Sidrauski [13], or Hansen [14]. Derivations and
simplifications of these models can be found in [1,4,15].

With regard to the characteristics of the utility function of money in these models, it is
often assumed that the utility of consumer goods and money can be separated through
additive terms (see by example [16]).

Theory of decision under uncertainty includes money in the utility function in a
natural way, because the related problems are usually presented in terms of money as
the output of the considered options. A model of utility that can be frequently found by
example in [17–19] is that given by:

U(x) =
x1−r

1− r
,
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where r is the constant relative risk aversion for money. So, r < 0, r = 0 and r > 0 imply
risk preference, risk neutrality and risk aversion respectively. In the limit case r → 1 the
expression is redefined using the logarithm:

U(x) = ln x.

Logarithmic expressions for money utility have a long tradition in uncertainty studies
because of its good properties. However, there is no unique approach in these fields, as can
be seen in [20].

The main purpose of the present research is to study whether somehow the functional
form of U(x) with respect to the variable under consideration (money in this case) can be
justified from some set of conditions on the properties of the utility functions.

There is a variety of utility functions that are used in research and that are selected
or proposed on the basis of their properties and mathematical behavior. The question we
have tried to study (albeit partially since it only concerns money as a good) is whether
somehow some of these functions could be determined by the conditions that are usually
assumed in utility maximization problems.

2. Materials and Methods
2.1. Flows of Goods and Money. Perishable Goods

Let us consider a good that is available in the market for the consumer, and let us
denote as yi the amount of good at the beginning of the i-th time interval. Consider the
flow during this interval as shown in Figure 1.
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Figure 1. Flow of goods.

Then, the value of this variable at the end of the interval (and the beginning of the
(i + 1)-th interval) can be written as:

yi+1 = yi + ζ i
I − ζ i

O − zi, (1)

where ζ i
I and ζ i

O represent the input and output flows of the good in the interval, and zi

accounts for its depreciation or consumption. Supposing that in an interval any good will
only be bought or sold, the variables ζ i

I and ζ i
O can be grouped in a new one:

ζ i = ζ i
I − ζ i

O, (2)

And Equation (1) takes the form:

yi+1 = yi + ζ i − zi, (3)

In the case of money, the flow is represented in Figure 2:
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Then, representing as τi the quantity of money at the beginning of the i-th interval,
the flow is now:

τi+1 = τi + si − pi
I ·ζ i

I + pi
O·ζ i

O, (4)

The terms in Equation (4) can be reordered in a way that gives a direct meaning to the
involved terms:

τi+1 + pi
I ·ζ i

I = τi + si + pi
O·ζ i

O = Mi, (5)

Here Mi represents the maximum amount of money available for the consumer
including that obtained selling the durable goods held at the beginning of the interval.

To simplify the problem is interesting in the case of considering only the case of
perishable goods. This constraint is especially useful to highlight the nature of money in
the model, because there is no other alternative to transfer wealth between periods than
the money itself. In this case, during any considered interval, all the amount of good will
vanish, so yi+1 = yi = 0. Taking this to Equation (1):

ζ i
I − ζ i

O − zi = 0, (6)

If the good will not be available at the next period of time, it has no sense to consider
its sale for the consumer, so Equation (6) simplifies as:

zi = ζ i
I , (7)

Considering the flow of money, apart from the non-perishable goods, Equation (5) can
be written as:

τi+1 + pi
I ·ζ i

I = τi + si = mi, (8)

where mi is the maximum amount of available liquid money in the interval without
considering incoming flows obtained by selling goods.

Introducing the vector xi ∈ Rn as the consumed amount of good in the i-th interval,
in the perishable case xi = ζ i

I . And so, the final version of Equations (1) and (4) are:

zi = xi, (9)

and:
τi+1 + pi·xi = mi, (10)

2.2. Money in Utility Model for a Market of Perishable Goods

Let us consider the expression of a MIU model in a single interval. In the case of
perishable goods, the consumer will evaluate the amount consumed or bought during the
interval, denoted by the variable x. With respect to money, the consumption decision will
have in account the final amount of available money, denoted by τi+1. The model for MIU
will have then the form [13]:

U
(

τi+1, xi
)

, (11)
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Supposing additive separability for goods and money, Equation (11) takes the form:

U
(

τi+1, xi
)
= W

(
τi+1

)
+ V

(
xi
)

, (12)

Being W the utility of money and V the utility of the set of perishable goods.
Equation (13) represents the problem of maximization of the function U

(
τi+1, xi)

under the constraint given by Equation (10). As the problem involves only one period,
superscripts can be ignored:

U(τ, x) = W(τ) + V(x)
τ + p·x = m

}
, (13)

The solution for this problem is given by the system:

∂V
∂xα = dW

dτ ·pα

τ + p·x = m

}
α = 1 . . . n, (14)

Without assumptions on the properties of the utility functions, the conditions given
by Equation (14) are only necessary conditions.

Following, a comparative static analysis will be made on the solution. Deriving the
system of equations:

∂2V
∂xα∂xβ ·dxβ = d2W

dτ2 ·dτ·pα +
dW
dτ ·dpα

dτ + p·dx + dp·x = dm

}
, (15)

Reordering terms, for expressing the dependence of (τ, x) on (m, p):

∂2V
∂xα∂xβ ·dxβ − d2W

dτ2 ·dτ·pα = dW
dτ ·dpα

dτ + p·dx = dm− dp·x

}
, (16)

Or in matrix form:(
D2V −p·W ′′

pT 1

)
·
(

dx
dτ

)
=

(
W ′·I 0
−xT 1

)
·
(

dp
dm

)
, (17)

Let us consider the matrix that corresponds to the hessian of the constrained utility
D2V +W ′′ ·p⊗ pT , where ⊗ is the tensorial product operator. If its determinant is non-zero
(a sufficient condition for the existence of a maximum implies among other things, that
condition), it will have an inverse that can be calculated by blocks:(

D2V −p·W ′′

pT 1

)−1

=

(
Ω W ′′ ·Ω·p

−pT ·Ω 1−W ′′ ·pT ·Ω·p

)
, (18)

where the matrix Ω is:
Ω =

(
D2V + W ′′ ·p⊗ pT

)−1
, (19)

Multiplying by the left Equation (17) with the matrix in Equation (18):(
dx
dτ

)
=

(
W ′·Ω−W ′′ ·Ω·p⊗ xT W ′′ ·Ω·p

−W ′·pT ·Ω− xT + W ′′ ·
(

pT ·Ω·p
)
·xT 1−W ′′ ·pT ·Ω·p

)
·
(

dp
dm

)
, (20)

Expression (20) can be written in terms of income and substitution effects:(
dx
dτ

)
=

(
W ′·Ω W ′′ ·Ω·p

−W ′·pT ·Ω 1−W ′′ ·pT ·Ω·p

)
·
(

dp
dm− xT ·dp

)
, (21)
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2.3. Homogeneity Conditions and Consequences

Under a transform in the monetary unit (m, p)→ (km, kp) , the constraint of
Equation (13) changes as:

τ + k·p·x = k·m→ k·
[τ

k
+ p·x = m

]
, (22)

Imposing invariance of the problem under this transform, it must be:

x(km, kp) = x(m, p)
τ(km, kp) = k·τ(m, p)

}
, (23)

From the condition of homogeneity on x:

∂xα

∂pβ
·pβ +

∂xα

∂m
·m = 0, (24)

But using Equation (20) this implies:

W ′′ ·[Ω·p]α·
(

τ +
W ′

W ′′

)
= 0, (25)

Equation (25) is satisfied under different cases:
Case 1. [Ω·p]α = 0 for every α seems to be a too hard a condition over any arbitrary

set of goods and prices.
Case 2. W ′′ = 0 would imply that W(τ) = a + b·τ, and Equation (20) takes the form:(

dx
dτ

)
=

(
b·Ω 0

−b·pT ·Ω− xT ·Ω 1

)
·
(

dp
dm

)
, (26)

As a consequence, any change in m with no changes in prices would not affect the
selected basket. This result seems not very realistic except in the case of values of m that in
practice do not allow to select any basket, that is for very poor people there is no change
between having one or five monetary units if the cost of the cheapest product is by example
500. Clearly, the needs of this kind of consumer must be satisfied by using ‘alternative
circuits’ other than the normal market.

Case 3. τ + W ′
W ′′ = 0 implies an expression for the function W: W(τ) = a + b·ln(τ).

Logarithmic expressions for utility money appear in several papers, and it is widely
used in research about decisions under uncertainty. However, no justification for this form
is usually presented to further its simplicity and custom.

Now, Equation (21) would be:(
dx
dτ

)
=

(
b
τ ·Ω − b

τ2 ·Ω·p
− b

τ ·pT ·Ω 1 + b
τ2 ·pT ·Ω·p

)
·
(

dm
dm− xT ·dp

)
, (27)

Now, the marginal value of money is:

∂U
∂m

=
dW
dτ

=
b
τ

, (28)

On the other side, the selected basket will provide a greater utility than maintaining
all the money, so:

U(τ, x) = W(τ) + V(x) ≥W(m), (29)

From here, a lower bound for the selected goods can be derived from the saving
fraction:

V(x) ≥ −b·ln
( τ

m

)
, (30)
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From the results obtained in cases (2) and (3), the next function for the utility of money
can be proposed:

W(τ) = [a + b·τ]·
[

1−Φ
(

τ − τl
σl

)]
+ [c + d·ln(τ)]·Φ

(
τ − τl

σl

)
, (31)

With Φ(), a logistic-like function that introduces a smooth transition between the two
regimes from a reference point τl . A significant amount of scientific work refers to this
concept of ‘poverty line’ with interesting discoveries and conclusions, see by example in [21]
and beyond and related with this, concepts as the poverty trap are related with different
preferences of the consumers with respect to risk with implications on the convexity of
the utility function on both sides of a critical income (see [22,23]). These results are in
accordance with the more general dependence between wealth and absolute and relative
risk aversions, by example [24,25].

The plot of function defined in (31) is shown in Figure 3:
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S-Shaped utility functions for money like this have been considered by example in [20].

3. Discussion

In basic microeconomic theory of consumer behaviour optimisation, money acts as a
constraint on the available consumption basket. However, the inclusion of money within
the utility function is common in consumption optimisation problems over various time
intervals. Another field of study in which it frequently appears as an argument of a utility
function is in the theory of consumption decisions under uncertainty.

The use of logarithmic expressions for the utility function of money is extensive and
widespread. However, a justification for this choice is not easily found in the available
literature. This paper presents a development that leads to the need for such an expression
for the utility of money based on the following minimum assumptions, which are in no
way restrictive or demanding. Namely:

1. Introduction of money into the utility function as an additional good. The utility
derived from the possession of such a good can be assumed, as is done in a large
part of the literature, as a means of preserving the current capacity to consume
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and transferring it to future periods. The fact that these periods are not explicitly
considered in the utility function does not imply the invalidity of such utility.

2. Optimization of consumer utility over a single period in a market for perishable
goods. Regardless of whether the money can be used later, the optimization model
focuses only on the decisions to be made in a given time interval. In this case, the
variables on which the consumer can decide are the amount of goods he consumes
and the money he does not spend. Not considering durable goods implies that the
only way of storing value between periods is money.

3. C2 conditions are assumed for the utility functions of goods and money and the
invertibility of the differential of the equilibrium equations. These conditions are
not demanding and are usually considered in classical models of optimization of
consumer behavior, where properties such as monotony and cuasi-concavity are
generally taken for granted, producing equivalent results.

The main result of this paper is the restriction imposed by Equation (25) on the
function W. As a consequence, only two expressions are allowed for W(τ), the linear and
the logarithmic. The second one has been frequently used in the literature. However, there
exists a problem with the meaning of its behaviour at the origin. For that reason, as a
hypothesis, the authors propose a form of joining these two expressions on a ‘global W(τ)′.
However, this is only wishful thinking because the function introduced in Equation (31)
can present problems (by example, the maintenance of homogeneity around τl) that should
be studied more in depth in the future.
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